Analysisof M/M/n/K Queue
with

Multiple Priorities
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* For a P-priority system, class P of highest priority

* Independent, Poisson arrival processes for each class with
|, asaverage arrival rate for classi

* Service times for each class are independent of each other
and of the arrival processes and are exponentialy
distributed with mean 1/m for classi

» Both Non-preemptive and Preemptive Priority Service
disciplines are considered

Snce the service times are exponentially distributed (i.e.
memory less), the results for preemptive resume and
preemptive non-resume will be identical

Copyright 2002, Sanjay K. Bose




Solution Approach

* Define System State appropriately

* Draw the corresponding State Transition Diagram with the
appropriate flows between the states

* Write and solve the balance equations to obtain the system
state probabilities

Note that we have given here the solution approach that
may be taken to solve a queueing problem of this kind.
This has been illustrated with simple examples. More
complex cases may be similarly formulated and solved
with a corresponding increase in the solution complexity
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M/M/-I- Queue with Preemptive Priority

For a P-priority queue of thistype, define the system state
asthefollowing P-tuple

where
n; = Number of jobs of priority classi in the queue

i=1,....,P

Note that the server will always be engaged by a job of the
highest priority class present in the system, i.e. by a job of
classj with servicerate mif n® Land n;, ;=....=np=0.
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We illustrate the approach first for a 2-priority M/M/1/¥ queue
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The corresponding balance equations for the 2-priority M/M/1/¥
gueue will be given by

Po(l 1 +12) = PosM + ProMm

Poall 1 +1 5+ M) =py,m + pol ,

Pro(ly +1 5 +m)=p,om + pym, + pyl
Pl +1 5 +m)=pol 5+ Pym + Pyl y

These may be solved to obtain the desired state probabilities

We illustrate next how this approach may be generalized to
apply to queues with finite capacity and/or multiple servers
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2-Priority M/M/1/3 Queue (Preemptive Priority)

(An example of a queue with finite capacity)

New arrivals
will belost if
they come when
the systemisin
any of the
circled states

State Transition Diagram for the 2-Priority M/M/1/3 Queue
with Preemptive Priority
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Poll 1 +15)=Posm + Prom

Po(l L +1 5+ M) =py,m + pol ,

Pro(l 1 +1 2+ M) = pyeMm + pam + pol
Pra(l g +1 5 +mM) = pyol p + ProMy + Poyl
The corresponding < P12 = Pyl 2 + Po2l s

balance eguations are PoaMy = Pl 1 + Pogl »

Po2(ly +1 2+ M) =poyl 5+ posny

Pooll s +15+m)=pol; + Py + P3om

PosM = Po.l 2
K PaoM = Pl 1
Normalization Po * Pos ¥ Pio+ Pra ¥ Poo ¥ Poo ¥ Prot Poa
Condition Pos + P30 =1
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» We can solve for the state probability distribution by solving any
nine of the ten balance equation along with the equation for the
normalization condition

» Job loss praobability (or the blocking probability)
= P2t P21t PaotPos

* Other desired probabilities may aso be found from these state
probabilities. Some examples are -

P{ server busy serving low priority job} = p, o+ P, ot P30

P{one high priority job in the system} = p, ;+p; 1+ P51
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2-Priority M/M/2/3 Queue (Preemptive Priority)

(An example of a queue with finite capacity and multiple servers)

[P I,

New arrivals
‘:\&1 will belost if
y | they come when
> the systemisin
,/jA'z any of the
W circled states

| Solve in the usual manner for the system state probabilities
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M/M/-I- Queue with Non-preemptive Priority

We can propose two different methods of representing the
system state for aM/M/c/K queue of thistype with P
priority classes.

Approach | : If P < ¢, then this approach gives amore
compact representation using a 2P-tuple than the more
genera Approach Il given next.

State Representation (Ny,.........,Np, SpyeeeeeensSp)
where
n, = number of jobs of classjinsystem j=1,...,P

S, = humber of servers currently busy serving jobs of
priority classk k=1,.....,.P
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Approach 11 : Thisrequiresa (P+c)-tuple of the following
form

State Representation Npyeveveeenlpy Spyeee e
where

n, = number of jobs of classjinsystem j=1,...,P

S, = priority class of the service currently on-going at
server k k=1,......c

Notethat n,+......+ n£ K for afinite capacity system

We have used the representation of Approach Il in the
example described subsequently
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2-Priority M/M/1/3 Queue (Non-preemptive Priority)

(An example of asingle server queue with finite capacity)

State Transition Diagram
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The balance equations for this queue are

Pol 1 +12)=Po1M + Prosm

Por2(l 1 +1 5, + M) =pgl 5 + Py M,

Proall 1 +12+M)=pgl s+ PaoiM + Pyyny
Praall s +12+ M) =Pyl »

Prao(l s +1 2+ M) =Poyol 1 + ProeM + PpriM
Poz2(l 1 +1 2+ M) =Posol 2+ ProaM + Pos2M
Poa(l 1 +1 2+ M)=Pyosl s + PoroM + PaoaM

.and ...
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Pi22M = Praal 2+ Po2ol 1
P212M = Praal s

Po1iM = Proal 1 + Poodl 2
Pr2iM = Pyl -

Pos2M = Poal 2

Ps0aM = Paosl 1

with the following normalization condition

Po * Pro1 + Por2 ¥ Po22 ¥ Pos2 T P2o1 ¥ P3on

+ Prag t Pra2 ¥ Progt Pogg t Prao t Poag =1
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* These eguations may be solved on the usua way to
obtain the individual state probabilities as per the
definition of the system state

* These state probabilities may then be used to compute
other performance parameters and probabilities that may
be of interest.

* For example, the blocking probability of this system will
be given by (Poz2 + P3o1+ Pio2+ Pas2+ Pioat Pord)

* Other, similar probabilities and performance measures
may also be calculated

Copyright 2002, Sanjay K. Bose 16




Approach may be extended in the usua fashion to analyze
other similar systems as follows -

» More than two priority classes

* Other buffer capacity values or even queues with infinite
buffer capacities

* Different capacity limitsfor the different priority classes

* Queues with more than one server
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