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. Using Taylor’s theorem, show that 1 —

. Using the EMVT show that cosy — cosz > (z — y)sinz for all z,y € [, 5

Practice Problems 9: Taylor’s Theorem

. Let f:[a,b] = R and n € N. Suppose that "1 exists on [a,b] and f*+D(z) = 0 for all

x € [a,b]. Show that f is a polynomial of degree less than or equal to n.

. Show that 1+ 2 —Z < Ttz <1+ Z for 2 > 0.

2

. Show that for z > 0, |log(1 + z) — <$—%+”§3—3>|§§,

1

§.T2 < cosz for all x € R.

. Let z € R be such that |z|° < 5! Show that sinz can be approximated by z — % with an

107"
error of magnitude less than or equal to 1074,

6

. Using Taylor’s theorem, establish the binomial expansion:

(n—1)

(1+:E)":1+mc+n 51 4. 2" reR.

. . —\/ 2
Using Taylor’s theorem, compute hn% 11;&.
T—r

3].

(a) Let f : [a,b] = R be such that f”(z) > 0 for all « € [a,b]. Suppose that =,y € (a,b),
x <yand 0 <A < 1. Show that

fQz+ (1 =Ny) <Af(x)+ (1 -Nf(y)
i.e., the chord joining the two points (z, f(z)) and (y, f(y)) lies above the portion

{(t, f(t)) : t € (x,y)} of the graph.
(b) Show that Asinz < sin Az for all z € [0, 7] and 0 < A < 1.

Let f : [a,b] — R be twice differentiable. Suppose f’(a) = f’(b) = 0. Show that there exist
a2
cr.ca € (a,b) such that £(5) — F(@)] = (52)° § 1"(c) — F"(ea)].

Let f: R — R be such that f”'(x) > 0 for all x € R. Suppose that z1,z2 € R and z1 < z3.
Show that f(z2) — f(z1) > f/ (B522) (29 — 21).

Let f be a twice differentiable function on R such that f”(z) > 0 for all x € R. Show that
if f is bounded then it is a constant function.

(a) For a positive integer n, show that there exists ¢ € (0,1) such that
Cc

TR I
e = — — .
T (n+1)!

Further, show that nejl
(b) (*) Show that e is an irrational number.

= nle —m for some integer m.

Please write to psraj@iitk.ac.in if any typos/mistakes are found in this set of practice problems/solutions/hints.



14. (*) (Taylor’s theorem with the Cauchy remainder) Let f : [a,b] — R be such that £
be continuous on [a,b] and f("*1) exists on (a,b). Suppose zg € [a,b] and = € [a, b]\{zo}.
For every t € [a,b], define

(z—1)°

x—t)"
o(t) = (@)~ 1)~ (x— ) (1)~ C gy B ooy
(a) Show that ¢/(t) = — 0" plrt D) (),
(b) Show that there exists ¢ between x and zp such that 9(2:‘;’&&”0) = — (x:“c)" FOt(e).
(c) Show that there exists ¢ between x and z( such that
_ 2 _ n — )" _
flz) = f(xo)+(x_x0)f’($0)+wf”($0)+...+Mf(n)(x0)+(x o)"(x mO)f(nJrl)(c)‘

21 n! n!
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. By Taylor’s theorem, there exists ¢ € (0, x) such that 1 +z =1+ —

. By Taylor’s theorem, there exists ¢ € (0, z) such that log(1 + z) = x — %2 + % - i

Practice Problems 9: Hints/Solutions

. Fix z € (a,b]. By Taylor’s Theorem, f(z) = f(a) + f'(a)(z — a) + f”(a)( —a)?+ ..+

%(x — a)™ which is a polynomial of degree < n.

22

1
8 (1+c)3/2

4
1+t

sin ¢ 3

. By Taylor’s Theorem, there exists ¢ between 0 and x such that cosz =1— fo + 55

Verify that Smc 3>Owhen\x|<7r If | 2| >nthen 1 — 2% < =3 < cosz.

. By Taylor’s theorem, there exists ¢ between 0 and x such that sinz = x — é—? + (cos c)%? If

2 <

104, then |sinx — (x - —) | <1074

. Let f(z) = 2™. By Taylor’s theorem there exists ¢ between 1 and 1+ z such that (1+2z)" =

f() + (D + %wz +-+ ftl(!l)x” + f(::l()c,) 2"t which leads to the answer.

Observe from Taylor’s theorem that v/1 + 22 = 1+ % — % +ax® and cosz = 1— % + % +pxd
for some a and 8 in R. The limit is %

. Let 2,y € [5 3—7’] By the EMVT, there exists ¢ between = and y such that cosy = cosx —

27 2
cos ¢

(y — x)sinz — “$<(y — ). This leads to the answer.

(a) Let zy = Az + (1 — N)y. Since f”(t) > 0 for all ¢t € [a,b], by the EMVT, f(z) >
f@x) + f(@2) (1 = A)(z —y) and f(y) = f(2r) + f'(x)A(y — ). Eliminate f'(z»).
(b) Define f(z) = —sinx on [0, 7]. Take y = 0 and apply the inequality given in (a).

By the EMVT theorem, f (%) = f(a) + w (b_?a)z and f (%2) = f(b) + @ (b_?a)z
for some c1, c2 € (a,b). Eliminate f (%52).

Let T = #1322 Since f”(z) > 0 for all z € R, by Taylor’s theorem f(z2) > f(T)+ f'(T) (w2 —
)+ fnz(f) (22 — %) and f(z1) < f(T) + f(T)(z1 — T) + @(332 7)2. Eliminate f(7) and
f//2(x) (-’EQ o E)Q

Suppose f'(xg) > 0 for some zop € R. Since f”(x) > 0 for all z € R, by the EMVT,
f(x) > f(xo) + f'(zo)(x — x0) = 00 as x — oo. If f/(xp) < 0, then f(z) — oo as x — —oc.
This contradicts the fact that f is bounded.

(a) Let f(x) = €” on [0,1]. By Taylor’s theorem, there exists ¢ € (0,1) such that e =
1+ % + % + ..+ (n‘ZTcl), Multiply 5 = nle —m for some integer m.

(b) If e = £ for some p € Z and ¢ € N, then by (a), (g)c n%rl = n!Z —m. Since n!t —m is

(& C
an integer for n > q, (%) n%rl is a natural number for every n > ¢. But (g) TH — 0 as

n — oo which is a contradiction.
(a) Observe that for k > 1, 4 ( (a0 y(k) (t)> - <§;j>f)f F® ) — @D 1) g,
(b) Use (a) and the MVT.

(¢) Since g(z) = 0, by (b), g(zg) = L=2&=20) ¢(+1)(¢) which establishes part (c).

n!




