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Recent research has suggested that asteroids might be particle aggregates held together by self-gravity al
This has important implications on the possible equilibrium shapes of spinning asteroids. As in the case
spinning fluid masses, not all shapes and spins may be compatible with a granular rheology. We take t
asteroid to be an ellipsoid with an interior modelled as a rigid-plastic, cohesion-less soil. Using an approxima
volume-averaged procedure, we are able to derive regions in spin-shape parameter space that allow equilibr
solutions to exist. Our results are the same as those reported by Holsapple (2000), but are obtained with mi
less effort. We also investigate the dynamics of such spinning asteroids and attempt to recover the results
Richardson et al. (2004), who obtained equilibrium shapes of smooth spherical aggregates by numerica
studying their passage into equilibrium.

1 INTRODUCTION ors from a knowledge of their shapes and spins. This

Investigations of spinning fluid masses go back tdS €specially important now that the shape and spin
the time of Newton who, assuming the asphericityStates of many asteroids are known to a high degree
to be small, determined the flattening of the Earthof accuracy, either from radar observations (see Os-
by modelling it as such. Later, Maclaurin determined(© et al. 2002) or by inverting light curve data (see
the equilibrium shapes of oblate fluid rotators, the soP’ravec etal. 2002). _
called Maclaurin ellipsoids. He further showed that Granular materials display a wide range of be-
prolate equilibrium shapes cannot be obtained. Truhpaviour, from nearly rigid structures to loose fluid like
triaxial ellipsoidal shapes of equilibrium for spinning flows. It seems appropriate to consider asteroids as
fluids were not supposed to be realisable until Jacobilense frictional aggregates modelled as a rigid-plastic
put forth an argument in support of their existence SOil obeying a Mohr-Coulomb failure law. Holsapple
These ellipsoids branch off from the Maclaurin se-(2001), in his analysis of equilibrium shapes, used this
quence and are called the Jacobi ellipsoids. The equiheology for asteroid interiors. His analysis relied on
librium shapes of spinning fluid ellipsoids are com-techniques of limit analysis from plasticity theory, in
prehensively covered by Chandrasekhar (1969) in &articular, the lower limit theorem (see, e.g., Chen and
unified manner, using the volume-averaged methodian 1988). He was able to map out regions in spin-
introduced below. shape space where ellipsoids could exist in equilib-
Recent research (see Richardson et al. 2002) hd#im. In his sudy, the body fails at a point whenever
suggested that asteroids might be incoherent strud¢he inhomogeneous distribution of stress satisfies the
tures held together by self-gravity and best modelledyield condition at that point. His analysis was a lo-
as granular aggregates. Observations also show tha€al one in contrast to the volume-averaged approach
majority of asteroids are in a state of pure spin aboupresented below.
their axis of maximum inertia. This motivates a study Richardson et al. (2004) studied the equilibrium
of equilibrium shapes of spinning aggregates takershapes of spinning dense granular aggregates mod-
to be ellipsoids as a first approximation. Like fluids, elling them as collections of smooth spheres held
granular materials place restrictions, though not asogether by their gravity. From an initial (non-
severe, on the allowable shapes of a spinning ellipequilibrium) configuration they followed the evolu-
soid by limiting the amount of stress that it can tol- tion of each sphere using a smooth particle hydrody-
erate. Such restrictions may help constrain their intenamic (SPH) code until equilibrium was attained.
riors and thus, constitute a first step towards solving Here we investigate asteroids modelled as rigid-
the inverse problem of inferring the asteroids’ interi- plastic soil ellipsoids in pure spin using a volume-
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averaged method. We will first obtain regions in pa-and using (5) forM, reduces (2) to

rameter space describing the shape where, for a given .

spin, an ellipsoidal asteroid can exist. Our results <L+L2> I=M"-oV. (7)

match Holsapple’s (2001) exactly, but are obtained in _ _ o

a very transparent manner using a minimum of com- The inertia dyad's evolution is governed by

putation._ We then study the (_jynamical evolutipn of a i—LI+IL" 8)

non-equilibrium ellipsoid, which is very complicated

if Holsapple’s (2001) approach is followed. This will which is obtained by taking the first moment of the

help evaluate the appropriateness of comparing oumass conservation equation.

and Holsapple’s (2001), continuum approach to the In the case of an ellipsoid in pure spin and in

discrete model used by Richardson et al. (2004).  equilibrium, L's symmetric part, thestrain rate (or
stretching rat@ tensorD = 0, so that (7) simplifies to

2 VOLUME-AVERAGING

2
We begin with a kinematic assumption, viz. the ellip- oV = (2mpGA-WI)I, ©)
soid’s deformation is homgeneous, so that the deforwhere W, theangular velocity(or spin) tensor, is the
mation gradientF' is constant. Thus, ellipsoids can anti-symmetric part ofL. Note that the above equa-
deform only into ellipsoids. This is a first approxima- tion is a balance between “centrifugal” and gravita-
tion, but was shown by Chandrasekhar (1969) to yieldional stresses in a volume-averaged sense.
physically meaningful results in the case of spinning In general, Egns. (6), (7) and (8) govern the motion
fluid masses, and is further motivated by the fact thabf a homogeneously deforming gravitating ellipsoid
spinning elastic ellipsoids deform into ellipsoids (seein free space, once a constitutive equation dors
Love 1946). Equations governing the evolutionfof  specified.
are obtained by taking the first moménf the linear-

momentum-balance equations 2.1 Rheology
) It is possible to explore different material models by
V.o +pb = pX, (1)  specifying an appropriate constitutive relation. We re-
_ _ _ strict attention to a rigid-plastic frictional soil with
and assuming a traction-free surface, to yield an appropriate failure criterion. The material remains
. rigid until a failure criterion is violated, whereafter
FF'I=M" -0V, (2) plastic flow begins. For statics, we use the Mohr-
Coulomb (MC) criterion:
wherex is the position vectolky the average stress,
Omaz — k]V[CUmin S Oa (10)
I— / ox @ xdV (3) Interms of the extremum principal stresses ang:
v ’ is related to the internal friction anglg- by
i i 1+ sin
the inertia dyad, and kvre = : ¢F_ (11)
1 —singp
M = / X ® pbdV/, 4) For dynamics, we use a smoothed MC criterion, the
1% Drucker-Prager (DP) failure criterion
the moment tensor due to the body foréedn our lo’|? < k*p?, (12)

case, the body force is due only to internal gravity,

. ) L
and we can compute the above integral to find wherep is the pressurar’ the deviatoric stress and

B 21/6sin ¢p
3 —singp’
where( is the gravitational constant and the tensorchosen so that the DP-yield surface is the inner enve-
A captures the effect of the ellipsoidal shape on itdope of the MC-yield surface. Subsequent plastic flow,

internal gravity (see Chandrasekhar 1969). It dependg@ssumed incompressible, is governed by the flow rule
only on the axes ratia = as /a3 andg = az/a;.

M = —27pGIA, (5) k (13)

.
Introducing the velocity gradient D =go, (14)
with ¢ a constant. The stress during plastic flow is
L=FF (6) D
— _ _ o U:p(l—k‘—). (15)
I.e. integrating the dyadic produckj of each quantity in |D\

the equation with the position vector, over the body’s volurme



3 EXAMPLES

We give two examples of the above volume-averaging o
approach in the context of ellipsoids spinning about 0.8 50°

the 3-axis withl > o > £. % 0.7l -
. E 0.61
3.1 Statics = 04| = |og] < [og]-—_15°
By using stresses from (9) in the MC-failure criterion < 29 y 10°
(10) with an equality sign, we obtain critical curves 3 0.4 g o
for the spini¥; in terms of the axis rati@?. We use < o0al 04| =[] > [o|
w

a = (1+ 3)/2 for triaxial ellipsoids. In each case, we

/ 5
. . . 0.2+ ’ 1°
have to choose,,,, ando,,;,, thus _yleldlng regions ' 509407 \a0\ 257 5o 10 \100 Nt 1h\\go
separated by heavy curves on which two of the prin- 0.1
cipal stresses are equal, as shown in Fig. 1. We see y o o5 o5

that, for any friction angle, there is an upper and a Aspect ratio, § = a_/a 1
lower curve bounding a region within which a stable 8

spinning ellipsoid is possible. The failure can be un- o

derstood by identifying the maximum and minimum (a) Oblate ellipsoids

principal stresses at failure. For example, in the oblate

and prolate cases, the upper region(s) corresponds to a 0.9:

rotational disruption, the centrifugal stresses dominat- 0.8l

ing gravitational stresses. In the oblate case, the lower =

region corresponds to gravitational collapse. Thisis @ 07

not true for prolate objects, where the lower-mostre- § 06-

gion corresponds to disruption due to a competition gm 05t

of rotational stresses in the equatorial plane. Invis- '

cid fluids are indicated by = 0°. The heavy curve % 0.4

in Fig. 1(a) corresponds to the Maclaurin ellipsoids, 5 03;

while Fig. 1(b) shows that static prolate inviscid ellip- S ool

soids are not possible. A Jacobi ellipsoid is indicated ¢ 01 /

by the intersection point in Fig. 1(c). 1w Naoe s |20 \1s° |10° 5
The constraints on spin and shape for rigid-plastic 0 02 04 06 08 1

soils obtained using volume-averaged methods are in Aspect ratio, o. = f = a /a,

complete agreement with Holsapple’s (2001) results.

In some respects, this exact match is very surprising, (b) Prolate ellipsoids

because the homogeneous method deals with volume-

averaged stresses and, thus, looks for failure on the

average. In contrast, Holsapple’s (2001) exact anal- 0.91 .

ysis seeks failure point-wise. Thus, it might be ex- & 08 o

pected that a point-wise theory would be more sen- Q@ 44 -

sitive than an average theory, which should be more & Jacobi Ellipsoid _ |o| < |0,| < |og] ——25°

conservative. The reason for the match lies in the fact =06/ o

that Holsapple’s (2001) analysis predicts simultane- = 05 o0

o] < |og| < |og]

. Lo . c
ous failure at every point in the body. This means that S 0.4] P

failure at a point coincides with failure on the average. o 0al/ loal<loi<iod 0, <Jog <o
O
i » 0.2}
3.2 Dynamics . e 0 CARICARYCA
We study the passage into equilibrium of prolate<{ 017 \opolao lsoolos \20® \age e
() ellipsoids in pure spin with friction angter = 40°. ‘ ‘ ‘
When thought of as rigid-plastic objects, the equi- 0 02 0.4 0.6

Aspect ratio, = aS/a .

librium shapes obtained by Richardson et al. (2004)
were shown by them to lie in a region bounded by S
ér = 40° curves (as in Fig. 1(b)). (c) Triaxial ellipsoids
Requiring a compressive average pressure, as is Olff' _ , , , ,
. : : -~ “Figure 1: Regions in spin-shape space where equi-
ten done.for .granular materials, ylelds the dlsruptlon“b?ium eIIipsc?ids are pgssible pNunE)bers next 1o t?le
curveCs in Fig. 2. We use&’s, the failure curve cor- ,

responding to the smooth DP criterion, instead of thetTves indicate the corresponding friction angle
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less conservative curv&, obtained from the MC cri- 0.8r

terion (see Fig 1(b)). Ellipsoids with initial conditions

betweenC; and C, deform dynamically until they 07

reach an equilibrium shape. Fig. 2 shows the results

with the initial and final states connected. The average 06/

final « is indicated by numbers next to each group.
Comparing the results of Fig. 2 with those of = o5/

Richardson et al. (2004), we find that there is quali- ©

tative, and in some respects, even quantitative match§0,4,

We predict the presence of a disruption zone that cor-<,

responds to those of Richardson et al. (2004). Like =3/

them, we obtain a rather narrow “deformable” zone

above the upper failure curve, with ellipsoids elon- 5

gating before equilibrating. There are two principal

differences. First, unlike Richardson et al. (2004), we |

can predict a disruption, but not follow it through.

This may be addressed by using higher-order mo- N

ments. Second, we observe less deformation than 0 01 02 03 04 ﬁ0-5 06 07 08 09

Richardson et al. (2004). This could be attributed to ) R o

our use of the Curv€2 (DP Criterion)’ rather than F|gure.2: Passage Into equﬂlbl’lum of |n|t|a”y pr0|ate

C, (MC criterion), as the upper boundary of the equi-€llipsoids.

librium region. The latter delays transition to rigidity,

thus enhancing deformation. However, we believe thiderent internal rheologies may be explored. It may

is because in the model of Richardson et al. (2004)also be possible to extend the analysis to more gen-

the internal friction’s origin is geometric alone, i.e., eral shapes by using higher-order moments. Such an

due to the aggregate’s packing, as the constituernalysis will be fruitful considering the wide variety

spheres are smooth. Thus, in their case, the friction&f shapes seen amongst asteroids.

resistance contributes at higher packing fractions. In

contrast, our model preserves volume, and does nét ACKNOWLEDGEMENTS
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