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Theorigin of complex dynamicsstartedrom theCayley’s problemon Newton’s Method
of rootfinder In 1879,Arther Cayley suggestetheextensionof whathe calledthe Newton-
Fourier Method (usedfor locatingreal zerosof functions)to find the comple roots of a

polynomialp(z) usingtheiterative processy. 11 = z; — ;’,((Zz’;)). Further heproposedhatone
shouldstudythe problemglobally, i.e., regionsof the planeshouldbe determinedsuchthat
orbitsof aninitial point, takenat pleasurearywherewithin oneof theseregions,ultimately
arriveatarootof thepolynomialp(z). The Complex dynamicds anintricateandfascinating
areaof dynamicalsystemsn which deterministidractalsappeaioftenaschaoticsets.Dur-

ing theearlytwentiethcentury the studyof chaoticdynamicsstartedmplicitly in theworks
of P. FatouandG. Julia. Therehadbeenalong periodof inactvity but duringtheendof 20th

centurytherehasbeenarenavedinterestin the studyof dynamicsof complex functionsdue
to the beautifulcomputergraphicsassociatedvith it. It hasbecomequite popularareaof

researchn recentyearsdueto its wide rangingapplicationsn engineeringproblems.

In complex dynamics,mostof the work hascenteredaroundthe dynamicsof rational
functionsthatoriginatedin the pioneeringwork of P. Fatouand G. Julia. Thenitiative to
studythe iterationsof meromorphidunctionshasbeentaken up mainly by I.N. Baker, W.
Bemgweiler, R.L. Devanegy andL. Keen.Therearetwo basicapproaches the studyof dy-
namicsof a function. Thefirst oneis to investigatethe iterative behaiour of anindividual
function,while thesecondneis to studytheiterative behaioural changeslueto slight per
turbationsin thefunction. In the latterapproachwhich hasreceved considerablattention

during recentyears,the simplestcaseis that of a family of functionsthat dependson one
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parameterWe consideyin the presentvork, bothof theseapproacheto studythedynamics
of certainfamiliesof transcendentaheromorphidunctionsthatdepencon oneparameter

Oneof the principal differencesarisingin theiterationsof transcendentaheromorphic
functionsin comparisorto the iterationsof entirefunctionsis the factthatthe iterationsof
meromorphiomapsdo not leadto a dynamicalsystem.The point at infinity is an essential
singularityfor sucha map,sothe mapcannot be extendedcontinuouslyto infinity. Hence
the forward orbit of a pole terminates.All otherpoints have well definedforward orbits.
Despitethe above fact, the investigationof iterationsof transcendentaheromorphidunc-
tionsis importantin severalsituations.For example,the iterative processeassociatedvith
Newton’s methodappliedto entirefunctionsoftenyieldsameromorphidunctionastheroot
finder The centralobjectsstudiedin complex dynamicsof a functionareits Fatousetand
Juliaset. The Fatouset(or stablese) of afunction f, denotedby F'(f), is definedto bethe
setof all complex numbersvherethefamily of iterates{ f/"} of f formsanormalfamily in
the senseof Montel. The Julia set(or chaotic se), denotedby J(f), is the complemenbf
theJuliasetof f. TheJuliasetsfor evensimplequadratigpolynomialsareoftenfractals

In the presenthesiswe considetheiterationsandstudytheresultingchaoticdynamics
of certainclassef critically and non-critically finite transcendentaineromorphicfunc-
tions. It is well known thattherearerationalandtranscendentantirefunctionsfor which
theJuliasetis thewholecomplec plane.lt is interestingo examinewhetherthisis alsotrue
for certainfamiliesof transcendentaheromorphidunctions.Thisandrelatedpropertiesare
discussedor our classef certainone parametefamiliesof transcendentaheromorphic
functions.In eachcase we alsoprovide algorithmsto computergeneratehe imagesof the
Juliasetsfor functionsin thefamiliesconsideredn variouschapters.

Thethesisconsistof six chaptersChapterl, beingthe introduction,consistsof a brief
review of the basictheory and resultsconcerningthe dynamics,growth and Schwarzian
Derivative of meromorphictranscendentalunctionsthat are requiredin the subsequent
chaptersn the presenstudy

In Chapter2, a classof critically finite transcendentaheromorphicdfunctionsis intro-
ducedandit is provedthatexplosionoccursin the Juliasetsof eachoneparametefamily
of functionsin this class.For this purposea classS of functionsf is consideredsuchthat
(i) f is atranscendentaheromorphidunction of finite ordet (ii) all polesof f areof odd
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multiplicity, (iii) all zerosof f' areof evenmultiplicity and(iv) SchwarzianDerivative of f
is arationalfunctionand Let, F C S be the class of functions f(z) defined by
() g(z) = % a < —1, isanornvanishingtranscendentantirefunctionhaving atmost
onefinite asymptoticvalue (i) z(z — «)¢'(z) — ag(z) = 0 hasonly realroots(iii) g(z) is
positive andstrictly increasingn R, g(z) — 0 asz — —oo andg(z) — oo as — oo and

(iv) ¢'(x) is strictly increasingn R, ¢'(z) — oo asz — oo and(z — «) -";((;”)) > 1 for all
x > 0. In the presenthapterthe dynamicsof thefunctionsf,(z) = A\f(z) for z € C (ex-
tendedcomple plane)is studiedwheref € F and\ > 0. Thebifurcationin thedynamics
of f1(z) is describedn detailandthe chaoticburstin the Juliasetsof functionsin thefamily
K = {f\(2) : A > 0} is shavn to occurat parametewaluesh = ¢(0) and\ = ¢(z), where,
o(z) = E) andz is therealroot of ¢'(x) = 0. The characterizationsf the Julia setof
fr(z), obtainedn thepresenthapterareappliedto computationallygenerateheimagesof

the Juliasetsof samplefunctionsfy(z) = A-%:¢* € K for differentvaluesof the parameter

z+4
A. Our resultsfound hereare compared/vit;; thoseof Devangy and Keen[Ann. Sci. Ec.
Norm. Sup.,22 (4) 1989,55-79, KeenandKotus[ConformalGeometryand Dynamics:An
Elect. J. AMS,vol. 1, Aug. 1997,28-57 andStallard[J. LondonMath. Soc. 49(2) 1994,
281-293, obtainedfor the function A tan z thathaspolynomialSchwarzianDerivative.

In Chapter3, the dynamicsof one parameterfamily of functionsh,(z) = Ah(z) for
ze C,\ > 0,whereh(z) = thg‘j’r4ez, wo > 0, isstudied.lt is shovnthath(z) isacritically
finite transcendentaheromorphidunctionin classS. The bifurcationsin the dynamicsof

hi(z) arefoundto occurattheparametevaluesh = A\, A = A7 andA = A7 (AL < AF <
Ag*),where s = Z3(Z3 + po +4) 7%/ (Ta+ o) , Ayt = To(Ta + po +4) €722/ (T2 +110)
et = T1(Z1 + po +4) €72 /(T1 + wo); T1, T2 andFs (T < 79 < 0 < Z3) beingthereal
rootsof theequationz? + (20 + 3) 2%+ o (o +2)x — o (o +4) = 0. If theparametevalue
A crossesary oneof thevalue A, \* or A7, a suddendramaticchangein the dynamics
of h,(z) is shavn to occurleadingto chaoticburstsin the Julia setsof functionsin the
family £ = {h,(z) : X > 0}. Thecharacterizationsf the Juliasetof h,(z), obtainedin

this chaptey areappliedto computationallygeneratehe imagesof the Julia setsof sample

(2+1)
2+5

foundin this chapterarecomparedwvith theresultsobtainedn Chapter2.

functionshy(z) = A

e € L, for differentvaluesof parameter\. Finally, our results

In Chapter4, the dynamicsof oneparametefamily of functions(y(z) = A Z5e * for
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z € C, X > 0, is studied. All the functionsin this family are shovn to be critically finite
transcendentaheromorphidunctions. It is found that bifurcationsin the dynamicsof the
functions¢,(z) occuratA = 1 and\ = (v/2 + 1)e¥2. Thecharacterizationsf the Juliaset
of {,(z), for differentrangesof parameteralue )\, areappliedto computationallygenerate
theimagesof the Julia setsof functions(,(z) = A;%;e™* € M. Theresultsfoundin the
presenthapterarecomparedvith theresultsobtainedn Chapter3.

In Chaptes, thedynamicsof non-criticallyfinite oddtranscendentaheromorphidunc-
tion ¥, (z) = )\Si“zh# for z € C,\ > 0, is studied. It is shavn that thereexits a critical
parameteralue\* > 0 suchthatbifurcationin the dynamicsof ¢, (z), = € R\{0}, occurs
atA = )\, where\* = % (= 2.69528) andz is the uniquepositive real root of the
equationtanh(z) = £. The dynamicsof the function 4, (z) = )\Si“j‘# for0 < A < A%,
A = X*and) > \*, areseparatelgtudied.Theseresultsarethenusedto generateomputer
imagesof Juliasetsof £, (z) applyinganalgorithmdevelopedby usingtheresultsobtained
in this chapter Finally, our resultsfound hereare comparedwith the recentresultson the
dynamicsof non-criticallyfinite entirefunction £ (z) = A(e* — 1)/z, A > 0 dueto Kapoor
andPrasadErgodic Theoryand DynamicalSystemsl8 (6) 1998,1363—1383R

In Chapter6, the dynamicsof non-critically finite even transcendentaineromorphic
functionsé,(z) = /\Si“};# for z € C,\ > 0, is studied. It is shavn thatthereexit crit-
ical parametevalues);, A\, > 0 suchthatbifurcationsin thedynamicsof &,(x), z € R\{0}
%@) (= 1.26333), Ay = % (= 2.66915);
z, Z beingthe uniquepositive real rootsof the equationganh(z) = 2 andtanh(z) = %
respectirely. If the parametewvalue crosseghe value \; or \,, thena dramaticchangen

occurat A = )\; and\ = \,, where); =

thedynamicsof &, () is foundto occur The dynamicsof thefunctioné,(z) = /\Si“};# for
0 <A< AL A= AL A <A< Mg, A= Xy and) > )\, arestudiedseparatelyTheresults
foundin this chapterare usedto generat&eomputerimagesof Juliasetsof £,(z) usingthe
samealgorithmasin Chapter5. Ourresultsfoundin the presenthapterarecomparedvith
() the resultson dynamicsof the function A tan z having polynomial SchwarzianDeriva-
tive dueto Devang/ andKeen[Ann. Sci. Ec. Norm. Sup.,22 (4) 1989,55-79, Keenand
Kotus[ConformalGeometryand Dynamics:An Elect. J. AMS,vol. 1, Aug. 1997,28-57
and Stallard[J. LondonMath. Soc. 49(2) 1994,281-299 and(ii) the resultsobtainedin
Chapterb.



