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Abstract Given a distribution of defects on a structured surface, such as those represented
by 2-dimensional crystalline materials, liquid crystalline surfaces, and thin sandwiched
shells, what is the resulting stress field and the deformed shape? Motivated by this con-
cern, we first classify, and quantify, the translational, rotational, and metrical defects al-
lowable over a broad class of structured surfaces. With an appropriate notion of strain, the
defect densities are then shown to appear as sources of strain incompatibility. The strain
incompatibility relations, aided with a decomposition of strain into elastic and plastic parts,
and the stress equilibrium relations, with a suitable choice of material response, provide
the necessary equations for determining both the stress field and the deformed shape. We
demonstrate this by applying our theory to Kirchhoff-Love shells with a kinematics which
allows for small surface strains but moderately large rotations. We discuss implications of
our framework in the context of 2-dimensional crystals, growing biological membranes, and
isotropic fluid films.
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dislocations - Surface disclinations - Non-metricity - Strain incompatibility - 2-Dimensional
crystals - Biological growth - Fluid films

Mathematics Subject Classification (2010) 74E05 - 74K15 - 74K20 - 74K25 - 53705

1 Introduction

The aim of this article is to study geometry and mechanics of defects in structured surfaces.
The term structured surface is used to represent a variety of 2-dimensional material surfaces
such as 2-dimensional crystals (colloidosomes, carbon nanotubes, graphene, etc.); thin sand-
wiched structures; liquid crystalline membranes and shells, with intrinsic crystalline order
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(single-layer viral capsids) or without (nematic membranes, single layers in smectics and
cholesterics); and Cosserat surfaces, which are used to model a hierarchy of plate and shell
theories for thin elastic structures abundant in structural and biomechanical applications.
The defects are anomalies within the local arrangement of entities in an ordered structure,
where the order is usually defined in terms of translational, rotational, and metrical sym-
metries of the underlying material. These anomalies are omnipresent in nature, e.g., edge
dislocations (translational anomalies), wedge disclinations (rotational anomalies), and point
imperfections (metric anomalies) such as vacancies and self-interstitials in 2-dimensional
crystalline membranes [8, 51]; twist and wedge disclinations, and edge and screw disloca-
tions in liquid crystalline surfaces [32, 33]; see Sect. 2 for more examples. We also include
the phenomena of thermal deformation and biological growth as those leading to metric
anomalies since they bring about metrical changes in the material space [4, 60]. Defects
can also appear as global anomalies which affect the topology of the surface, such as those
present in multiply connected and non-orientable surfaces [8, 26, 27, 57, 58]. Many of the
superior physicochemical properties of the 2-dimensional defective structures can be at-
tributed to the stress fields resulting from the distribution of defects [72], and also, unlike
3-dimensional bodies, due to their lower dimensionality, to their ability to relax by acquir-
ing a variety of natural (stress-free) shapes, for instance, the wavy edges of growing leaves
[42], the topological corrugations present on human brain [68], and the helical strands of
DNA [18]. The present work is concerned with the central problem of formulating a general
theory that takes under its ambit the non-Euclidean geometric characterization of these mul-
tifarious 2-dimensional defective structures and the subsequent determination of the stress
fields and deformed shapes for a given distribution of material anomalies.

It is well established that differential geometry provides a rightful setting to describe the
geometric nature of defects in 3-dimensional solids, as well as to discuss the related issues
of strain incompatibility and residual stress distribution [1, 6, 13, 15, 34, 36, 39, 52, 69, 70].
Despite this success in 3 dimensions, the problem in lower dimensional structures is rela-
tively less developed, primarily due to the complex interplay between the embedding ge-
ometries in the physical space, and the unavoidable non-linearities involved in the defor-
mation as well as the constitutive responses. We note the initial attempts made by Eshelby
[24, 25], who obtained analytical solutions for internal stress in linearly elastic plates con-
taining isolated screw and edge dislocations, and subsequent generalizations by Chernykh
[10] and Nabarro [48, 49], among others [47, 62, 64]. The notion of continuous distribution
of defects in thin structures however has remained relatively unexplored outside the work of
Povstenko [55, 56] and Zubov [73-75], where it was limited to only in-surface dislocations
and disclinations (the difference between in-surface and out-of-surface defects is explained
in Sect. 2). We also note that although the strain compatibility equations, both in the context
of nonlinear Kirchhoff-Love shells [11, 12, 35, 53] and nonlinear Cosserat shells [20, 22,
44, 73], do exist, the strain incompatibility equations, with sources of incompatibility aris-
ing from a defect distribution, thermal deformation, or biological growth, etc., appear to be
lacking in nonlinear shell theories. The incompatibility equations for Kirchhoff-Love plates,
with only in-surface dislocations, has been derived, although with errors, by Derezin [16].
The incompatibility relations for a von-Karméan shallow shell theory have appeared in con-
nection with thermal deformation [45], biological growth [17, 41-43], and surface defects
in 2-dimensional crystals [8, 51]. The strain incompatibility equations have also appeared in
the so called theories of non-Euclidean elastic plates [19, 30] which, without explicitly incor-
porating defect densities, consider a non-Euclidean metric, representing the distribution of
a growth strain field, and use the Riemannian curvature of this metric as a measure of strain
incompatibility to pose boundary-value-problems primarily for determining natural shapes.
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Finally, we note some alternate attempts to investigate the mechanics of defective plates and
shells [74, 75], of plastically deformed thin sheets [14, 67], and of biological growth in thin
structures [46, 61], all of which do not use the notion of strain incompatibility.

We have extended the existing literature in several directions. First of all, we give a com-
plete non-Euclidean characterization of all the translational, rotational, and metric anomalies
in 2-dimensional structured continua. In doing so, we not only provide new insights into the
geometrical nature of known defect densities, but also introduce various novel defect den-
sity measures in the context of structured surfaces (see Table 1 for a summary). Moreover,
we use the well known Bianchi-Padova relations to discuss the interdependence of these
densities as well as to obtain the relevant conservation laws. We also emphasize what distin-
guishes the nature of the surface defects from their 3-dimensional counterparts. Secondly,
using concepts from non-Riemannian differential geometry, and incorporating the geometric
character of defects, we derive the strain incompatibility relations for a nonlinear Cosserat
shell with dislocations, disclinations, point defects, and other metric anomalies acting as
sources of incompatibility. Finally, we reduce these general relations for Kirchhoff-Love
shells and subsequently make certain smallness assumptions on strains and defect densi-
ties to obtain strain incompatibility conditions for sufficiently thin nonlinear shells with
small surface strain but moderately large deformation. We use the simplified incompati-
bility relations within von-Kdrman shell theory to discuss connections of our work with
existing works on 2-dimensional crystalline surfaces, growth of biological membranes, and
isotropic fluid films. This is to not only provide a rigorous basis to these existing theories but
also to extend them to incorporate richer kinematics and defect structures. Our overall aim
has been on one hand to unify several seemingly different streams of research, and on the
other to provide a rigorously constructed and sufficiently general framework for studying
a large range of problems associated with geometry and mechanics of defective structured
surfaces.

A brief overview of the paper is as follows. In Sect. 2, we provide several illustrative
examples to demonstrate the non-Euclidean character of local material defects in structured
surfaces. In Sect. 3, we begin by introducing the notion of material space, which includes a
2-dimensional body manifold, a non-Riemannian material connection, and a material met-
ric, as our prototype to characterize continuously defective structured surfaces. In particular,
we use the tensors of non-metricity, torsion, and Riemann—Christoffel curvature of the ma-
terial connection to construct several in-surface and out-of-surface material anomalies (see
Table 1) and subsequently use Bianchi-Padova relations to emphasize their interdependence
(see Table 2). We also introduce a Riemannian structure on the material space induced by
the material metric and obtain geometric relations connecting the Riemannian and the non-
Riemannian curvatures. In Sect. 4, a generalized notion of strain is introduced to establish
the kinematical nature of our structured surface as a thin nonlinear Cosserat shell. The lo-
cal strain compatibility equations are then discussed in detail, giving way to the local strain
incompatibility relations with sources of incompatibility given in terms of various material
anomalies. The central problem of stress and shape determination is taken-up next in Sect. 5
by restricting our attention to nonlinear Kirchhoff-Love shells with small surface strains
but moderately large bending strains. In particular, we recover the Foppl-von-Kéarman shell
equations, with strain incompatibility as the source for stress and deformation, and illustrate
how the incompatibility fields are related to defect densities and non-metricity. We provide
several remarks drawing attention to the possible connection between our formalism and
existing works before concluding our study in Sect. 6.

@ Springer



242 A. Roychowdhury, A. Gupta

2 Geometric Nature of Surface Defects

Several illustrative examples of local defects in structured surfaces are now presented with
an intent to emphasize the non-Euclidean geometric nature of the defects as is incorpo-
rated in the subsequent sections. In particular, the central idea of our work of embedding a
2-dimensional manifold, representing the defective structured surface, into a 3-dimensional
non-Riemannian geometric space, with non-zero curvature, torsion, and non-metricity ten-
sors,! emerges naturally as we proceed through these rudimentary illustrations. The nature
of global anomalies are discussed in detail elsewhere [57, 58].

The rotational anomalies in a structured surface appear in the form of disclinations. De-
pending on the material nature of the surface, rotational order can be present due to intrinsic
crystallinity of the surface (such as in colloidosomes, single-layer viral capsids, carbon nan-
otubes, and graphene) or due to an extrinsic orientation field (such as in nematic membranes,
single layers in smectics, and cholesterics) [8, 33, 51]. As a result, we distinguish between
rotational order, or lack thereof, appearing intrinsically and extrinsically in a surface. We
also note that unlike disclinations in 3-dimensional crystalline solids, which have large for-
mation energy and hence are rarely observed [5], disclinations in 2-dimensional crystals are
omnipresent since the surface can now relax the energy by escaping into the third dimen-
sion. Isolated disclinations in structured surfaces with extrinsic rotational order are shown
in Figs. 1(a, b). The rotational order is here present due to a director field distribution, de-
noted by d(#', 6%), over a planar domain parametrized by Cartesian coordinates (9', 6?).
The director field in Fig. 1(a) is restricted to lie strictly in the #'62-plane; it may represent
deformed configuration of a nematic membrane or a single layer in the cholesteric phase of
some liquid crystalline material [31, 32]. In contrast, the directors in Fig. 1(b) are allowed to
orient themselves transversely to the plane; this can model either a lipid monolayer where the
director orientation represents the orientation of individual lipid molecules, or a single layer
of molecules in the smectic A or C phase [31, 32]. In lipid bilayers, nematics, and smectics,
d is identifiable with —d due to the mirror symmetry about the mid-orthogonal plane of the
director axis [31]. The lack of intrinsic crystalline order (translational and rotational), within
the plane, in these examples can be primarily attributed to viscous relaxation [33]. Disclina-
tions in such structured surfaces can be characterized by the signed angle through which the
director rotates upon circumnavigating along a loop over the surface. The Frank vector @ of
the disclination is a precise measure of this signed angle. A disclination is of wedge or twist
type depending on whether @ is transverse or tangential, respectively, to the surface. The
disclination in Fig. 1(a) is of wedge type with Frank vector 2re; and the one in Fig. 1(b)
is of twist type with Frank vector 2w e,. Here, the triple {e;, e, e;} denote the standard ba-
sis of the Cartesian coordinate system (8", 82, 6%). Note that the wedge disclination line in
Fig. 1(a) and the twist disclination line in Fig. 1(b) are both along the §*-axis. Disclinations
can also appear in surfaces with intrinsic crystalline order, e.g., an ordered arrangement of
lattice sites where the directors are attached in viral capsids or hexagonal lattice structure of
the carbon atoms in graphene sheets [8, 51, 71]. As illustrated in Fig. 1(c), circumnavigat-
ing along a loop encircling the disclination, a lattice vector rotates through an angle which
is an integral multiple of one of the rotational symmetry angles of the lattice. The wedge
disclination located at O, in the 2-dimensional hexagonal lattice in Fig. 1(c), is character-
ized by its Frank vector @ = (77/3)e;. Material surfaces can also possess twist disclinations
in the form of local intrinsic orientational anomalies, which correspond to breaking of the

A Riemannian geometric space has zero torsion and non-metricity. A Euclidean geometric space has zero
curvature, torsion, and non-metricity.

@ Springer



On Structured Surfaces with Defects: Geometry. .. 243

(a)

Fig. 1 (a) A single wedge disclination of Frank angle 27 in a nematic membrane, located at O, such that
del, 02) =cosbe] + sinfey, where 6 is the polar angle 6 := tan™! (92/91); after [31]. (b) A single twist
disclination of Frank angle 27 in a nematic shell, such that d (6 1 02) = cosfe| — sinfes; after [31]. (¢) Cre-
ation of a wedge disclination of Frank angle r/3 in a 2-dimensional hexagonal lattice by cutting the surface
along a line and introducing a lattice wedge of angle 7 /3; after [S]. The marks on the surface represent lattice
points which may carry identical atoms (in case of 2-dimensional crystals) or directors (in case of nematic
shells) pointing inward/outward at the respective positions on the surface. The lattice vector, initially given
by v;, rotates through an angle /3 when circumnavigated along a loop surrounding the disclination

reflectional symmetries of the 2-dimensional material with the local tangent plane of the
surface as the mirror plane, e.g., hemitropic plates [23, 66]. They are represented by an
ill-defined (multi-valued) local orientation field over the surface. In order to quantify the
disclinations discussed so far, the loop of circumnavigation is restricted within the surface.
Indeed, the disclinations shown in Fig. 1, as well as the intrinsic orientational anomalies
discussed above, are quantified using an in-surface loop C. The case otherwise can appear
in 2-dimensional homogenized models of thin 3-dimensional multi-layered structures, e.g.,
a stack of few monolayers of smectics or cholesterics, thin multi-walled nanotubes, or a
thin slice of some 3-dimensional oriented media [32]. In these structures, disclinations may
appear over the representative base surface (often the ‘mid-surface’ of the layered struc-
ture) as the homogenized or effective rotational anomaly of all the distributed disclinations
across the thickness of the thin structure. In describing these disclinations, the loop of cir-
cumnavigation must be taken transversely to the base surface, see Fig. 2. Depending on the
direction of the resulting vector of angular mismatch, these disclinations may either be of
wedge or twist type. Finally, we note that disclinations often appear as dipoles, mainly due
to energetic considerations; for instance, a single dipole of two oppositely signed wedge
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disclinations is geometrically and energetically equivalent to a single edge dislocation [5].
Such dipoles usually concentrate in arrays to form scars, grain boundaries, etc. [8].

The translational anomalies are represented by dislocations. The nature of dislocations
in 2-dimensional matter is analogous to that in 3-dimensional materials. Isolated edge and
screw dislocations are shown in Figs. 3(a) and 3(b), respectively, within a 2-dimensional cu-
bic lattice along with the Burgers parallelograms. The Burgers vector, defined as the closure
failure of the Burgers parallelogram, is tangential to the surface of the lattice in the former
case and transverse in the latter. In these examples, the dislocations appear essentially due to
the breaking of the intrinsic translational symmetries of the 2-dimensional matter [8, 51, 71].
On the other hand, in thin multi-layered structures or thin slices of oriented media, disloca-
tions may be present, irrespective of the crystallinity of the material, as a result of either an
order-mismatch of individual layers within the stack or as a homogenized or effective limit
of all the distributed dislocations within the 3-dimensional slice [21]. The Burgers paral-
lelogram is then transverse to the representative mid-surface of the stack, in contrast to the
examples shown in Figs. 3(a, b). The precise type of these dislocations, edge or screw, can
be determined from the direction of the Burgers vector. An edge dislocation in a layered
medium is shown in Fig. 3(c), arising due to the presence of a sandwiched semi-infinite
layer between two infinite layers of material [40, Ch. VI].

The metrical anomalies bring about ambiguity in the (local) notion of “length” and “‘an-
gle” over the surface. Metric anomalies are generated due to intrinsic point imperfections
such as vacancies and self-interstitials, see Fig. 4(a), as well as a result of in-surface thermal
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Fig. 4 (a) A vacancy at position . o o o e
A and a self-interstitial at I - S
position B in a 2-dimensional @ wavy edges due to surface growth in a finite plate
cubic lattice. (b) Incompatible Wit
surface growth of a plate. * O ¢t
(c) Differential growth of a thin L
multi-layered structure e e e o o

(a) (b)

differential growth across the thickness
in a multi-layered structure

(c)

deformation and biological growth [42, 43, 45, 51], see Fig. 4(b). Note that foreign intersti-
tials fall within the realm of materially non-uniform bodies (e.g., functionally graded materi-
als), not considered in the present work, where the material constitution changes from point
to point. If the distance between the constituent entities in a lattice structure is measured by
counting lattice steps, the presence of point defects, such as a vacancy or a self-interstitial,
clearly introduces ambiguity in this step counting [39]. Apart from these pure in-surface
metric anomalies, differential growth (or thermal deformation) across the thickness direc-
tion within a thin multi-layered structure may result in transverse metric anomalies within
an appropriately homogenized 2-dimensional theory, see Fig. 4(c). These can be used to
explain, for instance, the corrugations in human brain [68].

The simple examples described above are sufficient to motivate the non-Euclidean nature
of the defects. Recall that, in order to quantify disclinations, we required circumnavigation
of a vector along a loop and rotational mismatch between the initial and the final orientation
of the vector. These notions correspond, respectively, to parallelly transporting a vector with
respect to an affine connection and to the Riemann—Christoffel curvature associated with the
affine connection [3]. The Frank vector @ uniquely characterizes the Riemann—Christoffel
curvature tensor. The related geometric space has to be necessarily non-Euclidean, since
the director fields leading to disclinations are not parallel in the Euclidean sense. More-
over, as the directors may point outside the surface, a differential geometric description of
disclinations in structured surfaces would necessarily require embedding the surface into a
3-dimensional Riemannian geometric space. In the case of dislocations, the closure failure
of the Burgers parallelogram is analogous to the notion of torsion of an affine connection
over a manifold which characterizes closure failures of infinitesimal parallelograms [6, 36].
Finally, the metric anomalies are characterized by the non-metricity tensor, which quanti-
fies the non-uniformity of the metric tensor with respect to an appropriate affine connection
[4, 37]. Incorporating dislocations and non-metricity would entail embedding the material
surface in a non-Riemannian geometric space. Motivated by these geometric analogies, we
are now in a position to pursue a systematic study of geometry of defects in a structured
surface.
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3 Geometric Characterization of Surface Defects

The mathematical prototype for structured surfaces is a connected, compact 2-dimensional
manifold w, possibly with boundary, which is embeddable (as a topological submanifold)
in R?. Examples of such manifolds, in the orientable category, are sphere, sphere with a
finite number of handles attached, twisted bands with 2nm twists for integers n etc.; and in
non-orientable category, twisted bands with (2n 4 1) twists, e.g., a Mobius band for which
n is zero. We can add boundaries to these manifolds by removing a finite number of open
discs. The condition of embeddability in R? precludes Klein bottle like surfaces and real pro-
jective planes. Our prototype manifold w is topologically characterized by its orientability,
twistedness, the number of open discs removed, i.e., the boundaries, and other topological
invariants. We will call w the body manifold. A fundamental theorem in differential topology
(Tubular Neighbourhood Theorem [9, Theorem 11.4]) guarantees the existence of a tubular
neighbourhood M := {y € R? | dist(w, y) < €, € > 0} of @ in R?, for sufficiently small €.
Here, dist(w, y) denotes the minimum Euclidean distance of @ from y. As a bounded open
set in R3, M naturally admits a manifold structure, with w as an embedded submanifold.
Existence of M induces a vector bundle (the normal bundle) structure over w [9], which
entails a vector field d : w — R? defined over w. Our choice of w, naturally endowed with a
director field d, is therefore appropriate for modelling structured surfaces. The differential
structure, and all the fields to be defined over w and M, including d, is assumed to be as
smooth as the context demands.

Our strategy for characterizing material defects on a structured surface is to first equip M
with a geometrical structure by associating with it a metric and an affine connection. This is
then used to induce an appropriate non-Riemannian geometrical structure over w, where var-
ious fundamental geometric objects, such as curvature, torsion, and non-metricity tensors,
are interpreted as defect density measures. The induced metric and connection on w is suffi-
cient to encode all the information about the material structure of the structured surface [60].
While the geometric characterization of defects for 3-dimensional solids is well established
[38, 39] (for a more recent review and a detailed bibliography see [60]), a similar attempt
is missing for 2-dimensional material surfaces. In particular, we have collected here a wide
variety of in-surface and out-of-surface anomalies, and have explained their non-Euclidean
nature, only some of which appear otherwise in the existing literature on defective surfaces
[8, 51, 55, 56]. Furthermore, the well known Bianchi-Padova relations are used to obtain
several restrictions on the defect density fields. With these relations, it is emphasized that
the various defect densities are in fact dependent on each other and follow certain conser-
vation laws. The metric associated with M is also used to induce a Riemannian structure
over w. The relationship of the Riemann—Christoffel curvature tensor, associated with the
affine connection, with the Riemann—Christoffel curvature tensor, obtained from the met-
ric through the Levi-Civita connection, is derived. These relations subsequently provide the
starting point for deducing the local strain incompatibility equations. They also lead to the
well known local conditions under which w is locally isometrically embeddable into R?,
a notion that is related to the local compatibility of the strain fields.

In rest of the paper, lowercase Greek indices «, 8, y etc. take values from the set {1, 2}
and lowercase Roman indices i, j, k etc., from {1, 2, 3}. Einstein’s summation convention
holds over repeated indices unless specified otherwise. Round and square brackets enclos-
ing indices indicate symmetrization and anti-symmetrization, respectively, with respect to
them. The superscript (—1) is used to denote the inverse of an invertible matrix, whereas the
superscript T is used to denote the transpose. The determinant and the trace of a matrix are
denoted by det and tr, respectively.
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3.1 Geometry on » Induced from the Non-Riemannian Structure on M:
The Material Space

Let the 3-dimensional embedding manifold M be equipped with an affine connection £ and
a metric g. Consider a chart (V,6") of M with U := V N w ## @ such that the coordinates
6% defined over V C M lie along U with ¢ := 63 =0 at U. Such a coordinate system '
is called adapted to U C w. The restriction of the natural basis vector fields G; over V
to U will be denoted by A;, i.e., A;(6%) := G;(6%,¢ =0), hence A3 is transverse to U.
The coefficients of £ and the covariant components of g are denoted by Lj-k and g;;, re-
spectively, with respect to G;. The covariant derivative of a sufficiently smooth vector field
u=u"(0)G;:V — TxV, X € V, with respect to £, is denoted by

u’J = ufj—i—L;-kuk. (1)
The notation V is used for the surface covariant derivative of a tangent vector field v =
v¥(0%)A, : U — TyU, Y € U, with respect to the projection of £ on U, i.e., a connection

with coefficients L% ’c:o’

Vou' = v, + LY, C:OU“. ?)
Here, the subscript (-) ; denotes ordinary partial derivative with respect to §'. A vector field
u along a curve over V is called parallel with respect to £ if, and only if, its covariant
derivative along the curve vanishes identically.

The body manifold w, equipped with connection £ and metric g from the embedding
space M, forms the material space (w; £, g) of the structured surface. We will call £ the
material connection and g the material metric. The “material” nature of these mathematical
objects is due to the fact that the geometric quantities, given by curvature, torsion, and
non-metricity tensors, derived from £ and g, when restricted to ¢ = 0, represent various
material anomalies within the material structure of the surface. Most importantly, we assume
£ to be such that the curvature, torsion, and non-metricity tensors, defined over V, are
uniform in the ¢ coordinate and equal to their respective values at ¢ =0, i.e., at U C w.
This assumption alludes to the applicability of our model to thin multi-layered structures,
or thin slices of defective media, represented as homogenized 2-dimensional surfaces. The
3-dimensional tubular neighborhood is therefore only a convenient extension of the defective
material surface and should not be confused with a defective 3-dimensional body whose
homogenization would otherwise lead to the considered material surface. It should also be
noted that we are only looking at local defects and not the ones which could arise out of
topological anomalies for multiply connected and non-orientable surfaces [57].

3.1.1 Curvature of the Material Connection: Disclinations

The components of the fourth-order Riemann—Christoffel curvature tensor of the material
connection £ are given by [63, p. 138]

5 i gi i Wi hoyi
Q' =Ly — Ly + LijLy, — L Ly, (3)

The functions £2y ;' measure, in the linear approximation, the change that a vector, v € Ty V/,
X € V, suffers under parallel transport with respect to £ along an infinitesimal loop C based
at X and lying within V:

. 1 -~ . )
v & —E-lejl(X)v] y{ okde’, 4
c

@ Springer



248 A. Roychowdhury, A. Gupta

where v’ are the components of the initial vector with respect to the basis G;(X); the in-
tegral represents the infinitesimal area bounded by the loop C. We define the purely co-
variant components .lej, by lowermg the fourth index with the material metric g;; as
lejl = g,[,.lej Clearly, -lej = _Qlkj and -Qkhj = —.QHQJ We assume .le,j(O ;) =
leu (0%, 0) =: £244;;(8%), following the discussion in the previous paragraph.

It is useful to decompose the components £2;;;;(6%) into skew and symmetric parts [56]

Quij = epuisqiOT? + eputii” )
where
Pq . 1 Pij nqkl p. 1 Pkl
® = ZE e -Qijkl and é‘,‘j = 58 le([j) (6)

are components of the second-order tensor field @ = ©”7A ,® A, and the third-order tensor
field ¢ = ;’,-_,»"Ai ® A’ @ Ay. They represent, respectively, the skew part and the symmetric
part of £2;;;; with respect to the last two indices. A geometric interpretation of these two
fundamental tensors is as follows (see Fig. 5). Let the infinitesimal loop C in (4) be based
at X € U C w. Then, the change §v that a vector v € Tx V undergoes when parallelly trans-
ported along C, in the linear approximation, can be characterized by a second-order tensor
B= ﬁ,-_,-Ai ® A’ ie., Sv= Bv, where

SA

ﬂij =

5 Quiye™ n, = —8A e, O n, —SAL;"n,. (7

Here, 5 A is a measure of the infinitesimal area bounded by C and n = n, A" its unit normal.
The first term W;; := —8A e,; @77 n,, in the above expression is skew with axial vector
w9 = &P n,5A. It represents the rotation that v has experienced under parallel transport
about the axis A,, for each fixed p, probed by the three Euler angles ®”9. Thus, @ is
the measure of the rotation of v about the axis n. The second term S;; := —8A ¢;;” np, on
the other hand, is symmetric; it represents a stretching, with the three principal values of
the tensor {n = ¢;;”n,A' ® A’ as measures of the stretch along their respective (linearly
independent) principal directions. The tensor { can be shown to be related to the metrical
properties of M as it gives rise to a smeared out anomaly within the material structure which
causes elongation or shortening of material vectors under parallel transport along loops,
as shown in Fig. 5(a); it leads to what was termed as metrical disclination in our recent
work [60]. We will assume ¢ = 0 in rest of the paper since, at present, we do not know of
any defects in 2-dimensional materials which they would otherwise represent. The curvature
tensor £2y;; is then fully characterized in terms of the non-trivial independent components
$2(k1ij1 1-€., the second-order tensor @. Some further consequences of neglecting metrical
disclinations will be discussed in the next section.

We distinguish between two families of local rotational anomalies characterized by ©.
Consider, first, an infinitesimal loop C completely lying within U, see Fig. 5(b). Then, the i
and j indices in £2;;; can assume only values 1 and 2, and the resulting angular mismatch
after parallel transport of arbitrary vectors is characterized by three fields

1
O1(0%) = 01 (0") = 7™ e Qupu. ®)

These provide a measure for the distributed rotational anomalies within the material struc-
ture of the base manifold w. Drawing analogy with Fig. 1, it is clear that the out-of-surface
component @ provides a measure for the density of distributed wedge disclinations over the
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in-surface loop

transverse loop

(c)

Fig.5 (a) The symmetric part £2; k), characterized by £, measures the stretchinginv € Tx V, with X € U,
brought about by curvature of the material space. Here, v is a principal direction of the second-order tensor
¢n and n is the unit normal to the infinitesimal area element §A bounded by the loop C. The purely rota-
tional change in v = v’ A;, brought about by the curvature tensor, is measured by (b) the skew part £24; ],

characterized by @iA,-, when C is completely within U, and (c) the skew part £243[;;1, characterized by
O%1 Ay ® Ay, whenever C is transverse to U

structured surface [8, 51, 55], see Figs. 1(a, c¢), irrespective of its crystallinity, whereas the
in-surface components ®* characterize either the distributed intrinsic orientational anoma-
lies, in case of intrinsically crystalline surfaces, or distributed twist disclinations, in case of
directed surfaces (as shown in Fig. 1(b)). Next, we consider C, based at X € U, to lie trans-
versely to U, see Fig. 5(c). One of the indices i and j in £2;;; will then take the value 3, and
the resulting angular mismatch after parallel transport of arbitrary vectors is characterized
by the remaining six independent components of @:

1
O = 26" M 2,30, ©)

Recalling our discussion in Sect. 2 on disclinations in thin multi-layered structures of ori-
ented media, see also Fig. 2, we conclude that these components provide a measure for a
variety of homogenized/effective rotational anomalies of the distributed disclinations across
the thickness of the multi-layered structured surface. Out of these six functions, e and
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VY = vy + LLyvfviA;

vh = vy + L uivh A;

af

(a) (b)

Fig. 6 (a) Closure failure of an infinitesimal in-surface parallelogram due to the Talgi components of the

torsion tensor. (b) Closure failure of an infinitesimal transverse parallelogram due to the Ta3i components of
the torsion tensor

©?2 are of wedge type, and ®'2, ®2!, and @3 are of twist type. As we will see shortly, in
Sect. 3.1.4, these densities are in fact dependent on each other.

3.1.2 Torsion of the Material Connection: Dislocations

Consider two tangent vectors v; = v’iA,», v, = véA,» at some point Y on U. Translating v,
parallelly along v, and v, along v, with respect to £, we obtain the vectors

vi=v+ L[ i and vy=vy+ L[ _vhvia,, (10)
respectively. The closure failure of the parallelogram is given by (see Fig. 6)
b=v,+v, - —v/2:2Tjki(9°‘)v’fv§A,-, (11)
where the functions
Tji' (6%) == Li{;lc=0 (12)
constitute the components of the third-order torsion tensor (anti-symmetric in the lower
indices) over U [63, p. 126]. We assume that 7 (6%, ¢) = Tj (6%, 0), where T}, := ijk],

which in turn is same as Tjki (60%). Associated with the torsion tensor, we have the second-
order axial tensor

@ (0°) = 5o (0°) i (0). (13)

Here, 7 (0%) := g’%e"f", where e¢/* = e;; is the 3-dimensional permutation symbol and
g :=det[g;; |;:o]' For later use, we define g% (0%) := g%e,-jk. The components o’/ provide
measures for a variety of dislocation distributions over the structured surface. Taking v} =
vg =0 (i.e., v; and v, tangential to U, see Fig. 6(a)), and comparing with Figs. 3(a, b), it is
immediate that

1

Ja = a3a — EE;LVZ&TIWQ (14)
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represent a distribution of in-surface edge dislocations and

J3 = 0133 — %8‘“)37}“}3 (15)
a distribution of in-surface screw dislocations [55, 56]. Next, taking v? =15 =0(.e., v tan-
gential and v, transverse to U, see Fig. 6(b)), and comparing with Fig. 3(c), it is evident that
the components ¥ := %830‘“ T3, with a'!, @?? as the screw components and «'?, a3 as
the edge components, represent the out-of-surface dislocations in thin multi-layered oriented
media such as those discussed in Sect. 2.

3.1.3 Non-metricity of the Material Connection: Metric Anomalies

The third-order non-metricity tensor of the material space, measuring non-uniformity of the
metric g with respect to the connection £, has covariant components Qy; defined as [63,
p. 131]

Ouij = —8ijsk = —8ijk + L gpj + L 8ip- (16)

The negative sign in the definition is conventional. The second equality in (16) follows
from the definition of the covariant derivative. We assume that Qy;(0%, ¢) = Q;(6%,0) =:
Q1ij(0%). The pure in-surface components Q,, provide measure for the distributed sur-
face metric anomalies, whereas components Qy;, with either of k, i or j taking the value
3, indicate the presence of out-of-surface metric anomalies, e.g., thickness-wise growth.
A non-zero Q,,, leads to variation in the angle between tangent vectors during paral-
lel transport with respect to the projected connection Lf, |{=0, see Fig. 7(a). Indeed, the
inner product g}czo(u, w) = aaﬂu"‘vﬂ of two tangent vectors u = u*A, and v = v*A,,
where a.g(0%) 1= gup(0%, ¢ = 0), changes under parallel transport with respect to L

By lz=0
from the initial point C*(0) to any generic point C*(s), along some parametrized curve

C=C*(s)A,(0%(s)) lying over U, by the amount

g0 ) gt 0) = [ aputs?) (0 C4 (o) d
i |

—/ 0105 (0°(0))u® ()P (1) C* () d. (17)
0

Here, we have used, u?‘u =0 C* =0 and v;ﬂu |{:0 Cr=0 throughout C, as they are paral-
lelly transported fields along C, where C*(s) denotes the ordinary derivative of C*(s) with
respect to its argument. In structured surfaces, as we have earlier discussed in Sect. 2, this
variation in inner product, characterized above in terms of a non-trivial Qq,,, may arise
from a distribution of point imperfections in the arrangement of molecules or atoms over the
surface, e.g., vacancies and self-interstitials in 2-dimensional crystals, inserting (or remov-
ing) a lipid molecule into (or out of) a crystalline arrangement of identical molecules over a
monolayer, thermal deformation of the surface, biological growth of cell membranes, leaves
etc. The remaining components Q3;; = —g;j:3 ’5:0 and Qi3 = —8i3:u ¢—o Measure the non-
uniformity of the material metric in the ¢ -direction, i.e., along the thickness of the structured
surface, and the change in length of transverse vectors along the surface, respectively, see
Figs. 7(b) and 7(c). These provide faithful representations for differential growth along the
thickness in thin multi-layered structures discussed in Sect. 2 and illustrated in Fig. 4(c).
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transverse curve

(c)

Fig. 7 (a) Change in angle between two vectors, tangent to U, due to non-zero Q- (b) Change in angle
between two vectors along a transverse curve due to non-zero Q3;;. (¢) Change in length of a transverse
vector along a surface curve due to non-zero Q ;3

The set of all defect densities are summarized in Table 1. The densities @3, @#*, J*,
J* have appeared previously in [55] whereas a very special semi-metric form of ¢;;* and
O .0 has appeared in [56], however without much insight into their geometrical nature,
cf. [7, 16, 74, 75]. On the other hand, @3, J*, and an isotropic form of Q.. (see below)
has been considered in the condensed matter literature [8, 51], although only in the sense
of smeared-out distributions of discrete defects. The out-of-surface densities @** and a#¥,
metrical disclinations ¢;;*, and anisotropic non-metricity, have not appeared elsewhere in
the context of defective surfaces.

3.1.4 Bianchi-Padova Relations

The tensors of curvature, torsion, and non-metricity of a non-Riemannian space cannot be
arbltrary due to geometric restrictions. Besides the restrictions Qg 1=0, T(, 5" =0, and
Q4 ik =0, which follow from the definitions of these quantities, the following system of
differential relations, known as the Bianchi-Padova relations [63, p. 144], are identically
satisfied:

271 iy = Qi + 4T3 Ty (18a)
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Table 1 Non-Riemannian geometric objects on w and the defects they characterize in structured surfaces

Geometric objects Defect densities

®3.=e3 In-surface wedge disclinations; Figs. 1(a, ¢) and 5(b)

OH .= O3H In-surface twist disclinations or intrinsic orientational anomalies;

Figs. 1(b) and 5(b)

eHk Disclinations associated with transverse loops; Figs. 2 and 5(c)

i<} jk Metrical disclinations; Fig. 5(a)

JH = a3h In-surface edge dislocations; Figs. 3(a) and 6(a)

J3i=a33 In-surface screw dislocations; Figs. 3(b) and 6(a)

alk Out-of-surface dislocations; Figs. 3(c) and 6(b)

OQuap In-surface metric anomalies; Figs. 4(a, b) and 7(a)

03ij and Qg3 Out-of-surface metric anomalies; Figs. 4(c) and 7(b, c)
2"y = 2117 20", and (18b)

Q[]\k/l il = Tz] ka/ - lj(k/) (18C)

In the above expressions, anti-symmetrization with respect to three indices is defined as

1
A" = (A A + A = A = A = A ). (19)

The enclosed indices within two vertical bars in the subscript are to be exempted from anti-
symmetrization. Clearly, Afyp,).." = 0 and Ap,,... " = 0 (no summation on n). Additionally,
there is a fourth Bianchi-Padova relation [63, p. 145], purely algebraic in nature, based

on the following identity satisfied by the components of any fourth-order tensor S}ijk, with
Qijwu =0:

- ~ 3 . ~ ~ ~ ~ ~ ~
Qi — iy = ) (S2giu + Ly + Ly + Lpne) + Lujan + Likay) + Ljin
+ LiGvy + 2o + Qijan- (20)

After substltutlng relatlons (18a) and (18c¢) into (20), it boils down to an expression for
.Q,]k, .Qk,,, in terms of T, Tl Qk,], T[ jk'+i1> and Q[ Jlkij:i1- For a torsion-free, metric-compatible
(Qk,j = 0) connection (i.e., a Levi-Civita connection), this implies the familiar symmetry
S~2,~jkl = leij. However, as shown below, this particular symmetry can be achieved in suf-
ficiently thin structures under less restrictive conditions. The linearized form of the first
three Bianchi-Padova relations, restricted to the surface and considering only the in-surface
anomalies, has been mentioned by Povstenko [55, 56], but without noting their implications,
some of which are studied below.

Consequences of the first Bianchi-Padova relation: Equation (18a) is non-trivial only
when at least one of the indices i, j and k assume the value 3, since otherwise Ag,) = 0.
Recalling our assumption that T; j" is uniform with respect to the ¢ coordinate, (18a) reduces
to

AVip T = —(Qeps’ + 2aop’ — 2apa’) = H(Tp" T + T Tpy' — T3"Toyp'). 21)
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Furthermore, if we assume that the structured surface is sufficiently thin such that there are
no dislocations associated with the transverse Burgers parallelograms, i.e., a*f =0 (the in-
surface dislocations J can still be present), then (21) simplifies into a system of algebraic
equations:

031 = 23801 — $234p1- (22)

For | = 3, we obtain £238,3 = §23483, since 24433 = 0 (from ¢ = 0). This is equivalent to
9ﬁ3a3 = QaSﬂS’ or

% = eh, (23)

For I = i, (22) can be rewritten as $24p3,, = §23pau — $234p,., OF €quivalently
O =6", (24)

Combining the above two relations we can therefore infer that, for vanishing ak the discli-
nation density tensor @ is symmetric. Moreover, due to (8), @* = @3, i.e., the pure in-
surface disclination densities @* (which may either characterize densities of twist disclina-
tions in directed surfaces or intrinsic orientational anomalies in hemitropic surfaces) should
be identical to the wedge disclination densities ®** associated with transverse loops, e.g.,
in multi-layered surfaces as discussed in Sect. 2; in particular, they should vanish in suffi-
ciently thin structured surfaces, e.g., in 2-dimensional crystals, where both " and a** will
be absent. We note that, in contrast, for 3-dimensional solids, the symmetry of the disclina-
tion density tensor is implied only under vanishing of the full torsion and the non-metricity
tensor. It is worthwhile to reemphasize that the assumption o**f = 0 is realistic only in suffi-
ciently thin structures such as biological membranes and graphene sheets, among others. On
the other hand, if we consider multi-layered or moderately thin structures of oriented media,
where the assumption of vanishing ¥ is no longer physical, and assume that they do not
contain any disclinations and metric anomalies, and also that J/ and o are small (of the
same order), then (21) yields

v, =0. (25)

This is a conservation law for the «**-type dislocations enforcing that they must always
form loops or leave the surface. In either case, whether the a***-dislocations are absent or
not, there is no restriction on the in-surface dislocation densities J/. This again is in contrast
to 3-dimensional solids, where the first Bianchi-Padova relation provides a conservation law
for all dislocation densities [56, 60].

Consequences of the second Bianchi-Padova relation: Equation (18b), in the absence of
both «*-type dislocations and metric anomalies (Q; = 0), in addition to ¢ = 0, reduces to
a simple conservation law

v, 0" =2¢5,, 74O, (26)

to be satisfied by disclinations characterized by ©**, as well as @** owing to the symmetries
O = @ (see (23) and (24)), and surface edge dislocations. Assuming that J and @** =
O are small, and of the same order, we obtain

v, 0 =v,6M =0. 27

These are linear conservation laws for the respective disclinations, requiring their lines to
either form loops or leave the surface. Note that there is no restriction on 3 (wedge discli-
nations), in contrast to what one would expect for 3-dimensional solids.

@ Springer



On Structured Surfaces with Defects: Geometry. .. 255

Consequences of the third Bianchi-Padova relation: We use (18c) to obtain a simple
representation for the non-metricity tensor. With { = 0, (18c) can be rewritten as

(ij],i + Lfk Qipl + Lf;Qipk)[ji] =0. (28)
It can be shown by direct substitution that a non-trivial solution of (28) is given by
Ouj = ~2ijik (29)

where g;; = g; are arbitrary symmetric functions over V. It is a consequence of the fun-
damental existence theorem of linear differential systems that, in absence of disclinations
(i.e., 2;x = 0) over a simply connected U (hence V), if the matrix field g;; := gi; — 2¢;j
is positive-definite for symmetric functions g;; = g;;, then Qk,-j = —2g;j is the only solu-
tion to (28) over V [60]. As the density of metric anomalies is assumed to be uniform with
respect to the ¢ coordinate, we will interpret this representation of the metric anomalies in
absence of disclinations over simply connected patches over w as

Q0ij(0") = —Zl?ij;k|§:0- (30)

The symmetric matrix field g;; is known as quasi-plastic strain [4]. In the absence of discli-
nations, the positive-definite symmetric matrix field g;; can be used to define an auxiliary
material space (w, £, g), equipped with the original material connection £ but a metric g.
The non-metricity of the auxiliary material space vanishes identically by definition. The
second-order tensor field ¢ := ¢,,,A* ® A", where q,,,(6%) := G, (0%, ¢ = 0), characteriz-
ing the pure in-surface metric anomalies in the absence of disclinations, can be uniquely
decomposed as

quv = )"auv + Quvs (31)

where A := 1g", = 3a"“qy, is the dilatational part of g, and q,, is the deviatoric part
of g, (i.e., 9", = 0). The first term represents isotropic metric anomalies and the second
represents anisotropic metric anomalies [60]. This general form of non-metricity is read-
ily applicable to model various real-life surface metric anomalies such as 2-dimensional
anisotropic biological growth, thermal expansion, distributed point defects, etc. When ¢ is
purely isotropic, i.e., ¢, = Ady,, it is straightforward to obtain Qu,, = —{ «a,,, Where
w = In(1 + 2)). The surface metric of the auxiliary material space for isotropic met-
ric anomalies is, hence, conformal to the surface metric of the original material space,
Ay = (1+20)ay,.

Consequences of the fourth Bianchi-Padova relation: The fourth Bianchi-Padova relation
imposes interdependence on the disclination density measures ®79. Assuming ¢ = 0, the
in-surface components of (20) require £2qg,0 — $2,0ap = 0, since Ayp,)... = 0, which is the
trivial relation ©®3 = @33, Next, if we also assume that the metric anomalies are absent, i.e.,
Quij = 0, then (20), together with (18a), yields

Rujuz = Rusaj = —3(Tisutat s — 2715 Tutie + Tiawtj1:31 — 2Ti3a’ Tusij
+ T[ﬁ\/t\;a] - 2T[ajiT3]i/x)’ (32)

where, Ty, =T, j" 8kp- After substituting T3 = 0, as per our restriction on £, and assum-
ing in addition T3,’ = 0, or equivalently a** = 0, the right-hand-side of the above relation
vanishes identically, thereby enforcing the symmetries

Qaﬁpﬁ - Qu3a[3 =0 and 9&3#3 - Qu3a3 =0. (33)
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Table 2 Symmetries, conservation laws, and representations of defect density fields imposed by the Bianchi-
Padova relations

Symmetries and conservation laws from Implications on defect densities
Bianchi-Padova relations with ¢;, /-k =0

atk =0 = el =i The two distinct families of disclinations ©3 and
©*" are dependent on each other

{@ij =0, Qk;; =0, and akk | gi small} = oMk _dislocations either form loops or leave the
\v/ ,,_a“k -0 surface

{a“k =0, Oj =0, J% and OHk = @kk small} = Disclinations associated with the transverse loops,
V0 = v, 0kt =0 either form loops or leave the surface

On simply connected domains on w, with el =0, Non-metricity Qj;; can be represented in terms of

Okij = —2Gjj;k \ £=0 a symmetric second-order tensor

In terms of disclination densities, these are, respectively, @** = ®*3 and ®"* = @**. In-
terestingly, we reached the same conclusion from the first Bianchi-Padova relation. We will
of course obtain a non-trivial consequence of the fourth Bianchi-Padova identity whenever
ark £ 0.

The results of this section are summarized in Table 2. It is worth mentioning that most
of these implications have not appeared previously in the context of defective structured
surfaces.

3.2 The Induced Riemannian Structure

The coefficients L;k of any general affine connection of a manifold M, with non-trivial

torsion 7~",-.,-p and non-metricity Qk,-j, can be decomposed as [63, p. 141]
L=+ Wi, (34)

where the functions F]?k are coefficients of the Levi-Civita connection (torsion-free, metric-
compatible) induced by the metric g;;:

= %gip(gpk,j + 8pjk — 8jk.p)s (35)
with [¢7/]:=[g;;]”', and
vk = Cii* + My, (36a)
Cij* =" (= Ty + Ty — Tjjp), and (36b)
Mt = %gkp(Qipj — Qpji + Qjin)- (36¢)

The functions C ,-jk form the components of the contortion tensor, whereas the tensor Mi jk
is an equivalent measure of non-metricity. The covariant components

Rujp := &pi (Fl;',k - Fkijj + Flj'l Iy — Fk]; ) (37
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of the Riemann—Christoffel curvature tensor of the Levi-Civita connection and the compo-
nents §2, of the material curvature are related as [63, p. 141]

Rijpr = $2ijp1 = 20 Winpt = 2Wiigmy W™ (38)
where Wij,, =W, j" 8kp and d denotes covariant differentiation with respect to the Levi-Civita
connection I". From the general symmetry relations, Ry = Ry = —Rjj, of the Rieman-

nian curvature induced by a metric, it is evident that it has only six independent components
characterized by Rugv, Rupu3, and Ry3p3. The only non-trivial relations out of (38), when
restricted to ¢ = 0, are

Rapio = Lopuv = 201 Woiuw — 2Wiativ) Wiy (39a)
Ra/g,ﬁ = Qaﬁpg - 25[0( Wﬁ]M3 — 2W[ot\i3\ ng]ui, and (39b)
Re3us = 2433 — e W3 — 2Wiapiz) Way' (39¢)

Here, Ry(6%) := Riju(6%,0), Win(8%) := Wy (6%, 0), W;;*(6%) := W;;*(6,0), and 8 de-
notes covariant differentiation with respect to the projected Levi-Civita connection on U,
consisting of components sgﬂ =T a’; } =0’ Therefore, for a differentiable tangent vector field
vl (09)A%, 3, Vg i=Ugg — séfﬂ v,,. The relations (39a)—-(39c) are central to the theory of me-
chanics of defects as they are directly related to the strain incompatibility equations which
we discuss next. Indeed, once we have identified the material metric g in terms of the strain
fields associated with the structured surface, (39a)—(39c) constitute a system of PDEs for the
strain fields, with defect densities as source terms. It should be noted that the components
£2,30 do not appear in any of (39a)—(39c). This is because, according to the fourth Bianchi-
Padova relation (32), they can be written in terms of £2,4,3 and other defect measures, and
hence are not independent quantities.

4 Strain Incompatibility Relations for Structured Surfaces

In this section, we begin by introducing the notion of strain for a structured surface. The
complete set of strains represent essentially the kinematical nature of shell theory that is
being employed to describe structured surfaces. The strain fields also provide us with the
fundamental variables for constructing the constitutive response functions associated with
the continuum. Once the strain fields are fixed, we look for the necessary and sufficient
(compatibility) conditions for the existence of a local isometric embedding of the surface
in the 3-dimensional Euclidean space R?. The existence of such an isometric embedding is
synonymous to the existence of a local sufficiently smooth bijective deformation map which
is related to the given strain fields in a specified manner. Towards this end, we will construct
the material metric g in the tubular neighbourhood M of U C w using the strain fields
given on U. The local compatibility then follows by requiring that the Riemannian space
associated with g is flat, i.e., curvature free. Finally, we discuss how various defect densities
become sources of strain incompatibility precluding the existence of the local isometric
embedding. This will then set the stage for posing complete boundary-value-problems for
stress distribution and natural shapes of defective structured surfaces, as will be discussed
subsequently in Sect. 5. In the following we are only concerned with the local compatibility
and incompatibility conditions, while providing their global counterpart elsewhere [57, 58].
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4.1 Strain Measures and Strain Compatibility

Let us assume that there exist a local isometric embedding R : U C w — R? of w into R,
Let Ay :=R,and N := A; x A,/|A; X A;|. The first and second fundamental forms asso-
ciated with this embedding are therefore A, = Ay + Ag and Bog = —N g - A, respectively.
We consider the following sufficiently smooth fields, defined over R(U), as descriptors of
strain on the structured surface: (i) a symmetric tensor E,g, representing the in-surface strain
field for measuring the local changes in length and angle; (ii) a tensor A, for transverse
bending strains; (iii) two vectors A, and A, for measuring transverse shear and normal
bending strains, respectively; and (iv) a scalar A for normal expansion/contraction. We now
pose the central question for conditions of local strain compatibility.

Given sufficiently smooth strain fields (i)—(iv) over a fixed local isometric embedding
R(U) of a 2-dimensional manifold w, with first and second fundamental forms A,g(6%)
and B,g(6%), respectively, what are the conditions to be satisfied for there to exist a suffi-
ciently smooth local isometric embedding r : U C w — R, with first and second fundamen-
tal forms a,g and b, suitably constructed out of the given fields, along with a sufficiently
smooth director field d : r(U) — R?, so that the equations

Eup = %(aa cag— Ay - Ap) = %(aaﬂ — Agp), (402)
Ay=d-a,—N-A,=d,, (40b)

A=d-a3—N-N=d;— 1, (40c)
Agg=dg-ay—Ng+Ay=0dgd, —dybys + Byg, and (40d)
Ap=dg-ay—Ng-N=dsz+d, by, (40e)

are satisfied on U such that a, :=r ,, a3 :=a; x a,/|a; x a,|? Here, recall that, 9 is the
covariant derivative with respect to the surface Christoffel symbols s(ffﬁ, which are induced
by the metric a.s on the deformed base configuration. Clearly, the strain fields measure
deformation of the structured surface from its reference configuration (R(U), N(U)) to
the deformed configuration (r(U),d(U)). The necessary and sufficient conditions, to be
satisfied by the given strain fields, so that a local deformed configuration of the structured
surface does exist such that (40a)—(40e) are satisfied, are called local strain compatibility
conditions. These are nothing but the integrability conditions for » and d, as inferred from
the system of PDEs in (40a)—(40e).

The local strain compatibility conditions, over a simply connected open set W C U, are
given by

aqp = Agp + 2Eqg is positive-definite, (41a)
A#£—1, (41b)
Ag—Apg— Aubg =0, (41c)
Afap) — Ay =0, (41d)
01by1 — 02011 =0, (41e)
8]b22 — 821)12 = 0, and (41D
Klzlz—(b%g—bllbzz)z(), (41g)
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where
9 Aa) — Awap) + Bap
A+1

is symmetric and K1, is the only independent component of the Riemann—Christoffel cur-
vature of the Levi-Civita connection on U induced by a.g. We assume A # —1 for (42)
to be a valid definition. This would physically mean that directors are nowhere tangential
to the base surface (see Remark 1 for the situation otherwise). Equations (41e), (41f), and
(41g) are the well-known Codazzi-Mainardi and Gauss equations for a.g and b,s. When-
ever these conditions are satisfied by the strain fields, there exists a sufficiently smooth local
isometric embedding r : W — R3, with first and second fundamental form given by aqg and
beg, respectively, and a director field d : r(U) — R? given by d, = A,, d3 = A + 1, such
that the PDEs (40a)—(40e) are identically satisfied everywhere on W. A strain field which
does not satisfy all of the conditions (41a)—(41g) is called incompatible. The local strain
compatibility conditions for the classical nonlinear shell theory, where A, = A = Ag =0,
follow from (41e)—(41g) [11, 12, 35, 53]. The compatibility conditions for the single direc-
tor Cosserat shell, as provided in (41a)—(41g), were derived by Epstein [20], cf. [44]. More
general compatibility conditions for micropolar shells have been discussed by Zubov [73]
and more recently by Eremeyev and Altenbach [22]. The following proof of the compatibil-
ity conditions is however based on our recent work [59]. The proof follows a methodology
used by Ciarlet [12, Theorem 2.8-1] to establish compatibility conditions for the classical
nonlinear shell. The nature of proof is central to our work since it directly leads us to the
incompatibility equations in Sect. 4.2.

Assume the given strain fields E,p, Ao, Aas Ao, and A to be sufficiently smooth on .
The surface strain E,g should be such that a.g, defined in (41a), is positive-definite so that
it can qualify as a first fundamental form associated with w. We construct a material metric
g with components

bap = 42)

Qup i=dap + ¢ Pup + 7 Qup, 8a3 = &30 := Ao + ¢ Uy, g3 =2, (43)
where

Pyp :=2(Awp)y — Bup), (44a)

Qup :=0a"" (Aga — Boa)(Ayp — Byp) + Ao Ag, (44b)

Uy :=a"" Ay (Ayy — Byo) + Ay (A+1), and (44c¢)

Z:=a" NgAp+ (A +1)% (44d)

In the above, [a*f]:= [aa,g]‘l. Note that, since U is bounded and g;; is continuous in 6*
and ¢, g;; will be positive-definite on V := U x (—¢, €) C M for sufficiently small €. Our
result is valid for this sufficiently small € and we a priori construct M such that € conforms
to this small value throughout. For a technical discussion on the issue of smallness of €
and positive definiteness of g;;, refer to the proof of Theorem 2.8-1 in [12]. The ‘sufficient
thinness’ of the structured surface is encoded in the definition (43) which describes how
the 2-dimensional strain fields can be used to construct a 3-dimensional metric over the
tubular neighbourhood M of w. The parameter € can be thought of as a physical length
scale inherent to the description of the structured surface, e.g., thickness of a shell structure
or the length of the individual molecules (not necessarily transverse to the surface) in lipid
membranes. The 3-dimensional metric g is of second-order in the transverse coordinate ¢
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and this dependence brings out the non-locality of the director gradient in the kinematics
of the structured surface, taking into account the transverse shear and normal distortion of
the attached directors. The form of the metric in (43) is a generalization of the metric with
components

8up (0%, 0) = dup — 20bog + C2a" bubig, g3 =8 =0,  gn=1. 45)

This form appeared in the seminal paper on nonlinear shell theory by Koiter [35], where
the kinematics was otherwise assumed to be of the Kirchhoff-Love type (i.e., Ay = Ay =
A = 0). In the above equation, byg = —Ag) + Byg, and hence any normal distortion or
transverse shearing of the directors is ignored.

The coefficients of the Levi-Civita connection of the metric (43), defined by 1"3 =

gPiTy, where I'y, := %(gip,j + gjp.i — &ij,p)> can be calculated by noting that

1333 =0, F33p=Up—%Z,p, F3p3=Fp33=%Z,p, (46a)
Pipo = Ty = Mo+ 5 Pro + £ Wi + Qo) (46b)
Ty = By = 5o+ Wio = Qo). and (46¢)
Toos = Sp0s+ 5 (Ppso + Prsy = Prp) + i;(Qpa,g + Qusp— Qop).  (46d)

where 5,55 1= %(ap(;,a + ags,p — Aps,s). The local strain compatibility conditions are the
conditions for the embedding space M to be Euclidean, i.e., the Riemann—Christoffel cur-
vature ﬁ,jkl of the metric (43) to become identically zero. However, as shown elsewhere
[59], in order to ensure compatibility of the 2-dimensional strain fields, it is enough to im-
pose that Ié,-jk,| r=0 = R;j1(0%) = 0. The curvature R;j; has six independent components such
that R, = 0 if and only if Ri21p =0, Ri253 =0, and R,3,3 = 0. After some manipulation,
it can be shown that

Rizin = Koo — (b7, — biibn), @7)

where the functions Kpauy 1= a0 (55, 5 = Sk + 55,54 — Sp,505) constitute the covari-

ant components of the Riemann—Christoffel curvature of the surface Levi-Civita connection
sk, = a"’sq.,. These, by definition, have the symmetries Kqp,0 = —Kopoy = Kvap and,
hence, have only one independent component K := j—‘s""’ &"’ Kopuv, the Gaussian curvature
induced by the surface metric a.g, where g = a_%e“ﬂ (e*f = eqp is the 2-dimensional
permutation symbol) and a := det[a,g]. It is easily seen that K1, = 4aK. Consequently,
Ri212 =0, in conjunction with (47), can be used to infer (41g), which is the single indepen-
dent Gauss equation satisfied by a,g and bgg. Further, we can evaluate

Rz =a* Ag (K221 — (b%g - bnbzz)) — (A +1)(02b1 — 91by2) and (48)
Rioz = —a'? Ag(Kiaia — (b7, — bi1ba)) — (A + 1)(d2b21 — d1b2). (49)

Substituting (41g) in (48) and (49), the condition Rj,3 = 0 yields (41e) and (41f), which
are the two independent Codazzi-Mainardi equations satisfied by aqg and b,g. The Gauss
and Codazzi—Mainardi equations satisfied over a simply connected domain W C U ensure
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the existence of a local isometric embedding r : W — R3, with first fundamental form g
and second fundamental form b.g, modulo isometries of R3. Finally, we calculate

1
Ryzes = (A+ 1) 0o 1p) — Aplyy —a*P A, {bﬁwla) +5es0led —boo I’-“}
+ (aP (A + 1) +a""aP AL A) (D) eapesos (50)

where

P (315 Aa) — Arapy)
20+ 1)

1/3 = Aﬂ — A,ﬁ — Aaao‘ybyﬁ and J:= (51)
The condition R,3,3 = 0 is a set of three coupled first-order homogeneous non-linear partial
differential algebraic equations for three unknowns 7, and J. It has been argued elsewhere
[59] that the only physically meaningful solution of these equations is the trivial set I, =0
and J = 0; the non-zero solutions become unstable under generic perturbations of the zero
solution set. These equalities are equivalent to (41c) and (41d), respectively. They ensure
the existence of a well-defined director field d : (W) — R?, defined by d, = A, and d3 =
A + 1 (see (40b) and (40c)), which satisfies (40d) and (40e) identically over any simply
connected open set W C w. This finishes our proof.

Remark 1 (Structured surfaces with tangential director field) When the director fields are
everywhere tangential to their respective base surfaces, we choose the reference director
field D to be some known tangent vector field over R(w) (rather than the normal field N).
The relations (40a)—(40e) are replaced by

Eup = %(ao( cag — Ay - Apg) = %(Gaﬁ — Aup), (522)
Agy=d-a,—D-A,=d, — D,, (52b)
Ayp=dg-a,—Dg-A,=0dd, —D,, and (52¢)
Ap=dy-n—Dy-N=d,bs —D,Bj, (52d)

where 3 denotes the covariant derivative with respect to the induced Levi-Civita connection
E(’;ﬂ by the metric Aqg on the reference embedding R(w), hence for a differentiable tangent
vector field v, 9, Vg =gy — 5};,3 v,. The integrability conditions for the above PDEs, for
unknown r and d, given A.g, Byg, Dy, and the strain fields, provide the local strain com-
patibility conditions. To derive local compatibility relations, we note that the metric of the
deformed surface is completely determined by (52a), agp := Aap + 2E4p, With Eqg such
that a,g is positive-definite; this is same as before. However, we no longer have a straight
forward formula for the functions b,g. As a candidate for the second fundamental form of
the deformed surface, we choose any b,z that solves the algebraic equation

(A + Dbl = Ag + D, BY, (53)
which is arrived after eliminating d,, between (52b) and (52d). The Codazzi—Mainardi and

Gauss equations involving a,p and b,g provide the first set of strain compatibility conditions,
ensuring the existence of a local embedding r : W C U — R3, for a simple connected W,
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with first and second fundamental forms given by a,p and b,g, respectively, modulo isome-
tries of R®. The other strain compatibility condition is given by

Agp = 35(Ay + Dy) — 35Dy, (54)

obtained by eliminating d, between (52b) and (52c). This ensures the existence of a tan-
gential director field d : r (W) — R? such that (52a)—(52d) are satisfied. To the best of our
knowledge, the above compatibility conditions have not appeared elsewhere.

4.2 Strain Incompatibility Arising from Defects

It is well-known that distributed defects within the material structure are inherent sources
of strain incompatibility and, hence, residual stress [13, 38, 39]. The loss of local strain
compatibility is tantamount to the non-existence of a local deformation map from a given
connected subset of Euclidean space. In the context of structured surfaces, this means that
the fields aqp and beg, constructed out of an incompatible strain using (41a) and (42), do
not correspond to the first and second fundamental form of any realizable isometric em-
bedding of w into R?, not even locally. At least some of the strain compatibility conditions
must be violated in the presence of defects. Indeed, according to (39a)—(39c), the curvature
Rijir associated with the metric no longer vanishes when the defect densities are non-trivial.
There remains a possibility of non-zero defect distributions such that the right-hand-sides
of (39a)—(39c) vanish all together. In such cases, material defects no longer act as sources
of strain incompatibility. The local strain incompatibility relations can be obtained by com-
bining (39a)-(39¢) with the expressions (47)—(50). The resulting relations are non-linear
inhomogeneous partial differential equations for the strain fields with the source terms in
the form of various defect densities. They are collected below:

K — [bfz - bubzz] =g — 29 Wayip — 2Wiijig Want' (55)
a® Ag(Kiai — [bf, — bubn]) — (A + D[02b1) — 01b12]

= g0 — 20, Way13 — 2Wojis Wani's (56)
—alﬁAﬁ(sz — [b%z - bnbzz]) — (A + D[02b21 — 91b2;]

=gO" — 29 Wapp3 — 2Wyii3 Wap',  and (57

1
(A+1) 361, — Aply) —aP A, {bﬁwla) +5ep0led —boo If‘}

+ (@A + D>+ a"aP" AL A,) (D) eapspo
= 30803 @ — 8, W3p3 — 2Wpji3) Wapo '« (58)

These local strain incompatibility relations are written for a continuously defective struc-
tured surface in their full generality. We recall, from Sect. 3.2, that the functions W; j" are
defined in terms of dislocation densities and metric anomalies as W;;* = C;;* + M;;*, where
the components C;;* of contortion tensor are algebraic functions of the dislocation densi-
ties J' and o, and the components M;;* are algebraic functions of the densities of metric
anomalies Qy;;, see (36a)—(36¢). In the absence of dislocations and metric anomalies, i.e.,
when W; j" =0, clearly, the density of wedge disclinations @3 act as the single source to the
incompatibility of the Gauss equation (55), while the densities of twist disclinations/intrinsic
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orientational anomalies @* = @*3 are the only source terms to the incompatible Codazzi—
Mainardi equations (56) and (57); the symmetric disclination density fields ®*" are sources
to non-trivial 7, and J. Note that, the disclination densities ®*3 seem to be absent from the
above relations. This is so because they are not independent but expressible in terms of &@*
and other defect densities as a consequence of the fourth Bianchi-Padova relation.

The local strain incompatibility relations for classical nonlinear shell with Kirchhoff—
Love kinematics can be easily deduced from the above relations. The material metric now
has a simple block diagonal form, given in (45), such that A = A, = A, = 0. Also, from
(51), we can infer that I, =0 and J = —(1/2)&% Ajqp)- The incompatibility relations then
reduce to

K2 — [b%z - bllb22] =a®® — 23, Wz — 2Wijiz) Wanr' s (59)
—dbi1 + d1b1p = —a®* — 20 Wayiz — 2Wyii3 W', (60)

— by + 1y = a®' — 28 Wappz — 2Wiii3 Wap',  and (61)

a“P (Aap))€apepo = EppEopn @ — 3, Wsp3 — 2Wipjiz) Wajo '« (62)

In many applications, to follow in the next section, we will restrict attention to sufficiently
thin structured surfaces, e.g., 2-dimensional crystals, purely disclinated nematic membranes,
monolayer bio-membranes, etc. In such cases the @*”-disclinations and a*k_dislocations are
naturally absent. We will additionally make realistic assumptions on the smallness/vanishing
of strain fields and defect densities and simplify equations (59)—(62) in Sect. 5.2. In partic-
ular, we will obtain specialized forms of the simplified relations that have already appeared
in the literature.

5 Residual Stress and Natural Shapes

A central problem in the mechanics of solids is, for a given distribution of material defects,
to determine the stress field and the deformed shape of the defective body with respect to
a fixed reference configuration. The notion of defects is to be understood in the sense of
material anomalies, as discussed in Sect. 2, which lead to an inhomogeneous material re-
sponse in an otherwise materially uniform body. In particular, if we assume stress to be
purely elastic in origin, then, in general, there is no one-to-one mapping from the current
configuration of the defective body, which is realized as a connected set in the physical
space, to its natural stress-free state. This means that the natural state of the defective ma-
terial body cannot be realized as a connected set in the physical space. It also entails an
incompatible elastic strain field, which appears as the energetic dual of stress, with sources
of incompatibility derived from various defect densities. The absence of an elastic deforma-
tion map implies that there is no one-to-one map which connects the reference configuration
to the natural state. The strain field which relates the natural configuration to the fixed ref-
erence configuration is termed plastic strain. It is called plastic because a change in the
natural state can occur only due to defect evolution leading to irreversible changes in the
material structure [39]. The plastic strains satisfy the incompatibility equations (55)—(58).
The elastic strains will satisfy a different form of incompatibility equations with the refer-
ence configuration replaced by current configuration in the derivation of these equations.
For this difference, they are more difficult to deal with since the current configuration is
itself unknown. The plastic strain incompatibility relations are combined with the consti-
tutive laws (relating elastic strains with stresses and moments), the equilibrium equations,
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and the boundary conditions to yield the full boundary-value-problem for the determination
of stress field and natural shape of the structured surface for a given distribution of defects.
A prescription, on how the strain fields—total, elastic, and plastic—are all related to each
other, is also required.

The problem of relating the three configurations (reference, natural, and current) is usu-
ally addressed by assuming a multiplicative decomposition of the total distortion tensor into
elastic and plastic distortion tensors. The total distortion tensor is the derivative map of the
total deformation mapping (a bijective map between the reference and the current config-
uration) and hence yields a compatible total strain tensor. The elastic and plastic distortion
tensors map tangent spaces from the natural configuration to the current configuration and
from the reference configuration to the natural configuration, respectively. However, in the
presence of disclination density, the elastic and plastic distortion tensors are not well-defined
[59]. The ambiguity arises due to the rotational part of the tensors becoming multi-valued.
Nevertheless, the multiplicative decomposition can be used for isotropic materials where
both elastic and plastic rotations do not play any role in the final boundary-value-problem
[14]. The need for a multiplicative decomposition can be circumnavigated if we assume
an additive decomposition of the total strain into elastic and plastic counterparts. In such
a situation, we do not require the notion of elastic and plastic distortion tensors at all. For
3-dimensional elastic solids, the additive decomposition of strain is essentially based on
the smallness of both deformation and plastic strain (to the same order). The resulting the-
ory is necessarily applicable to small deformation problems [15, 39]. On the other hand,
an additive decomposition of strains, as proposed in Sect. 5.1, with the notion of strain, as
defined in the beginning of Sect. 4.1 in the context of 2-dimensional structured surfaces,
is less restrictive. It in fact allows for moderately large rotations in the deformation while
maintaining small surface strains. This is important for structured surfaces since, unlike
3-dimensional bodies, they are very much likely to accommodate residual stresses by es-
caping into the third dimension via moderately large rotations. The nature of the assumed
additive decomposition, which allows for a separation of order of the in-surface stretching
and the bending modes of deformation for structured surfaces, will be discussed in detail in
Sect. 5.1.

The kinematical assumptions on strain from Sect. 5.1, appended with certain smallness
assumptions on the defect densities, are used in Sect. 5.2 to obtain a simplified form of strain
incompatibility relations written for plastic strain. These relations are valid for Kirchhoff—
Love shells with small surface strains but moderately large rotations. In Sect. 5.3, the plastic
strain incompatibility conditions are combined with the equilibrium equations and consti-
tutive functions of the classical Foppl-von Karman shell theory to obtain a coupled system
of partial differential equations to determine stress and deformed shape for a given distri-
bution of defects and metric anomalies. Several applications are mentioned from the varied
contexts of 2-dimensional solid crystals, growing biological surfaces, and isotropic fluid
films. In particular, we point out connections of our theory with the existing work wherever
possible.

5.1 Kinematics of Kirchhoff-Love Shells with Small Surface Strain
Accompanied by Moderate Rotation

Following Sect. 4.1, we consider the fixed reference configuration of the Kirchhoff-Love
structured surface to be given by a local isometric embedding R : U — R3, where U is a
simply connected open set of w; also, as before, we take (8%, ¢) as the adapted coordinates
on U. The tangent spaces of R(U) are spanned by the natural basis vectors A, = R ,.
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F=A,® A"
E=Eo A" ® A7 = L(Ays — Aap)A” @ AP
Reference configuration

A=A A® 2 AP = (= Bup + Bag)A® ® AP Current configuration

A,=R,
Asp = Ao Ap
Bog=—Njg-Aa

B = BP A% ® AP \ E° = ESza° ®aP
Ey, ) ELg = %(A(x[‘l — aap)

— 1
op = 3(as — Aap

A° = AS4a° ®a?

AP = AP A% @ AP

AL, —bap + Bap

(B) T Alap) = —Bap +bap

a, are defined modulo
rotational symmetries at O

Metric g;;

Connection Lf”j

Natural configuration

Gap *= Yap|c—o

Non-Euclidean space

Fig. 8 Kinematics of the elastic-plastic decomposition of the total deformation measures in Kirchhoff-Love
shells. The only non-trivial disclinations are represented by ©3, and hence we have a well defined normal
over the surface in the natural configuration. The maps depicted in the figure are only for a local neighborhood
of the structured surface

The first and second fundamental forms associated with the reference surface are given
by Ay = Ay - Ag and B,g = —N , - Ap, respectively, where N := A; x Ay /|A; x As] is
the local unit normal. We will assume the adapted coordinates (6%, ¢) to be convected by
deformation of the surface. The natural basis vectors A, on the tangent spaces of the current
configuration R : U — R3, a different isometric embedding of U, are given by A, = Ié’a.
The first and second fundamental forms associated with the current configuration are Aaﬁ =
Aa -A,g; and éaﬁ = —1\7,“ -fiﬁ, respectively, where N:= Al X A2/|A1 X A2|. The reference
and the current configurations are shown in Fig. 8. The pairs (Aqg, Byg) and (Aaﬂ, éaﬁ)
individually satisfy the Gauss and Codazzi—Mainardi equations owing to the existence of
isometric embeddings R and R. The total surface distortion tensor IF, which is the surface
derivative map of the deformation mapping, relates the tangent spaces of R(U) to those of
Ié(U ) such that F = Aa ® A“. The total surface strain and the total bending strain tensors,
defined as E = E,3A” ® AP = L(Ayp — Aup)A” ® AP and A = AsA* ® AP = (—Bys +
Byp)A® ® AP, respectively, measure the relative first and second fundamental forms of the
current configuration with respect to the reference configuration of the structured surface.
Other strain measures, introduced in the beginning of Sect. 4.1, are identically zero under
the Kirchhoff-Love constraint (which imposes the director field to coincide with the unit
normal field).
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The elastic surface strain tensor E¢ and the elastic bending strain tensor A are defined as
energetic dual of the surface stress and bending moment tensors, respectively, see Sect. 5.3.
On the other hand, the plastic surface strain and the plastic bending strain tensors are defined
as E? = E(fﬂA"‘ ® AP and AP = AgﬁA“ ® AP, respectively, where E(fﬂ = %(aa/g — Agp)
and A{’aﬂ) := —bup + Byp such that a.p and b, are, respectively, the first and second fun-
damental forms of U in the natural configuration. Here, and henceforth, we will use su-
perscripts e and p to denote elastic and plastic variables, respectively (they should not be
read as indices). We note that it is only in the absence of disclinations and intrinsic orien-
tational anomalies that there exist well-defined crystallographic vector fields a, := F?7 A,
over the tangent spaces of local natural configuration U, where F7? is the (single-valued)
plastic distortion field [59] (see Remark 2 for details). The elastic strain tensors can then
be written as B¢ = Eza” ® af and A¢ = Alpa® ® a?, where Efy = %(Aaﬁ — agp) and
Alp) = —éaﬂ + by such that a® := a*Pag are the dual crystallographic vector fields on
the material space. On the other hand, if the only non-trivial disclinations present are those
modelled by @3 (in-surface wedge disclinations) then the crystallographic vector fields a,
are well-defined modulo rotation symmetries of the material surface with normal as the axis
of rotation. In other words, the rotation part of the plastic distortion field (see Remark 2) is
well-defined modulo the known rotations from the material symmetry group. The normal n
at each point in the natural configuration is also well-defined in such a scenario, see Fig. 8.
In rest of the paper, we will restrict our attention to this special case.

We now discuss the additive decomposition of the total strain tensor into elastic and plas-
tic parts. Introduce a small parameter € := h/R, where & is the maximum thickness of the
structured surface and R is the minimum radius of curvature that U can assume in all possi-
ble deformations. Let E, EP, [E¢, and their first and second spatial derivatives be O (¢), and
A, AP, A®, and their first spatial derivatives be 0(6%). Here, following Landau’s notation,
for f:R — R, we write f(s) = O(s") if and only if there exist positive constants M and
8 such that || f(s)||gx < M|s|” for all |s| < §, where r is any real number. Following Naghdi
and Vongsarnpigoon [50], we emphasize that the resulting theory, where the surface and
bending strains follow these separated orders, allows for small surface strain accompanied
by moderate rotation. It can be shown that the total deformation is O (e %) and is therefore
more general than what is afforded by the geometrically linear shell theories. We postulate
that the following decompositions for the total surface and bending strains hold:

E=F°+E’ and (63a)
A=A+ AP, (63b)

The first decomposition, which is O(¢), is the standard additive decomposition for small
strains used commonly in small deformation theories. The second decomposition, which is
0(6%), is non-standard. Also, as A, = Aa =a, upto 0(6%), where in deriving the second
equality we have used the fact that the symmetry rotations are O (1), we have

Eup = Egy + Ej, and (64a)
Agp = ALy + ALy (64b)
Note that, as Aqg is symmetric, necessarily A{’aﬁ] = — A}z These approximated decom-

positions with the mentioned order hold for sufficiently thin structured surfaces where the
bending mode dominates over surface stretching for a given internal or external loading.

@ Springer



On Structured Surfaces with Defects: Geometry. .. 267

Remark 2 Whenever disclinations and metric anomalies are identically absent, the material
connection and material metric can be written as

LY =(Fr ) Fh . and g=F"F’ (65)
in terms of an invertible second-order tensor field F? := Fi?Gi ® G, the plastic distortion
field, defined over simply connected subsets V C M [60]. The well-defined surface plastic
distortion tensor F? := F? | ¢—o Maps the reference base vectors A, to the crystallographic
base vectors a,, := F? A, over the material space. The plastic rotation in the polar decom-
position ¥ = RPU”, where U? (= (1+E” )12y, with 1 being the 3-dimensional identity
tensor) is the in-surface plastic stretch, is derivable by solving a first-order PDE involv-
ing the in-surface plastic strain [65]. Let a® := a"‘ﬂalg be the dual crystallographic base
vectors, n :=a; X a»/|a; x a,| the local unit normal field, D, := (A2, — B,o)a’ + Aln,
d:=Aba®* 4+ (AP +1Dn, g,(0%,¢) :=a,(0%) + ¢ Dy (6%), and g5(6%, ) :=d(6*). Clearly,
F? =g, ® G', as can be seen by comparing g obtained from (65), with the expression (43)
[59]. The dislocation densities J? and a/** can then be directly read off from their defini-
tions in terms of the torsion T,«jk(O“) = L’[“ij]|{:0 = ((Fp_l)’“’ qu[i’j]) ‘;:0' Therefore, in the
absence of disclinations and metric anomalies, the dislocation density fields are expressible
in terms of plastic distortion F” and other strain fields. An analogous description of the
above results can also be given in terms of the elastic distortion field.

5.2 Strain Incompatibility Relations for Sufficiently Thin Kirchhoff-Love Shells
with Small Surface Strain Accompanied by Moderate Rotation

We now revisit the strain incompatibility relations (59)—(62), with strain interpreted as the
plastic strain, under several simplifying assumptions. First of all, we assume that disclina-
tion densities with components &@*", O3 and ®*, and dislocation densities with compo-
nents a*¥, are identically zero. This is reasonable if we restrict ourselves to sufficiently thin
structured surfaces. The allowable anomalies are therefore restricted to the in-surface wedge
disclinations @3, the in-surface screw and edge dislocations J/, and the metric anoma-
lies Qy;j. The components W; jk and Wiy = gukl.=0Wi;", appearing on the right-hand-side
of (59)—(62), are given by a sum of the contortion and non-metricity tensors, see (36a), as
W;i* = C;;* + M;;*. For «** = 0 and metric given by (45), the components of the contortion
tensor, defined in (36b), take a simple form:

Csp® = Cp3® = C33' = C3p3 = Cpaz = C33, =0, Cyp® =Cp* =a"epJ>,  (66a)
Cipa = Cpag = Cop® = Cops = £4pJ°, (66b)

Copp=1J° (a[,/gg,w + doalpp + awgaﬁ), and  Cyp" = a""Cepy, (66¢)

I . . -
where .4 := aZe,g. On the other hand, the tensor associated with non-metricity has com-
ponents

1 1
My = My = EQm M3, = E(2Q3a3 — Qu33), My® =a** Mz, (67a)
1
My = My3® = Mgz = Myzs = 3 0433, (67b)
1
M3aﬂ = Ma3ﬁ = Eaﬂu(QBU(x - Qva3 + QaSv), (67C)
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Myg® = Mogs = (Qoa/s O3p0 + Opa3), (67d)

ot,B,u = (Qauﬂ Q,uﬂa + Qﬂau)v and Maﬂu = aMVMaﬂw (676)

‘We note that, after these forms are substituted into (59)—(62), the in-surface metric anomalies

do not appear in (62). In particular, whenever the out-of-surface metric anomalies are ab-
1 .

sent, the right side of (62) reduces to a®f e,,e4, (J*)* implying that |A[12]| =a2|J3|,ie., the

skewness of the plastic bending strain completely characterizes the in-surface screw dislo-

cations. Also, when both disclinations and metric anomalies are altogether absent, (59)—(62)

reduces to

K1 + [b11by — b1,] = 490 (Va aze J°) — 2Cp1u2 Con™ — a(J°)?, (68)
—0bi + di1bia = 31(VaJ?) +2aJ? P +2/al’ (bias — bras), (69)

—drba + d1by = r(VaJ?) —2aJ' P + +2/al’ (bya,, — bias),  (10)

aPeqpepea (Aly)} = a®eqpep, (7). (71)

These are the local strain incompatibility relations for Kirchhoff—Love shells with in-surface
dislocations as the only source of incompatibility.

To further simplify the incompatibility relations, we assume @3 and J¢, upto their first
spatial derivatives, to be O(e), J>, upto its first spatial derivative, to be 0(6%), the pure
in-surface metric anomalies Q 4, along with their first spatial derivatives, to be O(¢), and
Quij, with at least one of the indices k, i, or j taking the value 3, along with their first
spatial derivatives, to be O (e %). These are motivated from the assumed order of in-surface
and bending strains. The identical order of the in-surface strain and the in-surface defects
(except J3), and of the bending strain and out-of-surface defects (along with J?3), restricts
the magnitude of defect density fields to comply with the respective strains and the resulting
deformation. The assumed order of defect densities also has a direct bearing on the physi-
cal phenomena for which these equations could be used. For instance, the defect mediated
melting of 2-dimensional solid crystals would require defect densities to proliferate beyond
an order of magnitude that is otherwise allowed in the present framework [51, Chap. 6].

We will now simplify the incompatibility relations (59)—(62) under the stated assump-
tions on defect densities and metric anomalies in addition to the restriction of small strain
accompanied by moderate rotation, i.e., E(fﬂ = O(e) and Agﬁ =0(e 3 ). We begin by noting
that a = A(1 + 2A“"E[, ) + o(€), where A :=det[Ay], and a*f = AP —2EPP 4 o(e),
where EP*P .= A% APC E//)’(r = O(¢). Consequently, 535 = $5 + Hyp" + 0(€), where §75 :=
%A“’ (Aspa + Acap — aﬁ ) are the surface Christoffel symbols on the reference config-
uration and Hapﬁ’ = AT (0, E”, s+ dpED, — 9, Ep ) = O(¢); here, recall that, § denotes the
surface covariant derivative on the reference conﬁ guration with respect to 5. Moreover, upto
0(€), Kpapr = K payn + 2015 H, > Where K gy are the components of the Riemann—
Christoffel curvature obtained from 5. Also, byjby, — b, = By1 By — BY, + {A], A5, —
(Afl 2>)2} upto O (€). Using the last two relations, and the fact that the pair (Aqg, Byp) sat-
isfies the Gauss and Codazzi—Mainardi equations on the reference configuration, we obtain,
upto O (e),

- - - - 2
Kioio + [buiban — b, ] = 00 By + 80 Efy — 20201 Efy + { A7, A5, — (Af,) ). (72)
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Additionally, due to d,b,, = —d, A?

(pv

y+ B_O(BW + O(¢), we have, upto 0(6%),

— A7

—3217 1+ o1b w2 = 82A (2"

() (73)

Substituting (72) and (73) into (59)—(62), and using the order assumptions on the defect
densities, we finally obtain

- - - - 2
InEY, + dnEf, — 20,01 Ef, + A7, AL, — (Afy)

= A% —4VA A0 J° — 201 Mayia — 2Mppaa) Moy, (74)
DAY — 31 ATy =AY TP — 28 Mayis — 2Myi33 Moy, (75)
8_ (21) 81/\22 = «/_32.] — 23[1M2]23 — 2M[]|33‘ M2]2 , and (76)

—1 A p\2 —1 4« 2 a 3
AT A egpeps (Afly) = AT A% eupeps (7)) — Mpa® Mso® — Mp® My + M33* M),
(77

as the local strain incompatibility conditions for sufficiently thin Kirchhoff-Love shells writ-
ten in terms of the plastic strain fields. The equations (74) and (77) are O (¢), whereas (75)
and (76) are 0(6%). In Sect. 5.3, we will combine these equations with constitutive as-
sumptions and equilibrium conditions. The incompatibility equations (74)—(77), even in this
simplified form, have not appeared elsewhere.

Remark 3 (Strain incompatibility relation for thin flexible plates) To reduce the incom-
patibility relations (59)—(62) for perfectly flexible plate like structures, e.g., a thin sheet
of paper, which allow large bending strain but vanishingly small in-surface stretching, we
take the reference surface to be flat, i.e., Bog = 0, and identify the curvilinear coordinates
(0!, 6%) with the Cartesian coordinates, i.e., Aqp = 84p. The covariant derivatives then get
replaced by the ordinary partial derivatives. Also, due to the absence of surface strains,
Ayp = Ap = a*P = A% = 8,5, hence a = A =1, s/, =0, K = 0. For the purpose of this
remark, we do not assume any order assumption on the defect densities. The local strain
incompatibility equations (59)—(62) then reduce to

(A?lz)) - A[1)1A§2 =0’ - 25[1WZ]12 —2Wpig) W2]1i, (78)
Al — Ay = —2Wipsa — 2Wogis Wan's (719)
Al 2 — A% = —2Wppa i — 2Wis Wap',  and (80)

Cap€ac (Afllz])z = _M3rr3.,o - (Cpa3 + Mpot3)(c3aa + M3Ja)
03 My + M We + M3g* W 81

These provide a complete system of partial differential algebraic equations for the plastic

bending strain A” with various defect densities as source terms. In the absence of disclina-

tions and metric anomalies, these further reduce down to (compare with (68)—(71))
AflAgz (A(IZ)) = 2(J,21 - J,lz) — (P, (82)

Ay = Al =T +207 07 427 A5, =277 Af,), (83)
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Ao =AYy =05 =207 427740, =27 A, and Al =17 (84)

The above relations have been earlier obtained by Derezin [16]. On the other hand, if dis-
locations and metric anomalies are both absent, the plastic bending strain is symmetric and
can always be written as Agﬁ = wfxﬁ for some scalar field w” defined over simply connected
open sets U C w. The plastic Gaussian curvature of the material space (A fz)z — A7 AL, s
then given by the wedge disclination density @3; this is then the only non-trivial incompat-
ibility equation.

5.3 Foppl-von Karman Equations with Incompatible Elastic Strain for Shells
with Arbitrary Reference Geometry

The equilibrium equations in the classical Foppl-von Kdrmdan theory for thin elastic shells
are given by the localized in-plane and vertical force balance relations [45]

30 =0 and o Ay + s M* =0, (85)

where the 2-dimensional linear stress-strain and bending moment-bending strain relations,
! .
upto O (€) and O(€2), respectively, are taken as

v

E
af __ e 275} e a AvB
o = m(VEMMA + (1 — \))E AH A ) and
(86)
M = D(\)A" AP 4+ (1 —v)AS A“"A”ﬂ)

o v

The scalars E, v, and D are material constants. Equation (85); is identically satisfied when
the stress components o®® are expressed in terms of the 2-dimensional Airy stress func-
tion @ (6%) over the reference configuration as 0% = E““E“”éwcb, where 8% = A~2e0n,
On the other hand, (85),, after writing stress in terms of the stress function, recalling the
decomposition (64b), and using the constitutive relation (86),, reduces to

D(vA"™ A% + (1 = v)A** A") Dyp Ay + EHEP" Agp 0,0 @ = DR2,, (87)

where 2, := (VA" AP 4 (1 — v) A A"P) dap Af,w). Additionally, the total strain is com-
patible and hence satisfies

311E»n +0nE; —20En + AjAn — (Ap)* =0 and (88)
Ay — A, =0. (89)
We use the additive surface strain decomposition (64a) in (88), and then substitute E;ﬁ =

(1 +v)AuuApy — vAupAu)o™”, obtained using the inverse of the stress-strain relation
(86),, before writing o*” in terms of the Airy stress function, to obtain

[ SUP VO A
E |:8aﬂa ((1 + U)AauAﬂv - UAaﬂAp.v)el ’g apa¢i| + A A — (AIZ)2 = _)‘«pa (90)

where [Cyp, Dogl := C11 D2 + Cn Dy — 2C12D_12 for sca_lar quantigies Cqyp and Dyg, such
that Cop = Cpo and Dyg = Dgy, and A, := —202EV, + 00 ET, + 011 E2,. We call £2, the

@ Springer



On Structured Surfaces with Defects: Geometry. .. 271

total plastic curvature incompatibility and A, the total plastic stretch incompatibility. Equa-
tions (87) and (90) constitute the Foppl-von Kdrmén shell equations with arbitrary refer-
ence geometry; they are the governing partial differential equations for the determination of
surface stress and out-of-surface deformation, given £2, and A,. Indeed, consider a global
Cartesian reference frame e;, with the local reference and current configurations of the sur-
face expressed in the Monge forms R(U) = 6“e, + w(60*)e; and Ié(U) =0%, + w(H%)es,
respectively; the reference shape w(6*) is given. Then Ay = 8up + W W g and Ayg =
W o/ 1+ @1)2+ (W2)? — W 45/4/1+ (1) + (¥ 2)2. The fields §2,, and A, can be ex-
pressed in terms of various defect density fields using the strain incompatibility relations, as
will be illustrated below.

Remark 4 (Shallow shells) When the reference geometry is moderately curved, the func-
tions w and w, along with their first and second spatial derivatives, are both 0(6%). As a
result, Ay = (W — W) qp upto 0(6%). Moreover, we can also replace the reference covari-
ant derivatives 9 in the above expressions with ordinary partial derivatives while retaining
terms upto the leading order. The Foppl-von Karman equations (87) and (90) then reduce to
a form used previously in the context of thermoelasticity and growth [41, 43, 45].

Remark 5 (2-dimensional solid crystals with edge dislocations, wedge disclinations, and in-
surface metric anomalies) Assume that the density of screw disclinations and the densities
of out-of-surface metric anomalies are identically zero. With this, the local plastic strain
incompatibility relations (74)—(77) reduce to

5 p = S5 p p p \2
8llEéz + 822E{’1 - 28281E{2 + AflAéz - (AIIZ)
=AO> — 4V A Ay190J° — 31 Myys + 0, M1, 91)

a_aAﬁﬁ —dp AP, =0,and Af)aﬂ] = 0. We can choose Agﬁ = 0 without any loss of generality.
Consequently, A, = A3 + 2\/ZA(,[|8_2]J” — 91 Ma1s + 8:M, 1 and £2, = 0. Our formu-
lation then reduces to that used in the condensed matter literature on curved 2-dimensional
crystals [8] [51, Chap. 6]. In the mentioned literature, however, only discrete disclinations
and dislocations were considered in the form of dirac distributions, and only isotropic point-
defect densities were considered, such that Qs = ¢, Aug, Where the scalar field ¢ (6%)
provides a measure of the distributed point defects [60].

Remark 6 (Growing biological surfaces) Consider growth of biological surfaces where
disclinations and dislocations are both absent. In such a scenario, metric anomalies can be
represented in terms of the symmetric quasi-plastic strain fields g;; : W x (—€,€) — R as
Qij(0%) = —2@,«]-;1{’(:0 over simply connected patches W C w (see Sect. 3.1.4 for details).
We assume the following form of g;; (8, ¢):

Gop =495 — 2040 + T2 A", 004, Gus =G3a =0, and Gy =1, 92)

where the symmetric functions qgﬂ (60%), along with their first derivatives, and q‘;ﬂ (6%) are

O(e€) and 0(6%), respectively. The above expression is motivated by the form (45) of the

material metric for Kirchhoff-Love shells with small in-surface strain accompanied by mod-
. . = 1

erate rotations. We obtain Q4 = —28Mq2ﬂ, upto O(€), Qzap = 4q(;5, upto O(e2), and

0133 = Oiaz = Oi3e = 0. Accordingly, the functions qgﬁ measure the in-surface metric
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anomalies, e.g., surface growth, whereas g,, measure the tangential differential surface
growth along the thickness direction. The plastic strain incompatibility relations (74)—(77)
reduce to

~ - ~ - 2
311E£’2 + aZZEfl - 2828115{,2 + AflAgz - (Aflz))

_ _ _ ) 5

= 01193 + 022q1y — 2020195, +4(q1,95 — (a12) 7). ©3)
Al — 8_1/1?12) =2(d1g1, — 9241, 4
92 Afy, — 01A%, =2(d1q5, — d2g3;),  and 95)

APV 4AA%q a1, AAAT G a5 AN g,
( [12]) = A22 - All - Al2

(96)

The relations (96) can be interpreted as restrictions on the functions q;ﬁ. We readily
make the identifications EJ, = g, and A{,, = —2¢,,. The plastic in-surface strain can
then be specified directly by the in-surface growth tensor qgﬂ, and the plastic bending
strain field by the tangential differential growth tensor g,z. The tangential differential
growth along the thickness, hence, acts as a source to the incompatible growth curva-
ture field §2,. Furthermore, if the reference configuration is flat, we can choose the co-
ordinate system 6 to be the Cartesian coordinate system. The relations (96) then lead to
(Aﬁz])z = 4((4{1)2 + (412)2) = 4((£]§2)2 + (Qiz)z) and Qiz(‘Ih + qu) = 0. The former of
these imply ¢, = £¢5,. According to the latter, when ¢, = —g5, # 0, g{, may assume any
non-zero value, e.g., in tangential differential growth along the thickness. For g{, = ¢5, # 0,
q1, =0, which is the case of isotropic tangential differential growth along the thickness, we
have | A}l = 2|q1,| = 2|g},|. Finally, if ¢{, = ¢, = 0, ¢{, may assume any non-zero value,
representing the anisotropic tangential differential growth of shear type along the thickness,
such that |Af’12]| = 2|q1,|. The growth of biological surfaces has been studied using Foppl—
von Kédrman equations for shallow shells in the works of Mahadevan and coauthors [41, 43].
However, they have used the incompatibilities £2,, and A, without interpreting the former in
terms of growth strains, as is done above. We also note that there can be alternate geometri-
cal descriptions of surface biological growth [61].

Remark 7 (Fluid films with curvature elasticity) We consider thin isotropic incompressible
fluid films with curvature elasticity whose free energy per unit area of the natural configura-
tion of the film is assumed to be of the form W (A¢) = %(trAe)z, where k > 0 is the constant
bending modulus [2, 66]. Here trA¢ = a’“’Afw =a"(bu, — é,w), where, recall that, b,
and é,w are the second fundamental forms associated with the surface in the natural and
the current configuration, respectively. The assumed strain energy density in fact becomes
identical to the Helfrich energy [2, 28] if we identify %a’“’b,w, the mean curvature of the
surface in the natural configuration, as the non-uniform spontaneous curvature. Indeed, re-
taining terms only upto leading order, and defining H := %A’”éw, H? = %A”“bw, we
can write W = k(H — H?”)?. We will use our formalism to derive relations for determining
the spontaneous curvature from a given distribution of wedge disclinations over the fluid
film. The governing equations for shape determination of the fluid film, with zero external
loading, are

kA(H — HP) +2k(H — H?)(2H? = K) = 2kH(H — H?)’ —=2uH =0  (97)
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and p, = 2k(H — H?)H?, where A(") := d,5()A% is the surface Laplacian, K :=
det( LA?M) is the Gaussian curvature of the surface in the current configuration, and u is a con-
stitutively undetermined Lagrange multiplier corresponding to the deformation constraint of
incompressibility [2, 66]. The solution H = H” and p = 0 is ruled out, even though it cor-
responds to a global minimum of the total energy, since H” may not correspond to any
realizable surface isometrically embedded in R>. The strain incompatibility relations, ignor-
ing surface strains and all the defect densities except @3, require Agﬂ to be symmetric and
satisfy

AL AL — (AR =A@ and 9,47, — 4%, =0. (98)
The latter relation implies existence of a scalar field w” such that Agﬁ = wf;ﬁ. When substi-
tuted in the former relation, we obtain an inhomogeneous covariant Monge—Ampere equa-
tion [Jsw?”, dxwP] = 2A6O3 to solve for w”. The spontaneous curvature H? can be then
calculated using by, = By, — Al,. For moderately curved films, the shape equation reduces
t0 (k/2)W qapp + MW 0o = (k/2)wfwﬂﬂ, where w determines the shape of the film in the cur-
rent configuration and w?” is now solution to the standard inhomogeneous Monge—Ampere
equation [wiﬁ, wiﬁ] =2A63.

6 Conclusion

The central aim of our work is to provide an unambiguous description of geometry and
mechanics of local defects, within a non-Euclidean geometric framework, in structured sur-
faces. Our results are applicable to rapidly growing class of defective 2-dimensional crys-
talline and liquid crystalline surfaces, growing biological shell structures, and fluid films
with non-uniform spontaneous curvature. The differential geometric framework naturally
leads us to describe defects as sources of strain incompatibility, which, with suitably de-
scribed kinematics and material response, is manifested physically as residual stress and
deformed shape of the material surface. Therefore, we have a formulation which can be
used to describe the macroscopic mechanical response of a wide variety of 2-dimensional
structures for a given distribution of defects.

The present work has been primarily concerned with local anomalies in materially uni-
form simple elastic 2-dimensional bodies. Material defects can also appear as global anoma-
lies on structured surfaces. The global defect affects the topology of the surface, rendering
them, for instance, multiply connected or non-orientable, as is the case with Md&bius and
toroidal surface crystals, etc. [8, 26, 27]. Consider, as an example, the self assembly of cer-
tain copolymers in colloidosomes, where toroidal micelles are energetically more favourable
over spherical or cylindrical topologies within a range of certain physical parameters. In or-
der for the phase transformation to occur from the unstable spherical, or cylindrical, to the
stable toroidal topology (driven by some internal or external agency), one or more global
defects must be introduced in each spherical/cylindrical droplets of the unstable phase to
achieve the new topology [29, 54]. We have made some preliminary attempts to extend the
present work to include these global topological defects and revisit the issues of strain in-
compatibility, stress, and natural shape while emphasizing the geometric interplay between
local and global anomalies in structured surfaces [57, 58], see also [73, Chap. 5]. As future
work, it will be important to extend existing theories of defective surfaces using our model
and demonstrate their wider physical applicability. It will also be imminent to find new areas
of application, where available models have otherwise failed, and develop rigorous numeri-
cal methodologies for simulation of practical problems.
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