Module 7
Limiting Distributions

Let T = (Ty, ..., T,,) be a random vector having a probability density function/probability mass
function (p.d.f./p.m.f.) fz(-) and let h:R™ - R be a Borel function. Suppose that the

distribution of random variable X,, = h(T) is desired. Very often it is not possible to derive the
expression for distribution (i.e., p.d.f. or p.m.f.) of X,, = h(Z). To make this point clear let

Ty, ..., T, be a random sample from Be(a, b) distribution, where a and b are positive real
constants, and suppose that the distribution (i.e., the distribution function or a p.d.f.) of the

sample mean T,, = % ™, T; is desired. The form of the p.d.f. (or distribution function) of T}, is

so complicated (it involves multiple integrals which cannot be expressed in a closed form) that
hardly anybody would be interested in using it. Therefore, it will be helpful if we can
approximate the distribution of T, by a distribution which is mathematically tractable. In this
module we will develop a theory which will help us in approximating distributions of a
sequence {X,},>; of random variables for large values of n (say, as n — o). Such
approximations are quite useful in statistical inference problems.

1. Convergence in Distribution and Probability

Let {X,,},,=1 be a sequence of random variables with corresponding sequence of distribution
functions (d.f.s) as {F, },;s1. Suppose that an approximation to the distribution of X, (i.e., of E,)
is desired, for large values of n (say, as n = ). It may be tempting to approximate E,(*) by
F(x) =lim, . E,(x),x € R. However, as the following examples illustrate, (x) =
lim,_,. F,(x),x € R, may not be a d.f..

Examples 1.1

(i) Let {X,,},,=1 be sequence of random variables with P({X,, =n}) =1, n=1,2, ... Then
the d.f. of X,, is given by

0, ifx<n _
E,(x) —{1, ifx>n’ n=12,...

We have F(x) & lim,,_,, F,(x) = 0,V x € R. Clearly F is not a d.f..

(i) Let X,~ U(—n,n),n = 1,2, ... Then the d.f. of X,, is

0, ifx < —n
x+n ,

E,(x) = o if—-n<x<n, n=12, ...
1, ifx>n



Clearly F(x) & lim,,_, o E,(x) = %,Vx € Rand F(-)isnotadf. g

The above examples illustrate that a sequence {E, },;>; of d.f.s on R may converge, at all points,
but the limiting function F(x) = lim,_ F,(x),x € R, may not be a d.f..

The following example illustrates that if a sequence {F,},>; of d.f.s converges at every point
then it may be too restrictive to require that {E, },,=; converges to a d.f. F at all points (i.e., to
require that lim,,_,, E,(x) = F(x),Vx € R, for some d.f. F).

Example 1.2

Let {X,,},>1 be a sequence of random variables with P ({Xn = —}) =1, n=1,2,... Then the
d.f.of X, is

1
0, ifx <—

E,(x) = ’1‘ n=12,..
1, ifx >—
n

Clearly,

0 ifx <0
tLd s — ) —
Fx) = lim F,(x) {1, ifx > 0’

is not a d.f. (it is not right continuous at x = 0). However, F can be converted into a distribution
function

. L (0, ifx<o0
F(x)‘{L ifx >0’
1

by changing its value at the point O (the point of discontinuity of F). Since P ({Xn = —}) =

n

. 1 . . s
1,n=1,2,..,and llmn_,oo; = 0, a natural approximation of F, seems to be the distribution

function of a random variable X that is degenerate at 0 (i.e., P({X = 0}) = 1). Note that F* is
the d.f. of random variables X that is degenerate at 0. The above discussion suggests that it is
too restrictive to require

lim F, (x) =F"(x),Vx €R,
n—-oo
and that exceptions should be permitted at the points of discontinuities of F*. g

Definition 1.1

Let {X,,},,>1 be asequence of random variables and let F,, be the d.f. of X,,,n =1, 2, ....



(i) Let X be a random variables with d.f. F. The sequence {X,,},>1 is said to converge in

distribution to X, as n — oo (written as Xni X,asn — o) if lim,, F,(x) =
F(x),V x € Cr, where Cr is the set of continuity points of F. The d.f. F (or the
corresponding p.d.f/p.m.f.) is called the limiting distribution of X,, , asn — oo.

(ii) Let ¢ € R. The sequence {X,},>1 is said to converge in probability to ¢, as n - oo

. p . d . .
(written as X, @ ¢, as n - o) if X;, > X , as n = oo, where X is a random variable that
is degenerate at c. gg

Remark 1.1

. d

(i) Suppose that X, = X,asn — o. Since the set Dr = Cf = R — Cr of discontinuity
points of limiting d.f. F is at most countable we have lim,,_,, F,(x) = F(x) everywhere
except, possibly, at a countable number of points.

(ii) Note that the distribution function of a random variable degenerate at point ¢ € R is

given by
0, ifx <c
FQx) ‘{1, ifx > c
Thus we have
P . _ {0, ifx <c_
Xn>Casn— 0 e %ergan(x)—{l’ ifx >c

d
(iii) Suppose that X, = X,asn — oo. If the random variable X is of continuous type
(i.e., Cr = R) thenlim,_ . F, (x) = F(x),Vx € R.

p p
(iv) Note that, for a real constant ¢, X, » cif,andonlyif, X, —c—>0,asn - . g
Example 1.3

Let {X,}n>1 be a sequence of random variables such that P({X,, =0}) =-=1—-P ({Xn =

%}), n =1,2,... Show that X, 5 0,asn — oo,

Solution. Let F be the d.f. of a random variable degenerate at 0, i.e.,

0, if x <0
F(x)‘{L ifx>0



Since F is continuous everywhere except at point 0 (i,e.,Cr = R — {0}), we need to show that
lim,,_ F,(x) = F(x),V x € R — {0}, where F,(-) isthe d.f. of X, n = 1,2, ....

We have
0, ifx<o0
1 if 0 < 1 =1,2
Fn(x): E, 1 _X<Z, n= IR
1
1, ifx>-—
n
rg{o, ifx<0,
1, ifx >0

Clearly lim,,,o, F,(x) = F(x),Vx € R — {0}. g
Example 1.4

Let X;,X,, ... be a sequence of independent and identically distributed (i.i.d.) U(0,8) random
variables, where 8 > 0. Let X,,., = max{X;,...,X,}andletY, =n(0@ — X,,.,),n=1,2, ...

(i) Show that X,., 5 6, as n - oo;
(i) Find the limiting distribution of {Y,, };,>1-

Solution.
(i) Let H, bethed.f.of X,,.,, n=1,2,.., and let

0, ifx<@

H@) = {1, ifx > 0

be the d.f. of random variable degenerate at 6. We need to show that lim,,_,,, H,(x) =
H(x), vx€R—{0}.

We have, for x € R,
Hn(x) = P({Xn:n < x})
= P({max{Xy, ..., X} < x})

=P({X;<x, i=1,..,n}
n

= 1_[ P({X; <x}) (since X;s are independent)

i=1
= [F(x)]™, n =1,2,.., (since X;s are identically distributed),
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where

0, ifx <0
X

F(X)= 5, if0<x<#6
1, ifx >80

is the common distribution function of X;, X5, ....

Thus
0, ifx <0
0\
H,(x) = (5) ,ifo<x<8
1, ifx >80

noo {0, ifx <6
1, ifx >0

=H(x),Vx €R.

(ii) For y € R, we have
Fy, ) =P{Y, <y}

(02

:1—Hn<(9—%)—>

=1-H, (9 — %) (since H,, is continuous )
0, ify<o0
n
=j1-(1-2) , ifo<y<ng, n=12..
1, ify >n6
n-oo {0, lfy < 0
é _Z
1—e 9, ify>0

= G(y), say.
d
Note that G(*) is the d.f. of Exp(@) random variable. Thus ¥, » Y~ Exp(6), asn — oo. g

d

In the above example we saw that X,,.,, 5 f,asn — o, and n(6 — X,,.,) > Y~Exp(0),asn -
o, i.e., the limiting distribution of X, is degenerate (at8) and, to get a non-degenerate
limiting distribution, we needed normalized version Y, = n(6 — X,,.,,) of X,.,, n = 1,2, .... This



phenomenon is observed quite commonly. Generally, we will have a sequence {X,,},>; of

random variables, such that Xngc,asn—> o for some real constant c (i.e., the limiting
distribution of X,, is degenerate at c). In order to get a non-degenerate limiting distribution a
normalized version Z,=n"(X,, —c) (or Z,=n"(c— Xn)), r>0,ofX,, n=12,.. s
considered. Typically there is a choice of r > 0 such that the limiting distribution of Z,, is non-
degenerate.

Theorem 1.1

d
Let {X, }n>1 be a sequence of random variables such that X,, > X,as n — oo, for some random
variable X. Let E, and F denote the d.f.s of X,, (n = 1,2, ...) and X, respectively. Then

lim F, (x =) = F(x =) = F(x) = lim E, (x),V x € Cf,
n—-oo n—oo

where Cr is the set of continuity points of F.

Proof. We are given that
d
lim E, (x) = F(x),V x € Cp (sinceXn—>X,asn—> 00).
n—-oo

Moreover F(x —) = F(x),V x € Cr. Thus it suffices to show that lim,_ . E,(x —) =
F(x —),Vx € Cp. Let d € Cr so that F(d —) = F(d). Fix me N ={1,2,...}. Since the set

Cf = R— Cp of discontinuity points of F is countable and the interval (d—%,d) is

uncountable there exists a d,,, € (d - %, d) N Cr. Then we have lim,,_,, F, (d,,) = F(d,,) and
lim,_, . E, (d) = F(d). Moreover

F,(dy) <F,(d-)<E(d)n=12,..
= lim £, (dn) < lim F, (@ =) < lim £, (d)
= F(d,) < 711_r)1010 E,(d—-)<F(d)=F(d-). (1.1)
Since d,, € (d - %,d), we have
li_r}1r(1>o F(d,) =F(d—) =F(d). (1.2)
On takingm — o in (1.:; we get

lim F(d,;,) < lim E,(d-) < F(d -)
m—-0oo m—oo



=>F(d-) < T{l_r}lgo E,(d-)<F(d-) (using (1.2))

> limF,d-)=Fd-)'m
n—-o0o

Corollary 1.1

Let {X,},>1 be a sequence of random variables with corresponding sequence of d.f.s as

{E,}ns1- Further let X be another random variable having the d.f. F.

Proof.

(i)

(iii)

d
If X, > X, asn » o, and X is of continuous type then lim,,_,, F,(x) = F(x),V x € R
andlim,,, E, (x =) = F(x —),Vx € R.

Suppose that P({Xn €{0,1,2, }}) = P({X €{0,1,2, }}) =1 and X, iX, asn -
0. Then lim, o E, (x) = F(x), Vx € R and lim,,,, FE, (x =) = F(x =),V x € R.
Under the assumptions of (ii), let of f and f,, be the p.m.f.s of X and X,,, respectively,
n=1,2,.. Then

d
X,— X,asn—- o & lim f,(x) = f(x),vx €{0,1,2,..}.
n—-00

Since X is of continuous type we have Cr = R, where C is the set of continuity points
of F. The assertion now follows from Theorem 1.1

Fixx € R. If P({X = x}) = 0 then x € Cp and, therefore, by Theorem 1.1
lim E,(x) = F(x), and lim F,(x —) = F(x —).
n—oo n—oo

Now suppose that P({X =x}) > 0. Then x€{0,1,2,...} and P({X =x+0.5}) =
P({X = x — 0.5}) = 0. Consequently x + 0.5 € Cg,

E,(x) =FE,(x+0.5) and F,(x—-)=FE,(x—0.5), n=1,2,..
= lim E,(x) = F(x + 0.5) = F(x) and lim E,(x —) = F(x — 0.5) = F(x —).
n—-oo n—oo
It follows that

lim F,(x) = F(x) and lim E,(x —) = F(x —),Vx € R.
n—-oo n—-oo

d
First suppose that X,, » X, asn — o. Then, forx € {0,1,2, ...},



lim f,(x) = lim P({X, = x})
= lim [F, (x) = F, (x —)]
=F(x)—-F(x—-)  (using (i)
=P{X =x})
= f ().
Conversely suppose that 7111_{1010 fr(x) =f(x),vx€{0,1,2,..}. Then, for x € R,

Fo(x) = P({Xp < x})

[x]
=) P, = k)
k=0

[x]
=) fo
k=0

[x]
ZEN fo

k=0

= F(x),

d
where [x] denotes the largest integer not exceeding x. It follows that X,, > X, asn —
. m
For the random variables of absolutely continuous type we state the following theorem without
providing its proof.

Theorem 1.2

Let {X,},>1 be a sequence of random variables of absolutely continuous type with
corresponding sequence of p.d.f.s as {f,},=1. Further let X be another random variable of
absolutely continuous type with p.d.f. f. Suppose that lim,_ f,(x) =f(x),V x € R. Then

d
X,— X, asn - oo g

d
The following example demonstrates that if X,, > X,asn — o, then lim,,_,, E,(x =) = F(x —)
may not hold; here F,, and F are d.fsof X, (n = 1, 2, ...) and X, respectively.



Example 1.5

Let Xn~N(O,%),n=1,2,..., and let Xbe a random variable degenerate at 0 (i.e,

P({X =0}) =1).Then,forx € R,

0, ifx<0

F(x) =P(X <x}) = {1, ifx>0

Fo(x) = P({Xn < x})

= d(Vnx)
0,ifx <0

n-ooo |1 ¢ 0

—_ — 1 = .
2,1 X
1,ifx >0

d
Clearly lim, . F, (x) = F(x),Vx € Cr =R — {0} and, therefore, X,, > X (equivalenty X,
P
- 0), as n — oo, However
lim,,_e E, (0 =) = lim,,_o, E, (0) = % £F(0-)=0.g

The following example illustrates that, in general, the limiting distribution cannot be obtained
by taking the limit of p.m.f.s/p.d.f.s.

Example 1.6

Let {X,, }=1 be a sequence of random variables such that

(2] =r(fa=2) ==

and let X be another random variable with P({X = 0}) = 1. Then it is easy to verify that

d
X, = X,as n - o, The p.m.f. of X,, is

1 £y { 1 1}
fn(x)={2' R T §
0, otherwise
and the p.m.f.of X is
1, ifx=20
fx) = {0, otherwise



We have
lim, e f,(x) =0# f(x),Vx ER. g
The following theorem provides a characterization of converge in probability.
Theorem 1.3
Let {X,,},,>1 be a sequence of random variables and let ¢ be a real constant. Then
Xngc,asn—mo SVe> O,Tlli_r)goP({an—cl >¢e}) =0.
Proof. Let F, denote the d.f. of X, (n = 1,2,...) and let F denote the d.f. of random variable
degenerate at c. First suppose that X, 5 c,asn — o. Then, for x € R — {c},

lim F, (x) = lim, o, P ({X, < x})

n—oo

:{0, ifx <c = F().

1, ifx>c
Fix e > 0. Then ¢ + € € Cr and therefore, using Theorem 1.1,

lim P({| X —c[ 2 e}) = lim [P({Xp < ¢ —&}) + P({Xn 2 ¢ + €})]
= limy|Fy(c — &) + 1 — F((c + &) —)] (1.3)
=[F(c—¢e)+1—-F(c+¢)]
=0.

Conversely, suppose that
lim P{|X, —c|=¢€})=0,ve>0.
n—-oo

Then, using (1.3),
lim [Fn(c - +1-— Fn((c +¢) —)] =0,Ve>0,
n—-oo

:Airgan(c—s) :%irr(}o[l—Fn((c+s) -)]=0ve>0
(since E,(c—¢e)=0and1— Fn((c + &) —) >0,vn=> 1)

= lim E,(x) =0,Vx<cand limE,(y—-)=1Vy>c
n—->oo n—->oo

= lim F,(x) =0,Vx<cand lim E,(y) =1,Vy >c
n—oo n—oo
(since1 = F,(y) = E,(y —),n=1,2,...).

10



Thus, forall x € R — {c},

0, ifx<c _

7111—I>Iolo Fa(2) = {1, ifx>c F@&)

p
= Xp,—>casn— oo g

In many situations the above theorem in conjunction with Markov’s inequality (see Corollary
5.1, Module 3) turns out to be quite useful in proving convergence in probability.

Theorem 1.4

Let {X,,},,>1 be a sequence of random variables with E(X,,) = u, € (—,»), and Var(X,) =
02 € (0,0),n=1,2,... Suppose that lim,_ i, =u € Rand lim,.,, 02 =0. Then

p
X, - uasn — oo,
Proof. Fix € > 0. Using the Markov inequality we have

E(Xn =12 _ B — 1))

0<P{lXn—ulzep <

g? g?
Also,
E((Xn—w?) = E((Xn — ttn + ttn — )?)
= E((Xy — tn)?) + (tn — p)?
=05 + (U —?*
Therefore,
0< PN, —ul =) < 2 (‘g‘;‘ ek
o
=>T{i_r>£10P({|Xn—u|2€})=0, Ve>0.
=X, 5 u,asn — oo (using Theorem 1.3). g
Example 1.7

Let X;,X,,... be a sequence of ii.d. U(0,0) random variables, where 0 > 0. Let X,,., =

p
max{X;,X,,...,X,},n = 1,2, .... For any real constant s, show that X3., » 6%, asn — .

11



Solution. Itis easy to verify that a p.d.f. of X,,.,, is

nxn—l
fn(x): H—n, 1f0<x<9'

0, otherwise

Then
E(X3. )=L95 n>-—s
T n4+s

— @5, asn » oo -

Also,

Var(X3.,) = E(XZ5) — (E(erun))z

LT (L 95)2 n > max(—s, —2s)
n+2s n+s ’ ’

-0, as n — oo,
. ) P
Now, using Theorem 1.4, it follows that X;;., > 8°,asn — . g

Example 1.8
. Xp p
Let X,, ~Bin (n,0),n=1,2,...,0 € (0,1). If Y, = —n= 1,2, .., showthatY, » 6,asn — co.

Solution. We have

and

X, Var(X,) 6(1-0)
) = = —0,asn > -

Var(Y,) = Var (7 2 -

p
Using Theorem 1.4 it follows that ¥;, —» 6,asn — oo. g

Remark 1.2

Theorem 1.3 provides an interpretation of the concept of convergence in probability. Theorem

. p . . . -
1.3 suggests that if X,, & c¢,asn — oo, then X,, is stochastically (in probability) very close to ¢
for large values of n. Such an interpretation does not hold for the concept of convergence in

12



distribution. Specifically, if Xni X,asn — oo, (where X is some non-degenerate random
variable) then it cannot be inferred that X,, is getting close to X, for large values of n, in any
sense. All we know in that case is that, for large values of n, the distribution of X,, is getting
close to that of X. g

The following example demonstrates that convergence in probability may not imply
convergence of moments.

Example 1.9

Let {X,,}>1 be a sequence of random variables with

1-P{X, =0 =P({X,=n}) ==,n=12, ...

Sl

Then the d.f. of X,, is

0, ifx<0

1
E,(x) = 1—5, ifo<x<nn=1,2,...

1, ifx=>n
noo {O, ifx <0
1, ifx=0

Thus X, 5 0,as n - o, However, forr € {1, 2, ...}
EX) =E(X,)") =n""1»0,asn > 0. g

The following example illustrates that convergence in distribution to a non-degenerate random
variable also does not imply convergence of moments.

Example 1.10

Let {X,,}>1 be a sequence of random variables with p.m.f.s

s webd
fa(x) =

-, ifx=n n=1,2,..
n

0, otherwise

and let X be a random variable with p.m.f.

13



) = {% ifx e {0%}

0, otherwise

Then the distribution function of X is

0, ifx <0
! if0 < <1
F(x)={2" "°=%%7,
1 if >1
, ifx =7
and the distribution function of X,, is
(0, ifx <0
11 if 0 < <1
_—_' 1 _x —
E,(x) = {2 %" ) 2 n=12,..
1—-—, if=<x<n
n 2
1, ifx >n
(0, ifx<0

NI E
S 5,10_X<§.

1, if >1
) ifx 27
d
It follows that X,, - X,as n — o. Moreover E(X) = iand
E(X,) 1[1 1]+1n—>005:/:E(X)
ey [ — _— = .
202 2n 4 -

p p .

We know that, for a real constant ¢, X,, > c,asn - 0 © X,, —c — 0,asn — oo. The following
. d . p

example illustrates that X,, = X, asn = o may not imply that X,, — X =0, asn — oo or,

d
equivalently, X,, = X, asn — oo, does not imply that X,, — X will converge in distribution to a
random variable degenerate at O (also see Remark 1.2).

Example 1.11

Let {X,,},=1 and X be as defined in Example 1.10. Further suppose that, for each n €

d
{1,2,...}, X,, and X are independent. Then X,, - X,as n - . However, for 0 < ¢ < %

)

P, ~ X 2 ) = 3 [PC0Ix.) = D) + P |

14



implying that X;, — X does not converge in distribution to a random variable degenerate at 0. gg
Definition 1.2

A sequence {X,},>; of random variables is said to be bounded in probability if there exists a
positive real constant M (not depending on n) such that

p (ﬂ{lxnl < M}) —lg
n=1

The following theorem relates convergence in distribution of a sequence {X,,},,=; of random
variables to the convergence of corresponding sequence of moment generating functions
(m.g.f.s). We shall not provide the proof of the theorem as it is slightly involved.

Theorem 1.5

Let {X,, },=1 be a sequence of random variables and let X be another random variable. Suppose
that there exists an h > 0 such that the m.g.f.s M(-), M;(*), M,(*),... of X, X;, X,,.
respectively, are finite on (—h, h).

y

d
(i) If lim,,,,, M, (t) = M(t), Vt € (—h,h),thenX,, > X, asn - oo;

d
(i)  If X;,X5, ... are bounded in probability and X,, » X, asn — oo, then lim,,_,,, M, (t) =
M(t), Vt € (=hh). g

The following example demonstrates that the conclusion of Theorem 1.5 (ii) may not hold if
X1,X5, ... are not bounded in probability.

Example 1.12

Let {X,,},,=1 and X be as defined in Example 1.10. Then the m.g.f. of X is

Q
N| e~

1+
M(t) = ,tER,

and the m.g.f. of X, is

15



1 1 t e™
M® = (5= ) (1+e2)+
L
noo |14+ e2
_ 5 ift<0
0, ift>0

+ M(t), VteR

d
However, X, = X,asn — co. g
Proposition 1.1

Let {c,},>1 be a sequence of positive real numbers such that lim,,_,,, ¢, = ¢ € R. Then

lim (1 + %n)n = e°.

n—oo

Proof. We know that

2
X
x—7sln(1+x)Sx,Vx>0

2
Sc— 2 <nin(1+2)<c, n=12,.

c
= lim [n In (1 + ;n)] = ¢ (on taking limits on both sides)

n—-oo

= lim [ln (1 + %n)n] =c

n-—-oo

ConT
= lim (1 +7”) = . m

Example 1.13 (Poisson Approximation to Binomial distribution)

Let X,, ~Bin(n,0,), n=1,2,.., where 6, €(0,1),n=1,2,.., and rllijlgo(nen) =0>0.

Show that X, i X,as n - o, where X ~ P(8), the Poisson distribution with mean 6.

Solution. Note that the m.g.f. of X is

M(t) = e D¢ eR,

and the m.g.f. of X, is

16



M,(t) =1 -6, +6,e")"

n
=<1+ ) , teR

where ¢, (t) =nf,(et —1),t €R, n=1,2,.... Clearly limc,(t) = 8(et — 1),V ¢t € R. Now
n—-00

(0
n

using Proposition 1.1 we get

lim M, (¢) = e9(¢"-D) = M(t), VteR
n—-o0o

d
Using Theorem 1.5 (i) we conclude that X;, » X ~ P(0), asn — oo. g

2. The Weak Law of Large Numbers (WLLN) and the Central Limit Theorem (CLT)

Let {X,,},>1 be a sequence of i.i.d. random variables and let X,, = %Z?ﬂXi,n = 1,2, .., be the

sequence of sample means. In this section we will study the convergence behavior of the
sequence {X,},»1 of sample means.

Theorem 2.1

Let {X,,}n>1 be a sequence of i.i.d. random variables and let X, = % LXi,n=12,..

(i) (WLLN) Suppose that E(X;) = u is finite. Then X,, 5 U,as n — oo,
(i) (CLT) suppose that 0 < Var(X;) = 02 < . Then

n X, — d
M - Z~N(0,1),asn — oo,

def
n

Proof.

(i) As the proof for the case Var(X;) = o is quite involved, we assume that Var(X;) =

0% < . Then
n

_ 1 1w
E(%,) = E (; Z&-) = ;Z E(X) = E(X) = u

i=1
and
n n
— 1 1 0'2 n—oo
Var(X,) = Var | = in =— ZVar X)=— —0.
n 1 n i=1 n

i=

=P
Using Theorem 1.4 it follows that X,, = p,asn — oo.

17



(ii)

For simplicity we will assume that the common m.g.f. M(*) of X;,X,, ... is finite in an
interval (— a, a) for some a > 0. Then, by Theorem 3.4, Module 3, u; = E(X7) is finite

for each r€{1,2,--} and u. =EX])=M"(0) = FM(t)] ,r=1,2,... Let

Y; = ,i=1,..,n.ThenY,,Y,,..arei.i.d. random variables with mean 0 and variance

1. Let My( ) denote the common m.g.f. of ¥;,Y,, ..., so that
_pt t
My(t) =e o M(;), —ao < t < ao,

UalO

M (0) = =0=E(Y,)

and M{(0) = (g) M(0) — —M(l) 0) +— L @) = 1= Erp).

Let §r,: (—ao, ac) — R be such that

i.e,

My (t) = My(0) + t MSP(0) + — (M(Z)(O) +9,(8)),  te€(-ao,a0) 2.1)

My (£) — My (0) — t M{P(0)
tZ/
2

W, (1) = - MP0), te(—ao,a0), t*0.

Using L’ Hospital rule (0/0 form) we get

The m.g.f. of Z,,

(€] (€Y)
MO - MP (o
lim g, (8) = lim—~ ® - v € )—M}(,Z)(O)

t—-0

= MP(0) - M (0)
= 0. (2.2)

\/_ (Xn w 1
g

=T i=1Yiis

L n_y:

M, (1) =E<eﬁ = )
e
-+([]%)

i=1

18



n

tY;
= 1_[ E (ex/ﬁ> (Y;s are independent)

i=1
= [MY (%)] (Y;sarei.i.d.)
2 n
= [MY(O) + % MM (0) + ;—n (Méz)(o) + U, (#))‘ (using (2.1))
=11+ %(1 + U, (%))] ,t € (—\/ﬁaa, \/ﬁaa),n =1,2,..

Now using (2.2) and Proposition 1.1 we get

2

t
lim M,,(t) = e2 = K(t), say, t € R
n—-oo

Note that K(t),t € R, is the m.g.f. of Z ~ N(0,1). Using Theorem 1.5 (i) we conclude that
d
Zy—>Z~N(0,1),asn > . g

Remark 2.1

(i) The WLLN implies that the sample mean, based on a random sample from any parent
distribution, can be made arbitrary close to population mean in probability by choosing
sufficiently large sample size.

(i) The CLT states that, irrespective of the nature of the parent distribution, the probability
distribution of a normalized version of the sample mean, based on a random sample of
large size, is approximately normal. For this reason the normal distribution is quite
important in the field of Statistics. g

Example 2.1 (Random Walk)

Consider a drunkard, who having missed his bus from the bus stand, starts walking towards his
residence. Every second he either moves half a meter forward or half a meter backward from

his current position, each with probability 1/2. Assuming that steps are taken independently,

find the (approximate) probability that after fifteen minutes the drunkard will be within 30
meters form the bus stand.

Solution. Note that in 15 minutes (= 900 seconds) the drunkard will take 900 steps. Let Y; be
the size (in meters) of the i-th step, i = 1, 2, ...,900. Then Y;,Y,, ... are i.i.d. random variables
with
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(-3 -3

andY = 2?2(1) Y; is the position of the drunkard after 15 minutes. The desired probability is

P((lvl <30) =P ({ ~ < oo < %})

30
where Y00 = ﬁ 00y, = (;;—0. Note that E(Y;) = 0 and Var(¥;) = E(Y?) = i = g2, say.
By the CLT
\Y 900 (Ygoo - 0) approx.
900 — 1 ~ N(0,1),
/2

approx.

i. e., Z900 =60 ?900 ~ N(O,l)
The desired probability is

P({|Y] <30}) = P({—2 < Zgpp < 2})

approx.

= O2)—>o(-2)
=20(2) -1
=2x%x.9772 -1

= .9544. 9

Example 2.2 (Justification of Relative Frequency Method of Assigning
Probabilities)

Suppose that we have independent repetitions of a random experiment under identical
conditions. Further suppose that we are interested in assigning probability, say P(E), to an
event E. To do this we repeat the random experiment a large (say N) number of times.
Define

v, = {1, if i — th trial reuslts in occurrence of E Ci=1..N.

0, otherwise
ThenY,,Y,, ... arei.i.d. random variables with common mean u = E(Y;) = P(E). Also

fn (E) = number of times event E occurs in first N trials

20



=2,

1

N
Y
=1

and the relative frequency of event E in first N trials is

fuE) 11X
ry(E) = NN =NZYL-=17N, say -
i=1

The WLLN implies that

rv(E) =Yy g/,t = P(E), asN — oo.
Thus the WLLN justifies the relative frequency approach to assign probabilities. g
3. Some Preservation Results

In this section we will investigate that under what algebraic operations convergence in
probability and/or convergence in distribution is preserved.

Theorem 3.1

Let {X,}ns1 and {V,},>1 be sequences of random variables and let X be another random
variable.

(i) Let g: R - R be continuous at ¢ € R and let X, 5 c,asn — . Then g(X,,) 5 g(),
asn — oo,

p p
(ii) Let h: R> > R be continuous at (c;,¢;), € R? and let X, > ¢y, Y, = ¢y, asn — oo.
p
Then h(X,,Y,) = h(cy,c;), asn — oo,
d
(iii) Let g:R - R be continuous on a support Sy of X and let X;, » X,asn — o. Then

d
9(Xy) = g(X), asn — oo,

(iv) Let h: R? > R be continuous at all points in D = {(x, b): x € Sy}, where b is a fixed real
d
constant and Sy is a support of X. if X, > XandY, 5 b,asn — o, then h(X,,Y,)

d
- h(X,b),asn — oo.

Proof. We shall not attempt to prove assertions (iii) and (iv) here as their proofs are slightly
involved.

(i) Fix € > 0. Since g: R — R is continuous at ¢ € R, there exists a § = §(¢, ¢) such that
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Ix —c| <8 =1]g(x) —glc) <e-
or equivalently lglx) —glc)|=e=|x—c| =4.

Therefore,
0<P{lgX,) —g©)] = &) < P{IX, —c| =6} —0  (since X, > ¢)

= lim P({lg(Xn) —g(c)| 2 e} =0

= gX,) 5 g(c), asn - oo.

(ii) Fix € > 0. Since h: R? > R is continuous at (c;, ¢;) € R?, there exists a § = §(¢, ¢y, ¢3)
such that

x —ci] <Fand |y —cy| <& = |h(x,y)| — h(cy, )| <&,
or equivalently
|h(x,y) — h(cy,cr)| = e=>|x—c| =6or|y—cy| =6.
Therefore,
P({|h(Xpn, ) — h(cy, co)| = €}) < P({I1Xn — ¢4 | = SJU{|Y, — c2| = 63)

< P{|X,, — c1| = 6} + P{|Y,, — c,| = 6}) (using Boole’s inequality)

n—-oo

—>0+0=O(SinceXngclandYngcz)

= lim P ({|h(Xp, Yn) — h(cy, c2)[ 2 €}) =0

14
= h(X,,Y,) = h(cy,cz),asn — oo, g
Throughout, we shall use the following convention. If, for a real constant c, we write

d
X, = c,asn — oo, then it would mean that X,, converges in distribution, asn — o, to a

. p .. .
random variable degenerate at c (i.e., X;, = c¢,asn — ). Similarly, for a random variable
X,0 X X will be treated as a random variable degenerate at 0.

Now we provide the following useful lemma whose proof, being straight forward, is left as an
exercise.

Lemma 3.1

22



(i)

Let X and Y be random variables and let ¢ be a real constant. If P({Y = ¢}) = 1 then

X+Y 4 X + cand XY 4 cX, where 0 X X is treated as a random variable degenerate
at 0.

d
Let {X,;},=1 and {Y;,},,=1 be sequences of real numbers such that X,, =Y,,n = 1,2, ... If,
P P
for some real constant ¢, X;, & c,asn = o, thenY,, - c,asn — oo.
d
Let {X,, },=1 and {Y;,},,=1 be sequences of real numbers such that X,, =Y,,n = 1,2, ... If,

d d
for some random variable , X,, - X,asn — o, thenY,, - X,asn — oo.
Let {a,},>1 be sequence of real numbers such that lima, = a € R and let {X, },,»1 be

n—-oo

a sequence of random variables such that X,, is degenerate at a,,n =1,2,.... Then

P
Xp— a,asn - oo, m

Theorem 3.2

Let {X,,};.>1 and {Y,,},,>1 be sequences of random variables and let {a,},>; and {b,},>1 be

sequences of real numbers such that lima,, = a and lim b,, = b.

(i)

n—-oo n—-oo

P P
Suppose that, for some real constants ¢; and ¢,, X, = ¢; and Y, = ¢,,asn — o. Then,
P p P .
asn—-o, Xp+Y,>ci+c,, Xp,—Y,—>¢c—c, and X,,Y,, = ¢; ¢c,. Moreover, if ¢, #

X, P ¢
0,then=— = asn — oo,
Yn C2

d

Suppose that, for a real constant cand a random variable X, X, = X and
p d d

Y, > c,asn — oo, Then, asn—->o, Xy+YV, > X+c¢ X, —-YV,>X—c and

d . X, 4 X
X, Y, = cX. Moreover, if ¢ # 0, then Y—"—) <, asn - o,
n

p p
Suppose that, for a real constant ¢, X,, —» c,asn - «. Then a,X,, + b, = ac +
b,asn — oo.

d d
Suppose that, for a random variable X, X,, = X,asn = c. Then a,X, + b, 2 aX +
b,asn — oo.

Proof. (i) and (ii). Follow from Theorem 3.1 (ii) and (iv) as h;(x,y) = x + y,h,(x,y) =x—y

and h3(x,y) = xy are continuous functions on R?, and h,(x,y) zg is continuous on

D = {(s,t) € R%:t # 0}.

(iii)

Let Y,, be a random variable that is degenerate at a,, and let Z,, be a random variable

p p
that is degenerate at b,,n =1,2,... Then Y,, » a and Z,, » b,asn — oo (Lemma 3.1
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d
(iv)). Now using (i) we get X,,)Y, + Z, 5 ac + b,asn = oo. Since a, X, + b, = X,,)Y, +
Zn, n=12,-, (Lemma 3.1 (i)), the assertion follows on using Lemma 3.1 (ii).

Let Y,, and Z,, be as defined in (iii). Then Y, 5 aand Z, 5 b,as n — oo. Using (ii) we get

d d
XY, +Z,->aX+b,asn > . Since a,X,+b,= X, Y,+2Z,, n=1,2,.., the
assertion follows on using Lemma 3.1 (iii). gy

Remark 3.1

o2 > 0, then

The CLT asserts that if X1, X,, ... are i.i.d. random variables with mean u and finite variance
Vn (X, —u) a
Zy %‘% —»Z ~N(0,1),asn — oo,

where X,, = % . X;. Since in — 0,as n — oo, using Theorem 3.2 (iv) we get

=

o d
Xn—Uu=—=2,—-0XZ,asn — oo,

Vn

Note that 0 X Z is a random variable degenerate at 0. Thus it follows that

d

)?n—/,t—>0, as n — o
= p

e X,—u-—0, asn — oo
= P

S Xn =W as n — oo.

The above discussion suggests that, under the finiteness of second moment (or variance), the
CLT is a stronger result than the WLLN. g

Example 3.1

Let {X,,},;>1 and {Y;,},,=1 be sequences of random variables.

If Xnglnél and Yngz,asn—mq show that Xn+lnYn£>ln8 and e* Iny, -
In16,asn — oo;

d d
If X,—>Z~N(0,1), asn > oo, show that and X2Z- Q;~x? (the chi-square
distribution with one degree of freedom), as n — oo.

d d
If X,-Z~N(0,1), and Y, LA 3, asn - o, show that X,Y, >V ~N(0,9) and
d
2X, +3Y, > Q,~N(9,4),asn - oo.
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(iv) For a given 6 >0, if X;,X;,.. are iid. U(0,0) random variables and X,., =
max{X, ..., X,},n = 1,2, ..., show that e*nn 5 e, X2, + Xy +1 L 92+6+1and

_n-Xnmn) d
e 0 - U~U(0,1), asn - oo.

Solution.

(i) Since h;(x) =Inx,x € (0,0) is a continuous function, using Theorem 3.1 (i) it follows

1 1
that InY,, -»In2,asn — c. Now on using Theorem 3.2 (i) we get X,, +InY,, =»In4 +
In2 =1n8,as n — o. Also, since h,(x) = e*,x € R, is a continuous function on R, on

In4

P
using Theorem 3.1 (i), we get e*n — e!"* = 4, asn — c0. Now on using Theorem 3.2 (i)

it follows that e*n In Y, f) 4ln2 =In16, asn — oo.
(ii) Since h3(x) = x%,x € R, is a continuous function on R, using Theorem 3.1 (iii) we get

X2 4 Z?, asn - oo, Let Q; = Z2. Since Z~N(0,1), we have Q; ~ y? (Theorem 4.1 (ii),
Module 5). Consequently X2 i Q1~ x%, asn — oo,

(iii)  Using Theorem 3.2 (ii) we get X,,Y, i 3Z,asn - o, Let V = 3Z. Since Z ~ N(0,1) we
have V = 3Z ~ N(0,9) (Theorem 4.2 (ii) Module 5) and, therefore, X,,Y,, i V ~N(0,9),
asn — o, Using theorem 3.2 (iii) and (iv) we get 2XniZZ and 3Y, 5 9,asn — oo,

d
Now using Theorem 3.2 (ii) we also conclude that 2X,, + 3Y,, » 2Z + 9,as n — oo. Let
Q, = 2Z +9.Since Z ~ N(0,1), we have Q, ~ N(9, 4) (Theorem 4.2 (ii), Module 5).

d
(iv)  From Example 1.4 we have X,., 5 0, asn—»>o, and Y, =n(0 —X,,,) =Y
~ Exp(@), asn > . Since hy(x) =e¥,x€R, hs(x) =x2+x+1, x €R, and

X
he(x) = e 9, x € R, are continuous functions on R, using Theorem 3.1 (i) and (ii), we

X P o y2 Py, Yn d Y
get enn —» e Xp +Xpn+1->0“+60+1 and e ¢ —> e 6,asn > . Let

Y
U=e 0. Since Y~Exp(#), it is easy to verify that U~ U(0,1). Consequently,
n(B—Xn:n)
e 0 —=e 0

d
- U~U(0,1),asn —> oo. g
Theorem 3.3

. . P = 1
Let X1, X5, ... be a sequence of i.i.d. random variables with finite mean u. Let X,, = - X

1 j—
and 5721=E (X —X)?,n=23,.., be sequences of sample means and sample

i) 93

variances, respectively. Define T,, = "
n

d
(i) If 62 = Var(X,) € (0, ), then S2 LA a2, S, Y & and T,— Z~N(0,1),asn - o;
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.. . _ E((xi-w*) 2 2y &
(ii) Suppose that the kurtosis y; = — <. Then Vn (§2 —o2) > W ~ N(0, (y, —

1)o*), asn — oo.
Proof.

(i) We have

n

1 n
= n— 1Z(Xi _Xn)z

let ¥; = X%,i=1,2,..andlet ¥, = -7, ¥;,n = 2,3, ...Then
n — —
Sh = 7 XD,

and Y;,Y,, ... is a sequence of i.i.d. random variables with mean E(Y;) = E(X?) = 6% + u?. By
WLLN

= P
Y, - o2+ u? asn - o
= P

and X, = L, asn — oo,

—2p
Using the continuity of function h(x) = x?, x € R, and Theorem 3.1 (i) we have X, = u?,
as n — oo, Since % — 1, on using Theorem 3.2 (i) and (iii) we get

n — —2\0p
Sﬁ=n_1(Yn—Xn)—>02, asn — oo,

. . . . . p
Since f(x) = vVx, x € (0,), is a continuous function, it follows that S,, > ¢, asn — oo, and

p
therefore Si — 1,asn — oo. Using the CLT we have
n

n (X, — d
Z, ¢ w—)Z~N(O,1), asn —» o

d
> T,= Si Z, > Z~N(0,1), asn — oo, (using Theorem 3.2 (iii)).

n
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(ii) Let T; = X%;”,i =1,..,n,so0that Ty, T,, ... arei.i.d. random variables with mean 0 and

variance 1. Moreover X; = u + oT;, i = 1,2, ..., X, = u+ 0T, T, = %Z?ﬂ T; and

n—1

02 -
= P 1Z(Ti - Tn)z
i=1

n
1 _
SE == > (= K2
i=1

=

n

T2
Yi_ n
1

i=

where Y; = Tiz,i =1,2,.. and ¥, = %Z?ﬂYi,n =2,3,... Then V3,Y,,... are i.i.d. random

variables with mean E(Y;) = E(T2) = 1 and Var(Y;) = E(T}) — (E(le))2 =7y, — 1. By the
CLT

Vn({,—1) a
d=“£—>U~N(O,1), asn — oo
Y1 —1

n

_ 4
and V, = vnT, - V~N(0,1), asn — oo,

Also,

\/ﬁ 2 \/ﬁ O'ZVZ

n
VR (i —0%) = — 0y = 1Un + — 0 ——

1

d
Using continuity of function h(x) = x2, x € (0,), and Theorem 3.1 (iii) we have V;> > V2,

i g2 =1 Sty —1 o 2 ;
asn — o, Since, asn - o,—— o%/y; 1 -0%/y;—1 and 0 — 0, using Theorem

3.2 we conclude that
d
Vn(S2 —c?) - W ~N(0,(y; — 1)a*), asn — oo,
where W = ¢%/y; —1U~N(0,(y; — Do*). g
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Corollary 3.1. (Nomal Approximation to the Student-t Distribution)

Let {T,,},>1 be a sequence of random variables such that T, ~ t,,, the Student-t distribution

d
with n degrees of freedom. Then T,, > Z ~ N(0,1),as n - oo.

Proof. Let Z;,Z,, ... be a sequence of i.i.d. N(0,1) random variables. Let Z,, =% *,Z; and

Sz = ﬁZ?ﬂ(Zi — 7% n =23, .. Define

iz,

n )
Sn

n=273..

a

By Corollary 11.1, Module 6, V,, = T,,_;,n = 2,3, .... By Theorem 3.3 (i) we have

d
V,»> Z~N(0,1),asn —» o
d
= T,_1—> Z~N(0,1),asn - o

= T, i Z~N(0,1),asn — co.pgg
4. The Delta-Method

Generally we have a sequence {X,,},5, of random variables such that, for real constants ¢ and

p d
b>0, X, = c, and nb(Xn —c¢) - X,asn - o, where X is some random variable. Then, for

any continuous function g(+), we know that g(X,,) 5 g(c),asn - oo. The Delta-method is a
tool for providing a non-degenerate limiting distribution to a normalized version of g(X,),n =
1,2,...

Theorem 4.1 (The Delta-Method)

Let {X, },>1 be a sequence of random variables such that, for some real constants b > 0 and ¢

d
and some random variable X,nb(Xn —c) > X,asn - . Let g:R - R be a function that is
differentiable at c. Then

d
nb(g(Xn) - g(C)) - g®(c)X,asn - oo,
where g(l) (c) is the derivative of g(-) at the point c.

Proof. Let ¥;: R — R be such that ¥;(c) = 0 and
gix) =g+ x—c) (g(l)(c) + ‘Pl(x)) ,x € R,
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W, (x) = w —9W(@), ifxeR-{c}
0, ifx=c
Then lim,_, ¥, (x) = g (c) = g (c) = 0 = ¥, (c) (i.e., ¥, () is continuous at c) and
nb(g(X,) — 9(0)) = gD(EMP (K, — ) + ¥y (KNP (X — ) m = 1,2, ...

Also, by Theorem 3.2 (iv),
d
X, =n‘b(nb(Xn—c))+c—>0 XX+ c,asn - o

p
= X,—casn—- o

= Y, (X, 5 Y;(c) = 0,asn - o (since ¥, is continuous at ¢)

¥, (X,)nbX, —c) %0 asn—w (Theorem 3.2 (ii))

= n’(g(X) = g(0) = g (N’ Xn — ©) + Y1 (X)n" (X, — ©)
4 gP(c) X,asn > o  (Theorem3.2). g

U

Remark 4.1
Note that, in the above theorem, if we have g (c) = 0 then we conclude that
d
nb(g(X,) —g(c)) - 0,asn - oo

ie, nb(g(X,) — g(c)) 2 0,asn - oo,

and we get a degenerate limiting distribution. Now suppose that gV (c) = 0 and g(-) is twice
differentiable at ¢ with first and second derivatives at the point ¢ given by gV (c) and g®(c),
repectively. Define ¥,: R — R by

g(gcx)_—c)g;C) -g®(@), ifx#c
¥, (x) = 2 ’
0, ifx =c

The, using L’ Hospital rule (0/0 form), we have

(€3]

D@00

lim ¥, (x) = }Cl_r)lg P

X—C
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gV ) — g ()

= X —c —9@(0) (since g(c) = 0)
= g(z)(c) - g(z)(c)

=0

=¥, (0),

i.e., ¥,(+) is continuous at point c. Consequently, using Theorem 3.2,

2
@ n?(X,, — c)
n2(gt,) ~ () = T2 (o, — ) + ( > ) ¥, (X)
i g(Z)(C) X

since ‘PZ(Xn)g Y,(c) =0 (as ¥, is continuous at ¢ and Xngc, asn — o) and (nb(Xn—

2.d d
c)) — X? (as h(x) = x? is a continuous function on Rand n? (X, — ¢) > X,asn - ). g

The following example demonstrates that the conclusion of Theorem 4.1 (The Delta-Method)
may not hold if b = 0.

Example 4.1

Let {Z,},>1 be a sequence of random variables such that Z, ~N(0,1),n=1,2,... Then
d
n°(Z,—0)=Z,—> Z~N(0,1), asn - . Let g(x) = x?, x € R. Then

d
n°(g(z,) — g(0)) = 22 > 7% ~ y?,asn - .
However g(0)Z=0XZ =0. g
Corollary 4.1

Let X4, X5, ... be a sequence of i.i.d. random variables, each having the mean ¢ € R and variance
02 € (0,0). Let X, = % ", X;,n=12,.. and let g:R—> R be a function that is

differentiable at u. Then

Vi(g(®) - g@) S W~ N (0,(g® ) 02),asn - o,

provided g™ () # 0. 1f g™ (1) = 0 then
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Va(g(X,) — g(w) > 0,asn - oo -

Proof. Let Z ~ N(0,1) and let V = ¢Z. Then by the CLT

n (X, — d
w - Z~N(0,1),asn —

_ a
= Vn(X,— ) > 6Z=V~N(0,0?%),asn - o

= Vi (g(F) — g(w) > gO V,asn - o

If g (W) # 0, then W = gV~ N(0, (g (w)20? ). However if gV (1) = 0, then the
random variable g (u) V is degenerate at 0. Hence the result follows. g

Example 4.2

Let {X,,},,=1 be a sequence of random variables such that X,, ~ x2,n = 1, 2, .... Show that

\/z(\/X_n—\/ﬁ)i Z ~N(0,1),asn — oo,

Solution. Let Y}, Y,, ... be a sequence of i.i.d. y? random variables. Then E(Y;) = 1, Var(¥;) = 2

and X, 4 Y= n?n ,n=1,2,...(see Example 7.6 (i), Module 6). By the CLT
\/H (Yn - 1)
V2

_ d
=>vn (¥, —1)>v2Z~N(0,2),asn — oo -

d
- Z~N(0,1),asn — o

Since g(x) = Vx,x € (0, ) is differentiable at x = 1, using the delta-method we have

_ a 1 Z 1
\/ﬁ< Yn—1> - zxﬁZ=ﬁ~N(O,§),asn—>oo.

= ﬁ(\/X—n—\/ﬁ)i Z~N(0,1),asn - . g
Problems

1. Let X;,X,,.. be a sequence of i.i.d. N(u,c2) random variables, where u > 0 and
0<o0?<o. letZ, =Y, X; and let M,, = /n (X,, — u), where X, = % YroX;,n=
1,2, .... Show that the sequence {Z, },>, does not have a limiting distribution, however,
the sequence {M,, },,;>1 has a limiting distribution.
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Let X, X5, ... be a sequence of i.i.d. random variables. Let X;., = min{X, ..., X,,} and let
Y, = nX;.,,n = 1,2, .... Find the limiting distribution of {X;.,},,51 and {Y;,},;>1 when

(i) X,~U(0,8),6 > 0;
(ii) X,~Exp(6),6 > 0.

Let X, X5, ... be a sequence of i.i.d. random variables with mean p and finite variance.
Show that
. 2
(i)

n(n+1)
(ii)

P
Yic iX; > u,asn - oo;

6

p
n -2

— " i“X; > u,asn » oo -

nmiD(enry 2=t AT

Let {X,,},,>1 be a sequence of independent random variables such that the p.m.f. of X,
is given by

1 11
_HM‘&' ifx € fon, e},
- =
0, otherwise

_ D _
Show that X,, » 0,as n — o, where X,, = 1 rXion=12,..
n

Let X,, ~NB(n,p,), where p, € (0,1),n=1,2,... and lim,,n(1—p,) =1>0.

d
Show that X,;, = X ~ P(A), the Poisson distribution with mean A.

(i) Let X, ~G (n,%) ,n=1,2, ... Show that X, 2) 1,asn — oo.

1
n

d
(i) Let X,~N (%, 1-— ),n =1,2,...Showthat X,, > Z ~ N(0,1), asn — .

Consider a random sample of size 80 from the distribution having a p.d.f.
2 :
f(x) — x—g, ifx>1 )
0, otherwise

Compute, approximately, the probability that not more than 20 of the items of the

random sample are greater than /6.

Let X, X5, ..., X200 be a random sample from P(2) distribution, and let ¥ = »2%0 x;.
Find, approximately, P({420 < Y,,, < 440}).
Let X1, X5, ... be a sequence of i.i.d. random variables having a common p.d.f.

Fa) =~ —

TRz TP SES®
T
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10.

11.

12.

13.

. L . . . S 1 d
Using the principle of mathematical induction, show that X,, = - i Xi=X,Vn €

{1,2,...}. Hence show that {X,},-; does not converge to anything in probability (Note
that E(X,) is not finite and therefore validity of WLLN is not guaranteed).

an

Xn _ _
Let X,, ~P(2n),Y, = Tand Z, = n(2n+1)'n =12, ...
Show that
(i) Yni 2andZn£> 1,asn — oo;
p

(ii) Y2 +./Z, > 5,asn - ;
n?vz+ny, P
(iii) ———— > 4,asn - o,

nyp+n
Let X,, be the sample mean based on a random sample of size n from a distribution
having mean p € (—, ) and variance 62 € (0, ). Let Z,, = w,n =1,2,..If

. . P
{Y,}>1 is a sequence of random variables such that ¥;, » 2,as n — oo, show that:

2z, d

=2 Z ~N(0,1),asn — oo;
n

. 472 d

(ii) Y—Zn—> U~ y% asn — oo;
n

2n+Y)z, 4
—=" > Z~N(0,1),asn — oo.
n¥n+Yy

let X;,X5,.. be a sequence of iid. U(0,1) random variables. Let

1
G,= X, X, X,)n,n=1,2,.. be the sequence of geometric means. Show that,

asn — o,
, P 1
(i) (C
d
(ii) nP (G,ZL —eiz) — N(0,02), for some b >0 and o2 > 0. Find the values of b
and o2.

Let {(X1n, X2n)lns1 be a sequence of i.i.d. bivariate random vectors such that

E(Xll) = ”1 € R,E (X21) == ﬂz € ]R,Var‘(Xll) == 0-12 > 0, Var (X21) == 0-22 > 0, and
S 1 S 1

Corr(Xy1,X21) = p € (=1,1). Let Xin = n =1 X1i, Xon = n i=1X2i, Cp =

1

1 = = 1 =
p— i=1(X1i - Xln) (Xzi - XZn)’Slzn = ?:1(X1i - Xln)z ,Szzn T ?=1(X2i -

n-1
Xon)?and R, = %,n = 2,3,....Show that,asn — oo,
in-2n
() Cu> poyoyand Ry > p;
a I
(i) VR (Ca—pora) S N(O,(0 = pP)oF of), where g = Xt Cunie))

0103
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14.
(i) Let X, ~Bin (n,p,), where p, € (0,1),n=1,2,... and lim,_,p, =p € (0,1).

Show that
X,—n d
_An " Pn - Z ~N(0,1),asn — oo;
v npn(l - pn)
(ii) Let X1, X, ... be a sequence of i.i.d. random variables of absolutely continuous type.

Let F(-) and f (), respectively, denote the d.f. and the p.d.f. of X; and let 6 be the

median of F(i. e.,F(0) =§) Suppose that f(0) > 0. Let M, = X 1100+, =

1,2, ..., be the middle observation (called the sample median) based on random
sample X1, X5, ..., X541 Show that, asn — oo,

(@) v (M, — )5 N (0, 1),

(b) M, > 6.
15. Let {X,,},;>1 be a sequence of random variables such that, for real constants u and ¢ >
0,vVn(X,, — w i N(0,02),as n — oo. Find the limiting distributions of
() Sp=Vn(XZ-p)n=1.2,.,
(ii) T,=nX,—w*n=12,..,
(i) U,=+Vn(nX,—Inp),n=1,2,.. whereu > 0.

16. Let X,, ~ Bin (n,p),n = 1, 2, ... Find the limiting distribution of Z,, = vV/n (% (1 — 5) -

n

p(1— p)),n =1, 2, .... Find the limiting distribution (non degenerate) of a normalized
. X X 1
version of ¥,, = - (1 - Z) whenp = e
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