MSO201a: Probability and Statistics
2019-20-IT Semester

Assignment No. 6
Instructor: Neeraj Misra

. Let X1,X5,... be a sequence of r.v.s, such that X,,, n = 1,2,..., has the d.f.
Fuz) =0,ifz < —n, = Z2 if —pn < x < n, and = 1, if z > n. Does F,(-)

2n
converge to a d.f., as n — oo?

. Let X3, Xs,... be a sequence of i.i.d. r.v.s and let X3, = min{Xy,...,X,} and
Y, =nXi,, n=1,2,.... Find the limiting distributions of X;., and Y,, (as n — o)
when (a) X7 ~ U(0,0), 6 > 0; (b) X; ~ Exp(6), 6 > 0.

. Let Xy, Xs,... be a sequence of independent r.v.s with P(X, = z) = %, if v =

—ni, ni, and = 0, otherwise. Show that X, i 0, as n — oo.

() If X, 5 q and X, 5 b, then show that a = b.
(b) Let @ and r > 0 be real numbers. If F(|X,, —a|") — 0, as n — oo, then show

that X, £

| r

. (a) For r > 0 and ¢ > 0, show that E({47) — 15 < P(|X| > 1) < HEB(d5).

(b) Show that X, Lo e E(lf‘()’“‘(f‘r) — 0, for some r > 0.

(a) If {X,,},>1 are identically distributed and a,, — 0, then show that a, X, Lo.
D) IY, < X,<Zpn=12,...,Y, 5 aand Z, - a, then show that X, = a.
(c) If X, L ¢ and a, — a, then show that, as n — 00, X, + an — ¢+ a and
an X, 5 ac.

(d) Let X,, = min(|Yy|,a), n =1,2,..., where a is a positive constant. Show that
X, 50e v, Lo

. Let X1, Xs,... be a sequence of i.i.d. r.v.s with mean p and finite variance. Show
that:

no. P
(a) n(n2+1) Do X = s
6 n o - P
(b) n(n+1)(2n+1) Zi:l X =

. Let X,,, n=1,2,..., have a negative binomial distribution with parameters n and
Dn=1— %, i.e., X,, has the pm.f. P(X,, =z) = (””_1)]92(1 —pn)5,x=0,1,2,..;

n=1,2,.... Show that X, X ~ Poisson(0).
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10.

11.

12.

13.

14.

15.

16.

a) Let X,, ~ Gamma(+,n), n =1,2,.... Show that X, R}
)

(
(b) Let X, ~ N(£,1— 1) n=1,2,.... Show that X,, % Z ~ N(0,1).

(a) Let f(z) = z%, if 1 < x < oo, and = 0, elsewhere, be the p.d.f. of arv. X.
Consider the random sample of size 72 from the distribution having p.d.f. f(-).
Compute, approximately, the possibility that more than 50 of the items of the
random sample are less than 3.

(b) Let Xi, Xs,... be a random sample from Poisson(3) distribution and let ¥ =
S X,. Find, approximately, P(100 <Y < 200).

(c) Let X ~ Bin(25,0.6). Find, approximately, P(10 < X < 16). What is the exact
value of this probability?

k

(a) Show that lim,, o e™ > ) 25 = 3.

!
(b) Show that lim,_,o 27" > 3", EZ) = %, where 7, is the largest integer < 7.
(a) If T,, = max(|Xq],...,|Xn|) 0, as n — oo, then show that X, = 0. Is the
conclusion true if only S, = max(Xy,...,X,) £o.
(b) If {X,,},>1 are iid. U(0,1) rvs. and Z, = ([[1, X;)n,n=1,2,.... Find a
real o such that 2, £ a.
Let {E,}n>1 be a sequence of i.i.d. Exp(1) r.v.s.
(a) Show that T,, = > | E; ~ Gamma(n,1),n =1,2,....

(b) For any real number z, show that lim, . [ Sl iy, T

1 T _i2
0 I'(n) Vor f—oo ez dt.
(c) For large values of n, show that an approximation (called the Stirling approxi-

n ’n*l

mation) to the gamma function is: I'n = v/2me "n" 2.

Let X1, Xs,... be a sequence of i.i.d. r.v.s having the common Cauchy p.d.f. f(z) =

L s, —00 <& < 00,

(a) For any o € (0,1), show that ¥ = aX; + (1 — @)X, again has a Cauchy p.d.f.
70).

(b) Note that X, = niﬂyn + %HXHH and hence, using induction, conclude that

S

» has the same distribution as X;.

(c) Show that X, does not converge in probability to any constant. (Note that
E(X7) does not exist and hence the WLLN is not guaranteed).

Let X, ~ Poisson(4n), n=1,2,...,and let Y, = 22 n=1,2,.. ..

n

(a) Show that Y, RiE (b) Show that Y2 + /Y, 518,
n?Y2+nY, P
(c) Show that =0 = 16.

Let X, be the sample mean computed from a random sample of size n from a
distribution with mean u (—oo < p < 00) and variance 02 (0 < o < 00). Let
Zn — \/E(Yn—.u)

¥; d d

P d 2 n n)4n
(a) If Y,, — 4, show that: % — Z ~ N(0,1); % — U ~ x3; and % —
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17.

18.

19.

Z ~ N(0,1).

(b) If o = 1 and p > 0, show that: /n(ln X, 1nu)—>V~N(O,%)

(c) Show that X—"“)—>0 for any 6 < 0.5.

(d) Find the asymptotic distributions of: (i) \/5(7721 —u?); (i) n(X, — p)? and (iii)
V(X — ).

Let X1, X5,... be ii.d. r.v.s having Exp(#) (¢ > 0) distribution and let X,, =

Zin X 1X ,n=1,2,.... Show that: \/ﬁ(%—é)%N(O, 5), 48 N — 00.

Let X1, Xo,... be a sequence of i.i.d. U(0,1) r.v.s. For the sequence of geometric

means G, = ([, X;)w,n=1,2,..., show that \/n(G, — ) 2 N(0,0?), for some
02 > 0. Find o2

Let (X1,Y1),(X2,Ys),... be a sequence of independent bivariate random vectors
having the same joint p.d.f. Let E(X1) = u, E(Y1) = v, Var(X;) = ¢°, Var(Yy) =
72 and Corr(X,Y]) = p Let Q, = ==X V) , 5% = M, T? =

n—1 n n—1
Y;-Y
TL0TP g R,

S T
(a) Show that @, L pro and R, 5 p.

(b) Let 6 = ZE=0’ M=) Q6w that \/n(Qn — por) -5 N(0, (5 — p?)o?72).

o272




