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Abstract

Two dimensional chirp signal has been used for modeling gray scale sym-

metric images in the statistical signal processing literature. In this paper we

propose a computationally efficient algorithm for estimating different param-

eters of a two dimensional chirp signal model in presence of stationary noise.

Starting from a suitable initial guess value, the proposed method produces esti-

mators which are asymptotically equivalent to the corresponding least squares

estimators. We also discuss how to obtain the initial estimates suitably. Some

simulation experiments have been performed to see the effectiveness of the pro-

posed method, and it is observed that the proposed estimators perform very

well.
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1 Introduction

Two dimensional chirp signal models can be used to model gray scale (black and

white) images. Mathematically the model looks like as follows,

y(m,n) = A0 cos(α0m + β0m2 + γ0n + δ0n2) + B0 sin(α0m + β0m2 + γ0n + δ0n2)]

+ X(m,n); m = 1, · · · ,M, n = 1, · · · , N

(1)

where X(m,n) is the random additive error. A0 and B0 are distinct non zero ampli-

tudes and A02
+B02

≤ M , for some constant M . The frequencies α0, γ0 and frequency

rates β0, δ0 respectively strictly lie between 0 and π. It is assumed that X(m,n) has

the following form;

X(m,n) =
∞∑

j=−∞

∞∑

k=−∞
a(j, k)ε(m − j, n − k) (2)

with
∞∑

j=−∞

∞∑

k=−∞
|a(j, k)| < ∞. (3)

Here ε(m,n)’s are independent and identically distributed (i.i.d.) random variables

with zero mean, variance σ2 and with finite fourth moments. Given a sample of size

N , the problem is to estimate the unknown amplitudes A0, B0, the frequencies α0, γ0

and the frequency rates β0, δ0.

Extensive work on similar two-dimensional models have been done by several au-

thors, see for example Peleg and Porat [10], Friedlander et al. [6], Francos et al. [4],

[5], Cao et al. [2], Zhang and Liu [16], Zhang et al. [17] and the references cited

therein. Recently, it is observed by the authors, see Lahiri et al. [9], that the least

squares estimators (LSEs) of the parameters of this model (1) are consistent and

asymptotically normally distributed. It is further observed that the LSEs are asymp-

totically efficient. The convergence rates for the amplitudes are Op(M
−1/2N−1/2), for

the frequencies are Op(M
−3/2N−1/2) and Op(M

−1/2N−3/2), for the frequency rates

these are Op(M
−5/2N−1/2) and Op(M

−1/2N−5/2). Here Z = Op(N
−δ) means N δZ
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is bounded in probability. But finding the LSEs is a computationally challenging

problem as the least squares surface has several local minima. So for any iterative

method the choice of the initial guess is extremely important, otherwise the method

will converge to a local minima instead of the global one. Even for ordinary sinusoidal

model it is a well known problem, interested readers may see the nice discussion in

Rice and Rosenblatt [12] in this respect.

The aim of this paper is to find efficient estimators of the amplitudes, frequencies

and frequency rates efficiently, which have the same rates of convergence as the corre-

sponding least squares estimators. It may be observed that the model (1) can be seen

as a non-linear regression model, with A0, B0 as linear parameters, and α0, β0, γ0

and δ0 as non-linear parameters. If we can find efficient estimators of the non-linear

parameters α0, β0, γ0 and δ0 then efficient estimators of the linear parameters can

be obtained by simple linear regression technique, see for example Richards [13]. Be-

cause of this reason, in this paper we mainly concentrate on estimating the non-linear

parameters efficiently.

Here we propose an iterative method (Newton- Raphson type) to find the es-

timators of non-linear parameters namely frequencies and frequency rates. It is

observed that if we start the initial guesses of α0 and γ0 with convergence rates

Op(M
−1N−1/2) and Op(N

−1M−1/2) respectively then after four iterations the algo-

rithm produces the estimates of α0 and γ0 with convergence rates OP (M−3/2N−1/2)

and OP (M−1/2N−3/2). Similarly, if we start the initial guessed of β0 and δ0 with con-

vergence rates Op(M
−2N−1/2) and Op(N

−2M−1/2) respectively, then after four itera-

tions the algorithm converges with convergence rates OP (M−5/2N−1/2) and

OP (M−1/2N−5/2). Therefore, it is clear that the proposed algorithm produces es-

timates which have the same rate of convergence as the LSEs. Moreover, it is known

that the algorithm stops after finite number of steps only.

We study the effectiveness of the proposed iterative approach by some simulation
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experiments. It is observed that the algorithm works very well in terms of mean

squares errors (MSEs). MSEs of the proposed estimators are very close to the corre-

sponding MSEs of the LSEs, and both are very close to the corresponding asymptotic

variance of the LSEs. Therefore, the proposed method can be used very effectively

instead of the LSEs.

The rest of the paper is organized as follows. We provide the properties of the

LSEs in Section 2. In Section 3, we present the proposed algorithm and provide the

theoretical justification of the algorithm. The simulation results and the analysis of

a simulated data have been presented in Section 4. Conclusions appear in Section 5.

All the proofs are presented in the Appendix.

2 Least Squares Estimators

In this section we present briefly the properties of the LSEs for ready reference. The

LSEs of the unknown parameters of the model (1) can be obtained by minimizing

S(A,B, α, β, γ, δ) with respect to A, B, α, β, γ and δ, where

S(A,B, α, β, γ, δ) =
N∑

n=1

M∑

m=1

(
y(m,n) − A cos(αm + βm2 + γn + δn2) − B sin(αm + βm2 + γn + δn2)

)2
.

Note that, if α, β, γ and δ are known, the LSEs of A and B can be obtained as Â(θ)

and B̂(θ) respectively, where θ = (α, β, γ, δ),

(
Â(θ), B̂(θ)

)T

=
(
WT (θ)W(θ)

)−1
WT (θ)Y, (4)
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Y = (y(1, 1), · · · , y(M,N))T , is the MN × 1 data vector and W(θ) is the MN × 2

matrix of the following form;

W(θ) =




cos(α + β + γ + δ) sin(α + β + γ + δ)
cos(2α + 4β + γ + δ) sin(2α + 4β + γ + δ)

...
...

cos(Mα + M2β2 + γ + δ) sin(Mα + M2β2 + γ + δ)
...

...
cos(α + β + Nγ + N2δ) sin(α + β + Nγ + N2δ)

cos(2α + 4β + Nγ + N2δ) sin(2α + 4β + Nγ + N2δ)
...

...
cos(Mα + M2β2 + Nγ + N2δ) sin(Mα + M2β2 + Nγ + N2δ)




. (5)

Therefore, the LSEs of α, β, γ and δ can be obtained first by maximizing Q(α, β, γ, δ)

with respect to α, β, γ and δ, where

Q(α, β, γ, δ) = S(Â(θ), B̂(θ), α, β, γ, δ) = YTW(θ)
(
WT (θ)W(θ)

)−1
WT (θ)Y.

(6)

Once the LSEs of α, β, γ and δ, say α̂, β̂, γ̂ and δ̂ are obtained the LSEs of A and B

can be easily obtained as Â(α̂, β̂, γ̂, δ̂) and B̂(α̂, β̂, γ̂, δ̂) respectively, see for example

Richards [13]. The properties of the LSEs is as follows. The LSEs of the unknown

parameters of model (1) are strongly consistent for the corresponding parameters and

they have the following asymptotic distribution

D−1
(
Â − A0, B̂ − B0, α̂ − α0, β̂ − β0, γ̂ − γ0, δ̂ − δ0

)T d
−→ N6(0, 2cσ

2Σ−1)

where D = diag( 1√
MN

, 1√
MN

, 1
M

√
MN

, 1
M2

√
MN

, 1
N
√

MN
, 1

N2
√

MN
)

Σ =




1 0 B0

2
B0

3
B0

2
B0

3

0 1 −A0

2
−A0

3
−A0

2
−A0

3
B0

2
−A0

2
A02

+B02

3
A02

+B02

4
A02

+B02

4
A02

+B02

4.5
B0

3
−A0

3
A02

+B02

4
A02

+B02

5
A02

+B02

4.5
A02

+B02

5
B0

2
−A0

2
A02

+B02

4
A02

+B02

4.5
A02

+B02

3
A02

+B02

4
B0

3
−A0

3
A02

+B02

4.5
A02

+B02

5
A02

+B02

4
A02

+B02

5




(7)
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and c =
∞∑

j=−∞

∞∑

k=−∞
a(j, k)2 and

Σ−1 =
2

A02 + B02




A02
+17B02

2
−8A0B0 −18B0 15B0 −18B0 15B0

−8A0B0 A02
+17B02

2
18A0 −15A0 18A0 −15A0

−18B0 18A0 96 −90 0 0
15B0 −15A0 −90 −90 0 0
−18B0 18A0 0 0 96 −90
15B0 −15A0 0 0 −90 90




. (8)

In the next section we provide the algorithm which produces estimators of frequen-

cies α0, γ0 and frequency rates β0, δ0 which have the same asymptotic distributions

as the LSEs.

3 Proposed Algorithm

The aim of this algorithm is to find the estimates of the frequency and frequency

rate with the same rate of convergence as the LSEs. First we will show that starting

from any estimators of α, β, γ, and δ, how they can be improved upon. Then we

will provide the exact algorithm how it can be implemented in practice. If α̃ is an

estimator of α0, such that α̃ − α = Op(M
(−1−λ11)N (−λ12)), for some

1

2
≥ λ11 > 0,

λ12 > 0, and β̃ is an estimator of β0, such that β̃ − β = Op(M
(−2−λ21)N (−λ22)), for

some
1

2
≥ λ21 > 0, λ22 > 0, then an improved estimator of α0 can be obtained as

˜̃α = α̃ +
48

M2
Im

(
Pα

MN

Q
α,β
MN

)
(9)

with

Pα
MN =

N∑

n=1

M∑

m=1

y(m,n)

(
m −

M

2

)
e−i(α̃m+β̃m2) (10)

Q
α,β
MN =

N∑

n=1

M∑

m=1

y(m,n)e−i(α̃m+β̃m2). (11)

Here Im(·) denotes the imaginary part of the complex argument. Similarly, an im-

proved estimator of β can be obtained as

˜̃
β = β̃ +

45

M4
Im

(
P

β
MN

Q
α,β
MN

)
, (12)
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with

P
β
MN =

N∑

n=1

M∑

m=1

y(m,n)

(
m2 −

M2

3

)
e−i(α̃m+β̃m2) (13)

and Q
α,β
MN is same as defined in (11).

The following two theorems provide the justification for the improved estimators,

whose proofs will be provided in the appendix.

Theorem 1. If α̃ − α0 = Op(M
(−1−λ11)N (−λ12)) for λ12 > 0 then

(a) ˜̃α − α0 = Op(M
(−1−2λ11)N (−λ12)) if 0 < λ11 ≤

1

4

(b) M
3

2 N
1

2 (˜̃α − α0)
d

−→ N(0, σ2
1) if λ11 >

1

4
,

where σ2
1 =

384cσ2

A02 + B02 , the asymptotic variance of the LSE of α0.

Theorem 2. If β̃ − β0 = Op(M
(−2−λ21)N (−λ22)) for λ22 > 0 then

(a)
˜̃
β − β0 = Op(M

(−2−2λ21)N (−λ22)) if 0 < λ21 ≤
1

4

(b) M
5

2 N
1

2 (
˜̃
β − β0)

d
−→ N(0, σ2

2) if λ21 >
1

4

where σ2
2 =

360cσ2

A02 + B02 , the asymptotic variance of the LSE of β0.

Similarly by interchanging the role of m and n we can get the estimators of

γ0, and δ0. If γ̃ is an estimator of γ0, such that γ̃ − γ0 = Op(N
(−1−κ11)M (−κ12)), for

some 1
2
≥ κ11 > 0, and δ̃ is an estimator of δ0, such that δ̃−δ0 = Op(N

(−2−κ21)M (−κ22)),

for some 1
2
≥ κ21 > 0, then an improved estimator of γ0 can be obtained as

˜̃γ = γ̃ +
48

N2
Im

(
P

γ
MN

Q
γ,δ
MN

)
(14)

with

P
γ
MN =

N∑

n=1

M∑

m=1

y(m,n)

(
n −

N

2

)
e−i(γ̃n+δ̃n2) (15)

Q
γ,δ
MN =

N∑

n=1

M∑

m=1

y(m,n)e(−iγ̃n+δ̃n2). (16)

and an improved estimator of δ can be obtained as

˜̃
δ = δ̃ +

45

N4
Im

(
P δ

MN

Q
γ,δ
MN

)
, (17)
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with

P δ
MN =

N∑

n=1

M∑

m=1

y(m,n)

(
n2 −

N2

3

)
e−i(γ̃n+δ̃n2) (18)

and Q
γ,δ
MN is same as defined in (16).

Theorem 3. If γ̃ − γ0 = Op(N
(−1−κ11)M (−κ12)) for κ12 > 0 then

(a) ˜̃γ − γ0 = Op(N
(−1−2κ11)M (−κ12)) if 0 < κ11 ≤

1

4

(b) N
3

2 M
1

2 (˜̃γ − γ0)
d

−→ N(0, σ2
1) if κ11 >

1

4
,

Theorem 4. If δ̃ − δ0 = Op(N
(−2−κ21)M (−κ22)) for κ22 > 0 then

(a)
˜̃
δ − δ0 = Op(N

(−2−2κ21)M (−κ22)) if 0 < κ21 ≤
1

4

(b) N
5

2 M
1

2 (
˜̃
δ − δ0)

d
−→ N(0, σ2

2) if κ21 >
1

4
.

Now we will show that starting from initial guesses α̃, β̃, with convergence rates

α̃ − α0 = Op(M
−1N−1/2) and β̃ − β0 = Op(M

−2N−1/2) respectively, how the above

procedure can be used to obtain efficient estimators. It may be noted that finding

initial guesses with the above convergence rates are not very difficult. It can be

obtained by finding the minimum of Q1(α, β), where

Q1(α, β) =
M∑

m=1

(
N∑

n=1

y(m,n) −A cos(αm + βm2) − B sin(αm + βm2)

)2

(19)

over the grids

(
πj

N
,
πk

N2

)
, j = 1, · · · , N , and k = 1, · · · , N2, as it has been suggested

by Rice and Rosenblatt [12] to find the initial guesses of the frequency in case of a

sinusoidal model.

The main idea is not to use the whole sample size at the beginning, as it was first

suggested by Bai et al. [1]. We will use part of the sample at the beginning and

gradually proceed towards the complete sample. The algorithm can be described as

follows. We will denote the estimates of α0 and β0 obtained at the i-th iteration as

α̃(i) and β̃(i) respectively.

8



Algorithm:

Step 1: Choose M1 = M8/9, N1 = N . Therefore, α̃(0) − α0 = Op(M
−1N−1/2) =

Op(M
−1−1/8
1 N

−1/2
1 ), and β̃(0) − β0 = Op(M

−2N−1/2) = Op(M
−2−1/4
1 N

−1/2
1 ). Perform

steps (9) and (12). Therefore, after the 1-st iteration we have

α̃(1) − α0 = Op(M
−1−1/4
1 N

−1/2
1 ) = Op(M

−10/9N−1/2)

and

β̃(1) − β0 = Op(M
−2− 1

2

1 N
−1/2
1 ) = OP (M−20/9N−1/2).

Step 2: Choose M2 = M80/81, N2 = N . Therefore, α̃(1) − α0 = Op(M
−1−1/8
2 N

−1/2
2 ),

and β̃(1) − β0 = Op(M
−2−1/4
2 N

−1/2
2 ). Perform steps (9) and (12). Therefore, after

the 2-nd iteration we have

α̃(2) − α0 = Op(M
−1−1/4
2 N

−1/2
2 ) = Op(M

−100/81N−1/2)

and

β̃(2) − β0 = Op(M
−2−1/2
2 N

−1/2
2 ) = OP (M−200/81N−1/2).

Step 3: Choose M3 = M,N3 = N . Therefore, α̃(2) − α0 = Op(M
−1−19/81
3 N

−1/2
3 ),

and β̃(2) −β0 = Op(M
−2−38/81
3 N

−1/2
3 ). Perform steps (9) and (12). Therefore, after

the 3-rd iteration we have

α̃(3) − α0 = Op(M
−1−38/81N−1/2), and β̃(3) − β0 = Op(M

−2−76/81N−1/2).

Step 4: Choose M4 = M,N4 = N , and perform steps (9) and (12). Now we obtain

the required convergence rates, i.e.

α̃(4) − α0 = Op(M
−3/2N−1/2), and β̃(4) − β0 = Op(M

−5/2N−1/2).

Similarly interchanging the role of m and n we can get the algorithm correspond-

ing to γ0 and δ0.
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4 Simulation and data analysis

4.1 Simulation Results

Table 1: Result for model with i.i.d. error

sample size=50×50
σ2=0.05 PARA 1.00 0.05 1.50 0.50

ASYV ( 0.6144001E-07) ( 0.2304000E-10) ( 0.6144001E-07) ( 0.2304000E-10)
MEAN(Algo) 1.000093 0.049997 1.500015 0.500000
MSE(Algo) ( 0.5010137E-06) ( 0.2194539E-10) ( 0.2086442E-06) ( 0.7875175E-09)

MEAN(LSE) 0.999997 0.050000 1.500020 0.500000
MSE(LSE) ( 0.1124367E-06) ( 0.3985947E-10) ( 0.3852298E-06) ( 0.1130815E-09)

σ2=0.5 PARA 1.00 0.05 1.50 0.50
ASYV ( 0.6144001E-06) ( 0.2304000E-09) ( 0.6144001E-06) ( 0.2304000E-09)

MEAN(Algo) 1.000108 0.049992 1.499921 0.500004
MSE(Algo) ( 0.8032256E-05) ( 0.5519645E-08) ( 0.6177288E-05) ( 0.2731907E-08)

MEAN(LSE) 1.000072 0.049999 1.500018 0.499999
MSE(LSE) ( 0.1133311E-05) ( 0.4220677E-09) ( 0.5684647E-05) ( 0.2187304E-08)

Table 2: Result for model with i.i.d. error

sample size=75×75
σ2=0.05 PARA 1.00 0.05 1.50 0.50

ASYV ( 0.1213630E-07) ( 0.2022716E-11) ( 0.1213630E-07) ( 0.2022716E-11)
MEAN(Algo) 0.999798 0.050002 1.500087 0.499999
MSE(Algo) ( 0.1951499E-06) ( 0.3237120E-10) ( 0.1740811E-06) ( 0.2798037E-10)

MEAN(LSE) 1.000027 0.050000 1.499981 0.500000
MSE(LSE) ( 0.3739163E-07) ( 0.6373457E-11) ( 0.3754973E-07) ( 0.6375678E-11)

σ2=0.5 PARA 1.00 0.05 1.50 0.50
ASYV ( 0.1213630E-06) ( 0.2022716E-10) ( 0.1213630E-06) ( 0.2022716E-10)

MEAN(Algo) 0.999679 0.050003 1.500144 0.499998
MSE(Algo) ( 0.5891653E-06) ( 0.1142206E-09) ( 0.1408832E-05) ( 0.2284886E-10)

MEAN(LSE) 1.000020 0.050000 1.500002 0.500000
MSE(LSE) ( 0.2757161E-06) ( 0.4616362E-10) ( 0.2735573E-06) ( 0.4724625E-10)

In this section we present some simulation results for different sample sizes and

for different error variances to show how the proposed method behaves in practice.

We consider the following model

y(m,n) = 5.0 cos(1.0m+0.05m2+1.5n+0.5n2)+5.0 sin(1.0m+0.05m2+1.5n+0.5n2)).

(20)

We have considered (i) X(m,n) = ε(m,n) (i.i.d. errors) and (ii) X(m,n) = ǫ(m,n)+

0.5ǫ(m− 1, n) + 0.33ǫ(m,n − 1) (stationary error), where ε(m,n) ’s are i.i.d. normal

random variables with mean 0 and variance σ2. We have taken M = N = 50, 75, σ2 =

0.05 and 0.5. In each case we have obtained the initial guesses as has been suggested
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Table 3: Result for model with stationary error

sample size=50×50
σ2=0.05 PARA 1.00 0.05 1.50 0.50

ASYV ( 0.8349082E-07) ( 0.3130906E-10) ( 0.8349082E-07) ( 0.3130906E-10)
MEAN(Algo) 1.000111 0.049998 1.500039 0.499999
MSE(Algo) ( 0.6044609E-06) ( 0.3092874E-10) ( 0.3720176E-06) ( 0.1503450E-09)

MEAN(LSE) 1.000016 0.050000 1.500002 0.500000
MSE(LSE) ( 0.1159275E-06) ( 0.4430854E-10) ( 0.1125116E-06) ( 0.4000090E-10)

σ2=0.5 PARA 1.00 0.05 1.50 0.50
ASYV ( 0.8349081E-06) ( 0.3130906E-09) ( 0.8349081E-06) ( 0.3130906E-09)

MEAN(Algo) 1.000086 0.050000 1.499968 0.500003
MSE(Algo) ( 0.8371484E-05) ( 0.9488036E-09) ( 0.7387891E-05) ( 0.4147575E-09)

MEAN(LSE) 1.000068 0.049999 1.499953 0.500001
MSE(LSE) ( 0.1414497E-05) ( 0.5333091E-09) ( 0.1192405E-05) ( 0.4391810E-09)

Table 4: Result for model with stationary error

sample size=75×75
σ2=0.05 PARA 1.00 0.05 1.50 0.50

ASYV ( 0.1649201E-07) ( 0.2748669E-11) ( 0.1649201E-07) ( 0.2748669E-11)
MEAN(Algo) 0.999800 0.050002 1.500034 0.500000
MSE(Algo) ( 0.3097944E-06) ( 0.4884151E-10) ( 0.3867856E-07) ( 0.6546732E-11)

MEAN(LSE) 1.000024 0.050000 1.499987 0.500000
MSE(LSE) ( 0.4411412E-07) ( 0.7600867E-11) ( 0.4548108E-07) ( 0.7872438E-11)

σ2=0.5 PARA 1.00 0.05 1.50 0.50
ASYV ( 0.1649201E-06) ( 0.2748669E-10) ( 0.1649201E-06) ( 0.2748669E-10)

MEAN(Algo) 0.999669 0.050004 1.500081 0.499999
MSE(Algo) ( 0.6820307E-06) ( 0.1362305E-09) ( 0.2642028E-06) ( 0.4555038E-10)

MEAN(LSE) 1.000021 0.050000 1.499990 0.500000
MSE(LSE) ( 0.3979654E-06) ( 0.6132625E-10) ( 0.3148316E-06) ( 0.5325718E-10)

in Section 3. For each M = N and σ2, we compute the average estimates of α0, β0,

γ0 and δ0 and the associated mean squared errors based on 1000 replications. The

results are reported in Tables 1 to 4. For comparison purposes we have also computed

the LSEs and the corresponding asymptotic variances.

From the results presented in the tables, it is clear that the performances of the

estimators obtained by the proposed algorithm are quite satisfactory in comparison

to the corresponding performances of the least square estimators. The MSEs of the

proposed estimators are very close to the asymptotic variance of the corresponding

least square estimators. The performances are quite good even with moderate sample

sizes. It is clear that even with the four steps of iteration, we are able to achieve the

same accuracy as of the least square estimators.

11



4.2 Data Analysis

In this subsection we present the analysis of a simulated data set mainly for illustrative

purposes. We have generated a sample of size 75 × 75 from the chirp model with

following parameters, A0 = 5.0, B0 = 1.0, α0 = 1.55, β0 = 0.05, γ0 = 1.25, δ0 =

0.075. X(n)s are as follows, X(m,n) = ε(m,n) + 0.5ε(m − 1, n) + 0.33ε(m,n − 1)

where ε(m,n)’s are assumed to be i.i.d. Gaussian random variables with mean 0 and

variance σ2 = 0.5. We have generated the data y(m,n) for M = N = 75. We get the

initial guess from the least squares surfaces of the row sum and column sum of the

data. We also present the two least squares surfaces in Figure 1 and 2 for column

sum and row sum of the data respectively.

0
1

2
3

4
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1

2

3

4
0.6

0.8

1

1.2

1.4

x 10
4

Figure 1: Least squares surface for column sum

Using the algorithm, we obtained the estimates of A0, B0, α0, β0, γ0 and δ0 as

4.996596, 0.999698, 1.550000, 0.050000, 1.250000, 0.075000 respectively. We plot the

true image, noisy image and estimated image in Figure 3, 4 and 5 respectively. We

can see that the original and the estimated plots match quite well.
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Figure 2: Least square surface for row sum

5 Conclusion

In this paper we propose an efficient algorithm to find the estimators of the param-

eters of a two dimensional chirp signal model which are asymptotically equivalent to

least squares estimators of the corresponding model parameters. To implement the

algorithm we need a good initial estimate. We have discussed how to get such an

initial guess in practice. Simulation results indicate that the proposed method works

quite well in terms of mean square errors, and it produces estimators which perform

like the LSEs. Since the proposed algorithm converges in four steps only, it can be

used very effectively for online implementation purposes.

Appendix

We need the following lemmas for proving the theorems. Using Vinogradov’s [14]

result one can prove it.
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Figure 3: Original texture

Lemma 1. If (ω, θ) ∈ (0, π) × (0, π), then except for countable number of points

lim
min{M,N}→∞

1

MN

N∑

n=1

M∑

m=1

cos(ωm2+θn2) = lim
min{M,N}→∞

1

MN

N∑

n=1

M∑

m=1

sin(ωm2+θn2) = 0.

(21)

lim
min{M,N}→∞

1

MN

N∑

n=1

M∑

m=1

cos2(ωm2+θn2) = lim
min{M,N}→∞

1

MN

N∑

n=1

M∑

m=1

sin2(ωm2+θn2) =
1

2
.

(22)

Lemma 2. If (ω1, ω2, θ1, θ2) ∈ (0, π)×(0, π)×(0, π)×(0, π), then except for countable

number of points

lim
min{M,N}→∞

1

MN

N∑

n=1

M∑

m=1

cos(ω1m + ω2m
2 + θ1n + θ2n

2) =

lim
min{M,N}→∞

1

MN

N∑

n=1

M∑

m=1

sin(ω1m + ω2m
2 + θ1n + θ2n

2) = 0.

(23)

lim
min{M,N}→∞

1

M (s+1)N (t+1)

N∑

n=1

M∑

m=1

msnt cos2(ω1m + ω2m
2 + θ1n + θ2n

2) =

lim
min{M,N}→∞

1

M (s+1)N (t+1)

N∑

n=1

M∑

m=1

msnt sin2(ω1m + ω2m
2 + θ1n + θ2n

2) =

1

2(s + 1)(t + 1)
.

(24)
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Figure 4: Noisy texture

Proof of Theorem 1:

Note that,

N∑

n=1

y(m,n) = A∗
N cos(α0m + β0m2) + B∗

N sin(α0m + β0m2) +
N∑

n=1

X(m,n) (25)

where A∗
N =

∑N
n=1 [A0 cos(γ0n + δ0n2) + B0 sin(γ0n + δ0n2)] = (A0 + B0)O(N) and

B∗
N =

∑N
n=1 [B0 cos(γ0n + δ0n2) − A0 sin(γ0n + δ0n2)] = (B0 − A0)O(N)

Q
α,β
MN =

M∑

m=1

N∑

n=1

y(m,n)e−i(α̃m+β̃m2)

=
M∑

m=1

(
A∗

N − iB∗
N

2
)ei[(α0−α̃)m+(β0−β̃)m2] +

M∑

m=1

(
A∗

N + iB∗
N

2
)e−i[(α0+α̃)m+(β0+β̃)m2]

+
M∑

m=1

N∑

n=1

X(m,n)e−i(α̃m+β̃m2)

(26)

To get 2nd term in equation (26) we use the lemma and get

M∑

m=1

e−i[(α0+α̃)m+(β0+β̃)m2] = op(M)
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Figure 5: Estimated texture

Using lemma and bivariate Taylor series expansion the 1st term in equation (26)
becomes

M∑

m=1

ei[(α0−α̃)m+(β0−β̃)m2]

=
M∑

m=1

[
ei[m(α0−α0)+m2(β0−β0)] + i(α0 − α̃)m + i(β0 − β̃)m2

+
i2(α0 − α̃)2m2

2!
ei[m(α0−α∗)+m2(β0−β∗)] +

i2(β0 − β̃)2m4

2!
ei[m(α0−α∗)+m2(β0−β∗)]

+
2i2(α0 − α̃)(β0 − β̃)m3

2!
ei[m(α0−α∗)+m2(β0−β∗)]

]

= O(M) + Op(M
−1−λ11N−λ12)O(M2) + Op(M

−2−λ21N−λ22)O(M3)

+
1

2
Op(M

−2−2λ11N−2λ12)Op(M
3) +

1

2
Op(M

−4−2λ21N−2λ22)Op(M
5)

+ Op(M
−1−λ11N−λ12)Op(M

−2−λ21N−λ22)Op(M
4)

16



= Op(M) + Op(M
1−λ11N−λ12) + Op(M

1−λ21N−λ22)

+
1

2
Op(M

1−2λ11N−2λ12) + Op(M
1−λ11−λ21N−λ12−λ22) +

1

2
Op(M

1−2λ21N−2λ22)

= Op(M) + Op(M
1−min(λ11,λ21)N−min(λ12,λ22)) + Op(M

1−2min(λ11,λ21)N−2min(λ12,λ22))

= Op(M)
(
1 + Op(M

−min(λ11,λ21)N−min(λ12,λ22)) + Op(M
−2min(λ11,λ21)N−2min(λ12,λ22))

)

where (α∗, β∗) is a point on the line joining (α0, β0) and (α̃, β̃)

To calculate the 3rd term in equation (26) we need the following two observations.

(i)

1

M s+ 1

2 N
1

2

M∑

m=1

N∑

n=1

ms[sin(α0m + β0m2)]X(m,n)

and

1

M s+ 1

2 N
1

2

M∑

m=1

N∑

n=1

ms[cos(α0m + β0m2)]X(m,n)

satisfy conditions for Central Limit Theorem (CLT), see Fuller [3], when α0, β0 are

the true value as in the model.

(ii) sup
α,β

∣∣∣∣∣
1

M s+1N

M∑

m=1

N∑

n=1

msX(m,n)ei[αm+βm2]

∣∣∣∣∣ → 0 a.s.. It can be proved along the

same line as Kundu and Nandi [8].

Now we choose L large such that 1−L min(λ11, λ21) < 0 and 1−L min(λ12, λ22) <

0. Then using again bivariate Taylor series expansion, the 3rd term in equation (26)

17



becomes

M∑

m=1

N∑

n=1

X(m,n)e−i(α̃m+β̃m2) =
M∑

m=1

N∑

n=1

X(m,n)
[
e−i(mα0+m2β0)

+
L−1∑

l=1

l∑

k=0

(i(α̃ − α0)m)k(i(β̃ − β0)m2)l−k

k!(l − k)!
e−i(mα0+m2β0)

+
L∑

k=0

(i(α̃ − α0)m)k(i(β̃ − β0)m2)L−k

k!(L − k)!
e−i(mα∗+m2β∗)

]

= Op((MN)
1

2 )

+
L−1∑

l=1

l∑

k=0

1

k!(l − k)!
Op(M

−k−kλ11N−kλ12)Op(M
−2(l−k)−(l−k)λ21N−(l−k)λ22)Op(M

k+2(l−k)+ 1

2 N
1

2 )

+
L∑

k=0

1

k!(L − k)!
Op(M

−k−kλ11N−kλ12)Op(M
−2(L−k)−(L−k)λ21N−(L−k)λ22)Op(M

k+2(L−k)+1N)

= Op((MN)
1

2 ) +
L−1∑

l=1

l∑

k=0

1

k!(l − k)!
[Op(M

1

2
−kλ11−(l−k)λ21N

1

2
−kλ12−(l−k)λ22)]

+
L∑

k=0

1

k!(L − k)!
[Op(M

1−kλ11−(L−k)λ21N1−kλ12−(L−k)λ22)]

= Op((MN)
1

2 ) +
L−1∑

l=1

Op((MN)
1

2 )
1

l!
(M−λ11N−λ12 + M−λ21N−λ22)l

+ Op(MN)
1

L!
(M−λ11N−λ12 + M−λ21N−λ22)L

= Op((MN)
1

2 ) +
L−1∑

l=1

Op((MN)
1

2 )
1

l!
(M−min(λ11,λ21)N−min(λ12,λ22))l

+ Op(MN)
1

L!
(M−min(λ11,λ21)N−min(λ12,λ22))L

= Op((MN)
1

2 ) +
L−1∑

l=1

Op((MN)
1

2 )
1

l!
(M−min(λ11,λ21)N−min(λ12,λ22))l + OP (1)

= Op((MN)
1

2 )

We note that

A∗
N − iB∗

N

2
=

(
A0 + B0

2
+ i

A0 − B0

2

)
O(N)

and

A∗
N + iB∗

N

2
=

(
A0 + B0

2
− i

A0 − B0

2

)
O(N)

18



Then equation (26) becomes

Q
α,β
MN = (

A∗
N − iB∗

N

2
)Op(M)[1 + Op(M

−min(λ11,λ21)N−min(λ12,λ22))]

+ (
A∗

N + iB∗
N

2
)op(M) + Op((MN)

1

2 )

= (
A∗

N − iB∗
N

2
)Op(M) = (

A0 + B0

2
+ i

A0 − B0

2
)Op(MN)

Pα
MN =

M∑

m=1

N∑

n=1

y(m,n)(m −
M

2
)e−i(α̃m+β̃m2)

=
M∑

m=1

N∑

n=1

X(m,n)(m −
M

2
)e−i(α̃m+β̃m2) +

M∑

m=1

(
A∗

N − iB∗
N

2
)(m −

M

2
)ei[(α0−α̃)m+(β0−β̃)m2]

+
M∑

m=1

(
A∗

N + iB∗
N

2
)(m −

M

2
)e−i[(α0+α̃)m+(β0+β̃)m2]

(27)

For 3rd term in equation (27) we calculate

M∑

m=1

(m −
M

2
)e−i[(α0+α̃)m+(β0+β̃)m2] =

M∑

m=1

(m −
M

2
)Op(1) = Op(M)
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Bivariate Taylor series gives 1st term in equation (27) as

M∑

m=1

N∑

n=1

X(m,n)(m −
M

2
)e−i(α̃m+β̃m2) =

M∑

m=1

N∑

n=1

X(m,n)(m −
M

2
)
[
e−i(mα0+m2β0)

+
L−1∑

l=1

l∑

k=0

(i(α̃ − α0)m)k(i(β̃ − β0)m2)l−k

k!(l − k)!
e−i(mα0+m2β0)

+
L∑

k=0

(i(α̃ − α0)m)k(i(β̃ − β0)m2)L−k

k!(L − k)!
e−i(mα∗+m2β∗)

]

=
M∑

m=1

N∑

n=1

X(m,n)(m −
M

2
)e−i(mα0+m2β0)

+
L−1∑

l=1

l∑

k=0

1

k!(l − k)!
Op(M

−k−kλ11N−kλ12)Op(M
−2(l−k)−(l−k)λ21N−(l−k)λ22)Op(M

k+2(l−k)+ 3

2 N
1

2 )

+
L∑

k=0

1

k!(L − k)!
Op(M

−k−kλ11N−kλ12)Op(M
−2(L−k)−(L−k)λ21N−(L−k)λ22)Op(M

k+2(L−k)+2N)

=
M∑

m=1

N∑

n=1

X(m,n)(m −
M

2
)e−i(mα0+m2β0)

+
L−1∑

l=1

l∑

k=0

1

k!(l − k)!
[Op(M

3

2
−kλ11−(l−k)λ21N

1

2
−kλ12−(l−k)λ22)]

+
L∑

k=0

1

k!(L − k)!
[Op(M

2−kλ11−(L−k)λ21N1−kλ12−(L−k)λ22)]

=
M∑

m=1

N∑

n=1

X(m,n)(m −
M

2
)e−i(mα0+m2β0) +

L−1∑

l=1

Op(M
3

2 N
1

2 )
1

l!
(M−λ11N−λ12 + M−λ21N−λ22)l

+ Op(M
2N)

1

L!
(M−λ11N−λ12 + M−λ21N−λ22)L

=
M∑

m=1

N∑

n=1

X(m,n)(m −
M

2
)e−i(mα0+m2β0) +

L−1∑

l=1

Op(M
3

2 N
1

2 )
1

l!
(M−min(λ11,λ21)N−min(λ12,λ22))l

+ Op(M
2N)

1

L!
(M−min(λ11,λ21)N−min(λ12,λ22))L

=
M∑

m=1

N∑

n=1

X(m,n)(m −
M

2
)e−i(mα0+m2β0)

+
L−1∑

l=1

Op(M
3

2 N
1

2 )
1

l!
(M−min(λ11,λ21)N−min(λ12,λ22))l + OP (M)

=
M∑

m=1

N∑

n=1

X(m,n)(m −
M

2
)e−i(mα0+m2β0) + op(M

3

2 N
1

2 )
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Again using Taylor series we get 2nd term in equation (27) as

M∑

m=1

(m −
M

2
)ei[(α0−α̃)m+(β0−β̃)m2]

=
M∑

m=1

(m −
M

2
)
[
ei[m(α0−α0)+m2(β0−β0)] + i(α0 − α̃)m + i(β0 − β̃)m2

+
i2(α0 − α̃)2m2

2!
ei[m(α0−α∗)+m2(β0−β∗)] +

i2(β0 − β̃)2m4

2!
ei[m(α0−α∗)+m2(β0−β∗)]

+
2i2(α0 − α̃)(β0 − β̃)m3

2!
ei[m(α0−α∗)+m2(β0−β∗)]

]

= O(M) + i(α0 − α̃)O(M3) + i(α0 − α̃)Op(M
−1−λ11N−λ12)Op(M

4)

+ i(α0 − α̃)Op(M
−2−λ21N−λ22)Op(M

5)

+ Op(M
−2−λ21N−λ22)O(M4) + Op(M

−4−2λ21N−2λ22)Op(M
6)

= Op(M) + i(α0 − α̃)O(M3)[1 + Op(M
−λ11N−λ12) + Op(M

−λ21N−λ22)]

+ Op(M
2)[Op(M

−λ21N−λ22) + Op(M
−2λ21N−2λ22)]

= op(M
2) + i(α0 − α̃)O(M3)[1 + Op(M

−λ11N−λ12) + Op(M
−λ21N−λ22)]

= op(M
2) + i(α0 − α̃)O(M3)[1 + Op(M

−min(λ11,λ21)N−min(λ12,λ22)]

Then equation (27) becomes

Pα
MN = (

A∗
N − iB∗

N

2
)i(α0 − α̃)O(M3)[1 + Op(M

−min(λ11,λ21)N−min(λ12,λ22)] + op(M
2)

+ (
A∗

N + iB∗
N

2
)Op(M) + op(M

3

2 N
1

2 ) +
M∑

m=1

N∑

n=1

X(m,n)(m −
M

2
)e−i(α0m+β0m2)

=
M∑

m=1

N∑

n=1

X(m,n)(m −
M

2
)e−i(α0m+β0m2)

+ (
A∗

N − iB∗
N

2
)i(α0 − α̃)O(M3)[1 + Op(M

−min(λ11,λ21)N−min(λ12,λ22))]

=
M∑

m=1

N∑

n=1

X(m,n)(m −
M

2
)e−i(α0m+β0m2)

+

(
A0 + B0

2
+ i

A0 − B0

2

)
i(α0 − α̃)O(M3N)[1 + Op(M

−min(λ11,λ21)N−min(λ12,λ22))]

then ˜̃α = α̃ +
48

M2
Im[

Pα
MN

Q
α,β
MN

]
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˜̃α = α̃+

48

M2
Im

[
(

A∗

N−iB∗

N

2
)i(α0 − α̃)O(M3)[1 + Op(M

−min(λ11,λ21)N−min(λ12,λ22)]

Op(M)(
A∗

N−iB∗

N

2
)

+

M∑

m=1

N∑

n=1

X(m,n)(m −
M

2
)e−i(α0m+β0m2)

Op(M)(
A∗

N−iB∗

N

2
)




˜̃α = α0 + (α0 − α̃)Op(M
−min(λ11,λ21)N−min(λ12,λ22)

+
48

M2
Im




M∑

m=1

N∑

n=1

X(m,n)(m −
M

2
)e−i(α0m+β0m2)

(A0+B0

2
+ iA0−B0

2
)Op(MN)




Now the variance of 48
M−3/2N−1/2 Im




M∑

m=1

N∑

n=1

X(m,n)(m −
M

2
)e−i(α0m+β0m2)

“

A0+B0

2
+i A0

−B0

2

”




us-

ing Lemma 1 and 2, is asymptotically same as variance of least square estimators

of α0 . So ˜̃α − α0 = Op(M
(−1−λ11)N (−λ12)) where λ11 ∈ (0, 1

2
) then ˜̃α − α0 =

Op(M
(−1−2λ11)N (−λ12)) if λ11 ≤ 1

4
M

3

2 ( ˜̃α − α0) → N(0, σ2
1) if λ11 > 1

4
by CLT of

stochastic process in Fuller [3] where σ2
1 = 384σ2c

A02+B02 is variance of least square estima-

tors of α0 where c =
∞∑

j=−∞
a(j)2.

Proof of Theorem 2:

P
β
MN =

M∑

m=1

N∑

n=1

y(m,n)(m2 −
M2

3
)e−i(α̃m+β̃m2)

=
M∑

m=1

N∑

n=1

X(m,n)(m2 −
M2

3
)e−i(α̃m+β̃m2) +

M∑

m=1

(
A∗

N − iB∗
N

2
)(m2 −

M2

3
)ei[(α0−α̃)m+(β0−β̃)m2]

+
M∑

m=1

(
A∗

N + iB∗
N

2
)(m −

M

2
)e−i[(α0+α̃)m+(β0+β̃)m2]

To get 3rd term in equation (28) we calculate

M∑

m=1

(m2 −
M2

3
)e−i[(α0+α̃)m+(β0+β̃)m2] =

M∑

m=1

(m2 −
M2

3
)Op(1) = Op(M

2)

(28)
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Expanding using bivariate Taylor series 1st term in equation (28) becomes

M∑

m=1

N∑

n=1

X(m,n)(m2 −
M2

3
)e−i(α̃m+β̃m2) =

M∑

m=1

N∑

n=1

X(m,n)(m2 −
M2

3
)
[
e−i(mα0+m2β0)

+
L−1∑

l=1

l∑

k=0

(i(α̃ − α0)m)k(i(β̃ − β0)m2)l−k

k!(l − k)!
e−i(mα0+m2β0)

+
L∑

k=0

(i(α̃ − α0)m)k(i(β̃ − β0)m2)L−k

k!(L − k)!
e−i(mα∗+m2β∗)

]

=
M∑

m=1

N∑

n=1

X(m,n)(m2 −
M2

3
)e−i(mα0+m2β0)

+
L−1∑

l=1

l∑

k=0

1

k!(l − k)!
Op(M

−k−kλ11N−kλ12)Op(M
−2(l−k)−(l−k)λ21N−(l−k)λ22)Op(M

k+2(l−k)+ 5

2 N
1

2 )

+
L∑

k=0

1

k!(L − k)!
Op(M

−k−kλ11N−kλ12)Op(M
−2(L−k)−(L−k)λ21N−(L−k)λ22)Op(M

k+2(L−k)+3N)

=
M∑

m=1

N∑

n=1

X(m,n)(m2 −
M2

3
)e−i(mα0+m2β0)

+
L−1∑

l=1

l∑

k=0

1

k!(l − k)!
[Op(M

5

2
−kλ11−(l−k)λ21N

1

2
−kλ12−(l−k)λ22)]

+
L∑

k=0

1

k!(L − k)!
[Op(M

3−kλ11−(L−k)λ21N1−kλ12−(L−k)λ22)]

=
M∑

m=1

N∑

n=1

X(m,n)(m2 −
M2

3
)e−i(mα0+m2β0) +

L−1∑

l=1

Op(M
5

2 N
1

2 )
1

l!
(M−λ11N−λ12 + M−λ21N−λ22)l

+ Op(M
3N)

1

L!
(M−λ11N−λ12 + M−λ21N−λ22)L

=
M∑

m=1

N∑

n=1

X(m,n)(m2 −
M2

3
)e−i(mα0+m2β0) +

L−1∑

l=1

Op(M
5

2 N
1

2 )
1

l!
(M−min(λ11,λ21)N−min(λ12,λ22))l

+ Op(M
3N)

1

L!
(M−min(λ11,λ21)N−min(λ12,λ22))L

=
M∑

m=1

N∑

n=1

X(m,n)(m2 −
M2

3
)e−i(mα0+m2β0)

+
L−1∑

l=1

Op(M
5

2 N
1

2 )
1

l!
(M−min(λ11,λ21)N−min(λ12,λ22))l + OP (M2)

=
M∑

m=1

N∑

n=1

X(m,n)(m2 −
M2

3
)e−i(mα0+m2β0) + op(M

5

2 N
1

2 )
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Taylor series expansion gives 2nd term in equation (28) as

M∑

m=1

(m2 −
M2

3
)ei[(α0−α̃)m+(β0−β̃)m2]

=
M∑

m=1

(m2 −
M2

3
)
[
ei[m(α0−α0)+m2(β0−β0)] + i(α0 − α̃)m + i(β0 − β̃)m2

+
i2(α0 − α̃)2m2

2!
ei[m(α0−α∗)+m2(β0−β∗)] +

i2(β0 − β̃)2m4

2!
ei[m(α0−α∗)+m2(β0−β∗)]

+
2i2(α0 − α̃)(β0 − β̃)m3

2!
ei[m(α0−α∗)+m2(β0−β∗)]

]

= O(M2) + i(β0 − β̃)O(M5) + i(β0 − β̃)Op(M
−1−λ11N−λ12)Op(M

6)

+ i(β0 − β̃)Op(M
−2−λ21N−λ22)Op(M

7)

+ Op(M
−1−λ11N−λ12)O(M4) + Op(M

−2−2λ11N−2λ12)Op(M
5)

= Op(M
2) + i(β0 − β̃)O(M5)[1 + Op(M

−λ11N−λ12) + Op(M
−λ21N−λ22)]

+ Op(M
3)[Op(M

−λ11N−λ12) + Op(M
−2λ11N−2λ12)]

= op(M
3) + i(β0 − β̃)O(M5)[1 + Op(M

−λ11N−λ12) + Op(M
−λ21N−λ22)]

= op(M
3) + i(β0 − β̃)O(M5)[1 + Op(M

−min(λ11,λ21)N−min(λ12,λ22)]

Then equation (28) becomes

P
β
MN = (

A∗
N − iB∗

N

2
)i(β0 − β̃)O(M5)[1 + Op(M

−min(λ11,λ21)N−min(λ12,λ22)] + op(M
3)

+ (
A∗

N + iB∗
N

2
)Op(M

2) + op(M
5

2 N
1

2 ) +
M∑

m=1

N∑

n=1

X(m,n)(m2 −
M2

3
)e−i(β0m+β0m2)

=
M∑

m=1

N∑

n=1

X(m,n)(m2 −
M2

3
)e−i(β0m+β0m2)

+ (
A∗

N − iB∗
N

2
)i(β0 − β̃)O(M5)[1 + Op(M

−min(λ11,λ21)N−min(λ12,λ22))]

=
M∑

m=1

N∑

n=1

X(m,n)(m2 −
M2

3
)e−i(β0m+β0m2)

+

(
A0 + B0

2
+ i

A0 − B0

2

)
i(β0 − β̃)O(M5N)[1 + Op(M

−min(λ11,λ21)N−min(λ12,λ22))]
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˜̃
β = β̃+

45

M4
Im

[
(

A∗

N−iB∗

N

2
)i(β0 − β̃)O(M5)[1 + Op(M

−min(λ11,λ21)N−min(λ12,λ22)]

Op(M)(
A∗

N−iB∗

N

2
)

+

M∑

m=1

N∑

n=1

X(m,n)(m2 −
M2

3
)e−i(α0m+β0m2)

Op(M)(
A∗

N−iB∗

N

2
)




˜̃
β = β0 + (β0 − β̃)Op(M

−min(λ11,λ21)N−min(λ12,λ22)

+
45

M4
Im




M∑

m=1

N∑

n=1

X(m,n)(m2 −
M2

3
)e−i(α0m+β0m2)

(A0+B0

2
+ iA0−B0

2
)Op(MN)




Now using Lemma 1 and 2 variance of 45
M−3/2N−1/2 Im




M∑

m=1

N∑

n=1

X(m,n)(m2 −
M2

3
)e−i(α0m+β0m2)

“

A0+B0

2
+i A0

−B0

2

”




is asymptotically same as variance of least square estimator of β0. So ˜̃
β − β0 =

Op(M
(−2−λ21)) where λ21 ∈ (0, 1

2
) then ˜̃

β − β0 = Op(M
(−2−2λ21)) if λ21 ≤ 1

4
and

M
5

2 ( ˜̃
β − β0) → N(0, σ2

2) if λ21 > 1
4

by CLT of stochastic process in Fuller [3] where

σ2
2 = 360σ2c

A02+B02 is the variance of the least square estimator of β0.

Proof of Theorem 3 and 4: Theorems 3 and 4 can be proved along the same

line as that of theorem 1 and 2 by interchanging the role of m and n.
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