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@ General approximation space: S = <§, R).

Rough Semantics u(S, ) of various types in many Semantic
Domains.

Semantics can be difficult when R satisfies weaker forms of
transitivity, etc.

R can be approximated by quasi/partial orders and other
relations.

For quasi-orders a semantics for the set {(A/, A“); AC S} as
Nelson algebras over an algebraic lattice is known
[SJ, JPR'2011].

How well do the corresponding semantics help?
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@ Weakly Transitive: If whenever Rxy, Ryz and x # y # z
holds, then Rxz. ( (RoR)\Ags CR)

@ Transitive: whenever Rxy & Ryz holds then Rxz ((Ro R) C R)

@ Proto-Transitive: Whenever Rxy, Ryz, Ryx, Rzy and
x # y # z holds, then Rxz. Proto-transitivity of R is
equivalent to RN R~! = 7(R) being weakly transitive.

An infinite number of weakenings of transitivity is possible, but no
systematic approach to handle these is known.




Definitions

Proto Approximation Space S: (S, R). (PRAS)
Reflexive Proto Approximation Space: PRAX
Successor nbd: [x] = {y; Ryx} Associated Granulations
'Y = {[x]: xS}

Successor nbd: [x], = {y; Ryx& Rxy} Associated
Granulations :¥, = {[x]: x € S}

Upper Proto: AY = U[X]M#@ [x].

Lower Proto: Al = U[X]gA [x].
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Approximations

Symmetrized Upper Proto A" = U[X]OHA%@ [x],-
Symmetrized Lower Proto A" = U[x]ogA [x],-
Point-wise Upper A"" = {x : [x]|NA#0}.
Point-wise Lower A" = {x : [x] C A}.

X-Definite Element a subset A satisfying AX = A. §,(S) -
Collection
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Theorem
(VA€ p(S)) AT C Al Aut C AY.

Theorem

Bi (VA€ p(S)) A = A& A" C A,

I-Cup (VA,Bep(S))A'uB' C(AUB)'.

I-Cap (VA,B€p(S))(ANB) C A'nB'.

u-Cup (YA, Bep(S))(AUB)" = AYUB"

u-Cap (VA,B€p(S))(ANB)" C A“NB
( )

Dual (VA€ p(S)) Al C A,
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In a PRAX'S, all of the following hold: References
Q (YA Bep(S))(AN B)+ = Altn B+
Q@ (VA Be g)(S))A’+ UB™* C(AUB)™*
o (VAEK)(S))(AH)C — (Ac)u+’ &AH C A/o&Auo C
AUt QAT C Al




Relationship Diagram Gorantin.
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Reading Help: the u+- approximation of a set is included in the
u-approximation of the same set.




Types of Algebraic Semantics for PRAX

@ Semantics of Definite Objects.
Semantics of Rough Objects

Mixed Semantics of Rough Objects
Antichains of Rough Inclusion.

Dialectical Semantics

Approximation of Semantics.

Approximate
Semantics

A. Mani

Context

Approximation of
Relati

Granules of Derived
Relations

Transitive Completion

and Approximate

Semar

Re




Approximate

Definitions_.l Semantics

A. Mani

Context

Approximation of
Relations

Granules of Derived

Relations
R is a binary relation on a set X. Teansitive Completion
and Approximate
a
R°=RUA,.
Weak transitive closure of R: R#.
RoR...oR
. ~—
R() is the i-times composition  i-times , then
R#* — UR(i)-
R is acyclic if and only if (Vx) =R xx.

R ab if and only if Rab& —(R*ab& R¥ ba).




Definitions-2

@ R’ab if and only if [b]go C [a]ge & [a];re C [b]go-
@ RY€ab if and only if R*ab and R* ba.
@ R"ab if and only if R"ab and R ab.
In case of PRAX, R° = R, so the definition of R’ would involve

neighborhoods of the form [a] and [a]; alone. R” C R and R’ is a
partial order.
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PRAX Case

Theorem
Rh = 0.

Proposition

All of the following hold in a PRAX S:
@ Rab <+ (R\7(R))ab.
o (Va,b)=(R ab& R ba).
o (Va,b,c)(Rab& R'bc — =R ac).
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Theorem
Q@ R* = R*\ 7(R).
Q@ R* = (R\<(R))*.
O (R\(R))* € R*\7(R)
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Possible/Desirable Properties

If < is a strict partial order on S and R is a relation, then consider
the conditions :

PO1 (Va,b)(a< b — R¥ab).
PO2 (Va,b)(a< b — —R¥ba).
PO3 (Va,b)(R'ab& R'ab — a< b.
PO4 If a=g b, then a=_ b.

PO5 (Va,b)(a< b — Rab).
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Partial Order Approximation

partial order approximation POA of R iff PO1, PO2, PO3,
PO4.

weak partial order approximation: WPOA PO1, PO3, PO4).
inner approximation IPOA: PO5.
R", R are IPOA, while R#, R# are POAs.

Lean quasi order approximation < of R, we will mean a quasi
order satisfying POI and PO2.

The corresponding sets of such approximations of R will be
denoted by POA(R), WPOA(R), IPOA(R), IWPOA(R) and
LQO(R)
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Theorem

Theorem

For any A, B€ LQO(R), we can define the operations &,V, T :

o (Vx,y)(A&B)xy if and only if (Vx,y)Axy & Bxy.
e (AVB) = (AUB)#, T = R¥.

Theorem
In a PRAX, R*&R*xy « (R\ 7(R))*xy.
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Granules-1

@ R* . trans ortho-completion of R

o (o = {ys R¥yx}. X}, = by R¥ ).

o [x]°, = {y: R¥ yx& R¥xy}.

Theorem
Ina PRAX'S, (Vx€S)[x]°, = {x}.
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Symmetric Center of R

e Definition: Kg = (Je(z(R)\ Ag).
Kpg can be used to partially categorize subsets of S based on
intersection.

Propl: (Vx)[x]A[x],, # 0 as

Prop2: x ¢ K — [x] C [],,-

Prop3: x € Kg — [x] € [x]o & {x} C [x] N [X],s-

Prop4: (R\ 7(R))* Ut(R) is not necessarily a quasi order.

Proposition
((R\z(R))* UT(R))* = R".
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Relation Between Semantics

@ Perspective-1: The definite or rough objects most closely
related to the difference of lower approximations and those
related to the difference of upper approximations can be
expected to be related in a nice way.

@ We prove that nice does not have a rough evolution - anyway
it is a semantics that involves that of [JPR'2011, SJ].

@ Perspective-2: Starting from sets of the form
A = (A'\ Al)U (A¥ \ AY) and taking their lower (1,) and
upper (u#) approximations - the resulting structure would be
a partial algebra derived from a Nelson algebra over an
algebraic lattice ([AM'2012C]).
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In a PRAX'S, (we use # subscripts for neighborhoods,
approximation operators and rough equalities of the weak

Approximation of

transitive completion): Transitiv; Completion
o Nbd: (¥x € S)[x]g < []gs- S
o App: (VAC S)A! C A% & A" C A% et
@ REqg:

(VACS)(VBe[AL)(YCEAL, )B CC*&B" C C%.

A more general partial order: X over p(p(S)) via A= B if and
only if YCeA(YE€B)C' CE & C! C E¥.

Definition
o |-scedastic approximation: Al = (A Alx)!.
@ u-scedastic approximation: AY = (A% \ AY)!.

@ These are the best possible from closeness to properties of
rough approximations.




Scedasticity-1

Theorem

For an arbitrary subset AC S of a PRAX S,the following
statements and diagram of inclusion (—) hold:

° A/”/:A/# :A”' :A/‘”/V
o If AY C AY then A"+ C AY#"#.

Ar — Al — A— AV = A,

N /!

A/*u — Alu

N

A/’“'u‘*
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Scedasticity-2

Theorem
For an arbitrary subset AC S of a PRAX S,

(A/\Al")/ 7¢_ (Au“‘ \Au)u*, — 5 AYr — AY.
Al 7é AY AI\AI”)I g (Au” \AU)u

Theorem

Key properties of the scedastic approximations follow:

Q (VBep(S))(B' = B+ B! = B).

@ (YBep(S))(B" =B — B = B).

@ (VBep(s))B" =B

O (YBep(S)) B + B

Q It is possible that (AB € p(S) BY" c BY).
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An interesting problem can be given A for which A% # A", when
does there exist a B such that

B' = (A'\ Ak) = Al & BY = (A% \ A")%= AL2
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