Practice Problems 16: Integration, Riemann’s Criterion for integrability (Part I)

1. Prove the inequality nr?sin(m/n)cos(n/n) < A < r?tan(w/n) given in the lecture notes
where A is the area of the circle of radius r.

2. Let f:[a,b] — R be a bounded function. Suppose that there is a partition P of [a,b] such
that L(P, f) = U(P, f). Show that f is a constant function.
3. Let f : [a,b] =& R be a bounded function and f(z) > 0 for every x € [a,b]. Show that
—=b
IZf(x)da: >0and [ f(x)de > 0. In addition, if f is integrable, show that ff f(x)dx > 0.

4. In each of the following cases, evaluate the upper and lower integrals of f and show that f
is integrable. Find the integral of f.

(a) For a € R, define f : [a,b] — R by f(z) = « for every z € [a, b].
(b) f(z)=0for0<z <3, f(3)=10and f(z) =1for § <z < 1.
(¢) f(z) =z for all z € [0,1].
5. Let f : [a,b] — R be integrable and (P,) be a sequence of partitions of [a,b] such that
U(Pyn, f) — L(Pp, f) — 0.
(a) Show that limy, o0 L(Pr, ) = limy e U(P, f) = [ f(2)dz.
(b) Find fol xdz using (a).
(c) Find fol x?dx using (a)
6. Let f(z) = 2 for all = € [1,2]. Show that f is integrable using Theorem 17.1.

7. Let f, fi and fa be bounded functions on [0,1] such that fi(z) < f(z) < fa(z) for all
x € [0,1]. Suppose that f; and fo are integrable and fol fi(z)dz = fol fo(z)dx, show that f

is integrable and find [} f(z)dz.

8. Let f : [0,1] — R be such that f(z) = z for z rational and f(x) = 0 for x irrational.
Evaluate the upper and lower integrals of f and show that f is not integrable.

9. (*) Let f:[0,1] — R be given by

{ % ifx = g where p,q € N and p, ¢ have no common factors

0 if z is irrational or z =0

fx) =
(a) For any N € N consider the set
Ay = {x €0,1]:z= P where p,q € N,qg < N and p, ¢ have no common factors} .
q

Show that the set Ay is finite.

(b) For given N € N and € > 0, show that there are disjoint intervals [z1, x2], [£3, Z4], ..., [Tm—1, Tm)
such that Ay C (z1,22) U (23,24) U ... U (X1, Tm) and |z — 2| + |23 — 24| + ... +
|Tm—1 — 2m| < 5.

(c) Show that f is integrable.

(d) Find two integrable functions g and h on [0, 1] such that g o h (g composition of h) is
not integrable.

Please write to psraj@iitk.ac.in if any typos/mistakes are found in this set of practice problems/solutions/hints.
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Practice Problems 16: Hints/Solutions

. The area of the inscribed triangle given in Figure 1 in the notes is 2 x 7 sin(r/n)r cos(r/n).

The area of the superscribed triangle is 2 x 3 (r tan(r/n))r.

. Observe that U(P, f) — L(P, f) = i1 (M; —m;)Az; and M; —m; > 0 and Az; > 0.

. Follows from the definitions.

(a) For any partition P = {zg,z1,...,x,} of [a,b], m; = M; = « for i = 1,2,...,n. and
—=b
hence U(P, f) = L(P, f) = a(b — a). Therefore [*f(z)dz = [, f(z)dz = a(b - a).
°
This implies that f is integrable and f: f(x)de = [ f(x)dz = a(b—a).

(b) Let P = {xo,21, ..., zn} be any partition of [0, 1] such that 1 € (z;_1,2;) for some 1 <
i <n. Then L(P, f) =1—z; and U(P, f) = 10Az; + (1 — x;). Therefore IZf x)dx =
=b —b
faf(x)da: = % This implies that f is integrable and fb f )dx = f f(x)dx = %

(c) Let P, = {0, %,% . ,n} By definition L(P,, f) = ) and U(P,, f) =" ntl).
Therefore o
1 =sup{L(P,,f) :n € N} < Lfo(x)dx < [ f(@)de < inf{U(P,, f) :n € N} = 3.

=b
Therefore fo(.%')diC = [ f(z)dz =1 and f: f(z)dx = %

(a) Follows from the fact that L(P,, f) < f: flz)de < U(P,, f).

(b) It is shown in Example 17.2 that U(Pn,f) — L(P,, f) = 0if P, = {0,%,2 2
Hence by (a), limn_>OO (P, f) = f f(z)dz. Tt follows from the solution of 4(c) that
U(Po, f) = 55 = 3.

(c) Follow the argument involved in the solution of Problem 5(b). If f(x) = 22, then
UPo, f) = L + 2 4. 4 1) = Lnmilndd) 1

cLet P, ={1,1+11+2 1421142} Then U(P,, f) — L(P,, f) = 5 — 0.
For any partition P of [0,1], L(P, f1) < L(P f)and U(P, f) < U(P», f) which 1mphes that

fofl d:c<ff dx<f0 da:<f0f2 da:—fofg dac—fofl

IR, = {O,n,n,. o ,n} then f f(x)dx < inf{U(P,, f) :n € N} = % (see the solution

of Problem 4(c)). If P = {xg,x1, 2, ... xn} be any partition of [0, 1], then

UP, f)= Z?:l vi(z; — wi1) 2 Z;‘L:i xlz - %(Z?:l(x? +$12 1)) = %(ZZL 1(33 - fC ) = %
which implies that fo(x)dx > 1. Therefore fo(m)daz = 5. It is clear that f f(z)dz = 0.
(a) It is clear that Ay is finite.
(b) Since the set Ay is finite, this is possible.
(c) See the argument involved in Example 17.1. Let € > 0. Choose N such that 3 < §.
Corresponding to this N, choose the partition P = {0,x1,x9,x3, ..., Tn, 1} of [0,1]

where 2}s are as given in (b).
Observe that if x € [z2,x3] or [z4,25] and f(x) = % then ¢ > N and hence on these

intervals M; — m; < %

Note that
U(P, f) —L(P, f) = Z(Mz —'mi)sz- = (‘.%'1 —.%'2‘—}— ‘$3—$4’ +...+ |=Tm—1 —wm‘)-i-% < €.
This shows that f is integrable.

(d) Define ¢g(0) =0 and g(z) =1 if = € (0,1]. Take h = f where f is defined above.



