MTH-418: Inference-I

2023-2024: II Semester
End Semester Examination

Time Allowed: 3 Hours Maximum Marks: 100

NOTE: (i) This question paper has 8 questions, to be attempted in 3 hours.
Attempt all the 8 questions.

(ii) Start answer of every question on a new page. Moreover, attempt all the
parts of a question at one place.

(iii) Answer each question legibly, clearly and concisely. Illegible answers will
not be graded.

(iv) For each question, provide details of all the steps involved in arriving at
the final answer(s)/conclusion(s) and box your final answer(s) /conclusion(s).

1. Let Xy, X5 be a random sample from a population having a pdf

2 if<z<b
fO(x):{g . )

0, otherwise

where € [1.00) = O, say, is an unknown parameter (Note: The parameter space
is restricted).

(i) Show that X(y) = max{Xy, X5} is NOT a complete statistic;
(ii) Find the UMVUE of 6. |6+6=12 Marks|

2. Let Xy, ..., X5 be a random sample from a Bin(1, §) distribution, where § € (1) =
©. Let (50(&) = X, X5, so that E(;((So(*)g)) = 62,9 € 0.

(i) Show that Ty = Zf:l X, is a minimal sufficient statistic and hence show that
Ty = (X1 + Xa + X3, X4 + X;) is a sufficient statistic:

(ii) Using the Rao-Blackwell Theorem on §, with sufficient statistic T, find an un-

biased estimator d; of 62 that has uniformly smaller variance than the variance
of the estimator dy. Is §; the UMVUE?:

(ili) Using the Rao-Blackwell Theorem on &; (obtained in (i) above) with minimal
sufficient statistic 77, find an unbiased estimator d, of 2 that has uniformly
smaller variance than the variance of the estimator §;. Is 05 the UMVUE?

|4+5+5=14 Marks|




3. Let X1, Xy, X3 be a random sample from an exponential distribution having the

p.d.f.
e Has0
0, otherwise ’

Jo(z) :{

where 6 € (0,00) = 6. @6:12 Marla

(i) Find the UMVUEs dy,d; and 85 of the estimands 11 () = 5, ¥2(0) = 0 and
¥3(0) = e™? (Hint: §(X) = I(X; > 1) is an unbiased estimator of )

)

(ii) Using the generalized Rao-Cramer bound, find sharp bounds on the variances
of unbiased estimators of 11 (6),¥(0) and 13(6).

. (a) Let Xy, X, be a random sample from a population having p.d.f.

2 .
_ [ #l-2), if0<z<f
Jolz) { 0, otherwise
where ¢ € (0,00) = ©. Find the MME and the MLE of 6. E+8:12 Ma@

- Let Xy, X5 be a random sample from U(0,6), where 6 € © = {1, 2.2}, For testing
Hy -0 € {1,2} against H, : 0 = 2, consider the test function

L X1+ Xy>1
X)= ’ 4
) { 0, otherwise

Find the size and the power of the test. !84—4:12 Markﬂ

. Let Xi,..., X, (n>2) be a random sample from an U(#,0+1) distribution, where
0 € R =0. Find an UMP(a) test for testing Hy : § < 0 against H, : § > 0; here

a e (0,1). . 14 Marks

. Let Xy,..., X, be a random sample from N(#,0?), where 0 € R and ¢ > 0 are
both unknown. For testing Hy : 0 = 0 against H; : 6 # 0, find an UMPU(«) test

(o € (0,1)).

- Let Xy,..., X} and Y7,...,Y, be independent random samples from populations
having p.d.f.s

. Lo ifg >0 —Le*"_zi, ifz >0
Jo(z) = { ac and fg,(7) = { b

0, otherwise 0, otherwise '

respectively, where (61,62) € (0,00) x (0,00) = ©. For testing Hy : 8; = 6, against
0 # 0y at o (€ (0,1)) of significance, find an UMPU(«) test. 12 Marks
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