MTH 418a: Inference-I
Assignment No. 2: Sufficiency

1. Let X3,..., X, be a random sample from a population with p.d.f./p.m.f. fy(-),0 €
©. In each of the following cases, using the factorization theorem, show that 7'(X)
is a sufficient statistic:

(a) For known p € R, X; ~ N(y,6?),0 = (0,00), T(X) = >0, (X; — )%
(b) Xi~ Beta(61,602), 6 = (61,62), © = (0,00) x (0,00), T(X) = ([[;=, Xi, [[i (1 -

) fo(x) = 25" 10,9 (2),0 = (0,00),
) Xy ~ Cauchy(@) ©=R =
(13 X; ~ Poisson(6),0 = (0,00),T(X)

(j) For known positive integer m, X; ~ Bin(m, 0),© = (0,1), T(X) = >, X4
(k) For normalizing constant ¢(), fo(x) = %, r=0+1,0+2,...,0={0,1,2,...},
T(X) = Xq).

2. Each of the parts (a)-(k) below correspond to the corresponding part of Problem
1. For each of the parts (a)-(k), show that the statistic U(X), as defined below, is
sufficient for 0:

(a) UX) = (X, X0, (Xi — X));

(b) U(X) = (Xqy, -, Xw);

(c) U(X) = 15T*(X) + 8T(X) —

(d) UX) = (X, Y (X, 1)2,

(e) U(X) = (2X(m) — X1y X(n) + 3X(1));

(f) UX) = (X, X2)5 -+, X(m));

(g) U(X) = ([Tiz) Xis X(o) + X(3), 2X2) + 3X3), Xays -+ - X(w))5
(h) UX) = (Xa), Xy = X, Xgp = Xy Xnot) = Xn-2), Xy = Xw);
(i) U(X) = 2X° + 3X — 100;

() UX)=X";

(k) U(X) = 9e**m — 17X — 1083.

3. Let Xi,..., X, be a random sample from a population with p.d.f./p.m.f. fy4(-),8 €
O. In each of the following cases, using the conditional distribution of the sample
X1, ..., X, given the statistic T'(X), show that the statistic 7'(X) is sufficient for 6.

a) X, ~ Poisson(6),0 = (0,00), T(X) = > | Xi;
b) For known positive integer m, X; ~ Bin(m,0),0 = (0,1), T(X) = >, Xu:
c)n=2,X; ~U(0,0),0 =(0,00), T(X) = max{ Xy, Xo};

(
E
(d) n =2, X; ~N(0,0),0 = (0,00), T(X) = X2 + X3.



4. Let Xi,...,X, be a random sample from a population having p.d.f. fy(z) =
021 0<x <1, €0 =(0,00).

(a) Show that T(X) = — > ", In X is a sufficient statistic for 6;

(b) Find the p.d.f. and T'(X);

(C) Are Tl(&) = (Xl,...7Xn>, TQ(&) = (X(l), X(n)), Tg(i) = (Xl,Xl +
Xo, [T Xi), Tu(X) = T*(X) + 3T(X) + 2, T5(X) = 7@ — T(X) + L sufficient
statistics for 67.



