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Abstract—A new expression for the probability density func-
tion of the signal-to-noise ratio (SNR) at the output of a prede-
tection dual-equal-gain-combining (dual-EGC) receiver over in-
dependent but non-identical Rayleigh fading paths with different
noise levels is derived. A closed-form expression for the average
bit error rate (ABER) for coherent binary modulation schemes
is also derived. The effect of the degree of noise imbalance on
ABER is studied. From the results we determine the ranges of
noise imbalance for a given average SNR per path over which the
performance of predetection dual-EGC is better or worse than
SC and single path receivers.

I. INTRODUCTION

Much attention has been devoted in the literature towards
performance analysis of various diversity techniques under
the assumption that noise powers in different paths are equal.
However, in practice, as has been recently pointed out in [1],
there may be significant noise power imbalance in different
diversity paths. In [1], authors have derived closed-form ex-
pressions and analyzed the effect of noise imbalance on im-
perfect maximal-ratio combining (MRC) over Rayleigh fading
path and found that for a 5 dB imbalance the performance of
imperfect MRC is worse than even selection combining (SC).
In view of this it would be of interest to analyze the effect
of noise imbalance on the performance of a predetection dual
EGC receiver.

We begin by listing some available closed-form results re-
garding the performance of EGC. The probability distribution
function (pdf) of a dual diversity EGC output in Rayleigh
fading [2]. Cumulative distribution function (cdf) of the output
envelope of dual-diversity EGC over independent non-identical
Rayleigh paths [3]. Cdf and pdf of the output SNR of dual-
diversity EGC over independent identical Rayleigh paths as
well as the corresponding ABER for coherent binary signals
[4]. ABER for binary signals with dual and triple-diversity
EGC over independent non-identical Rayleigh paths [5]. Pdf of
combined output SNR and average symbol error rate (ASER)
of M-ary phase-shift keying signals [6]. Study of performance
of dual predetection EGC in correlated Rayleigh fading with
unequal path SNRs [7].
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In this paper we have considered a new scenario where
average signal power as well as average noise power of the
two paths are allowed to be non-identical. We analyze the
performance of dual-EGC in terms of ABER for coherent
binary modulation schemes. The expressions are derived in
closed-form and compared with the performance of SC and
single path receivers.

The remainder of this paper is organized as follows. Section
II presents the system and channel models under consideration.
In Section III we derive the pdf of the output SNR. A closed-
form expression for ABER for coherent binary modulation
schemes is derived in section IV. Section V presents simu-
lation and numerical results illustrating the impact of noise
imbalance on the performance of dual-EGC and compare it
with SC and single path receivers. Finally, the conclusion is
stated in section VI.

II. SYSTEM AND CHANNEL MODELS

We assume the signal is received at the receiver over two
independent, slowly varying, flat Rayleigh fading paths with
fading amplitudes «; and s whose pdf is given by

20[1 ,(ﬁ
Pay (01, ) = —e %, oq >0, (D

where ; = E[a?]. After passing through the fading path,
the [t replica of the signal is perturbed by additive white
Gaussian noise (AWGN) with power spectral density denoted
by 012 (W/Hz). We assume here nonidentical noise power for
each path, i.e., 0} # o3. Further, the noise is assumed to be
statistically independent for each path and also independent of
the fading amplitudes «; and as. For equally likely transmitted
symbols, the output SNR per symbol, ve4. , at the output of
the EGC combiner is given by [10]

(Oél + 042)2E5
o?+ 03

) 2

Yege =

where E; (J) is the average energy per transmitted symbol.
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III. PDF oF OuTPUT SNR

The need for finding the pdf of ~y arises form the fact that the
existing expressions for the same in literature are not suitable
to study the effect of noise imbalance on the performance
of predetection dual-EGC as all the previous works have
assumed equal noise variances in both paths. Next we derive
the expression for pdf of ~.

Let 8 = a1 + aw, then the pdf of 3 is given by [8]

163
pa(B) = / Py (01)Pas (B — o)y, 3)

Substituting (1) in (3) and solving the integral, algebraic
manipulations leads to (see Appendix A)

—B2/(Q214+Q2)
pﬁ(ﬂ = %W
{B(2,1)a*b 2 F5(1/2,1;3/2,2; —k1a?)
B(2,2)a® 2 F5(1,3/2;2,5/2; —k1a?)
B(2,1)ab® 2F»(1/2,1;3/2,2; —k1b?)
B(2,2)b% 2F5(1,3/2;2,5/2; — kb)), ()

where k1, a, and b have their meanings as defined in the
Appendix A. B(c,d) is Beta function given in (8.380.1) of
[9], and 2 F; is generalized hypergeometric function as defined
in (9.14) of [9].

Substituting B(2,1) = 1/2 and B(2,2) = 1/6 and substi-
tuting the value of k1, a, b, we get

23368/ (+02)

pﬁ(ﬁ) = 9192(91 4 92)3

{QQQ Fy(1/2,1;3/2,2; — T
1862 21472 s Ly 7,9(914’92)
1 B2
203 5F5(1,3/2:2,5/2; —
+3 12 2(a/a7/7 Q(Ql+92))
B2
0102 5F5(1/2,1;3/2,2; —
+1222</7a/a7ﬂ(91+92)
1 528
—Q3 3 F5(1,3/2;2,5/2; ———= )%, (5
+322 2(7/ / Ql(Ql—FQQ)} (5)
Let 7, = 3%, then from [8] Py, (Vo) = 3=P5(\/7a)-
Finally, since vege = 2 +02, hence
02+02 ’yeca2+02
p’Yegc(’Y@QC) = 1E 2p71( J (Elw 2)) (6)

2
Denoting noise imbalance by n = U—%, average SNR of first

path by 71 = b
Yo = QQ -

2 ’

and average SNR of second path by

, the pdf of egc, henceforth denoted by +, can be

found to be

(Lt n)*ye s

(71 +172)3
{’)/1 2F2<1/2, 1; 3/2, 2, —

py(7) =

A +mny
nY2(71 + n72)

(1 +n)ny
ny2(7 + 172)
_ , ond+ )7y
+ 1072 2F2(1/27173/2727 7(,714_77,72)
N+ )7y
(71 + n72)

171
—— 9F5%(1,3/2;2,5/2; —
+3777_22 2(1,3/ /

I 1(77’{_2)

5 2Fy(1,3/2:2,5/2; —

)} (7

which reduces to the expression provided in (4) of [6] for the
balanced noise case (i.e., » = 1) as shown in Appendix A.

IV. AVERAGE BIT ERROR RATE

The conditional BER of an EGC receiver is given by [10]

= Q(V297), (8)

where g = 1 for BPSK and g = 1/2 for orthogonal BFSK.
Q(.) denotes the Gaussian Q-function defined in (4.1) of [10].
Hence the ABER is given by

Py(Ely)

Py(E) = / (/2w (). ©)

Substituting for Q(1/2¢) and changing the order of inte-
gration, we get

x /2q
Py( #/ / ~v)dye™® */2 4y
= E/ Ye = 2dx, (10)
0

where I(x fo */29 P~ (7)dy. The integration in I(x) can be
solved usmg steps shown in Appendix B and is given in (19).

Substituting (19) in (10), after some algebraic manipulations
(see Appendix B) P,(E) can be given by

_ 1 _ Z (*1) 2n -+ 3 %
(V1 +m72) £ 2202 \ n + 2
{ 1 <,.)71n+1 N (77,)72)n+1)

2n+1) \(n72)" n"

1 ( '771n+2 N (,,7,72)714-2) }X
(2n +3) \ (ny2) ! At
1+7n

1+n) \""
(g(v‘l n n%)) )
9(71 +172)

Py(E) =

+

oFi(n+5/2,n+2;n+3;— ). (11)
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TABLE I
INTERSECTION POINTS OF THE BER FOR DUAL-EGC AND SC FOR

VARIOUS VALUES OF AVERAGE SNR PER PATH (%)

v Y1 V2 n

s 0 | 159 | 251 | &1
u 2 3.67 -0.73 | 44
< 4 5.71 1.11 4.6
3 6 | 777 | 297 | 48
5 8 9.81 4.81 5.0
i 10 | 11.86 6.66 5.2
o 12 13.91 8.51 54
“é, 14 | 1593 | 1043 | 55
o 16 | 17.93 | 1243 | 55
< 18 | 1995 | 1435 | 5.6

4| A n=0dB |J
° v n-sas 20 | 2195 | 1635 | 56
+ m=10dB
o n=20dB
\ . . . . ! TABLE II
0 2 4 6 g8 10 12 14 INTERSECTION POINTS OF THE BER FOR DUAL-EGC AND SINGLE PATH
Average SNR per channel 7 (dB) FOR VARIOUS VALUES OF AVERAGE SNR PER PATH (%)

Fig. 1. ABER versus average SNR per path 4 for several values of n for ol Y1 Y2 n
dual-EGC. 0 2.09 -4.21 6.3
2 4.2 -2.7 6.9

i 4 6.29 -1.11 7.4

6 8.4 0.2 8.2

8 10.5 1.5 9.0
10 | 12.59 2.59 10.0
12 | 14.66 3.86 10.8
'k 14 | 1672 | 5.02 | 117
e 16 | 18.78 6.08 12.7
..-t-r—o——-o——-—o——o——-—o-——o——-—v-——o—: 18 20.82 7.22 13.6
o 20 | 22.86 8.26 14.6

P — e — g+ ——o—— e — & — —— — . —O—
=

dualEGC
[ SC 1

— — — stronger path-
107 E

Average Eit Error Rate (ABER)
=]

+ S=58dE
o 3=10dB

10° 1 1 1 1 1 1 1 1
i] ] 10 15 20 25 30 35 40 50

Diegree of noize inbalance 4 = ool (dB)

Fig. 2. ABER versus 7 for dual-EGC, SC and single path for various values
of average SNR per path 7.

V. SIMULATION AND NUMERICAL RESULTS

In this section we present the ABER performance of a dual-
EGC receiver for various degrees of noise imbalance keeping
the average signal power same in both the paths i.e. 2 = Q.
Hence, in this case the noise imbalance 7 turns out to be same
as 71 /2. We compare the ABER performance with the SC and
the single path receivers. By a single path receiver we mean a
receiver that takes only one path as the input and that path is
the one with the higher average SNR. Hence its performance
cannot be better than the SC receiver. We have used (11) to
plot the ABER curves for dual-EGC receiver and the standard
expressions for the SC and single path receivers [10]. Fig.
1 presents the ABER for BPSK for dual-EGC as a function
of ¥ = (71 + 92)/2 for different values of . The markers in
the figure represent the simulation results whereas solid lines
represent the curves obtained by numerically evaluating the

derived expression. From the figure it can be clearly observed
that, as expected, the performance of the dual-EGC receiver
degrades in the presence of noise imbalance. In fact, larger
the imbalance worse is the performance. For example, for an
ABER of 1072, the SNR penalty of the dual-EGC receiver is
about 1 dB for n =5 dB and 5 dB for n = 10 dB where the
comparison is with respect to the case when n = 0 dB.

Fig. 2 presents the ABER for BPSK for dual-EGC, SC and
single path receivers with respect to n for different values of 7.
From the figure, it can be seen that the performance of dual-
EGC degrades as n increases and as expected for large n it
approaches the worst possible BER i.e. 0.5, for both the values
of 4. It can also be seen that for a given 7, beyond some value
of n the performance of dual-EGC is worse than that of SC.
Thus for 4 = 10 dB the performance of dual-EGC is worse
than that of SC when 7 is greater than 5.2 dB where the two
curves intersect. Interestingly, for the same 7, the dual-EGC
and single path curves intersect at 7 = 10 dB. Thus for n > 10
dB dual-EGC is worse than even the single path receiver. It
can also be observed that for a given 4, as 7 increases the
performances of SC and single path approach each other and
become identical for large n. The explanation of this lies in the
fact that for higher values of 7 the probability of weaker path
to be chosen by SC at any instant becomes very low which
results in the average performance of SC being same as the
single path receiver.

Table I lists for various values of 7, the values of 7, 72 and
1 at which the ABER curves of dual-EGC and SC intersect.
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All the entries are in dB. The intersection values of 7 have
been obtained from the curves plotted using (11) and standard
expressions of SC for ABER versus 7 for different values of 7.
The values of v and 7» listed in the table have been evaluated
using the relations v1 = 2971/(1 +n) and % = 2%/(1 + 7).

Similarly, Table II is for the case when dual-EGC is
compared with the single path receiver. It can be seen that,
as expected, the value of the intersection points 7 in Table I
are always less than the corresponding intersection points in
Table II.

Based on the entries of the tables it can be ascertained which
of the three systems provides a better performance for a given
value of 4 and 7. For example, for ¥ = 10 dB and n < 5.2
dual-EGC performs better than the other two systems, while
for 5.2 < 1 < 10 dual-EGC performs worse than SC but better
than single path, and for n > 10 dual-EGC performs worse
than both SC and single path receivers.

VI. CONCLUSION

We derived a new expression for the probability density
function of the output SNR of the dual-EGC receiver when
the noise variances in two paths are different. Using this
expression, a closed-form expression for ABER for binary
modulation schemes has been derived. We conclude that the
imbalance in noise variances has a severe negative impact on
the performance of EGC receiver. The performance of the
EGC receiver is also compared with the performance of SC
and single path receivers for various degrees of noise imbal-
ance. From these comparisons it is concluded that depending
on the average SNR and noise imbalance, a dual-EGC receiver
may give an ABER performance which is worse than SC and
for even higher values of noise imbalance it becomes worse
than even a single path receiver.

APPENDIX
A: PDF of Output SNR
Substituting (1) in (3) yields
de— B/ (Q1+Q2)
R

B
/ (Bon — af)emler—ke/miga, - (12)
0

where k1 = 1/Qy + 1/Q5 and ko = 5/Q.

Now put ay — ko/k; = z, such that day = dz, when
o) = 0, Tr = —k?g/k?l, and when o) = ﬁ, r = ﬁ — k‘g/k‘l.
Equation (12) after simplification becomes

3 Ao~ B2/ (Q1+Q2) /592/(Ql+92) 50, |
- P
" DL B0 /(u+0s) 1+
ﬁgl —ky 2
o L0, T dx.
(Ql + Q9 * x)e x
(13)
B B

Denoting a = - . and b = a0y above equation can be
Simplified using (3.478.3) of [9] to get (4).

The equivalence of (4) of [6] and (7) can be established as
follows:
For n =1, (7) reduces to

=2y _

py(7) = m{% 2F>(1/2,1;3/2,2; —%
i ;1311; DFa(L, 3225/ ~— L0
7 2 F(1/2,153/2. % - —
n ;(?1)2 2F2(1,3/2;2,5/2;—7_1(’3_321’72))}. (14)

Using Table 7.12.1 of [11] the generalized hypergeometric
functions in the above equation can be written in terms of
confluent hypergeometric functions. Applying Kummer trans-
formation using (9.212.1) of [9] to these functions and using
Table 7.11.2 of [11] simple algebraic manipulations lead to

—2~

4fyem
= ————(A+B), 15
p’Y(,Y) (’Yl + ,}/2)3 ) ( )
where
A :7’}72 (71 + ’}72) e“/’z?‘vz’:}r}z)
2y
Y2 (71 + 72)° ( by 1)
3273 T+ 72
V1Y
1-202)— 1)
( Y271 +72)
and
B :71(71 + 72)6%
2y
n T2 (71 + 72)° ( 4y 1>
32+3 1+ 72
Y27
( (7 +72)

Further simplifying (15) we get (4) of [6].
B: Average Bit Error Rate
Integration of I(x):
Substituting for p~ () from (7) in the integral and changing

the variable y = %iz)% we get

(Atnz?

1 /20(“/’1+nw’2)
I(z) = ——M ye Y
(@) (71 +172) Jo
_ 7Y
T 2F2(1/2,1;3/2,2; ——=)
{ 2

172 z
+ oL R(1,3/2;2,5/2, - 1Y)

372 n72
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s 2 Fo(1/2,1;3/2,2; f”?y)

1 (n72)? 7
+ —m 2F2(1»3/2;2,5/2;nwy)}dy- (16)
3 T T
Now, since [9]
L a2
2F5(1/2,1;3/2,2; 2) = 27 where ag = 1,
Gt _ (e 12(041)
an  (n+3/2)(n+2)
1
P 17
(n+1)(2n+1) {17
also
Fy(1,3/2:2,5/2; 2) = ia"izn where ag = 1
2472\ 1, y &y ) - —~ n ) 0o— 4
Qs _ (04 D32
O (n+2)(n+5/2)
3

(n+1)(2n+3)

Substituting these in (16), simplifying and using (3.381.1) of
[9], yields

1 (=" o
( +072) = (n+1)!

(@ (G + 5

1 n+2 S \n+2
+ < Y1 . + (77’_72)+1 ) }x

(2n+3) \(n72)"* 7"
"29(7 +172)”

M8

I(x) =

n

(1 +n)a?

Y (n+2 (19)

where Y (-, ) is the incomplete gamma function.

Evaluation of ABER:

Substituting (19) in (10), and changing the order of integra-
tion and summation we get

e
V21 (71 + n72) oy (n+1)!

{<2n1+ ) ((777;) " w;): H)

1 ( "t n (’772)n+2> }x
(2n +3) \ (ny2) ! ST

o 1 2
/ e /2y (n+2, _U+ma” _+ n)x_ dx.
0 29(71 +n72)

Py(E) =

+

(20)

Put 22/2 = u, so that zdx = du or dx = du/+/2u, when

z=0,u=0 and x = oo, u = 0o, above equation becomes

&y
PAE) = 5 e o) 2 G

(@ (G + 5

1 ( 72 n (7772)"+2) }x
(2n+3) \(gy)ntt ~ pntt
(L+mu )du.  (21)

o0
/ w2eTv Y (n4 2, ———
0 g7 +n72)

Solving the above integral using (6.455.2) of [9], yields

+

1 — ("
2V (0 + 172) n;) (n+

foh (o
2n + (ny2)" 7"
" 2

(2n +3> <(77;2)"+1 " (nﬁ): ) }

(147) (n+2)
(g 71-&-:7772)) P(n+5/2)
(

X
(1+n) n
nt 2)( ’Y1+77’Y2) +1)mre/
1

(1+n)

Simplifying this equation using (9.131.1) and (8.339.2) of [9],
we get (11).

Py(E) =

) (22)

REFERENCES

[11 Young-Chai Ko and Tao Luo, ” Effect of Noise Imbalance on Dual-
MRC over Rayleigh Fading Channels,”, IEEE Transaction on Wireless
communication. vol. 5, no. 3, March 2006.

[2] E J. Altman and W. Sichak, ” A simplified diversity communication
system for beyond the horizon links,”, IRE Trans. Commun. Syst. vol.
4, pp. 50-55, Mar. 1956.

[3] S. W. Halpern, “The effect of having unequal branch gains in practical
predetection diversity systems for mobile radio,”, IEEE Trans. Veh.
Technology. vol. VI-26, pp. 94105, Feb. 1977.

[4] G. L. Stuber, “Principles of Mobile Communications,”
Kluwer Academic, 1996.

[5] Q. T. Zhang, “Probability of error for equal-gain combiners over
Rayleigh channels: Some closed-form solutions,”, IEEE Transaction on
Communications. vol. 45, pp. 270273, Mar. 1997..

[6] Xiaoyuan Qi, Mohamed-Slim Alouini, and Young-Chai Ko, “Closed-
Form Analysis of Dual-Diversity Equal-Gain Combining Over Rayleigh
Fading Channels.” IEEE Transaction on Wireless communication. vol.
2, no. 6, Nov. 2003.

[7] Ranjan K. Mallik, Moe Z. Win, and Jack H. Winters, ” Performance
of Dual-Diversity Predetection EGC in Correlated Rayleigh Fading With
Unequal Branch SNRs”, IEEE Transaction on Communications. vol. 50,
no. 7, July 2002.

[8] A. Papoulis, “Probability, Random Variables and Stochastic Processes,”,
Tata McGraw-Hill.

[9] L S. Gradshteyn and 1. M. Ryzhik,
Products,”, Academic Press.

[10] M. K. Simon and M. Alouini, ”Digital Communication over Fading
Channels,”, John Wiley and Sons, INC.

[11] A. P. Prudnikov, Y. A. Brychkov, and O. I. Marichev, ”Integrals and
Series,”, volume 3. Gordon and Breach Science Publishers, Amsterdam,
1986.

Norwell, MA:

“Table of Integrals, Series, and

3600
1930-529X/07/$25.00 © 2007 IEEE

This full text paper was peer reviewed at the direction of IEEE Communications Society subject matter experts for publication in the IEEE GLOBECOM 2007 proceedings.

Authorized licensed use limited to: INDIAN INSTITUTE OF TECHNOLOGY KANPUR. Downloaded on September 30, 2009 at 03:28 from IEEE Xplore. Restrictions apply.



