A

Answers, Solution Outlines and

Comments to Exercises

Chapter 1

Preliminary Test (page 3)

1.
2.

V7. [2=a?+b? - 2abcosC] (5 marks)
%/3 + 15 = 1. [Verify that the point is on the curve. Find slope Z—g = 12 (at that point)
and the tangent y + 8 = 12(x + 2). (5 marks)
Rearrange the equation to get it in intercept form, or solve y = 0 for z-intercept and z = 0

for y-intercept.] (5 marks)

One.  [Show that ¢'(t) < 0 Vt € R, hence g is strictly decreasing. Show existence. Show
uniqueness.] (5 marks)
Comment: Graphical solution is also acceptable, but arguments must be rigorous.

4m(9 — 2/6) or 16.47 or 51.54 cm®. [V = [Z7 [ 2\/RZ —12 rdrdd, R =3, Ry = /3.
Sketch domain (5 marks
=47 th — 72 rdr, bubstltute R? — 1?2 =2,

(
Evaluate integral V = —4r [ R” i t2dt.] (
(a) (2,1,8). [Consider p'— ¢'=5— 7] (
(b) /3/5. [cos@ = %.] o (5 marks
(c) 2(j +2k). [Vector projection = (QP QR)QR. (
E (

d) 6\/6 square units. [Vector area = QP x QR.]
e) Tx+2y —z=28.

[Take normal n in the direction of vector area and n - (x — q).] (5 marks)
Comment: Parametric equation q + a(p — q) + 8(r — q) is also acceptable.

(f) 14, 4, 2 on yz, 2z and xy planes. [Take components of vector area.] (5 marks)

1.625%. [A=mab= 4 = da 4 db (5 marks)

Put a =10, b =16 and da = db = 0.1] (5 marks)

9/2. [Sketch domain: region inside the ellipse 2% + 4y? = 9 and above the z-axis. (5 marks)
1./

By change of order, I = ffg IS o=t ydydz. (5 marks)

435
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Then, evaluate I = ffg 9_8””2 dz.] (5 marks)
8. Connect (o0,1), (0,1), (=1/2,0), (0,-1), (o0, —1) by straight segments.  [Split: for y >
0, y=14+2—|z| and fory <0, y=—-1—a+|z| (5 marks)
Next, split in = to describe these two functions.| (5 marks)

Comment: y is undefined for x < —%.

Chapter 2 (page 13)

1. Comment: They show three different ‘cases’. In one case, both products are of the same size,
but the elements are different. In the second, the products are of different sizes. In the third,
one of the products is not even defined.

2.a=2,b=1,¢=2,d=1,e=0, f =i. [Equate elements of both sides in an appropriate
sequence to have one equation in one unknown at every step.]
Comment: In the case of a successful split with all real entries, we conclude that the matrix
is positive definite. Cholesky decomposition of positive definite matrices has great utility in
applied problems. In later chapters, these notions will be further elaborated. In the present
instance, the given matrix is not positive definite.

3. (a) Domain: R?; Co-domain: R3. (b) Range: linear combination of the two mapped vectors.
Null space: {0}. [In this case, an inspection suffices; because two linearly independent vectors

~7/2 3
are all that we are looking for.] (c) 9 —6 |. [Writeas A[x; =x2] =[y1 Y2 and
—5/2 2

determine A..]
(d) [-4 12 —3]T. (e) The matrix representation changes to AP, where the 2 x 2 matrix
P represents the rotation (see Chaps. 3 and 10).

Chapter 3 (page 19)

1. (a) The null space is non-trivial, certainly containing (x; — xo) and its scalar multiples.
(b) The set of pre-images is an infinite set, certainly containing (possibly as a subset) all
vectors of the form xg + a(x1 — Xo).

2. [Let Rank(A) = r. Identify r linearly independent columns of A in basis B. Express other
(n — r) dependent columns (together referred to as D) in this basis, note the r x (n — )

coefficients ¢;;, and establish [D  B] _I(:i_’" ] = 0. The left operand here contains columns

of A, hence the columns of the right operand gives (n — r) linearly independent members
of Null(A). (Coordinates possibly need to be permuted.) So, nullity is at least n — r. In
the first n — r coordinates, all possibilities are exhausted through the span. So, allowing
for additional possibility in the lower coordinates, propose x = [ C;i p } and show that
[D B]x =0 = p = 0. This establishes the nullity to be n — r.]

Comment: Alternative proofs are also possible.

3. (a) No. (b) Yes.
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4. (a) vi =[0.82 0 —0.41 041]T. (b) vo =[-0.21 0.64 0.27 0.69]7.
(c) v =1[0.20 —0.59 0.72 0.33]7. (d) v4 =[-0.50 —0.50 —0.50 0.50].
(e) Setting vi = uy/||wy]| and [ = 1; for k =2,3,---,m,

~

Vi =uy — Zézl(v;‘ruk)vj; if vip #0, then vy, = vi/|[Ve| and 1 —1+1.

cos10®  _154in 50 B 15cos5° 15sin5°

5. (a) C = _sir51510° 15c085° | (b) C 12@ sin510° 0055100
100 o1 00
6.(d) | 0 1 0 (b) 0 —a 1 0
0 al 0 0 01

Chapter 4 (page 27)

1. Rank = 3, Nullity = 2, Range = < qi,q92,q3 >, Null space = < nj,ny >, where
n; =[-0.7 0.1 21 1 0]T, np =[0.1 0.7 2.7 0 1)7;
Particular solution: X =[2.3 —2.9 —139 0 O]T, General solution: x = X + a1ny + agno.

2.a=5b=2,c=1,d=2,e=2, f=-3,g=1, h=—-1,i=3. [Equate elements to
determine the unknowns in this sequence, to get one equation in one unknown at every step.]

3. He can if n is odd, but cannot if n is even.  [For the coefficient matrix, determinant =
=" ]

on

4. Real component = (A, +A; A 1A;)~!; Imaginary component = —A 1 A; (A, +A;A1A;) 7L

5. 3 =20/17, z4 = 1. [Partition x = [ Zl ] and then solve for yo = [x3 24]7]
2

6. € = r—rx7pas, b = —PAae, Q =P(I,,—Aab”). [Equateblocksin (AAT)P =1,,1.]
In the second case, with P = [ ((1;"; g } and A = [ ;AT }, P=Q —-qq”/a.

05 05 05 —05 12 6 0 4
05 05 —05 05 0 4 -2 2
Q=105 —05 05 o5 | ™MR=1 40 o 4
05 —05 —05 —0.5 00 0 2

Comment: As a diagonal entry of R turns out as zero, the corresponding column of q becomes
just undefined or indeterminate (not non-existent) and the only constraint that remains is the
orthogonality of Q. Any vector orthonormal to previous columns is acceptable. Based on
the choice, however, results of the next steps may differ. In a way, the QR decomposition is
an extension of Gram-Schmidt orthogonalization. See more detail on this decomposition in
Chap. 12.

8. These elements are used to construct the basis vectors for the null space, by appending ‘—1’ at
the coordinate corresponding to the column number. These elements serve as the coefficients
in the expression of non-basis coordinates in terms of the basis coordinates. [For the proof,
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consider only those columns (to which the premise makes reference) in the RREF as well as the
original matrix. Use invertibility of elementary matrices to establish equality of their ranks.]

[Identify m linearly independent vectors orthogonal to M, from definition. Representing a
general normal w in that basis, determine it to satisfy Pv = v —w € M. This would yield
w = AT(AAT)"'Av and lead to the result.]

Chapter 5 (page 34)

1.

-0.09 2.27 —0.73 0.36 —0.27 1.45 —0.09
0.73 | —-0.18 |’ —-0.18 |’ 0.09 018 |’ 136 0.73 |

1 0 0

L'=| - 1 0
befgd _de 1

adf a

1 =bi. Forl<j<mn,p;= ;—il and g; = b; — pjc;—1. FLOP: 3(n—1).

Forward substitution: 2(n —2). Back-substitution: 3n — 2.
q = b, w = Cl/bl, pP1 = T‘l/bl. For 1 < j < n, q; = bj - G;Wj—1, W; = Cj/Qj and

pj = WZ}%. Finally, g, = b, — anWn_1, pn = %' FLOP: 6n — 5.
(a) Rank = 1.  (b) The formula is used to make small updates on an already computed
inverse.  [For derivation, expand left-hand-side in binomial series and sandwich the scalar

quantity (1 — v A~lu) in every term.]

—A-14(A)A-L. [Differentiate AA~! = 1]

Chapter 6 (page 41)

1.

2.

Yo igyye 2o azivgs Ay, ATxy YU (aij +agi)rg; (A +AT)x.

Yes. [There are various approaches to this problem, viz. Sylvester’s criterion, Cholesky
decomposition, using Sturm sequence property of characteristic polynomials (see Chap. 11) or
actual evaluation of the eigenvalues!|

Matrix I, + cAT A is of size n x n, larger than the size of I,,, +cAAT hence inversion in terms
of the latter gives computational advantage. Besides, the former matrix is ill-conditioned, with
m eigenvalues of large magnitudes and the rest equal to unity.

Comment: Such matrices appear in the solution steps with a penalty-based formulation of
constrained optimization problems.

. Comment: Can you relate this problem with the previous one?

. 3,4, 4, 3,3, 3, 2, 2. [This is a cyclic tridiagonal system, that differs from an ordinary

tridiagonal case in that the elements at (1,n) and (n, 1) locations in the coefficient matrix are
non-zero. Use Sherman-Morrison formula to reduce it to a tridiagonal system.]
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6.

7.

—-0.84 034 041 0.39 —-0.08 -089 037 044 040 -0.08
0.69 -0.19 -0.34 -0.06 —-0.13 0.72 -0.20 -0.36 -0.06 —0.13
-0.38 -0.12 019 011 0.26 |, -039 -0.11 019 012 0.26
0.55 —-0.05 —-0.32 -0.27 0.09 0.57 -0.06 -0.33 -0.28 0.09
—-0.02 0.02 014 -0.07 —-0.01 -0.02 0.02 0.15 -0.07 -0.01

(8) — g (b) a1dfAdy, aidfAd; +axd] Ady and axdf Ad.
o

()Fori<j—land2<j<k dle; =37 adfAd;. (d)dTAd; =0 fori<j<k.

Chapter 7 (page 50)

Solution with v = 0.05

1.

(a) 1422 1— 2T (b) \/2+u2 Al and FOEVRE 01 1T 2.000025
2u1 2u1 1 1 2u1 ’

and 200.005. (d) The solution is insensitive to small changes in w; and with ug it changes

as 0x = 50[1  — 1] 6us.

Comment: The given system exhibits the rudimentary features of ill-conditioning, as dis-

cussed in the chapter and depicted in Fig. 7.1.

Comment: At w = 1, note the singularity and how the Tikhonov regularization handles it.
See Fig. A.1(a) for a comparison with the exact solution. Across a singular zone, it gives
smooth solutions that are usable as working solutions for many practical applications. But,
even away from singularity, the resulting solution has an error, where the exact solution is
quite well-behaved. There is a trade-off involved. Reduction of the parameter v results in
better accuracy of solutions away from a singularity, at the cost of smoothness around it! See
Fig. A.1(b).

—— exact solution
— — Tikhonov solution

Error in solution

(a) Comparison with exact solution (b) Accuracy and smoothness

Figure A.1: Solution of an ill-conditioned system: Tikhonov regularization
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First iteration: [17.83 2.02 10.92]7, second iteration: [15.68 4.68 11.79]7 etc.

Comment: Note the fast progress. In the third iteration, the error moves to second place
of decimal! However, with the changed order, the algorithm diverges, because the coefficient
matrix is no more diagonally dominant.

(a) ATA = [ _1(7)288 _;ggg ]; Eigenvalues: A\; = 15625, Xy = 0; Eigenvectors:
08 06 125 0 0.80 0.00  0.60
V1= [ 06 } vy = [ 0.8 } b)S=| 0 0|. ()U=]| 036 080 —048
’ ’ 0 0 —0.48 0.60 0.64

[Keeping the first column u; fixed, any orthogonal matrix will be valid.]
(d) <ve>. (e)<u; > (f) By =c, wherey = VIx and ¢ = U”b.

Chapter 8 (page 57)

1.

(a) Eigenvalues: -2, 3, 3; Eigenvectors: [I —1 1]7, [3 4 0]T, [1 0 2]T.
Comment: Linear combinations of the last two are also eigenvectors.

(b) Eigenvalues: 1, 2, 2; Eigenvectors: [1 1 —1]7, [1 2 1]7T.

Comment: The third eigenvector does not exist. The given matrix is defective.

A+ AV 4 a A" 2+ +a,_1 A+ a,. Significance: For every n-th degree polynomial, we
can construct an n X n matrix, called its companion matriz, whose eigenvalues are the roots
of the given polynomial.

Comment: This result is the basis of one of the commonly used methods for solving polyno-
mial equations. (See Chap. 19.)

The solution is trivial. For discussion, see the text of the next chapter (Chap. 9).

x A bi T _ TAQD olAD 3 s} 1o
(a) Ay = 0 A, bi =qiAQ;, A1 =Q;AQ;. (b) Qe=[q2 Q,], Q2= 0 (52 .
(c) For a real matrix A, having real eigenvalues, there exists an orthogonal matrix Q such
that QT AQ is upper triangular, with the eigenvalues at the diagonal.

[For the first part, use

AT, + cAL7'AT) = AT + cATAL'AT = (I, + cATAL )AT = (L + cATA)L'AT.
For the second part, operate AL"'AT on its eigenvector and note that

(L, + cAL'AT)v = v + cov = (1 + co)v)]

Eigenvalue A = 28 and corresponding eigenvector v = [~0.41 0.41 —0.82]7 converges within
one place of decimal, in seven iterations (in this case).

Chapter 9 (page 64)

1.

(a) Jordan form:

O O N

10
2 0 |. [In the second column of the similarity transformation
0 1

matrix, use generalized eigenvector wa, given by (A — 2I)wy = vy1.]  (b) Diagonal form:
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110
diag (3,1,1). (c) Jordan form: | 0 1 1 |. [S=[vi wz ws]] (d) Diagonal form
0 0 1
in C: diag (—1,7¢,—i). [In this case, eigenvectors are also complex and, hence, so is the
similarity transformation.]
1.25 —0.20 -0.15 2.63 —1.24 -0.85
2. A= 0.10 0.90 —-0.10 and A= 047 0.53 —0.47
0.25 —0.20 0.85 1.63 —1.24 0.15

[Use A =SAS™! and AS=SA®S™1]

3. [If a diagonalizable matrix has a full set of orthogonal eigenvectors, then the associated orthog-
onal similarity transformation will preserve the symmetry of a diagonal matrix and the given
matrix turns out to be symmetric. In the non-diagonalizable case, the resulting Jordan form is
not symmetric, so the matrix can have all its eigenvectors (less than the full set) orthogonal.]

0.64 048 0
4. Deflated matrix: | 048 0.36 0 [; othereigenvalues: 1,0; and corresponding eigenvectors:
0 0 0
(0.8 0.6 0]T, [-0.36 0.48 0.8] respectively.

Chapter 10 (page 71)

1. Eigenvalues and eigenvectors: 0.620 + 0.785i, [—0.115 — 0.500i — 0.115+ 0.500i 0.688]7;
0.620 — 0.785i, [-0.115 + 0.500i — 0.115 — 0.500i 0.688]%; 1, [0.688 0.688 0.229]T.
det(Q) = 1.

Yes, Q represents a rotation. [Check orthogonality.]
Plane orthogonal to the third eigenvector, or the plane of the first two eigenvectors, of which
the real plane can be obtained with the basis {[-1 —1 6]7, [1 —1 0]7}.

2. 3.4142, 2, 0.5858 (after two sweeps, diagonal entries: 3.4134, 2.0008, 0.5858).

[5.00  3.00 0 0
5 | 300 —211 —328 0
' 0 —3.28 453 1.22
0 0 1.22 158
[9.00 3.61 0 0 0
3.61 9.54 1.69 0 0
4. 0 1.69 6.87 —2.44 0 |. [UsePays, Psy and Pys]
0 0 -244 501 -1.14
| 0 0 0 —1.14 758

5. In QB = AQ, the first column gives b11q; + b21q2 = Aq;. Determine by; = qf Aq; and
separate out ba1qa, the norm of which gives ba; # 0 (from hypothesis) and leads to qa. This
determines first column (and row) of B and second column of Q.

For1 < k <mn, k-th column gives by_1 xdr—1 4 bg x Ak +br+1,k9k+1, in which previous columns
and rows of B and up to k-th column of Q are already known. Determine by, by x+1 and
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di+1, in that order, as above.
Finally, b,, , = qX Aq,,.

0.897 —0.259  0.359

(a) 0.341  0.921 -0.189 |. [Find unit vector c; along the line. Assume ¢y and cj3

—0.281 0.291 0914
to complete orthonormal basis. Rotation matrix = CR]_C”. Analytical multiplication and
subsequent reduction can be used to eliminate co and c3. Alternatively, a consistent pair can
be chosen, e.g. through the Gram-Schmidt process (see Chap. 3), and the solution follows
from straightforward computation.
(b) First verify that the given matrix is orthogonal and its determinant is +1. The analytical
expression of the matrix in part (a) shows that its trace gives the angle. Then the difference
of the given matrix and its transpose gives the axis. Alternatively, one can simply find its
eigenvalues and eigenvectors. Eigenvalues are 1 and e*". Eigenvector corresponding to the
real unit eigenvalue is the axis of rotation and 6 is the angle. The plane of rotation can
be developed either as the subspace orthogonal to the axis or through real combinations of
eigenvectors corresponding to the complex eigenvalues e*%.
(c) Direct problem: form orthogonal matrix C with pair(s) of columns spanning the plane(s)
of rotation, then # = CP7,CT. Inverse problem: Same as part (b) except that there is no
relevance of an axis, and there may be several plane rotations involved in mutually orthogonal
planes.
Comment: In higher dimensions, the second approach looks cleaner in each of the direct and
inverse problems.

Chapter 11 (page 79)

1.

1 1 1 1
! 1 -1 -1
201 -1 1 -1
1 -1 -1 1
Comment: For this problem, alternative solutions are possible, because the problem does not
ask for a Householder matrix.

. (a) One eigenvalue is —1 with eigenvector w with the notation of page 73. All other eigenvalues

are 1 with corresponding eigenvectors forming an eigenspace orthogonal to w.

Determinant = —1.

(b) All eigenvalues are of absolute value of unity. First, there can be one or more unit (41)
eigenvalue with real eigenvectors. Besides, on 2-d planes of rotation, there may be pairs of
eigenvalues in the form e** with associated eigenvectors in the form u 4 iw. In a special case
of @ = m, u and w separate out as individual (real) eigenvectors. Finally, there may remain a
single negative eigenvalue —1 signifying reflection.

We cannot. With such an attempt, zeros set in left multiplication will not be preserved through
the right multiplication by the Householder matrix.

FEigenvalues of B : 0.59,2,3.41. Eigenvalues of C : —4.33,1.29,4.98,7.05.

Five. [Examine the Sturmian sequence at zero.]
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Chapter 12 (page 88)

1. 5.81, 3.53, 1.66.  Eigenvectors are the columns of cumulative product Q of the orthogonal
matrices arising out of the QR iterations.

2. Eigenvalues: 6.31, 2.74, 16.46, 18.48.
Comment: The problem asks for a lot more. Follow the prescribed steps. Here, eigenvalues
are supplied merely for verification.

3. Eigenvalues: 8, 14.8, 5.8, -4.6, 10, 8 (appearing in this order).
Comment: QR algorithm does not iterate across subspaces which are already decoupled!

4. Eigenvalues: 12.1025, -8.2899, 4.7895, 2.9724, 1.4255.
Comment: The reader should develop computer programs and experiment on the issue to
get the feel for the different methods.

Chapter 13 (page 95)

6 2 4 1

1 4 6 4 0
10 -4 -1 1
0 0 -1 1

It is possible, in principle, to convert it into a tridiagonal form through the Gaussian elimi-
nation process. In the procedure described in the chapter, interchange the roles of rows and
columns, and carry through only the elimination step (do not pivot) to get zeros above the
super-diagonal. However, (a) this process is numerically not stable, and (b) in this part, the
ban on pivoting makes it unusable as a general algorithm. Even the benefit is not much. With-
out symmetry, the tridiagonal structure will not be preserved when it is passed through QR
iterations!

2. Eigenvalues: 5.24, 5.24, 0.76 and 0.76.
5 iterations and 21 iterations. After a sub-diagonal member becomes extremely small, it is
better to split the matrix into two smaller matrices and proceed with them separately. In this
particular case, each of them is a 2 x 2 matrix, which can be handled directly from definition.

3. Eigenvalue = 30.289; Eigenvector = [0.38 0.53 0.55 0.52]7. [Use inverse iteration.]
For ill-conditioned matrix, take zero as an approximate eigenvalue and use inverse iteration
again. The approximate zero eigenvalue gets refined to the correct eigenvalue 0.010 and the
corresponding eigenvector is obtained as [0.83 —0.50 —0.21 0.12]T.
Finally, extend these two eigenvectors to an orthogonal basis and transform the matrix to that
basis. The remaining problem is just 2 x 2.
Comment: One can explicitly use deflation at this stage.

Chapter 14 (page 105)

1. [From SVD, ATA = VX2VT; while from symmetry, A = VAVT and ATA = A2 = VA2VT ]
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2

3

4.

5.

6.

Solution with v = 0.05

APPLIED MATHEMATICAL METHODS

. [(a) With SVD in hand, examine the ranks of matrices ¥, 37, 375 and £37.

(b) First show
that ranges of ATA and AT are the same.

(c) Examine diagonal entries of X7% and X%

. False. See a counter-example in the next problem.

Ellipse: major radius 5.728 in direction [0.9029 0.4298]7 and minor radius 3.492 in direction
[—0.4298 0.9029]7. Principal scaling effects: 5.728 on [0.7882 0.6154]7 and 3.492 on

[-0.6154 0.7882]T.  Eigenvectors: [1 0]7 with eigenvalue 5 and [—0.8944 0.4472]7 with
eigenvalue 4.

99.25 % . [Use Eqn. 14.4 and cut-off lower singular values after a gap of order of magnitude,
in this case only nine singular values are retained.]

Comment: Near w = 1, the exact solution approaches infinity, as expected. The pseudoin-
verse gives a viable solution by cutting off small singular values, which basically results into
an automatic trimming of the solution. See comparison with Tikhonov solution in Fig. A.2.
To emphasize the role and effect of the parameter v, the plots are shown for a high value of
v, namely 0.05. In practical applications, much lower values are normally used. While the
Tikhonov regularization gives a continuous and more acceptable solution close to the singular-

ity, pseudoinverse solution has the merit of being exact above the cut-off value (v) of singular
values.

T T T T T
—— pseudoinverse solution ! \ —— pseudoinverse solution
— — Tikhonov solution ! — — Tikhonov solution

0.05

Error in solution with v

7.

I I I I I
0.4 0.6 08 14 16

(a) Solution about a singularity

(b) Deviation from exact solution

Figure A.2: Ill-conditioned systems: pseudoinverse and Tikhonov regularization

(a) [0.16 —0.12]7.  (b) 0.04 and 25.

(c) [Show AE = (100 — 753)2 ]
Allx||? = 25k? with a = 3k and (8 = 4k.]

(d) [Show

Chapter 15 (page 115)

1.

No. Yes, the set of n x n non-singular matrices.
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2.

(a) [Assume two identity elements e, es and compose them, once using the identity property
of e; and the other time using the same property of es.]

(b) [For a € G, assume two inverses a1, az and use a1 = aj-e =ay - (a-a2) = (a1 - a) - ag =
e-ay = az.

[Verify unique definition. Work out the effect of two such rigid body motions on a general
point, and verify that the result is the same as a rigid body motion, to establish closure.
Consider three rigid body motions and show associativity. Point out the identity element.
Establish the inverse of a general rigid body motion. Finally, show non-commutativity.]

(Ze,+) is a subgroup, but (Z,, +) is not.

(b) The result in part (a) establishes the closure of the addition operation of linear transfor-
mations and also that of the scalar multiplication. [Further, verify commutativity and
associativity of the addition of two linear transformations through application on a general
vector. Identify the zero transformation, which maps all vectors in V to 0 € W and define the
‘negative’ of a transformation. Unity is obviously the identity element of the scalar multipli-
cation. For this operation, establish associative and distributive laws to complete the proof.]
(c) A set of mn transformations E;j, 1 <i <m, 1 < j <n; mapping j-th basis member of V
to i-th basis member of W and all other basis members of V to the zero element of W, where
n =dimV and m = dimW. Matrix of E;; has ‘1’ at the ¢, j location and ‘0’ everywhere
else.

[Hint in the question leads to Cauchy-Schwarz inequality. Use this result in the direct compu-
tation of ||a + b||?, to establish the triangle inequality.]

[Substitution of definition of norm in || f + g|| > || fI| + |lg]| leads to |(f,9)|* > [|f]|* |lg]|*. In
this inequality (Cauchy-Schwarz), use dummy variable y in one integral and z in the other, on
both sides to develop the inequality in terms of double integrals as

b b b b
L//w@mmwmwmmw@w>//ﬁ@m@ﬂwfw@w

Interchanging y and z, obtain another similar equation. Add these two equations and simplify
to show that

b b
/"/zmwmauwmww—ﬂameQMz<m

which is absurd.]

Chapter 16 (page 126)

1.

2.

(a) a [V£(x)]" .
(c) [Find out the k-th component. Then, either show it to be 597]; or assemble by rows.]

F, F F, F, F, F F, F,
os _ | Go G| o |Gy G| o |Gy G| a_ |G Gy
O Fs Ft , O Fs Ft ’ % Fs Ft ’ % Fs Ft .

Gs Gy Gs Gy Gs Gy Gs Gy
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Independent z,y, 2: (89—1;’ =2x—1. Independent z,y,t: 2% =2x—2. Independent z, z, t:

. . ox
impossible.

/. =/~ e dr = I, e~¥’dy. Multiply the two to develop I2 as a double integral
and change to polar coordinates.]

(a) [Expand ¢(z + dz) by splitting the interval [u(x + dz), v(z + éx)] into three sub-intervals:
[u(z + d0x), u(z)], [u(z),v(z)] and [v(x),v(x + dx)].]
(b) [For the first component, apply mean theorem on the integrand with respect to z. For
others, apply it on the integrals with respect to ¢.]

7.389
29.556

8 44.25

Gradient = [ 44.25 148

] (four function values used). Hessian = [ ] (nine function

values used).

Comment: The tabulated values were obtained from the function e®:*2. Check with the
actual values obtained from analytical derivatives.

[Show that gj(x') = %gz(x)]
J
53:% + 3x1x9 — 2027 — 429 + 28; hyperbolic contours. See Fig. A.3.
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Figure A.3: Function contours and quadratic approximation

Chapter 17 (page 137)

1.

%\/6 feet or 2.04 feet.  [Express end-points of the rope (say A and B), and end-points of the
plank (say O and R) in some consistent frame of reference. Then, it is needed to find point C
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on AB and point P on OR, such that distance C'P is minimum, or vector C'P is perpendicular
to both vectors AB and OR.]

2. Parametric equations: (a) r(v,w) = (2 — w)i + (3+ \%)J + (4+ %) k, (b) r(v,w) =
(2-0)i+(3- %) j+(4+ %) k and () r(v,w) =2i+(3- 5+ &) j+(1+ 5+ %)k

Cartesian equations: (a) z—y=1, (b)y+2=7 and (c) z = 2.

3. Value of a = 2. Point of intersection (unique): (2,2,4), and included angle = cos™' 23¥= or
30.2°. [From r;(t1) = ra(t2), solve for a, t1 and ts.]

4. [Using g(t) = 9 = ||r'(t)||, express r'(t) = g(t)u, hence r”'(t) = ¢'(t)u+[g(t)]*sp and evaluate
k(t). Similarly, develop r"/(¢) and separate out 7(¢).]

5. (a) [Differentiate 1(s) and use the Serret-Frenet formulae to show that the derivative vanishes.]
(b) ¥(s) =4¥(0) =3 = u;-ug =p1-p2 = b1 by =1, ie the Serret-Frenet frames stay
coincident for all values of s.

Comment: This exercise constructs a proof of the proposition (see page 133) stating the
equivalence of curves with the same curvature and torsion functions.

6. Confirmation is the right conclusion.
[Approach I (based on intrinsic properties): Obviously, the first curve is a circle with radius
of 3 units. Therefore, k1(s) =1/3 and 71 (s) = 0. Now, reduce the second curve to arc-length
parametrization to show that k2(s) = 1/3 and 72(s) = 0.
Approach II (based on external transformations): From the starting positions and initial
Serret-Frenet frames of both the curves, work out the candidate transformation (rotation and
translation) that would map the initial segment of the second curve to that of the first one.
Apply this transformation to the equation of the second curve to obtain its equation in the
form To(t) = 3cos(2t — 7/2)i + 3sin(2t — 7/2)j, t > 7. Now, a reparametrization of ¥2(t)
with parameter t' = 2t — w/2 yields its equation in exactly the same form as rq(¢).
Approach IIT (based on special case data): Again, we start from the knowledge that the
first curve is a circle with a radius of 3 units. On the second curve, we pick up three arbitrary
points P, ), R at some convenient parameter values. First, we work out the normal to the
plane PQR and verify that it is perpendicular to PX, where X is a general point on ra(t).
This establishes ra(t) to be a planar curve. Next, we find out the candidate centre C' as the
point equidistant from P, @, R and observe that PC' = QC = RC = 3. Finally, we verify that
CX =3]
Comment: The first two approaches would work on any set of candidate curves.

7. Quadratic approximation: z(z,y) = 0.
Comment: If we replace x and y coordinates by x; = x — 2y, y; = 2x +y (orthogonal frame),
then we have the surface as z = 3, which is invariant with respect to y; and has an inflection
at the origin (along the z; direction).

8 \/H§+H372H1K/2 cos 6

> [The normal r”/(s) = kp to the curve C is in the plane of unit normals n,
and ns to the surfaces, as all three share the same tangent. Hence, we can take r”” = cynj+cono,
work out the normal curvatures, solve for ¢1, ¢z and substitute back.]
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(a) [Show that T r, # 0, in general.]
(b) p(t) = (t* + 1 )1—4J+tk
() x+y=22 r(pq) = +p1—|—q2 j+qgk with p=xz—yand ¢=z.

Chapter 18 (page 149)

1.

2.

(a) [For Eqn. 18.8, one may evaluate the four terms in the right-hand side and add.]

Yes, V(x,y,2) = V(x,y,2), where the potential function is ¢(x,y,2) = e*™¥* — 22 + yz +
siny + 4z + c. [p(z,y,2) = [ Vadz + 9(y, z). Compare g—‘;’ with V;,. Continue similarly.
Alternatively, show that V x V = 0, but that does not give the potential function.]

Potential function: ¢(r) = m [Show that V¢ = g. Alternatively, show that g - dr is
an exact differential and integrate it.]
[Find unit normal n = Zzl d‘: j, evaluate w2¥ 5nds = wVw - nds and apply Green’s theorem

in the plane.]

[é)
(a) [First, show that [ [ [ V?ypdv = [ [, $LdS.]
(b) [First, show that for a harmonic function ¥(z,y, z) satisfying ¥(x,y, z) = 0 everywhere on
the boundary S, ¥(x,y, z) = 0 everywhere in the domain 7. Then, consider two solutions 1,
)9 of a Dirichlet problem and their difference ¢ — 2 = 1).]

(c) [Proceed as above with Neumann condition. In this case, you will find that ¢ = ¢ —12 = k.]

a) [ [, [opudv. (b) — [¢ [ KVu-ndS. (c)op2t=VEK -Vu+KVu. (d) 2= U%VQU.
Comment: This is the well-known heat equation or the diffusion equation, one of the classic
partial differential equations of mathematical physics.

(a) divE = 1Q, div B = 0. [Apply Gauss’s theorem on the last two equations.]
curl E = — at . curl B = pue?Z at [Apply Stokes’s theorem on first two equations.]
(b) %t}; = c2V?E and ‘98323 =c?V2B.  [Take curl of curl E and curl B/]

( ) V- (pU) + 8p =0. [Usen =1 and apply divergence theorem on the first term.]
0 Js I Ti ffodev = [y [OGU-)iA+ § [y [0 [y=0)
where V-1 =[V.-7; V.79 V.73]7, withV.71; = BT” + BT”’ + BT“ etc; and the

Z

operator U -V = u, a% + uya% + uz%. [Alternative derivatlon in tenbor notation is possible,

in which no separation of components is needed.]
() —2+B=(U -V)U+ 3 = L0
Comment Application to general state of stress would lead to Navier-Stokes equations.

Chapter 19 (page 160)

1.

Comment: This exercise demonstrates the mechanism of a proof of the proposition on mul-
tiple roots, expressed in Eqn. 19.3.
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2. [Odd degree of the equation ensures at least one real root. Descartes’ rule of sign limits the
positive real roots to either two or none. The same rule, applied after a substitution z = —y
gives one positive root for y, i.e. one negative root for x. Thus, from this much, we know that
there are exactly two possibilities of the distribution of roots: (a) one negative real root and
two conjugate pairs of complex roots and (b) three real roots (two positive and one negative)
and a pair of complex roots.|
Comment: You may solve the equation to verify that one of these is indeed the case here.

3. Eigenvalues: 2.6185, -2.3032, 1.3028, 0.3820. Values of the polynomial at these values of x:
0.0067, 0.0202, -0.0001, 0.0002 (respectively).

4. Eliminant equation in o: 72* + 4823 4 8922 4 302 + 25 = 0. At most, four solutions. And, the
(z,y) solution points are: (—0.0965 =+ 0.5588:, —0.4678 F0.19597), (—3.3321 £ 0.0639¢,0.6107 F
2.91764). [Steps:  (a) Resolvent of the quartic: 23 — 12.7142% + 15.102z — 4.665 = 0.
(b) Solutions of the resolvent cubic: 11.43, 0.57, 0.71. (c) Using z = 11.43 and completing
squares in the quartic, 22 + 2471 + % = +(3.2356x 4 5.3927). (d) Developing two quadratic
equations and solving, z = —0.0965 £ 0.5588i, —3.3321 +0.0639¢ and y = —% available
from the elimination step.]

Comment: All four solutions being complex shows that these two ellipses do not have any
intersection in the entire x-y plane.

5. [Upon expansion (for example, by the first column), the result follows immediately.

d d d d
6. (a) 8—;=up—v7 3_2:_“7 6—;:uq, anda—Z=—v.

[P(z) is a given polynomial and x is a dummy variable, hence they are independent of the
chosen variables p and g. Keeping this in view while carrying out the required differentiation,

and combining with the given expressions, we obtain g—; = —u, g—; = —v and
oprP, oOr Os
2 2 2
z(z” +pr + q)Pa(z) + uz” +vr + (2" +pr+q)5— + -z + - =0.
(% +pz + ) Pa(x) (@ +p q)ap "t
Substituting a and 3, roots of x? + px + ¢, in this, we derive two linear equations in g—;, g—;

and solve them.]

(b) J - up —v —u Pk+1 _ Dk 1 —Vk Uk Tk for
ug  —v |’ Qk+1 qk Ak | —uRqr  URPR — Uk sk |’

Ay = v} — ugpprvg + uiqr # 0.

[smceJ[gﬂ:[gg _ _g]:»[gg]:_.]—l[g].]
(c) Roots: 4.37, —1.37, 8.77, 0.23, 3.5 & 2.4i.

[After convergence of the first set of iterations, with p = —3 and ¢ = —6, we find out the first
two roots from z2 —3x—6 and also the quotient, which is found to be z* —162>+8322— 1762+ 36.
The same process, repeated over this fourth degree polynomial, upon convergence, separates
out two factors 2 — 9z + 2 and 2% — Tz + 18, that yield the other roots.]

Comment: Bairstow’s method can be recognized as a special implementation of the Newton-
Raphson method for solution of systems of nonlinear equations. (See the next chapter.)

7. Degree: 12. I3 = c1la — c2l1, g3 = c1q2 — caq1, C3 = 10y — 2C1, Q3 = —c2Qq;
gs = c1q2 — c2q1, C4 = 10y + l1ga — c2C1 — laqr, Q4 = L1Cy — c2Q1 — 12Ch, Oy = —12Q1;
Cs=C5, Qs = Qu, Q5 = 102 — 1bQ1 — ¢2C1, S5 = —¢2Q1.]



450 APPLIED MATHEMATICAL METHODS

Chapter 20 (page 168)

1. 0.57. [Bracket: [0,1]; Fixed point iteration: 10 iterations; Method of false position: 4
iterations; Newton-Raphson: 3 iterations.]
The solution is unique.  [f(z) =e ™ —z, f'(z) = —e~* — 1 < 0 monotonically decreasing.]

2. 0.17.  (a) 3 iterations. [First, check the bracket.]  (b) 2 iterations.
(¢) From xg = 1.43, slow progress, mild oscillations: 1.43,-1.24, 1.22,-0.47 etc; from xg = 1.44,
almost periodic oscillations: 1.44,-1.2964, 1.4413, -1.3041 etc; from xg = 1.45, divergence with
oscillations: 1.45, -1.35, 1.73, -5.23 etc.
Comment: Fig. A.4 depicts this comparison of trajectories of search starting from the three
almost coincident points of x = 1.43,1.44,1.45.

50

401 — - xp=1.45

h(x)

h(x)

Figure A.4: Pathology of Newton-Raphson method

3. [0.88 0.68 1.33]T.

4. (a) y — flzg) = LEO=I@o)p gy (b) (xo - %f(xo),o), a secant method

T1—To

iteration.  (c) (xo - %, 0), a Newton-Raphson iteration.

5. (a) x4 = [-0.32 —2.38]T with errors: -4.62, 9.80.  [Not yet even in the trend; converges to
the solution in 9 iterations up to two places of decimal.]
(b) x4 = [—0.9497 —2.0430]7  [Converged to four places of decimal.]
Comment: It pays off to start with the correct Jacobian, through one-time computation; still
avoiding costly Jacobian computation within the loop.
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Chapter 21 (page 177)

1.

function value

¢(3) = 0 maximum, ¢(3 + 1) = —5 minima.  Other features: symmetry about z = 3,

zero-crossing at x = % + ?, etc. See Fig. A.5.

. [1.90,1.92].  [f(1.90) > f(1.91) < f(1.92) by exhaustive search method.]

Comment: Other intervals with similar properties, enclosing the same minimum or a different
minimum are also acceptable.

0=t bro—caf, b= o - Bz [ - mow] o= [ - mo]
(¢) With three function values, obtain points (o, yo), (x1,¥1) and (z2,y2). Compute a, b and
¢ by the above formulae. Evaluate x3 = —%, replace worst of zg, 1 and x2 by x3 and repeat

till convergence.
Comment: Condition for the scheme to work: ¢ > 0. (d) z* =1.9053, f(z*)= —7.8713.

. x* =25, p(a*) = —78.125.

Comment: At the minimum point, the derivative of the function has a triple root. [p’(z) =
(22—5)3.] Note how slowly the regula falsi iterations approach it. On the other side, though the
golden section search made a function evaluation at x = 2.4721, really close to the minimum
point, in the very first iteration, the operation of the method does not get any advantage of
that proximity, and follows through the usual number of iterations!

Minima: (0,0), (£v/3, F¥v3); Saddle points: (+1,F1); no maximum point.

2
L1 (2

Comment: Rearranging the function as f(x) = 3(z1 + 22)? + (2} — 3)? or ¢(u) = Juj +
2
Uy
6

(u? — 3)?, the critical points become clear. See Fig. A.6.

X

-1732 -1 [~ 1 1732 X

SO X +X%=0

Figure A.6: Stationary points of a two-

Figure A.5: Single-variable function example variable function (example)
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6. (a) [Taylor’s theorem in the remainder form needs to be used. Truncated series is not enough
for the argument.]
(b) [In x-space, take a line through x5 and use two points y and z on it on opposite sides from
X2 as x; in the above result.]
(c) 1823 +1 > 18x5.  [Impose positive semi-definiteness of the Hessian.]

7. (a) p1(x) =2 + 923 — 221 + 1. (b) See Fig. A.7(a).  (c) x1 : (0.2,0).

(d) pa(x) = 3.162% — 7.2x122 + 923 — 2.57621 + 0.7222 + 1.0432; see contours in Fig. A.7(b);
x2 : (0.39,0.10).

45 45
4 4
35 35
3 3
X
25F \¢ : : 25F

15F 15

N

[
T
[

0.5 0.5

o
T
o
T

-0.5

-0.5

(a) First step (b) Second step

Figure A.7: Trust region method

8. [Frame the given function in the form f(x) = +x7Qx—b”x+c, the gradient as g(x) = Qx—b

and hence oy, = %. The minimum point is (1,1,1) and hence dy = /3 = 1.732.]

()1, [-2 0 0], 2402 —4a+1.  (b) 0.0833, (0.166,0,0).

(c) and (d) See the table below.
k| xk f(xe) | g(xx) [e73 Xk+1 di+1
0 (0,0,0) 1 (—2,0,0) 0.083 | (0.166,0,0) 1.64
1 | (0.166,0,0) 0.833 (0,—1, —0.667) 0.191 | (0.166,0.191,0.127) | 1.45
2 (0,166, 0.191, 0.127) 0.695 (—1.657, 0.020, —0.029) 0.083 (0.3057 0.190, 0,130) 1.38

Chapter 22 (page 188)

1. Global minimum at z* = 1[1 3 1 1]7 with f(2*) = 0.
Comment: In the author’s test run, Hooke-Jeeves method converged within 103 in 30
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iterations, while steepest descent method took 82 iterations for a tolerance of 1072,
2. (1.2,1.2,34); f*=-124. [Starting simplex with vertices 0, e1, ez, e3 can be taken.]

c—1
c+1

3. [Use induction.] limy, o0 |am| = 0 indicates global convergence, while

‘ ~ 1 for large ¢
indicates poor local convergence.

4. xo =12 2|7, f(x0)=5; x; =[1.8 3.2]7, f(x1) = 0.6416.
It is a descent step, but in the solution (x) space, the distance from the minimum point (1, 1)
actually increases. At this instance, a Cauchy (steepest descent) performs better, as visible in
Fig. A.8, both in terms of improvement in function value and approach in the solution space.
Newton and Cauchy steps are depicted by x,, and x. respectively in the figure.
Comment: The poor performance of Newton’s method here is related to the ill-conditioning
of the Hessian.

5. (a)  =3.9094, y = 0.6969.  (b) (—0.5652,0.0570, 1.5652).
Comment: Author’s test runs of Levenberg-Marquardt program took 12 iterations from (0, 0)
in the first case and 15 iterations from (0,0, 1) in the second case to converge within residual
tolerance of 1074, [The second problem cannot be started from (0,0, 0).]

6. Attempt 1: For the 5-variable nonlinear least squares, starting from [1 0 1 1 —0.5]7, after

100 iterations, the result is [-73.17 16.16 — 7.54 94.50 0.19]7, without convergence, with
an error value of 6.5957. Still the agreement of data is not too bad. See Fig. A.9(a).
Attempt 2: For the single-variable problem in A with an embedded 4-variable linear least square
problem, starting with bounds —5 < A < 5, the result is [91.05 5.30 —1.80 —71.08 —0.51]7,
with error value 0.1961. See the match in Fig. A.9(b). The same result is obtained with the
first approach, starting with [100 5 0 — 100 0]7.

Chapter 23 (page 198)

dr+y—6 4 1 0
1. Gradient = | *+2y+2z—7 |; Hesstan=| 1 2 1
y+2z—8 0 1 2

(a) rs = [1.5 2.75 2.625]7, |gs| = 3.8017, error in position: [0.3 1.55 —0.775]T.
(b) r3 = [1.15 1.70 3.03]7, |/gs|| = 0.7061, error in position: [-0.046 0.5 —0.372]T.
(c)rg=[1.2 1.2 3.4]T, |gs|]| =0, error in position: [0 0 0]%.

2. Comment: Using restart option, Fletcher-Reeves algorithm converges to a tolerance of 10~4
in 19 iterations.

3. p=6.7,¢=06.9,r=6091. [Denoting the points as A, B, C etc, notice that AB and CD
are parallel. Then, DE, as extension of BD is the next (conjugate) direction. Next pair of
searches are then EF parallel to CD and FG parallel to DE.|

T
4. Rank-one update: ajz,z} = ;kTrrkk’ where r;, = pp —Brqx.  [For the proof, use induction.]
Trp

Comment: The result means that, over all previous steps, the current estimate By operates
as the true Hessian inverse, for a convex quadratic problem.
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-0.5
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X

Figure A.8: Analysis of a Newton step
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y,l.sq.function
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1% 1 2 3 7 s . 7 E a0 : 2 3 7 s . 7 E
(a) Attempt 1: 5 variables together (b) Attempt 2: split formulation

Figure A.9: Example of a nonlinear least square problem
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IN

A I
0 0.5 1 15 2 25 3 35 4 45 5

X1

Figure A.10: Progress of DFP method on Himmelblau function

5. x* =[3 2|7, f(x*)=0. See Fig. A.10 for progress and contour. [At converged solution,
the estimate By, also converges and represents true inverse Hessian.

Chapter 24 (page 208)

1. Denoting a point on the line segment as s, a point on the triangle as t and the vector connecting
them as d, respectively; s=a+ z1(b —a),t =p + 22(q — p) + z3(r — p); and

d=s—-t=a—-p+[b—-a p—-q p-r/x =a—p+Cx
Minimize d*> = x?CTCx +2(a —p)TCx + ||a — p||?
subject to x1 <1, zo 4+ 23 <1, x1,29,23 > 0.
KKT conditions: 2CTCx+2CT(a—p)+u [ 1 0 0 }T—Fug [0 11 ]T—V = 0; along
with feasibility conditions and uq(z1 — 1) =0, po(ze + 23 —1) =0, v;z; =0, p,v > 0.
A KKT point is a local minimum as well a global minimum. [The problem is convex.]

2. KKT conditions: 1 + z2 — Sx1@2p1 — p2 + 3 =0, 21 — %x%ul — pta + s = 0 and g;(x) <0,
wigi =0, p; >0 for i =1,2,3,4,5. The area PQR in Fig. A.11 is the feasible domain. Point
P(12,13.3) is a KKT point, while points ((10.3,18) and R(12,18) are not.

3. Solution: x*(15.81,1.58), f(x*) = 5, pu1 = 0.2,u2 = 0. [Through enumeration and
verification with the KKT conditions, it is possible to conclude that g; is the only active
constraint, i.e. g1(x*) =0 and s = 0. Hessian turns out to be positive semi-definite. Check
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20

I I I I
4 6 8 10 12 14 16

x1 x1

Figure A.11: Example on KKT points Figure A.12: Example of a convex problem

its restriction on the tangent subspace.]

Comment: Note that it is a convex problem. At x*, the constraint curve and the contour
curve (shown in Fig. A.12) touch each other such that on one side of the common tangent we
have feasible directions and on the other side are the descent directions.

(a) New optimal function value f* = 5.2.

(b) No change.  [The second constraint is inactive.]

4 o) = =202 + T fmas = 2-8, Gmaz = 9.8; Xmin = [0.2 1.6]7, frin = 9.8.
Comment: Note that fiin(X) = ¢ma () in Fig. A.13.

5. ¢(A) =L =137 \/(ci+A1)?+ A3 [It is a separable problem.]

Steepest ascent iteration for the dual: ri=/(ci +A1)2+ A3, yi= —M, x; = Q2.

Vo) =y = | ZE i 1 V6] < e, then STOP:

Line search to maximize (A —l—ion(b) and update XA «— A 4+ aVe.
Solution: Ay = —10, Ay = 6.76, Pyar = —665.5. [After 10 steepest ascent iterations.|

6. * =6, f(z*)=-2, g(z*)=0. [Unconstrained minimum at z = 4.]
Comment: See the progress of the method in Fig. A.14.

Chapter 25 (page 217)

1. Maximize } 7, ajy; subject to Y7, Bijy; < logb; for i = 1,2,3,---,m, y > 0, where
y; =logx;. (Justification: y = log x is a monotonically increasing function in the domain.)

2. (a) Solution point: (—15,1); function value: —15. [T1 =11 — Y2, T2 =Y3s — Ya, y > 0.]
9

(b) Solution point: (2,0); function value: 2. [Use two-phase method.]
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X, f(x), g(x)
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Figure A.13: Example on duality: separable problem
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(a) Approach through iterations

a(cx)

30

45 5

c=10*
c=10
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X

(b) The penalized function

Figure A.14: Example of penalty method

3. (a) Unbounded.

available along which the function can go up to —oo.

(b) No feasible solution.

4. [To show that H is non-singular, show that H

X

A

:0:>X 07A:O.

10

[From the intersection point (—2.7143,—5.5715), an open direction is

[First phase terminates without eliminating the artificial variable.]

To show

indefiniteness, first use an eigenpair of L to show that H cannot be negative definite, and then
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Figure A.15: Triangle and line segments
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through a suitable choice of a vector [ i ] argue that it cannot be positive definite either.]

(i) Point on line segment as well as on triangle: (2.66,2.32,2.66), distance zero (intersection).
(ii) Point on line segment: (1,3,8), point on triangle: (0,0.96,5.28), distance: 3.544.

(iii) Point on line segment: (6.89,4.12,1.33), point on triangle: (6.10,3.12,0), distance: 1.84.
[Refer to the formulation in the solution of the first exercise in the previous chapter, and use
either active set method or Lemke’s method to solve the resulting QP problem. Since there
are only inequality constraints, Lemke’s method is more straightforward to apply in this case.]
Comment: In the third case, the Hessian is singular (positive semi-definite), as the line
segment is parallel to the plane of the triangle. As such, infinite solutions are possible, all of
which are global minima. A different pair of points, having the same closest distance is valid.
See Fig. A.15 for the relative disposition of the triangle and the three line segments.

Successive iterates: x0(0,0) — x1(0.2,0) — x2(0.4,0.2) — x3(0.6,0.4)---, function values:
fo=1, f1 = 0.6544, fo = 0.3744, f3 = 0.1744.

Comment: Further iterations should approach the (global) minimum at (1, 1), but the speed
and precision may suffer due to the ill-conditioning of the function. See Fig. A.16.

X3(0.6,0.4)

Figure A.16: Progress of trust region method

7. (a) Lagrange multiplier value: —2.  [Show feasibility of [I 0]” and minimality in the feasible

directions available at this point.]

(b) [f(x) = —cosf ~ —1 = f(x")]

(¢) Quadratic program: minimize $df Hdy + g} dx subject to [cosf sinf]d, = 0, where
H = diag (4,4) and gy = [4cosf — 1 4sind]T.

Solution: dj, = 1[sin®# —sinfcosd]”, Ay = cosf — 4.

(d) xg+1 violates the constraint at the second order.  f(xp+1) < f(Xx)-

(e) In an active set method, the necessity of maintaining the feasibility of iterates may be a

costly impediment.
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Chapter 26 (page 227)

Approximation

1.

-10

—12F

—14

-16,

The maximum deviations of Lagrange interpolations [p16(z) and p1o(z)] with 17 and 11 equally
spaced points are found to be 14.39 and 1.92, respectively. (See Fig. A.17).

Comment: This shows the futility of a very high degree of interpolation. From the shape of
the curve, even the 10th degree polynomial approximation p1o(z) shown may be unacceptable
for many applications. [The same result should be possible to obtain from an interpolation
scheme in the form of Eqn. 26.1. But, in the event of ill-conditioning of the resulting coefficient
matrix, the result may not be reliable.]

Approximation

(a) Polynomial of 16th degree (b) Polynomial of 10th degree

Figure A.17: Pathology of Lagrange interpolation

10 -3 2
00 3 -2
2. W= 01 -2 1
0 0 -1 1

[By using boundary conditions, solve coefficients of Eqn. 26.5 (page 222) and express them
as linear combinations of boundary values. Alternatively, inserting boundary values in the
proposed expression and its derivative, a square system is developed for W ]

For each segment, two points (positions) are known: g;(z;—1) = fj—1 and g;(z;) = f; — a total
of 2n conditions. The continuity of the first derivative at each knot point (where two segments
meet) gives one condition, namely ¢j(z;) = ¢j,,(z;) — a total of (n — 1) conditions. One
further condition needs to be artificially imposed to fix all 3n coefficients in the n quadratic
segments.

For the given case, using the extra conditions as ¢{(3) = 0, i.e. zero initial slope, ¢1(x)
—0.666722 + 4 — 3.5 for 3 < o < 4.5, go(z) = 1.042% — 11.362 + 31.06 for 4.5 < = < 7
and q3(x) = —2.122 + 32.60 — 122.8 for 7 < x < 9. See Fig. A.18 for the resulting function
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Approximated function q(x)

Figure A.18: Piecewise quadratic
tion

0.7

interpolation.
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Comment: A different prescription of the free condition will give a different interpolation.

Position

T T T
—— 5th degree polynomial 7
— - spline (cubic segments) ~

interpola-

Speed

—— 5th degree polynomial
— — spline (cubic segments)

-0.1
0

25 30

35 40

Figure A.20: Speed schedule of the interpola-

tion

4. Single Hermite polynomial: z(¢) = 0.0785¢2—0.0045¢>+0.000116¢* —1.13 x 10~6¢°.

Time

Figure A.19: Position schedule by interpola-
tion

Figure A.21: Piecewise linear curve

[Assume

a quintic function form and use the values of z(0), z'(0), z(6), x(28), x(40) and z’(40).]
For the cubic spline interpolation, intermediate derivative values: 2’(6) = 0.5157 and 2/(28) =
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0.6262. Resulting schedule:

0.0807¢2 — 4.19 x 1073¢3 for 0<t<86,
z(t) ={ —0.888 +0.444¢ + 6.72 x 10732 — 0.0824 x 10733  for 6 <t <28, and
28.9 — 2.745¢t + 0.1206¢% — 1.438 x 10~3¢3 for 28 <t < 40.

Superimposed plots of the two (position) schedules and their rates are shown in Figs. A.19
and A.20, respectively. Both are practically acceptable schedules.

5. [Divide the domain into rectangular patches and work out bilinear interpolations. For a par-
ticular patch, if there are function values of different signs at the four vertices, then setting
the function value to zero in this patch yields one segment of the curve. Its intersection with
the patch boundaries gives the points to be used for the piecewise linear approximation.]
Comment: Actual representation depends on the discretization used. One possible approxi-
mation can be obtained by joining the following points. (See Fig. A.21.)

x | 3.140 | 3.124 | 3.073 | 3.000 | 2.964 | 2.800 | 2.769 | 2.600 | 2.441
y | 2.000 | 2.200 | 2.400 | 2.544 | 2.600 | 2.773 | 2.800 | 2.915 | 3.000

6. The results of part (b) and part (c) should exactly match.
(d) An affine transformation on the control points is equivalent to the same affine transforma-
tion on the entire curve. This is a property of the B-spline basis functions. See the original
curve and its transformation along with the control polygon in Fig. A.22.
Comment: This means that the curve becomes ‘portable’ at low cost. Any positioning and
re-orientation of the curve can be accomplished by giving the corresponding transformation to
the handful of control points, and the curve can be regenerated at the new location.

P Transformed
| curve

Original
curve
10

11

Figure A.22: Affine transformation of B-spline curve
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7. (a) Ny(u) = [Noa(u) Nia(u) -+ Npa(w)]'; Nu(v) =[Noa(v) Nia(v) --- Npa(v)]”"

(b) C = [N4(uo) Ny(ur) -+ Na(un)l; D =[Ng(vo) Na(v:) --- Ny(vn)]
Aisan (M +1)(N+1) x (m~+1)(n+ 1) matrix arranged in (N + 1) x (n + 1) blocks, the i-j
block being given by the (M + 1) x (m + 1) matrix d;;C”.

(c) Solution p = A#q leads to a least square fit of the surface data.

Chapter 27 (page 237)

1.

(a) 35(s = Dfo— (s = D(s+ Dfs+ s(s + Dfo (b) §lfo+451+ [,
(c) —& f"(x1)+ higher order terms; or —%f“’(é) for some £ € [zo, z2].
(a)

a) e(h) = [Q—wo—wl—WQ]f(xl)h + [wo —wa] f'(x1)h? + [%_%_%]fﬁ(ml)hg + %[wo—
wol @)kt + (g5 = 58 — /7 @R + -

(b) wo =w2 =%, w1 =3%.  (c) Zero and —%.

2.495151. [May use h = 0.005, 0.001, 0.0002.]

Comment: With h = 0.0002, raw formula gives an accuracy of 6 places of decimal, but cannot
detect on its own the accuracy that has been achieved. Richardson extrapolation gives the
same accuracy with the first two of these values, and an accuracy of 10 places with the third.
Analytical value: 2.4951508355.

(a) I, = 0.697023810, Is = 0.694121850, I14 = 0.693391202; Ir = 0.693147194 correct
to seven places of decimal, as the analytically available value is In2 = 0.693147180559945.
[Results of intermediate extrapolations: 0.693154531 (between I, and Ig) and 0.693147653
(between Ig and Iy6).]

Comment: With a miserly implementation starting with a single sub-interval (the entire
interval), the same 17 function values lead to the Romberg integral value 0.693147181916 that
is correct to 8 places of decimal, through four stages of Richardson extrapolation.

(b) I, = 0.944513522, Is = 0.945690864, I;s = 0.945985030; Ir = 0.946083070351 correct
to ten places of decimal, as the sine-integral function Si () = (f ST gy gives Si (1) =
0.946083070367183.  [S2Z needs to be specially defined as 1, in the limit.]

Comment: Starting from a single interval, four stages of Richardson extrapolation uses the
same 17 function values to give the Romberg integral as 0.946083070367182 that is correct to
14 places of decimal.

Integral: 22[(foo + fa,0 + fo2 + f2.2) + 4(fr0 + fi2 + fo1 + f21) + 16 f11];
4 4
Error: — 4z [h4%(517771) + k4g—y§(§2,772)} for some &1, & € [wo, 2], 11, M2 € [yo, y2]-

Chapter 28 (page 244)

1.

5/7(0).

St @de =55 (—/2) + 570 + 37 (1/2):

Simpson’s one-third rule: integral estimate I; = 0.4119, error e; = —0.0440.
Two-point Gauss-Legendre rule: integral estimate Is = 0.4876, error e; = 0.0317.



A. ANSWERS, SOLUTION OUTLINES AND COMMENTS TO EXERCISES 463

Three-point Gauss-Legendre rule: integral estimate I3 = 0.4532, error eg3 = —0.0027.

e 2
[Analytical value I = 0.4559, from [_e (sin 20t2 con 22) 1]
0

. Such a formula is not possible. Condition of exact integration of z* and y* conflicts with that

of z2y2. An attempt to impose the necessity of exact integration of z* and y* leads to the
five-point formula

1 1
/,1 / f(,y)dzdy = wo£(0,0) + w[f(—a, —a) + f(—a,a) + f(a, —a) + F(a,a)],

where wg = 16/9, w = 5/9 and a = 4/3/5; but it compromises the condition of exact
integration of z2y?2.

0.2207 (exact solution: 0.2197).  [Quadrature points: 3 — %\/g, 1and 1+ %\/g]

2 3
T _e®

. 1
Comment: The integral can be evaluated as fo
convergent series £ >°° L

8 6 n=1 nln"*

dx and in the limit expanded in the

213 cubic units.  [Apply Monte Carlo method with 10%, 10% and 10° points. Using symmetry,
better result can be obtained by working on only one octant first, e.g. V = {(z,9,2) : « €
[0,5], y €[0,4], z € [0,2]}.]

Chapter 29 (page 252)

1.

See solution in Fig. A.23.

Comment: The first order (Euler) method splits early from the analytical solution. The
second order (Euler) method splits much later when the solution rises sharply. (See hazy
fringe near x = 2.) The fourth order (Runge-Kutta) method tracks the solution so closely (in
this interval) that splitting is not visible.

y(5) = —0.428, y'(5) = 0.512. See Fig. A.24 for a plot.

Comment: Marching further in ¢, you get the trajectory in phase plane (i.e. plane of y and
y') as in Fig. A.25, that suggests a limit cycle inside the loop of the trajectory. (See Chap. 38
to know more about limit cycles.)

By the choice of we = 3/4, wq = 1/4, a = = 2/3 (refer page 247), three terms of the third
order error get eliminated and only —%3( fofy+ [ fyg) remains.

. [Compare with the true trajectory in the form g(z) = go + 3272, bj(z — x9)7 up to the cubic

term.]

See solution in Fig. A.26.

Comment: With the necessity to ensure the accuracy, the method needs to adapt to the
appropriate step sizes, different in different segments of the domain. (Note the unequal density
of nodes in the figure.)

Adams-Bashforth formula: y,11 = y, + %[23f(zn,yn) —16f(zn—1,Yn—1) + 5f (Xn—2,Yn—2)]-
Adams-Moulton formula: yni1 = ypn + 1—h2[5f(xn+1, Yn+1) + 8f (Xn,Yn) — f(@n—1,Yn—1))]-
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18

— — Euler

— Modified Euler
16 — Runge Kutta B
Analytical

14F

12r-

0.8

State variables

0.6

0.4r-

0 0.5 1 15 2 25

Figure A.23: Explicit methods on 1st order Figure A.24: R-K method on 2nd order ODE

Figure A.25: Trajectory in phase plane Figure A.26: Adaptive Runge-Kutta method
T
7. (a)z = {23 a mzi—% - 2223—124} ;o 21(0) =1, 22(0) =0, 21(1) = 1.5, z(1) = 2F.
1
(b) Ar =0.0234, A6 = —0.1109. [Approximate initial conditions: z3(0) = 0, z4(0) = %,]
(c)e=[Ar AT =f£(v), v=[23(0) 24(0)]".  Solve f(v) =0.
(d) Jacobian J = [2=2 %7]
€new = [0.0233  —0.1108]". [ -1

(e) View =V —J e/]
Comment: Progress of the shooting method in this case is quite slow.
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Chapter 30 (page 262)

1. |[14+2+ ‘;—? + ;—? + % <1. [Compare A, 11 = Ynt1 — y(znt1) against A,

2. See solution in Fig. A.27.
Comment: The solution is with a step size of h = 2.4. Eigenvalues of the Jacobian are +1
and +£100¢. (This is a stiff equation.) Due to the eigenvalue +1, there is a step size limitation
of h > 2, below which the method may be unstable.

3. f”(0) = 0.4696. [Solve ¢(v) = 0 if ¢p(v) = f(nfree) Where f(n) is the solution of the ODE
with initial conditions f(0) =0, f/(0) =0, f”(0) = v.]
In Fig. A.28, the solution is shown up to n = 5 only, for the sake of clarity.
Comment: The result shows that taking ns,.c = 5 is enough, because the solution has already
reached the free-stream condition at n = 5.

0.008 -

0.006 -

0.004 f(n)

250 ‘ g
0.002 -

State variables
~
i

-0.002 -

,_.
o
T

I

-0.004 -

N
T

|

\

[
i
[

-0.006 -

-0.008} 05wz Eae 7

L L L L L
20 40 60 80 100 120 0
X

Figure A.27: Backward method on stiff ODE Figure A.28: Blasius solution by shooting

4. [y(z) = (1 — w)y©(z) + wy® (x) is the solution, where 3 (z) and yM(z) are two solutions
of the ODE with y(a) = p1 and arbitrary values of y’(a), and w is determined from (1 —
w)y© (b) + wy™ (b) = p2.]

Generalization:
e Take vectorsq; € R"?, j =0,1,2,---,ny such that vectors q; —qg are linearly independent
fori=1,2,--- no.
e With each q;, complete the initial conditions and define ny + 1 IVP’s.

Solve these IVP’s and denote the terminal conditions as r; = yéj ) (tf)-

Solve the linear system > "2, w;r; = b, 3372 w; = 1 for weights w;.

o Compose the solution as y(t) = Y72, w;y (). Show its validity.
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5. y(1) = 0.20, y(1.6) = 1.18 and y(2) = 2.81. [From the ODE ky®™ + 2k'y"" + k"y" = w(z),

develop state space equation and hence FDE’s. With central difference formulation, Richardson
extrapolation will give y = (4y(® — y(1)/3]]

(a) Pf = PMg, where P =1 —JT(JJT)"1J.  (See exercise 9 of Chap. 4.)

It implies that the component of the driving force in the tangent plane of constraints is active
in producing acceleration.

(b) J(@)a=0 and J(q)d+ 55J(a)alq=0.
(c) With state vector z = [ zl = [ ?l , state space equation:
2
= 22
M~f— IT(AMIT) " H{IM T + 52 (Jz2)z0}] |

where M(q) = M(z1), J(q) = J(z1) and f(q,q) = £(z1, 22).
Comment: Solution of the state space equation as IVP in this form satisfies the constraints,
as the constraints turn out to be the invariants.

Chapter 31 (page 270)

1. (a) Solution does not exist. (b) Solution y = cx is not unique; Lipschitz condition is not
satisfied at (0,0). (c) Solutions are y = x2/4 and y = 0, not unique. Lipschitz condition
is not satisfied, solution is sensitive to initial condition. (d) Lipschitz condition is satisfied,
IVP is well-posed; but g—’; does not exist for y = 0. (e) % = —P(x) is continuous and

bounded. As a cosequence, Lipschitz condition is satisfied and the IVP is well-posed.

(@) yi(z) =1+a+32%  (b) yo(z) =1+ 2+ 322 + 2% + J2* + %a°.

(€)ys(z) =1+z+3a?+ 2234+ Bat4- 8254 yy(z) = 1+a+ 22+ 203+ 2Lt + 2o+
(d) Convergence of the sequence of functions {y;(x)} implies the existence of a solution of the
given IVP.

Comment: In this particular case, the sequence does converge to the series of the actual
solution, which is

3 4 17 31
y(x):1+x+§x2+§x3+ﬁx4+%x5+---

(e) Picard’s method: Assume yo(x) = yo and develop the sequence of functions

i@ = w+ | " St ()l
| " St (0l
n@ = w+ [ " St a0,
wal@) = w+ [ o
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If the sequence converges to y*(x), then it is a solution of the integral equation

D=w+ [ * flt e

and hence of the original initial value problem (Eqn. 31.1).

Chapter 32 (page 280)

1.

(a) 22 cosy + 2t =c. (b) 22 — 3zy — y?> + 22 — by + ¢ = 0.
(¢) 3In(14z + 21y +22) = —Tzx + 14y + k. (d) y* = £ + cxe ™.

(e) a¥ = e~="/3, (f) e®sin®y = siny — ycosy + ¢

(g) €¥ cos(z +c) = k. (h) y= 14>

Differential equation: y =z’ — e¥’.  [Clairaut’s form.]

Complete solution: general solution y = mz — €™, singular solution y = zInz — .

22 +2y* = ¢, [Family of ellipses.] 2?2 +ny? = c¢.  [Family of central conics.]

Steepness of the curves of the original family is directly related to the eccentricity of the curves
in the orthogonal family. [Make interpretations forn >2,1<n <2 0<n<1landn <0.,]
Comment: Interpretation may exclude negative coordinate values in the case of fractional
powers.

. It is valid, but no extra generality is to be gained by the alternative.

(a) L =D+rA. (b) 2(e"—1). (c) Approximately Rs. 59,861.

[Continuously: approximately Rs 7 every hour.]

Comment: Even without the ODE of part (a), the result of part (b) can be arrived at, as
the limit of a sum.

pl=s/v_gl+s/v

y = =——=%—— with (1,0) as the starting point and the tower at the origin (z = 1 and
x = 0 being the banks). [From the swimmer’s general position, work out his attempted
velocity vector towards the tower, and hence the resultant velocity. Eliminate time from the
expressions for < o and 2 to develop the differential equation of the trajectory.]

Comment: By varying the speed ratio r = s/v, one can determine several trajectories. (The

case of r = 1 is indeterminate.) Fig. A.29 depicts a few of them.

(a) Bernoulli’s equation: 2’ + [I + s(t)]z = I2%, where z = 1 — y is the fraction of people who

do not use cellphone.

Solution: y = 1 — %, where yo = y(O) is the initial condition and P(t) =
—[I + s(t)] = [ P(t)dt, R(t)=e®® and S(t fo

(b) 32.3 %. [1—005 y0—02 a = Iy = 0.01, b—c—OOOl]

Comment: This model predicts almost complete spread within 20 years! See Fig. A.30.

Chapter 33 (page 289)

1. [Simply try to complete the analysis of page 284, in the manner suggested in the text.]
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Figure A.29: Swimmer’s trajectories Figure A.30: Fraction of cellphone users
2. (a) y=e"(cicosx +casinz) or Ae ?cos(zr —a). (b)y=e?/2  (c)y=32"Inz.
Y15 —y2yy Yiyy —vouy : : :
3. P(x) = -8 20 Q(x) = A2z [Substitute y; and ys into the ODE, and simply

W(y1,y2) ’ W(y1,y2)
solve P and @ from the resulting equations.]

Comment: It is important to note that the Wrosnkian is non-zero.

4. [Without loss of generality, consider them as consecutive zeros. (Why?) Then, from sign

change of y] and sign invariance of the Wronskian, argue out the sign change of ya.
_ yi(z)
T ya2(x)
Rolle’s theorem on it leads to a contradiction, implying the zero-crossing of ya(x).]

Comment: Some further arguments in this line leads to the Sturm separation theorem:
“If y1 (x) and ya(z) are linearly independent solutions of the equation y” + P(z)y’ + Q(x), then
zeros of y1 (z) and yo(x) occur alternately.”

Alternatively, assuming function g(z) to be continuous and differentiable, and applying

5. y(t) = [yo+ (y1 +ayo)tle . [Start with the model §j+ ¢+ a*y and show ¢ = 2a for critical

damping.]
(a) At time t = —yljﬁlyo, under the condition that y; has the opposite sign of yo and |y1| >
alyol-

Comment: Initial velocity is of compensating nature and is large enough to compensate for
the initial positional disturbance.

(b) At time t = m, under the condition that either yy and y; are of the same sign or
they are of opposite signs with |y1| > alyo.

Comment: In the first case, there is an extremum of the same sense as the initial condition,
while in the second case the extremum comes after a zero-crossing.

6. Condition: ng/:@ is constant.  Corresponding substitution: z(z) = [ \/Q(z)/Kdz.

[Find ¢/ = 2’ % etc, substitute in the ODE and simplify to the standard form.]
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Solution

Comment: In the case of Euler-Cauchy equation, P = £, Q = z% and hence Qggz/fQ = 2(%1),

which is constant. Therefore, the substitution z(z) = [ \/Q(z)/bdz = Inz leads to an ODE
with constant coeflicients.

(a) y1(x) = z. (b) z(z +1)(2z + )u” +2(32% + 3z + 1)u’ = 0. (c)u= % - w%rl (d)

y(r) = 1w + ;2. Not valid for interval [—5,5]. [Guaranteed to be valid for intervals not

containing —1 and —1/2, roots of the coefficient function 222 + 3z + 1.]

y(@) =142 - Gme’ — mo' T geee? T geen’ - oeeeEm T

[Find y”(0) from the given equation and values of higher derivatives by differentiating it.]
Comment: Fig. A.31(a) shows how closely the series up to 27 and up to ° match about
x = 0. This suggests the validity of this solution in a close neighbourhood, say [—2,2]. The
validity of this truncated series solution gets further reinforced by the study of the residual

y"” + zy shown in Fig. A.31(b).

b

2k

—— upto 9th power
— — upto 7th power

I I I I I
-2 -1 0 1 2 3
X

(a) Series estimates of the solution (b) Residual of the solution

Figure A.31: Solution of IVP of Airy’s equation

Chapter 34 (page 297)

1.

2.

3.

2

(a) y = 2% + . (b)y2010052x+025in2x+4m+%ew. (¢) y =c1x + cox® — x CoS .

u(@) = [ {355 J f@)de} de, where f(z) = g3(z)e] 7.
Comment: This analysis goes behind the modification rule in the method of undetermined co-

efficients. Implement this formulation on the example in the text of the chapter (see page 293)
to see how u(z) turns out as « and 222 in cases (b) and (c), respectively.

_ _ 37z 23 22 (42+3)
y(z) = —5F + 2t D) T 6D
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4. [Frame the linear equations in the undetermined coefficients and note that the coefficient ma-

trix is triangular.)

Comment: For zero coefficient of y in the ODE, the constant term in the candidate solu-
tion becomes arbitrary, the system of equations then yields a unique solution for the other
coefficients.

y(t) = Atge:t sin wt.

With the given coefficients, damped frequency of the system (w) remains same as the driving
frequency, and the system follows the driver with a constant phase difference of 7/2. Amplitude
increases till ¢t < 1 and then decreases. Maximum amplitude = % at t = 1/¢: smaller the
value of ¢, higher is the extent of resonance.

6. There are three distinct cases.

Case I: v = 0.

a)y=x—sinz, b)y=2(14+-L1)z—sinz, (¢)y= —sinz, (d)y ==L —sinz
T V2 27

(unique for all the sets of conditions).

Case II: v = 1 (which includes the case of v = —1).
(a) y = 3(sinz — wcosz) (unique), (b) y= (V2+ Z)sinz — Lz cosz (unique), (c) and
(d) no solution exists.

Case III: v # 0,v # 1,v # —1.
(a) y = — (sinz — =) (unique), (b) no solution exists for v = +4,+8,+12,--,

otherwise y = csc 4 [1 - m] sinvx + =% (unique), (c) infinite solutions y =

Bsinvz+ 312 with arbitrary B for v = :I:%, +1, :t%, -+, otherwise y = 512 (unique), (d)

v2—1 v2—1
no solution exists for v = :I:%7 +1, :I:g, -+ -, otherwise y = csc2vmsinve + 3% (unique).

Chapter 35 (page 304)

L. (a) y(z) = (c1 + ez + c32? + =27/?)e*.

Comment: The author’s advice is to use the method of variation of parameters. Nevertheless,
the reader should note how economically the operational method, y,(x) = ﬁ\/}egr, works
in this particular case.

(b) y(x) =sinz + sin 3z 4 2sinhx.

. (a) [If all basis members have extrema at the same point, then (show that) at that point the

Wronskian vanishes: contradiction.]
(b) [Argue that members of the new set are solutions to begin with, and then show that
Wronskians of the two sets are related as W (z) = W, (z) det(A).]
(a) 2(z,y) = ye **.
(b) [Define g(z) such that [f(D)]g = x™e*” cos wz, compose y* = §+iy and arrive at [f(D)]y* =
z"elet@)z - Applying the above formulation, solve the ODE for y*(x), simplify and collect the
imaginary terms.
(c) y(z) = c1e™% + c2e® + czet®

+% [(5 x 26222 + 42 x 262 — 3565) cos 2z + (262x% — 236 x 262 — 401) sin 2z].
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4. (a) With p =1, v, = —vy; with p = 6, v, = 4v,,. Here, [v, v,]7 is an eigenvector of the
coeflicient matrix, with p as the eigenvalue.

(b) The y-eliminant ODE: ‘ng — 7% 462 =0. x=ciel +c2e%, y=—crel + Lcaet.

5. yo(—L/2) = yo(L/2) = ghgkL?, yo(~L/2) = —4k5 yi(L/2) = 43

[Function norm (see Chap. 15) minimization of the general solution Cp + Cyx + Cox? + Caa3 —
kx*/24 leads to a system of linear equations in the coefficients. From the solution of this
system, the boundary conditions are determined. See the resulting deflection in Fig. A.32.]
Comment: This exercise continues further with the function space perspective offered at the
end of Chap. 33. Here, from a four-dimensional subspace of the function space, defined by
the differential equation, we chose our desired function in a least square sense, the manner of
which is analogous to the solution of under-determined linear algebraic systems of the form
Ax =b.

T T
—— combined loading
— — only pre-stressing
— - only load

Normalized deflection

-0.5 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5

Figure A.32: Deflection of a beam under pre-stressing and combined loading

Chapter 36 (page 313)

1. (a) y(t) = te '+ 2e 2 cos3t+ e 2 sin3t.  See the resulting form of solution in Fig. A.33.
(b) y(t) = { e~ (cos 3t +sin3dt), for 0<t<3; and
L [1—e 2= {cos3(t — 3) + Zsin3(t — 3)}] + e ?*(cos3t +sin3t), fort > 3.
Comment: Verify by subsitution, and note that y(37) = y(3") and y'(37) = ¥/(31), but
y"(37) =4"(3%) — 1. See Fig. A.34.
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Solution

Solution

Figure A.35: Solution of y" +y = t{u(t — 1) —
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-1

-2

Solution

15

0.5

A.33: Solution of y" +4y’+13y = 2¢~" Figure A.34: Solution of y" + 4y’ 4 13y =
u(t — 3)

90

— y,0
80 _ Y0

a @ ~
=) 3 =)

Solution

IS
S

Figure A.36: Example of an ODE system

u(t —2)]

2.

0, for 0 <t <1,
(a) y(t) t—cos(t—1)—sin(t—1), for 1<t<2; and
2cos(t — 2) +sin(t —2) —cos(t — 1) —sin(t — 1),  for t > 2.
Comment: Sketch the input function r(¢), then plot the response y(t) and compare with

Fig. A.35. Note the discontinuity of y”(t) at t = 1 and ¢t = 2.
(b) [First, frame the system of linear equations in Y7(s) and Y3(s), solve it and then take
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inverse Laplace transforms.]

y1(t)

ya(t) = gu(t —1){e! 7t — 2D Lot o7

gu(t _ 1){et—1 _ 6—2(26—1)} + 4et — 6_2t,

Comment: By substitution, verify continuity and satisfaction of the given equation. Plot the
solution and compare with Fig. A.36.

3. y(t) =sinht.  [By taking e’ inside the integral, you can put it as the convolution of y(t) and
e!. Use convolution theorem, while taking the Laplace transforms.|

4. y(z) = & [(z — a)®u(z — a) — £22{a® — a(2L — a)z}].

2 2
gozw’ F:_%%7 y(a):%%a)
[After finding the solution in terms of 6y and Fp, the boundary conditions (at = L) are
imposed to find out these unknowns.]
Comment: From the solution, sketch the shear force diagram (SFD), bending moment dia-
gram (BMD) and shape of the beam; and satisfy yourself that they make intuitive sense. See
rough sketches in Fig A.37.

F=M/EI
' all ;
0 L O L O ) L
a
r—" - } \— (L-a)/L Za(l-a) /L
Loading SFD BMD Beam shape

Figure A.37: Simply supported beam under concentrated load

5. u(w,t) =ke [{H({t— %) - H(t —3=2)+ H(t — 2=2) — ...}
~{H(t - ) H (- ) H( ) ),
(The symbol H, for Heaviside function, has been used for unit step function, because the usual

symbol u has a different meaning here.)
ke, if (dn+1)L—2<t<(dn+1)L+2;
Or, u(x,t) = ¢ —ke, if(4n+3)z—%§t§(4n+3)§+%; forn=0,1,2,3,---.

0, otherwise ;
[Steps: Take Laplace transform to arrive at the ODE j—;U(gc, s)— i—zU(x, s) = 0. Solve it and

- sw/c_g—su/c . . . .
use boundary conditions to get U(z, s) = %W Use binomial expansion to obtain an

infinite series and then take inverse Laplace transform term by term.]
B _ ke, if0<t<2l/ec, and . .
Atz =1, u(l,t) = { ke, if20/e <t < dl/c; repeated with a period of 41/c.

See the response at the two end-points and at a general (interior) point in Fig. A.38.
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ke

‘ 3lic ‘

t t
Iic 5l/c Iic u 5l/c Ifc ‘ 5lic
—ke —ke —ke

u(l,t) u(x,t) u(0,1)

Figure A.38: Response of an elastic rod under shock input

Chapter 37 (page 318)

[ 2et+3e7t —sint +2 17,
L (a) x() = | 6e' 4+ 3¢ —cost — 2sint +3 | (b) x(t) = o | © tant.
1 t—1 1?2t el +it?+t+1— (2243t L)t
(c)x(t)=| -1 —t —t2/2 cpet —t—1+ (3t+32)e?
| 2 2t—-1 *—t+1 czel +1—ge "
[Coefficient matrix deficient, use generalized eigenvectors.]
—« o 0 0 /(B -1)
2. Jacobian = | f—y3 -1 —y1 |, ye=1|0 |, | £/v(B-1)
Y2 vy 0 B-1

Around origin, (a) f(y) = [ aly2 —y1) Byi—y2 —7Ys ]T; (b) For 8 > 1, all trajectories
converge to a single line (eigenvector corresponding to positive eigenvalue of Jacobian), along
which they tend to infinity. For 0 < 8 < 1, all eigenvalues are negative, all trajectories con-

verge to origin, and the origin is what is known as a stable critical point (see next chapter).

+vy(B-1) a(z2 — 21)
Around critical point y. = | +/4(3—1) |, (a)f(y.+z) = z1— 22 F /(B —1)z3 ;
-1 V(B = 1)(z1 + 22) — 723

(b) In one direction, there is fast exponential convergence to y. (real negative eigenvalue), while
in the complementary subspace trajectories spiral in towards it (complex pair of eigenvalues
with negative real part).

Chapter 38 (page 327)

¢/ 2
1. (a)x' = ¢" | = (krxs — pxa)/J
IZZ (V — Ral’g — kbl‘g)/La

(b) x’ is independent of 7 or ¢, first column of Jacobian is zero and one complete line in
state space is in equilibrium. Physically, the motor shaft’s angular position is irrelevant in any
practical sense, and hence cannot contribute in describing the system state. Therefore, in the
revised model, state vector y = [w I,]T, with w = ¢/, and

AR ERTANEY
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(c) Steady state: yo = [k p]TV/A, where A = kpk; + pR,.
—u/J ke/J
—ky/La —Ra/La |’
(e) Stable critical point (necessary for the motor to continue working at the operating point),
either spiral (underdamped) or node (overdamped, also critically damped).

(d)z=y —yo, z =Bz, where B =

2. Origin is a centre (stable), and there are four saddle points (unstable) at (£1,+1).
Comment: In the phase portrait, check the consistency of neighbouring trajectories.

3. Critical points: origin with eigenvalues —0.5+0.866¢ is a stable spiral, and points (£1,0) with
eigenvalues —2, 1 are (unstable) saddle points. (See the phase portrait in Fig. A.39.)

4. Two critical points. (i) Origin: saddle point (rabbits grow, foxes decay). (ii) (d/c,a/b): centre
(stable, but cyclic oscillations continue).

5. (a) Assumption: in the absence of cooperation, neither species survives. Uncoupled rates of
decay are indicated by a and m, while b and n signify the sustaining effect of cooperation.
(b) Equilibrium points: origin is a stable node, while P(m/n,a/b) is a saddle point.

(¢) The key elements of the phase portrait are the two trajectories intersecting at the saddle
point P(m/n,a/b). All trajectories are destined to eventually merge with the outward trajec-
tory (locally the eigenvector with positive eigenvalue) from P, either towards origin (extinction
of both species) or towards infinity (runaway growth of both). The curve of the inward tra-
jectory at P (locally the eigenvector with negative eigenvalue) separates the phase plane into
two parts: trajectories starting below this curve converge, while those above diverge.

(d) Below the separating curve, the combined population is not enough to sustain the cooper-
ation and both species eventually decay. Above this threshold, the cooperation succeeds and
leads to a population explosion in both the species.

Comment: Interestingly, if at least one species is populous enough to locate the initial state
above this curve, then even a miniscule non-zero population of the other is enormously boosted
by the majority ‘friend’ species towards eventual growth for both! (Work out the mechanism
of the dynamics in common sense terms and check with the sketch of Fig. A.40.)

6. [First, construct the rate of the candidate Lyapunov function by arranging the cancellation of
positive terms. Then, develop the function itself. One such Lyapunov function is 2} + 223.]
Comment: The linearized system being stable does imply the original system to be stable,
possibly with a finite domain of attraction. But, the converse is not true.

Chapter 39 (page 339)

1. The formal power series z 4 2 + 2!x3 4 3l2* + 4125 + - .- satisfies the ODE, but does not
constitute a solution, since it is divergent everywhere!

2. (a) y(z) = ap [1 + g2% — izt + Zab + -] +a1mt[%m2+%x3+§x4+ Lab + a0 4]
(b) y() = e1ya(a) + o), (@) = 5 S50 G, 1a(e) = pr(a) Iz + 2 — 3+ Ha koo
3. [Substitute z = u?. See exercise 4 in Chap. 16.]

4. Comment: These results are useful in deriving properties of Legendre polynomials, besides
making their evaluation simple.
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X' (velocity)

I I I I I I I I I
3 0 05 1 15 2 25 3 35 4 4.5 5
X (position) Bees

Figure A.39: Damped nonlinear spring Figure A.40: Cooperating species model

2 2 2 2 2 2 2 2 2 2 2 2 2 2 2
5. y1(z) = 1+ & 1? )24 27k )( k) gt APk )(264@ )(=k?) 6 (67—k7)(4 fk&)(2 Ll [l 0 P ST
2 2 2 2 2 2 2 2 2 2 2 2 2 2 2
x+(1 k?) 234G —k)(l K) 54 6 —k)(37—|k)(1 kK2 74 (TR k9)|(2 —k)(A-K?) 19 4
For 1nteger k, one of the solutions is a polynomlal in the form

ak[mk_% k=2 (k 3) k=4 k(k34|)2(6k 5) k=6 4 .

ya(z) =

6. \/2(c1cosz + casinw).

Chapter 40 (page 349)

3 b(x) b(z)
L p(z) = mef a@ M g(x) = Cz) eJ 5% and r(x) = ef “odm iy Eqn. 40.5.

2. p(x) =e"". [Convert to self-adjoint form and show singularity of the S-L problem.|

3. (a) [Substitute Jy(¢) in Bessel’s equation and use ¢ = Az.]
(b) [Use um(z) = Jp(Anz) and uy(z) = Ji(Ayz) in the ODE and follow the procedure used
to prove the Sturm-Liouville theorem in the text.]
(¢) If A, and A, are distinct roots of Jj (), then fol I (Amx)Jp(Apz)de = 0, ie. Ji(Apmx) and
Je(Anz) are orthogonal over the interval [0, 1] with respect to the weight function p(x) = .

4. (a) y = cos(ncos~!x), y =sin(ncos™! x).
(b) To(x) = cos(ncos™'x): To(x) = 1, Ty(x) = @, Thr1 = 22Ty (x) — T—1(x); examples:
Ty(z) = 222 — 1, Ts(x) = 423 — 3, T4( ) = 8964 822 + 1, Ts(z) = 1625 — 2023 + 5z ete.
(c) Weight function: ﬁ fl Tm 2 dx = 0 for m # n.
(d) [You can use the substitution 2 = cos 9 for evaluating the integral.]
(e) | To(x)| = v/ and |Tn(@)l| = \/F for n=1,2,3,---
(f) Fig. A.41 shows that T},(x) has (n 4+ 1) extrema of value £1, all same in magnitude and
alternating in sign, distributed uniformly over 6.
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5. (a) Eigenvalues: \ = ™5z, for n = 1,2,3,- Normalized eigenfunctions:
% sin #7%.
f(z) =300 cndn(®), with car = capy1 = capts = 0 and capqo = %%
(b) ea(x) = f(2) = fa(w) = f(2) = Xy endn(@) = f(2) = Zrsin 5.
(¢) IfII* =4/3.  Convergence of > c:
Number of terms 4 8 12 16 20 24
2 1. 3140 1.3303 | 1.3324 | 1.3329 | 1.3331 | 1.3332

S < and oo, & = [T

Comment The particular symmetry is behind the zero coefficients. Strong resemblance with
sine function explains the dominance of the first coefficient.

(b) |2 =

(@) [1Pn (@)l = /57

5
gPQﬂj—

2 Py(z) + 22 Ps(z) +

Comment: Verify Bessel’s inequality. Fig. A.42 shows how additional terms tune the approx-

imation.

Ta
08

0.6

0.4r s

0.2

To
TA

Upto 2 terms

/

Using 1 term

4 —05-

Upto 3 terms X

Upto 4 terms

Figure A.41: Chebyshev polynomials

7. P3(x) = 622 — 62 + 1.

Comment: This is Gram-Schmidt orthogonalization of functions.

Figure A.42: Fourier-Legendre series of |z|

normalized to develop the unique orthonormal basis.

Chapter 41 (page 357)

1. [Show that (1,cosnx) =

COS T, COSNT) =

(1,sinnz) =
(sinmz, sinnx) =

The functions could be

(cosma,sinnx) = 0. Further, for m # n, also show that

0]

(
2. (a)
(b

OO( 1)n1

n

sin

nmwx

) See Flg A .43 for the approximations with 2, 4, 8, 16 and 24 terms.

Notice how the
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overshoots, as expected by the Gibb’s phenomenon, are approaching a definite value.

(¢) At z = 0 and at z = £1 (for that matter, at every interior point), the derivative of the series
oscillates between 2 and 0 with odd and even terms of the series. The actual derivative of g(x)
is obviously 1. At x = +2, the differentiated series, ¢’(x) diverges, as there are discontinuities
of the periodic function at those points.

Cosine series: fe(z) = 0.857 — 0.798 cos £ — 0.345 cos 7 + 0.351 cos 22Z + 0.053 cos 2mx —
0.154 cos 22Z — 0.052 cos 3mx + 0.124 cos T2 + 0.019 cos 4z + -

fc(0) = 0.0566, f.(1)=~1. 3266 and f.(2 ) ~ 1.0089.

Sine series: fs(z) = 1.235sin Z — 0.843 sinmz + 0.078 sin 22 + 0.056 sin 27z + 0.180 sin 22~ —
0.245sin 3wz 4 0.058 sin 5% 7’”” + 0 020 sm47rx + -

fs(0) =0, fs(1)~1. 2785 and fs(2) =

The cosine and sine series are shown superimposed with the original function in Fig. A.44.
[Numerical integration can be used in the evaluation of the coefficients.]

Comment: Note how the function is approximated by the average of limits at points of
discontinuity and values f.(2) and fs(2) differ widely. The even periodic extension is continuous
at x = 2, while the odd periodic extension is discontinuous. The function being studied is the
same as used in the illustration of half-range expansions in Fig. 41.1.

25

function
— — —cosine series

oL / —-— sine series ||

-0.5

L L L L L L L
-15 -1 -0.5 0 05 1 15 2 0 0.5 1 15 2

Figure A.43: Fourier series of g(z) = x Figure A.44: Example on cosine and sine series

4. f(t) = 13.58 —0.55 cos Tt —4.71sin It 4 4.58 cos I — 3.90 sin £ +0.33 cos T 4 0.83 sin It

[Set f(12) = £(0) and perform the requlred mtegratlons numerlcally]

5. I(t) = X001k oad FEmmo—Rercaony (10 — k) cos kt + 10k sin kt|.

[Differentiating the circuit equation LI'4+ RI+ % fg Idt = E(t), obtain the differential equation
I" +10I' +10I = ¢(t), where ¢(¢t) = 10(w — 2]t|) for —m < ¢ < 7 and ¢(t+ 27) = ¢(t). Express
¢(t) as a Fourier series, solve the ODE for each component and compose the solutions.]

6. [In f(z) = Ao+ (An cos “IL + B, sin 272 ) use the formulae for cosine and sine functions

in terms of exponential ones to obtain the complex form and work out Cy, C,, and C_,, from
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7.

8.

Ao, Ay, and By,

1 oo sinp(t—1)—sinp(t—2)
= Jo P dp

2 2
[Replace the cosine term with an exponential function to get I = e -(2) 1=, e (r=35) dp.]
Comment: Look in the exercises of Chap. 47 for a consolidation of this problem.

Chapter 42 (page 365)

1.

(a) St (b) VEZRS(w — wo).

2a sin wk . 1
w\2r NoLa
Comment: Thus, we get the Fourier transform of the § function.
42 e—w2/4 42 iwe—w2/4 . .
Fe™¥) = 5 and F(te ™) = — 573 [For the second case, one may use the

time derivative rule, frequency derivative rule or a substitution 7 =t + %]

- (a) f( )= \/ﬁ PO | (_%) e/t [Since f(t) = \/ﬁ f f Ye'tdw.]

(b) [Use the expression for f(w) in the expression for f(t).]
Comment: For a signal with band limits £L, complete reconstruction requires sampling only
at discrete time steps of % and the sum converges pretty fast with the factor %
(a) See the superimposed Fourier transform estimates in Fig. A.45(a).

; N 1 ] .
[p(w) ~ \/L e(=wA)" f(4) with N = i—ot.]
Comment: The roughly sampled data estimates the amplitudes of a smaller band of frequen-
cies and shows a higher level of aliasing.
(b) Study the extent of signal reconstruction (for first one second) in Fig. A.45(b).

No—1 (iAgt) 2 . _ — 2w

[p(t) ~ \/ﬁ > 2N, e(1But)’ g(w;) with w,. = % and A, = 2%]
Comment: The reconstruction is closer in the case of the finer sampling.

flw) = \/le—w (See Fig. A.46(a).)

g(t) = [(t +1)Si (t“)ﬂ +(t— l)Si(t_—l)7T — 2tSi%%| — S cos . In the form of an infinite
series, g(t) = Y272 Ajt*, where A; = 1)2]”')2] S % Evaluation of the

coefficients gives g(t) = 0.4674 — 0.1817¢2 + 0.0231¢* — 0.0013t® + 0.00005¢% + - - -. The filtered
signal is shown in comparison with the raw one in Fig. A.46(b).

Chapter 43 (page 372)

1.

ap = 2db +ay and al,_; = al, .4 + 2nay, for n > 1.
[With « = cos#, % = %. Evaluate the right-hand-side and simplify to prove the
identity.]
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25
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Fine reconstruction
Coarse reconstruction

1] N <
N

L
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(b) Original and reconstructed signals

Figure A.45: Example on reconstruction of sampled signal

Frequency

(a) Original and filtered spectra

=0
)

Time

(b) Raw and filtered signals

Figure A.46: Example of lowpass filtering

2. Taylor’s series approximation: es(z) =14z + % + %, maximum deviation 0.0516 at x = 1.
Legendre series approximation: ep(x) = 1.1752 4+ 1.1036P;(z) + 0.3578 P2(z) + 0.0705P5(z),

maximum deviation 0.0112 at x = 1.

Chebyshev series approximation: er(x) = 1.2660 4 1.1302T"(x) + 0.2714T5(x) + 0.0442T5(z),
[Special care is needed while integrating near the

maximum deviation 0.0064 at z = 1.
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limits.]

Comment: Further, compare deviations e3(z) — e®, ep(x) — e* and erp(z) — e* over [—1,1]
from Fig. A.47. Among the three, Chebyshev series representation is closest to the minimax
approximation. As expected, Taylor series representation is at the other extreme with its
highly accurate approximation near the centre and large deviation away from it.

3. 1=To(z), z = Ti(x), * = $To(x) + 3To(), 2 = 1Ts(x) + 3T (x), a* = LTu(x) + 3To(x) +
3
—T0($).
8

4. Chebyshev accuracy points: x; = 5 cos (%W) for j =0,1,2,---,8. See Fig. A.48 for com-
parison of the two approximations.
Comment: Chebyshev-Lagrange approximation is exact at these accuracy points, while nine-
point Lagrange approximation with equal spacing (see also exercise in Chap. 26) is exact at
—5.00, —3.75, —2.50, - - -, 5.00.

P
— Error in Legendre series W, W
— - Error in Chebyshev series

0.008} : — - Error in Taylor series

0.006 - . B 1 05F ’
0.004} i N \ 4 s 4 N\ -~

0,002+ \ a T

-0.002
I

Function approximations

!
-0.004

Errors in approximations of e*

-0.006

— Function v

Y — - Lagrange approximation (equal spacing) N
— - Chabyshev-Lagrange approximation

* Chebyshev accuracy points

-0.008

L I
-0.01 \

0012 L L L L L L L L g I I I I I I I I

Figure A.47: Deviations in Taylor, Legendre  Figure A.48: Chebyshev-Lagrange approxi-
and Chebyshev series approximations mation and Lagrange interpolation

5. Linear minimax approximation: 0.124 4+ 4.143x. For the error function, the extrema are
e(0) = —1.876, e(2.54) = 1.876 and e(4) = —1.876, while its zeros are 0.635 and 3.569.
[Graphical approach: Plot f(x) in the interval. Draw a pair of parallel lines, tightly en-
closing the plot, with some suitable slope, so as to keep their vertical distance minimum.
Pick the parallel line mid-way between them. Denoting this line as A + Bz, plot the error
e(r) = A+ Bx — f(z) to verify. Fig. A.49 depicts the construction and verification for the
present problem.]

Comment: Note that the applicability and efficiency of the graphical approach is quite lim-
ited. It may be difficult to decide the slope if the end-points of the domain are not at the
extrema of the error.
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X

(a) Construction of the minimax line (b) Error function

Figure A.49: Example of linear minimax approximation

Chapter 44 (page 387)

1ou(z,y) =3, Usahie=v* /i,

Comment: k; and U; may depend on initial/boundary conditions.

u(z,y) = fily — ) + f2(y — 22) + (y — 2)(y — 22)*> = §(y — 2)*(y - 22),

or, u(@,y) = fi(y — )+ faly — 22) — 5(y° — 22y® — 2’y + 22%).

[Characteristic equation: Ug, = 2n — 3¢ with { =y —x and n =y — 2z.]

y(z,t) == >0, % sin(nx)sin(1.2nt). See the string shapes in Fig. A.50.
Comment: Note how the kink of discontinuity due to the initial shock input travels back and
forth along the string.

. (a) u(z,t) = [;°[A(p) cospx + B(p)sinpz] coscptdp, such that e~lel = 15" [A(p) cospz +

B(p smpac]dp
b) ( ) Ooo coszﬁr(;oscptd _ 1 OOO cosp(m—&-czi):-;;sp(z—ct) dp

(

2
() £+ 2u_0 i(w,0) = \/gﬁu 4 (4 0) = 0.
(d) a(w,t) = \/ECOSCM and hence u(z,t) results as above.

T 14+w?

Comment: See page 488 (exercise 9 of Chap. 47) for the final solution.

a) [Consider heat rate balance as Azop2t = K ( 2« — 2ul ) with the usual notation
Pat oz lo+Ax ~ Ol

of symbols.]

(b) u(z,t) = Zn o An cos ML eI , Ao = ¢ fo z)dr and A, = % fOL f(x) cos M2 d,
forn=1,2,3,--

(c) As t — oo, u(m,t) — Ag, constant temperature along the entire bar, equal to the initial
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mean temperature.

Comment: With homogeneous Neumann conditions at both the boundaries, heat cannot flow
out of the system, and hence gets uniformly distributed over the bar.

sinlhfr sin 7z sinh ﬁy+2;:o:1,n7é2 w2 (njg?2[grti)2;;sll]llh o sin % sinh % :
[Split the problem into two BVP’s with u(x,y) = v(z,y) +w(x,y), where v(2,y) =0, v(z,1) =
zsinmz and w(2,y) = sinwy, w(x,1) =0.]

o 1 . .
6. u= SahE sinh 7w sin my+

. 2n—1Drz
— (02 _ P2 16vb> oo (—=1)™*! cosh P13 L (2n=Dmy
7. u($7y) — 2y (y b )"' 3 Zn:l (2n—1)3 Coshw [0} 55 .
2

[The first term is the particular solution u,, depending on y only and satisfying the boundary

" . d? . .
conditions in y, can be solved from d:;’ = 1. The second term, in the form of a Fourier

series, is the solution of the corresponding homogeneous equation V2u;, = 0 with matching
(compensating) boundaries conditions. Symmetrically, an alternative form of the solution is

(2n—1)my
i — X (2 _ 52 16ya? oo (=1)"F! cosh =AY (2n—1)mx
given by u(z,y) = 5 (¢* —a®) + T30 3201 Ty cosh <2n;1>wb cos =5

Comment: The two forms of the solution look quite differen‘g, but if you examine the contours
of u(z,y) in both forms, including enough terms in the series, you find them to be identical.

150

0.8

100

-100
0

0 05 1 15 2 25 3 35

Figure A.51: Typical eigenvalue distribu-

Figure A.50: String shapes under shock input tion in heat transfer with radiating end

L i
8. u(z,t) = > 7 Aysina,x e’CQO‘it, where A, = M, with «,, being the roots of
sin? a, ¢ dx
o+ Atanal. ’
[BVP on X (z)is X"+ XX =0, X(0)=0, X'(L)+ AX(L)=0]
Comment: As «,’s are not at regular intervals, the solution is not in the form of a Fourier
sine series, but a generalized Fourier series nevertheless. Solution of the eigenvalues \,, = o2
requires the numerical solution of the equation oo+ A tan aL = 0 for consecutive solutions. For

the specific parameter values satisfying AL = 1, denoting oL = a, we get h(a) = a+tana = 0.
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See the plot of h(a) in Fig. A.51. From the (non-uniformly distributed) roots a1 = 2.03,
as =491, a3 =7.98, ag = 11.09, a5 = 14.21, - - -, eigenvalues can be obtained.

Physically, the BC at = L means that the rod radiates heat to the environment (at zero tem-
perature), the temperature gradient being proportional to the temperature difference between
the radiating end and the environment. This is a case of the modelling of a fin.

u(zw,y,t) = ksin 7 sin 1y cos(v/27t).

[In the double Fourier (sine) series f(z,y) = > -_; > .07 | App sinmmzsinnry, defining the
simple Fourier (sine) series Cp,(y) = Yoo, Amnsinnmy acting as coefficients in the other
simple Fourier (sine) series f(z) = > ~_; Cp(y) sinmmz, we have

1 1
Cn(y) =2 / flz,y)sinmrrdr and Ap, =2 / Cn(y) sinnmy dy,
0 0

leading to the matrix of coefficients A,,,, = 4 fol fol f(z,y) sinmmzx sinnry dz dy.|

2 _ 92 92 9% _ 97 19 192 o
@) Vi=sgetoptoz=oztio troetom
b) With £ = 0 = @, BVP of the circular membrane: uy = c2(up + 2u,), ula,t) =
0z 00 T
0, u(r,0) = f(r), us(r,0) = g(r). Eigenvalues k = =, where o, for n =1,2,3,---, are zeros

of Jo(x).

[Separation of variable as u(r, t) = R(r)T(t) leads to R” + 1R’ + k*R = 0 and T" + *k*T = 0.
With change of variable s = kr, the Bessel’s equation of order zero is obtained. Consider only
bounded solution.]

(c) u(r,t) = Y07 | [A, cos €2t 4 B, sin 4t] ], (222) where coefficients are obtained from the

a

Fourier-Bessel series f(r) = Yo" | A, Jo (22) and g(r) = Yoo | 2= B, Jy (225), ie.

n=1 n=1 a

2 e anr 2 a anr
27204 — ) d d B,=——— dr.
a2 Ji(om) /0 rf(r)Jo ( a ) roan cacn, JZ (o) /0 rg(r)Jo (—a ) r

(a) With u(r, ¢) = F(r)G(¢), the separated equations are (1 — xQ)Cf;TCj — 23:% +AG =0 and
r2F" +2rF' — \F =0, where x = cos ¢.
(b) u(r, ) = > 0" anr™ P, (cos ¢), the coefficients being evaluated from the Fourier-Legendre

series f(¢) = > 0" ((anR™)Py(cos ¢) as an, = 7= 25H f_ll f(cos™! 2) P, (x)dw.

A, =

Chapter 45 (page 396)

1.

4 (cosz) = —sinz and fL(sinz) = cosz. [First establish that cosz = cosx coshy —

isinx sinhy, sin z = sinx cosh y + 7 cos z sinh y, and show analyticity.]

Comment: Though the formula is the same as in ordinary calculus, the derivation is non-
trivial. Formulations should not be borrowed from ordinary calculus into complex analysis as
obvious facts. For example, note that, with complex z, the simple result, |sin z| < 1, of real
functions is no more true.

. (a) [e**?™ = e*. Period = 2mi.]

Comment: The strip {(z,y) : —00 < z < 00,0 < y < 27} maps to the entire w-plane. And,
so does any strip {(z,y) : —oo < x < 00,0 <y < 0+ 27}.



A. ANSWERS, SOLUTION OUTLINES AND COMMENTS TO EXERCISES 485

(b) Imz=1Inr+1i0, -7 <6 <. Derivative L[

Ln z]
negative real axis (i.e. # = £m), including the origin (r =0

= % exists everywhere except the

)
3. v(z,y) =e *(xcosy +ysiny) +c.  w(z) =i(ze"*+¢).
4. (a) w(z) = 2.

z
Comment: Mapping of three independent points is enough to define a linear fractional trans-
formation.
(b) 0= k’% maps to tank% = m,
mal mapping, in which the rays (in z-plane) and their images (in w-plane) are annotated with

the values (0 to 7) of k. [Inverse transformation is given by z(w) = —*= = % ]
Comment: Note that rays in w-plane are in order, at angles of 7, as in z-plane, since the
mapping is conformal. Each image starts at origin and terminates at i, which is the image of
the point at infinity. Even at w = i, the angle-preservation is evident, since the mapping is
conformal at z = co. From the way all rays converge at a single point through the mapping
with all nice properties intact, it becomes clear why it makes good sense to consider the so-
called point at infinity as a single point. Note also the typical mapping of the ray for £k = 0
passing through the point z = 0, which is mapped to the point at infinity in the w-plane.

which are circular arcs. See Fig. A.52 for the confor-

Y%

y
2
3 7
(5[4 )3)2
4 O 1
\ .
7

(a) The z-plane (b) The w-plane

=

Figure A.52: Example of linear fractional transformation

5. Potential in the sector is V(2) = Vo + 2(V; — Va)Re(sin~' 22) which can be further reduced to
V(z)=Vo+ 2(Vi — Va)sin™" [§ (Vr? +2r2cos20 + 1 — vr* —2r2cos 20 + 1)].
[Successive conformal mappings with w = 22 and sin %C = w accomplish the required mapping
of the given domain in the z-plane to a semi-infinite strip in the (-plane, as shown in Fig. A.53.]

6. u(r,0) = 3 + Ltan~! Z5nf  [Use Poisson’s integral formula.]

7. [Suppose that ®(w) = ¢(u, v)+1)(u,v) defines a potential flow in the w-plane, related to the z-
plane through a conformal mapping w(z) = u(x,y)+iv(z,y). Then, ¢ and 1) are harmonic over
u, v, while u and v are harmonic over z,y. Use this along with the Cauchy-Riemann conditions
to show that ¢(z,y) and ¥ (z,y) are harmonic functions satisfying Cauchy-Riemann conditions
in z-plane as well.]



486

C
(0]

APPLIED MATHEMATICAL METHODS
\Y n n
D p'| B D"’ B
D,
\, V2 \ Vi \ Vi
45
o o 7 o A’(1,0)
AL0) Vi X B O7TA@O v UB O Ao o g
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Figure A.53: Example of conformal mappings in a Dirichlet problem

8. (a) [Potential function: ¢(z,y) = Uz(2? — 3y?). Stream function: ¢ (x,y) = Uy(3z? — y?). In

particular, ¢(z,y) = 0 along y = 0 and y = v/3z, enclosing a sector of interior angle 5]

[As w = 26 z

(b) Flow around a sharp corner. = 76669 the sector angle becomes 6 times T

i.e. 2. Alternatively, in the w-plane, complex potential function is ®(w) = Uw'/2, from which
velocity components can be determined and the same conclusion is arrived at independently.]

(a) Potential function ¢(r,8) = (7" + “72) cosf, potential curves are (r? + a?)cosf = cr.

Stream function ¢(r,0) = (r — %) sinf streamlines are (r? — a?)sinf = kr.

Streamline k = 0 constitutes of three branches § = 0, 8 = m and r = a, meeting at stagnation
points z = +a, signifying » = a as a circular obstacle.

For 7 >> a (far away) and on the line § = 7, the flow is horizontal.

In summary, Joukowski transformation models the flow past a circular cylinder.

(b) Image: w = 2a cosf, line segment from —2a to 2a along real axis (covered twice).
Interpretation: Flow past a circular cylinder in z-plane is equivalent to uniform flow in w-
plane.

(c) See the circle C,, given by z = a+ (a+«a)e? in Fig. A.54(a) and its image in Fig. A.54(b),
both with dashed lines.

(d) For the circle Cyyip given by z = a + i + /(a + )2 + $2e, as shown in Fig. A.54(a),
the image is as shown with solid line in Fig. A.54(b), an airfoil profile.

Comment: Flow past an airfoil in the w-plane is equivalent to flow past a circular cylinder in
the z-plane. In aerodynamics, Joukowski transformation is vital in the study of flow around
airfoil profiles, and hence also in the design of airfoils.

Chapter 46 (page 404)

1. 2mip?.

2. [2"dz = il

=1 except for n = —1. For integer n, other than —1, it is single-valued, hence
along a closed curve the integral is zero. For rational n, it is multi-valued, but the same result
appears as we stay consistent with a single branch, mostly the one of the principal value. For
irrational n, the only interpretation is through logarithm. For n = —1, we have [ %dz =Inz.
With one cycle around the origin, In z just changes its branch once, from whichever point we
start. Therefore, we get [ %dz = 2mi, the difference of In z between two adjacent branches or
the period of e*.
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T T T T
__Cirdle C, — _Imageof C,
Circle C.q Airfoil: Image of C,._

(a.p) \
o

(-a,0) (a,0) (a,0) /‘ (-2a,0)

L L L L L L = L L I I
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
x u

(a) Offset circles in the z-plane (b) Images in the w-plane

Figure A.54: Airfoil profile through Joukowski transformation

3. [Continuity of f(2) and the property fc f(2)dz = 0 are enough to establish the indefinite
integral F'(z) = [ f(z)dz. Then, use Cauchy’s integral formula for derivative.|

4. Zero. [The function is analytic and the ellipse is a closed path.]
5. (a) me?. (b) w(8i —5).

6. [Connect C; and Cy with a line segment L. Consider the integral along the contour consisting
of Cy (counterclockwise), L, Cy (clockwise) and L (reverse).]

7. (a) § dz = 2mf( ) and § L £z) dz =0. [w is outside the contour of integration.]

b) =1 i@ o Difference of the two integrals above gives 2mif(w) =
oo (z—£)%+n?
$ (flzﬂdz Over the semi-circle, "f(z) sdz kall?]l,%]\fg)Q ]

Chapter 47 (page 412)

3 5 9 .
1. tan~ 1z—z—%+%——+%—ﬁ+ , radius of convergence = 1.
[Integrate ;77 = 1 — 2% + 2% — 26 4 28 10—}—---.]
2. There are two possible Laurent’s series, valid in different regions of convergence:
2 3 5 7
(a) ZtL :—ﬁ—i—g—%—%—%—---for0<\z\<2,and
241 54 | 542
(b) L =14 5 4244 50 4. for 2 < |2] < co.

3. [For the construction, proceed as the first part of the construction of Laurent’s series (see
page 407). Show that the remainder term T;, is bounded as

M
1— |z—20]

T

n
Z— 20

|T] < — 0,

w — 2o
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as n — oo, where M is the bound on f(z) on C and r is the closest distance of the contour
from zg.]

Zeros of sinz nm for n =0,£1,£2,---, all real and isolated.

Zeros of sin L: -L for n = £1,+2, -+, all real and isolated, apart from z=0.

Comment: The origin is an accumulatlon point of the zeros of sm =. For arbitrarily small €,
it has a zero E < € for a value of n > ;

At the origin, e’/# has an isolated essential singularity, and no zero in its neighbourhood. Ar-
bitrarily close to this point, the function can assume any given (non-zero) value. For arbitrary

complex number Ae', z = ——L___¢itan " (=6/In4) gatisfies e1/2 = Ae'®. To make |z|
(In A)2+(¢)?

arbitrarily small, one can add 2km to ¢.

(a) 2win.  [f(z) = (z — 20)"g(z), where g(z) is analytic with no zero inside C']
(b) —2mip.  [f(z) = (Zh(;))p, where h(z) is analytic with no zero inside C'|

J},((Zz)) dz with
Cauchy’s integral theorem for multiply connected domain, using the above results.]

(c) [Enclose individual zeros or poles in disjoint (small) circles and evaluate §

Heok [Since q(20) = 0, we have g(2) = ¢'(20)(2 — 20) + 30" (20)(2 — 20)* + -+ -]

2. [In whatever orientation you consider the ellipse, both the poles lie inside.]
u(z,t) =& [7 COSP(””""C’i)f;fSp(z_Ct) dp = eﬁ”“‘;ref‘zfm. See Fig. A.55.

[Using complementary sine terms, you can reduce the integral into two equivalent forms

1 0 eip(erct) + eip(wfct) 1 00 eip(:p+ct) + efip(xfct)
or T 5 dp or — / T 5 dp.
T J - +p +p
After establishing 217T foooo 1:;) dp = me~® for a > 0, use the first form with « = = + ¢t and
a =z —ct for x > ct and with a« = —x — ¢t and a = —x + ct for x < —ct. For —ct < z < ct,
use the second form with o =z + ¢t and o = —x + ct.]
2 2

[For evaluating I = %e_(%) ffooo 67“2( #) dp = l -(2) s , consider the rectangular contour

C in the plane of z = p + iq, with vertices —d, d, d + ;—2 and —d + ;—Z Formulate the contour
integral and let d — oo.]

Chapter 48 (page 426)

1.

(a) s(a, B) = 5

(b) a =0, B = —g/2. Consequently, z(t) = at/T, y(t) = —5t(t = T) + bt/T; x(t) = a/T,
y(t) = g(2t T)+b/T; i(t) =0, §(t) = —g.

Comment: Application of Hamilton’s principle of least action led to this direct consequence
of Newton’s second law. Using the principle appropriately, one can derive the second law of
motion.

(c) [Use boundary conditions dx = dy = 0 to evaluate Js = fOT(mj:da': + mydy — mgdy)dt.]

m (o2 4 §2)T3 4 e +b>+mg(6_T3_b_T ,
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Figure A.55: Response of an infinite string in a Cauchy problem

2. (a) [Using Euler’s equation, establish the (total) derivative of y’ g yf/ with respect to x as %,

and then integrate both sides.]
(b) y(1 +y?) = 3l — k.
(c) The cycloid z = (6 —sin6) 4+ a,y = £(1 — cos?).

3. You can appreciate this formulation in two alternative ways.

e As in the constrained optimization of ordinary functions, convert the problem to an
unconstrained one, for the functional I[y(x), A\] = I + A(J — Jp).

e Introducing function z(z) = [ gdz, with z(a) = 0, 2(b) = Jy 2'(z) = g(z,y,v), get
the constraint in the form ¢(z,y,y’) = g(z,y,y’) — 2’(x), as discussed in the text of the
chapter.

(a) [r(@)y']" + [g(x) + Ap(x)]y = 0.
Comment: This is the variational formulation of the Sturm-Liouville (eigenvalue) problem.
(b) inf ITy] = ming, {—%} . |To obtain the least eigenvalue, multiply the above equation

with y and integrate by parts.]
4. g—g +V-2L = [Total energy is I[¢(r)] = [ [, [ L(r,¢,E)dv. In the first variation
T
oIl = [ [, [ [g—g + (aL) 5E} dv, expand the second term in the integrand as

OE

1A oL oL oL
(8_E> 6(-V¢) = —5= - V(69) = -V - [5¢8—E] +09V - o
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The integral of the first term in this expression vanishes by the application of Gauss’s divergence
theorem.]

f(x) ~ 0.234822 — 0.004122 + 0.00892* — 0.00892° + 0.002425 — 0.00032" + 0.000012°5.

[Solve the equations (in coefficients) in the form f05( "+ ff"xtdx along with the boundary
condition f’(5) = 1 as a nonlinear least square. The function evaluation in the least square
problem involves the evaluation of these integrals, which can be performed numerically.)
Comment: The reader should verify that the solution matches with that obtained with
shooting method in Chap. 30. (See Fig. A.28.)



