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Theorigin of complex dynamicsstartedfrom theCayley’sproblemonNewton’sMethod

of rootfinder. In 1879,ArtherCayley suggestedtheextensionof whathecalledtheNewton-

Fourier Method(usedfor locatingreal zerosof functions)to find the complex rootsof a

polynomial������� usingtheiterativeprocess���
	���
�����������������
��������� . Further, heproposedthatone

shouldstudytheproblemglobally, i.e., regionsof theplaneshouldbedetermined,suchthat

orbitsof aninitial point, takenat pleasureanywherewithin oneof theseregions,ultimately

arriveatarootof thepolynomial����� � . TheComplex dynamicsis anintricateandfascinating

areaof dynamicalsystemsin whichdeterministicfractalsappearoftenaschaoticsets.Dur-

ing theearlytwentiethcentury, thestudyof chaoticdynamicsstartedimplicitly in theworks

of P. FatouandG.Julia.Therehadbeenalongperiodof inactivity but duringtheendof 20th

centurytherehasbeenarenewedinterestin thestudyof dynamicsof complex functionsdue

to the beautifulcomputergraphicsassociatedwith it. It hasbecomequite popularareaof

researchin recentyearsdueto its wide rangingapplicationsin engineeringproblems.

In complex dynamics,mostof the work hascenteredaroundthe dynamicsof rational

functionsthatoriginatedin the pioneeringwork of P. FatouandG. Julia. The initiative to

studythe iterationsof meromorphicfunctionshasbeentakenup mainly by I.N. Baker, W.

Bergweiler, R.L. Devaney andL. Keen.Therearetwo basicapproachesin thestudyof dy-

namicsof a function. Thefirst oneis to investigatethe iterative behaviour of an individual

function,while thesecondoneis to studytheiterativebehaviouralchangesdueto slightper-

turbationsin thefunction. In thelatterapproach,which hasreceivedconsiderableattention

during recentyears,the simplestcaseis that of a family of functionsthat dependson one
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parameter. Weconsider, in thepresentwork, bothof theseapproachesto studythedynamics

of certainfamiliesof transcendentalmeromorphicfunctionsthatdependon oneparameter.

Oneof theprincipaldifferencesarisingin theiterationsof transcendentalmeromorphic

functionsin comparisonto the iterationsof entirefunctionsis thefact that the iterationsof

meromorphicmapsdo not leadto a dynamicalsystem.Thepoint at infinity is anessential

singularityfor sucha map,sothemapcannot beextendedcontinuouslyto infinity. Hence

the forward orbit of a pole terminates.All otherpointshave well definedforward orbits.

Despitetheabove fact, the investigationof iterationsof transcendentalmeromorphicfunc-

tionsis importantin severalsituations.For example,theiterativeprocessesassociatedwith

Newton’smethodappliedto entirefunctionsoftenyieldsameromorphicfunctionastheroot

finder. Thecentralobjectsstudiedin complex dynamicsof a functionareits Fatousetand

Juliaset.TheFatouset(or stableset) of a function ! , denotedby " � ! � , is definedto bethe

setof all complex numberswherethefamily of iterates#$!&%(' of ! formsanormalfamily in

thesenseof Montel. TheJulia set(or chaoticset), denotedby ) � ! � , is thecomplementof

theJuliasetof ! . TheJuliasetsfor evensimplequadraticpolynomialsareoften fractals.

In thepresentthesis,weconsidertheiterationsandstudytheresultingchaoticdynamics

of certainclassesof critically and non-critically finite transcendentalmeromorphicfunc-

tions. It is well known that therearerationalandtranscendentalentirefunctionsfor which

theJuliasetis thewholecomplex plane.It is interestingto examinewhetherthis is alsotrue

for certainfamiliesof transcendentalmeromorphicfunctions.Thisandrelatedpropertiesare

discussedfor our classesof certainoneparameterfamiliesof transcendentalmeromorphic

functions.In eachcase,we alsoprovide algorithmsto computergeneratetheimagesof the

Juliasetsfor functionsin thefamiliesconsideredin variouschapters.

Thethesisconsistsof six chapters.Chapter1, beingtheintroduction,consistsof a brief

review of the basictheory and resultsconcerningthe dynamics,growth and Schwarzian

Derivative of meromorphictranscendentalfunctions that are requiredin the subsequent

chaptersin thepresentstudy.

In Chapter2, a classof critically finite transcendentalmeromorphicfunctionsis intro-

ducedandit is provedthatexplosionoccursin theJuliasetsof eachoneparameterfamily

of functionsin this class.For this purpose,a class* of functions ! is consideredsuchthat

(i) ! is a transcendentalmeromorphicfunctionof finite order, (ii) all polesof ! areof odd

gp
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multiplicity, (iii) all zerosof !&+ areof evenmultiplicity and(iv) SchwarzianDerivativeof !
is a rationalfunctionand Let, ,.-/* be the class of functions ! �0��� defined by

(i) 1 �����2
 ���43657�98:���;�� , <>= �@? , is anonvanishingtranscendentalentirefunctionhaving atmost

onefinite asymptoticvalue(ii) �A�0�B� < � 1C+ �0���D� <�1 �����E
GF hasonly real roots(iii) 1 �IH�� is

positiveandstrictly increasingin J , 1 �IH��LK F as HMK �ON and 1 �IH��LK N as K N and

(iv) 1C+ �IH�� is strictly increasingin J , 1C+ �PH��QK N as HRK N and �IHS� < �UT � �WVX�T
�WVX�ZY ? for allH Y F . In thepresentchapter, thedynamicsof thefunctions !7[ �����\
^] ! �0��� for �`_bac (ex-

tendedcomplex plane)is studied,where ! _ , and ] Y F . Thebifurcationin thedynamics

of !d[ �0��� is describedin detailandthechaoticburstin theJuliasetsof functionsin thefamilye 
 #$!7[ �����gf6] Y F ' is shown to occuratparametervalues]`
�h���F � and ]i
jh��lkH�� , where,h��PH��B
 V8��WVX� and kH is the real root of h + �IH��m
nF . The characterizationsof the Julia setof

!d[ �0��� , obtainedin thepresentchapter, areappliedto computationallygeneratetheimagesof

theJuliasetsof samplefunctions !d[ ��� �D
j] �� 	po7q � _ e
for differentvaluesof theparameter] . Our resultsfound herearecomparedwith thoseof Devaney andKeen[Ann. Sci. Ec.

Norm.Sup.,22(4) 1989,55-79], KeenandKotus[ConformalGeometryandDynamics:An

Elect. J. AMS,vol. 1, Aug. 1997,28-57] andStallard[J. LondonMath. Soc. 49(2)1994,

281-295], obtainedfor thefunction ]\r
sut\� thathaspolynomialSchwarzianDerivative.

In Chapter3, the dynamicsof oneparameterfamily of functions vw[ ��� �x
y] v ��� � for�z_ ac|{ ] Y F , where,v �0���D
 � 	p}:~� 	p}:~�	po q � , ��� Y F , is studied.It is shownthat v �0��� is acritically

finite transcendentalmeromorphicfunction in class* . Thebifurcationsin thedynamicsof

vw[ ����� arefoundto occurattheparametervalues]i
j]&�� , ]`
�]����� and ]i
j]&������ ( ]&�� = ]����� =] ������ ), where,] �� 
�kH��d�lkH���� ��� ���C� q 3��V��
� �lkH��l� ��� � , ] ���� 
bkH��7�lkH���� ��� �/��� q 3��VX�4� �XkH���� ��� � ,] ������ 
�kH��X�lkH���� ��� �/�C� q 3��V���� �lkH���� ��� � ; kH�� , kH�� and kH�� ( kH�� = kH�� = F = kH�� ) beingthereal

rootsof theequationH � �M��� ��� ��� ��H � � ��� � ��� �`� ��HL� ��� � ��� �i�C��
�F . If theparametervalue] crossesany oneof the value ] �� { ] ���� or ] ������ , a suddendramaticchangein the dynamics

of vw[ ����� is shown to occur leadingto chaoticburstsin the Julia setsof functionsin the

family � 
 #$vw[ ������f�] Y F ' . Thecharacterizationsof theJuliasetof vw[ ��� � , obtainedin

this chapter, areappliedto computationallygeneratethe imagesof theJuliasetsof sample

functions vw[ �0���m
n]g��� 	�� �� 	w� q � _ � , for differentvaluesof parameter] . Finally, our results

foundin this chapterarecomparedwith theresultsobtainedin Chapter2.

In Chapter4, thedynamicsof oneparameterfamily of functions �l[ �0���|
b] �� 	�� q 36� for
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��_ ac , ] Y F , is studied.All the functionsin this family areshown to be critically finite

transcendentalmeromorphicfunctions. It is found thatbifurcationsin thedynamicsof the

functions �l[ �0��� occurat ] 
^? and ]x
G��¡ �\��?U� qU¢ � . Thecharacterizationsof theJuliaset

of �l[ �0��� , for differentrangesof parametervalue ] , areappliedto computationallygenerate

the imagesof theJulia setsof functions �l[ �0���|
£] �� 	�� q 36� _R¤ . The resultsfound in the

presentchapterarecomparedwith theresultsobtainedin Chapter3.

In Chapter5, thedynamicsof non-criticallyfinite oddtranscendentalmeromorphicfunc-

tion ¥¦[ �����§
¨]ª©¬«®­4¯ ���;�� � for �°_ ac|{ ] Y F , is studied. It is shown that thereexits a critical

parametervalue ] � Y F suchthatbifurcationin thedynamicsof ¥�[ �IH�� , H�_ J²±(# F ' , occurs

at ]³
´] � , where ] � 
 �V �©¬«®­4¯ �I�VX� ��µ¶�(·�¸u¹�º �u»�� and kH is the uniquepositive real root of the

equationr
sutp¼½�IH��m
 V � . The dynamicsof the function ¥�[ �0���m
¾] ©¬«®­4¯ ���;�� � for F = ] = ] � ,]`
�]�� and ] Y ]�� , areseparatelystudied.Theseresultsarethenusedto generatecomputer

imagesof Juliasetsof ¿:[ ����� applyinganalgorithmdevelopedby usingtheresultsobtained

in this chapter. Finally, our resultsfoundherearecomparedwith the recentresultson the

dynamicsof non-criticallyfinite entirefunction ÀÁ[ �0���2
j]¦� q � �°?U� � � , ] Y F dueto Kapoor

andPrasad[ErgodicTheoryandDynamicalSystems,18 (6) 1998,1363–1383].

In Chapter6, the dynamicsof non-critically finite even transcendentalmeromorphic

functions ¿:[ �����z
¨] ©¬«®­4¯ � ���;���Â for �/_ ac@{ ] Y F , is studied. It is shown that thereexit crit-

ical parametervalues]�� , ]�� Y F suchthatbifurcationsin thedynamicsof ¿:[ �IH�� , HÃ_ J²±(# F '
occurat ]M
Ä]�� and ]M
^]�� , where ]��L
 ÅVXÆ©¬«®­4¯ � � ÅVX� ��µb? ·��$¸ � � ��� , ]A�O
 �VXÆ©¬«®­4¯ � �0�VX� ��µÇ�6·�¸ ¸u¹p?7º � ;ÈH , kH beingtheuniquepositive real rootsof theequationsr4sutw¼��PH��O
 � V� and r
sutp¼½�IH��E
 � V�
respectively. If the parametervaluecrossesthe value ]�� or ]A� , thena dramaticchangein

thedynamicsof ¿:[ �IH�� is foundto occur. Thedynamicsof thefunction ¿�[ ��� �D
É] ©¬«®­4¯ � ���;���Â forF = ] = ]�� , ]S
Ä]�� , ]�� = ] = ]A� , ]S
Ê]�� and ] Y ]�� , arestudiedseparately. Theresults

found in this chapterareusedto generatecomputerimagesof Juliasetsof ¿:[ ����� usingthe

samealgorithmasin Chapter5. Our resultsfoundin thepresentchapterarecomparedwith

(i) the resultson dynamicsof the function ]Ár
sut\� having polynomialSchwarzianDeriva-

tive dueto Devaney andKeen[Ann. Sci. Ec. Norm. Sup.,22 (4) 1989,55-79], Keenand

Kotus[ConformalGeometryandDynamics:An Elect. J. AMS,vol. 1, Aug. 1997,28-57]

andStallard[J. LondonMath. Soc. 49(2) 1994,281-295] and(ii) the resultsobtainedin

Chapter5.


