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The effects of air loading on the acoustical properties of tabla, an Indian musical drum, are investi-

gated by idealizing it as a composite membrane backed by a rigid cylindrical cavity. The coupled

boundary value problem for membrane vibration and acoustic pressure, assuming acoustic radia-

tions to be the only source of dissipation, is solved using a Green’s function method. It is shown

that air loading helps in only fine tuning of the harmonicity of the composite membrane in the right

hand tabla, but significantly improves the harmonicity in the left hand tabla. In both cases, it

increases the decay time of the musically important modes. With a suitably defined error as the

objective function, optimum tabla designs are found, which yield the most harmonic frequency

spectrum. The obtained results are found to be consistent with the actual design of the tabla. Modal

sound synthesis of the percussion instrument has also been attempted. VC 2017 Acoustical Society of
America. [http://dx.doi.org/10.1121/1.4979782]

[MAH] Pages: 2611–2621

I. INTRODUCTION

It is well known that the natural frequencies of an ideal

circular membrane are inharmonic. A composite circular

membrane, with added mass in a central radially symmetric

region, can, however, yield five approximately harmonic fre-

quencies distributed over nine modes.1,2 Of course, such har-

monicity is approached only for carefully chosen values of

density and radius ratios of the added mass to the base mem-

brane.2,3 The fundamental is from 01 mode, the second har-

monic from 11 mode, the third from 21 and 02 modes, the

fourth from 31 and 12 modes, and the fifth harmonic from

41, 03, and 22 modes. On the other hand, a composite mem-

brane with an eccentrically located region of extra mass does

not yield harmonic overtones.4 The inharmonicity of the

ideal membrane can alternatively be (partially) removed by

incorporating air loading and a suitably sized cavity backing

the membrane; this is well understood in the context of

kettledrum.5,6

The present work is motivated by the lack of detailed

investigations into the effects of coupling air loading and

cavity with the composite membrane, both with central and

eccentric mass distribution. Such considerations are required

to understand the acoustics of tabla, a popular Indian drum

with a strong sense of pitch. A preliminary study towards

this end was initiated by Bhat7 who assumed the pressure

due to air cavity to be uniform over the membrane and hence

predicted a change only in the axisymmetrical modes. More

recently, an attempt has been made, in an unpublished mas-

ter’s thesis,8 to use a Green’s function method to incorporate

air loading with the symmetrically loaded membrane. The

relevant discussion in the thesis is very brief, without any

mention of the decay rates, optimization of design, and

application to the eccentric loading case. Moreover, there is

an error in the frequencies reported for the 41 mode. Our

aim is to fill these gaps by presenting a rigorously developed

model which incorporates the presence of both the ambient

air, surrounding the composite membrane, and the enclosed

air within a rigid cavity backing the membrane. We find,

confirming experimental observations,1,2 that the additional

consideration of air loading improves the harmonicity of

composite membranes as well as sustain the musically

important modes longer than the other modes. We also use

our model to determine optimum designs of cavity backed

composite membranes, in a suitable geometric and material

space, which maximize the harmonicity in the frequency

spectrum. The optimization results again confirm the prevail-

ing design practices among tabla makers. Finally, we present

a framework for modal sound synthesis of the percussion

instrument with an aim of moving a step closer to digitally

reconstructing tabla sounds.

Tabla consists of a treble drum (right hand tabla) and a

bass drum (left hand tabla), both played horizontally with

hands (see Fig. 1).9,10 The right hand tabla is carved out of a

single cylindrical block of wood (generally Indian

Rosewood), around 0.2 m in height and 0.05 m in radius, hol-

lowed on one end to almost half of the total height of the

shell. The depth of the hollow part is kept short enough to pre-

vent warping and long enough to avoid an unnecessarily

heavy shell.10 The hollow shell of the left hand tabla is instead

made of either clay or metal (brass, copper, steel, or alumin-

ium); it is approximately 0.25 m high and has a drumhead of

radius around 0.10 m. Both parts of tabla are closed at the bot-

tom. The iconic feature of tabla design is its drumhead com-

posed of a layer of goat hide covered with another layer

which is trimmed so as to form a rim around the first layer

(see Fig. 1). The trimmed layer, helpful in dampening out the

inharmonic higher modes (conjectured by Raman1), will not

be considered in the present study. Additional mass is distrib-

uted over the drumhead, centrally in the right hand tabla and

eccentrically in the left hand tabla, in a radially symmetric

region of around 0.025 m in radius. The additional mass,a)Electronic mail: ag@iitk.ac.in
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made of a black paste of iron (or stone) powder mixed with

wheat flour dough, appears on the drumhead as a black patch

(also called siy�ahı̄). The two skin layers in the composite

drumhead are laced to a ring and are tightened/attached to the

drum shell using straps of buffalo hide. The right hand tabla

is tunable using the wooden pegs inserted between the shell

and the straps (see Fig. 1) and also by gently stroking the

edge of the drumhead with a hammer. Once tabla is tuned, its

acoustical richness can be gauged by certain fundamental

strokes (two of which are described in Sec. 1.1 of the supple-

mentary material).9,11,12 It is commonly observed that the fun-

damental of the right hand tabla is raised by more than ten

percent. This is often desirable by the tabla players.11,13 The

harmonic overtones can be heard, for instance, when a player

rests his ring finger lightly on the edge of the black patch (of

the right tabla) and strikes the outer halo with his index finger.

This stroke (called n�a) has a dominant contribution from the

second and third harmonic as the lightly pressed ring finger

keeps out the fundamental mode.11 The left hand tabla, tuned

one octave below the right hand tabla, gives a bassy texture to

the overall sound. The overtones of the left tabla are also

found to be in harmonic relationship with its fundamental.11

In the present work we idealize the right hand tabla as a

composite membrane, with a central region of additional

mass, backed by a rigid cylindrical cavity. The coupled

boundary value problem includes the standard transverse

vibration equation for a circular membrane, but with piece-

wise constant density and air loading, and acoustics wave

equation for pressure. An infinite rigid baffle is assumed to

occupy the membrane plane outside the drum. A Green’s

function method, following an earlier work on kettledrum by

Christian et al.,6,8 is then used to solve for modal frequencies.

The left hand tabla, on the other hand, is modelled as an ideal

membrane (of uniform density) of radius and density of the

region with the additional mass (the black patch) backed by a

rigid cylindrical cavity, but bounded by an elastic support

with varying stiffness. The unconfined air mass above the

membrane lowers the frequency of all modes of membrane

vibration, while the enclosed air in the cavity stiffens the

membrane and increases the frequency of the axisymmetric

modes. The respective problems, and solution methodologies,

for the right and the left hand tabla are given in Secs. II A and

II B. These solutions are used in Sec. III A to find optimal

designs of the right hand tabla in a six-dimensional parametric

space which includes spatial dimensions, tension in the mem-

brane, and density values. In particular, we note that there is a

considerable latitude in choosing the parameters which ensure

experimentally observed harmonicity of tabla. This is consis-

tent with the practice of tabla making.10 For optimal parame-

ters, the resulting frequency spectrum and decay times are

explored in Secs. III B and III C, respectively. In Secs. III D

and III E, we revisit these issues for left hand tabla. Finally, in

Sec. III F, we present some results from the modal sound syn-

thesis of tabla. The details of synthesis technique are given in

the accompanying supplementary material.12 The supplemen-

tary document also contains experimentally obtained fre-

quency spectrums of two major tabla strokes and some

additional results from the optimization analysis. We con-

clude our paper in Sec. IV with some open directions for

future research.

II. PROBLEM FORMULATION AND SOLUTION
METHODOLOGY

Idealizing both right and left hand tabla as cylindrical

cavity backed circular membranes, we now pose coupled

boundary value problems for membrane vibration and air

pressure distribution. We also extend an existing Green’s

function method6 to solve the problem to obtain natural fre-

quencies and decay times of the cavity backed composite

membranes.

A. Right hand tabla

Consider a composite membrane fixed at the edge, as

shown in Fig. 2(a), which is allowed to vibrate in the trans-

verse direction while being stretched by a uniform tension T.

The air pressure loads the membrane from outside, due to

the ambient atmosphere, and from inside, due to the closed

cylindrical cavity. With respect to a cylindrical coordinate

system (q, /, z), see Fig. 2(a), the transverse motion

gðq;/; tÞ (t denotes time) of the membrane (located at z¼L)

is governed by

r qð Þ
@2g
@t2
¼ T

1

q
@

@q
q
@g
@q

� �
þ 1

q2

@2g

@/2

" #
þ p q;/; L�; tð Þ

� p q;/; Lþ; tð Þ;
(1)

where rðqÞ is the areal density of the membrane having

piecewise constant values, r1 for 0 � q � a and r2 for

a < q � b, and p is the acoustic pressure field. In the argu-

ments of the latter, L� (Lþ) represents the limiting value of

the transverse direction as it approaches the membrane from

inside (outside) the cavity. The inner density is assumed to

be more than the outer density, i.e., r1 > r2. More sophisti-

cated density distributions were considered recently.3 Note

that pressure p is unknown and has to be solved using

another boundary value problem as discussed below. Let g1

and g2 be the value of g over 0 � q � a and a < q � b,

respectively. The boundary conditions to be satisfied by g1

and g2 are

FIG. 1. (Color online) The left hand and the right hand tabla.
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g1 a;/; tð Þ ¼ g2 a;/; tð Þ; @g1

@q
a;/; tð Þ ¼ @g2

@q
a;/; tð Þ;

(2)

g2ðb;/; tÞ ¼ 0; and (3)

giðq;/; tÞ ¼ giðq;/þ 2np; tÞ; for i ¼ 1; 2: (4)

The conditions in Eq. (2) impose continuity of displacement

and traction at the interface of the two domains, Eq. (3) is

the consequence of membrane being fixed at the edge, and

Eq. (4) ensures that displacement remain single valued. We

also require g1 and g2 to remain finite over the membrane.

The eigenfunctions satisfying these boundary conditions are

given in Appendix A.

The acoustic pressure pðq;/; z; tÞ satisfies the wave

equation

D� 1

c2
a

@2

@t2

 !
p ¼ 0; (5)

where ca is the speed of sound in air and D is the Laplacian

operator. Assuming the walls of the cavity to be perfectly

rigid, we require

@p

@q
b;/; z; tð Þ ¼ @p

@z
q;/; 0; tð Þ ¼ 0 (6)

for the internal pressure. As for the outside pressure, we

assume that an infinite rigid baffle surrounds the membrane

in the z¼L plane requiring6

@p

@z
q;/; L; tð Þ ¼ 0 8q > b: (7)

The presence of baffle has been shown to have only a moder-

ate effect on the results;6 its incorporation, however, greatly

simplifies the analytical calculation. Overall, Eqs. (1)–(7)

form a coupled boundary value problem for transverse

displacement and pressure. We assume both transverse dis-

placement and pressure to have harmonic time dependence,

i.e., gðq;/; tÞ ¼ gðq;/Þeixt and pðq;/; z; tÞ ¼ pðq;/; zÞeixt.

The internal and external pressure acting on the mem-

brane can be calculated using Green functions Gin and Gout,

whose expressions are given in Appendix B, as6

p q;/; L�ð Þ ¼ 1

4p

ðb

0

q0dq0
ð2p

0

d/0Gin q;/; L�jq0;/0; L
� �

� @p

@z0
q0;/0; L�
� �

(8)

and

p q;/;Lþð Þ ¼ � 1

4p

ðb

0

q0dq0
ð2p

0

d/0Gout q;/;Lþjq0;/0;L
� �

� @p

@z0
q0;/0;Lþ
� �

: (9)

The pressure gradient appearing in the integrands above can

be replaced by g using q0x
2gðq;/Þ ¼ ð@p=@zÞðq;/; LÞ,

where q0 is the equilibrium density of air. Expanding g
in terms of basis functions provided by the normal modes

of the composite membrane without air loading (given in

Appendix A), (1) yields

�am
ns x2 � X2

mn

b2
c2

2

� �
r1

ða

0

ð2p

0

g0
1mng

0
1mnqd/dq

"

þr2

ðb

a

ð2p

0

g0
2mng

0
2mnqd/dq

#

¼ q0x
2
X1
n00¼1

am
n00sUnn00 þ q0x

2
X1
n00¼1

am
n00sVnn00 ; (10)

where Unn00 and Vnn00 are as given in Appendix B. The above

equation can be solved iteratively for x. As a first

FIG. 2. (a) The right tabla as a com-

posite membrane backed by cylindrical

cavity. (b) Top view of the left tabla

membrane.
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approximation, x is taken as Xmnc2=b (see Appendix A for

the definitions of Xmn and c2). Restricting both n and n00 to

vary from one to five, we find solutions converging readily.

At the end of each iteration, that value of x which corre-

sponds to the mode with s nodal circles is selected and

substituted back in Unn00 and Vnn00 . The process is repeated

until the values of successive frequencies agree to at least

two decimal places. The frequency x has a real and an imag-

inary part:

x ¼ xmn þ ixi: (11)

The subscripts m and n in the real part xmn indicate m
diametrical nodes and n circular nodes. The imaginary part

xi is related to the decay time of the ðmnÞth mode. The

60-dB decay time (t60), which is the time for the pressure

amplitude to decay to 1/1000 times its initial value, is given

by

t60 ¼ 3=ðxi log eÞ; (12)

where log should be understood as the logarithm with base

10. This relation is easily derived starting from p ¼ p0eixt.

The pressure amplitude at initial time is p0 whereas at time t
it is given by p0e�xi t. If the latter is 1000 times smaller than

p0 then we require exit ¼ 1000. Taking a logarithm we

obtain the required relation.

We have used a methodology similar to that used

previously for kettledrum.6 There are, however, two notable

differences. The basis functions g0 for the transverse dis-

placement are more involved since they are obtained for a

composite membrane. Second, we are always required to

separate the two domains while performing integrations over

the membrane surface.

B. Left hand tabla

The left hand tabla is the bigger of the two pieces and

serves as the bass drum owing to its low natural frequencies.

Unlike the right hand tabla, it lacks circular symmetry due

to the eccentrically placed loaded patch. Following

Ramakrishna,4 rather than working with a composite mem-

brane, we will treat the drumhead as a membrane having

radius and density of the loaded region, and stretched to

the same tension, but having a transverse elastic support

all along the boundary with a stiffness which varies with /.

An alternate solution for composite membranes with eccen-

tric loading was proposed by Sarojini and Rahman,14 who

used a variational method with bipolar coordinate system,

without making any other simplifications. Their solution is

however difficult to implement and is valid only for small

eccentricities.

Figure 2(b) shows an idealized representation of the top

view of the left tabla membrane. Here, O1 and O2 are the

centres of the loaded patch of radius a and the complete

membrane of radius b, respectively. The distance between

the two centres is d. We assume stiffness to be of the form4

k /ð Þ ¼ A

log b=n /ð Þ½ � ; (13)

where nð/Þ ¼ ða2 þ d2 � 2ad cos /Þ1=2
is the distance of a

point P on the boundary of the loaded patch from O2. To

solve for constant A, we consider quasi-static deformation

of a circular membrane of radius a stretched with tension T
and acted upon by a force per unit length F at q ¼ a and

a uniform pressure ~p. The equation of force balance takes

the form

T
1

q
@

@q
q
@g qð Þ
@q

� �
¼ �Fd q� að Þ � ~p: (14)

Assuming adiabatic expansion, it is easy to show that

~p ¼ � 2pcp0

V0

ðb

0

g qð Þdq; (15)

where c is the specific heat constant of air, p0 the initial pres-

sure, and V0 the initial volume. This integral equation can be

solved for displacement at q ¼ a:

g að Þ ¼ aF

T
ln

b

a

� �
� cp0 b2 � a2ð Þ2

8b2LT 1þ cp0b2

8LT

� �
2
64

3
75: (16)

The ratio F=gðaÞ can now be evaluated to obtain A.
The normal modes for the circular membrane as consid-

ered above, but without the cavity, are given by

g0
emnðq;/Þ ¼ Jmðf0emnqÞ cos m/;

g0
omnðq;/Þ ¼ Jmðf0omnqÞ sin m/; (17)

where

f02emn ¼
Xmn

a

� �2

þ 2b2X2
mn

pa2 X2
mn þ b2 � m2

� � ð2p

0

ln
n /ð Þ

a

� �

� 1� cp0 b2 � a2ð Þ2

8b2LTln
b

a

� �
1þ cp0b2

8LT

� �
0
BB@

1
CCA

� cos2 m/d/ and

f02omn ¼
Xmn

a

� �2

þ 2b2X2
mn

pa2 X2
mn þ b2 � m2

� � ð2p

0

ln
n /ð Þ

a

� �

� 1� cp0 b2 � a2ð Þ2

8b2LTln
b

a

� �
1þ cp0b2

8LT

� �
0
BB@

1
CCA

� sin2 m/d/: (18)

The subscripts e and o correspond to the even and odd dis-

placement functions, respectively. The term Xmn is the nth

root of the equation

J0mðXÞ=JmðXÞ ¼ �b=X; (19)

where b ¼ Aa=½Tlnðb=aÞ�.
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We can now proceed in exactly the same manner as

was done in the case of right hand tabla. The displacement

functions for the membrane subjected to air loading can be

expanded in terms of Eq. (17) and substituted into the gov-

erning equation

� r1x
2gðq;/Þ þ TDgðq;/Þ

� 	
¼ pðq;/; L�Þ � pðq;/; LþÞ; (20)

where r1 is the areal density of the loaded patch and har-

monic time dependence is assumed. The governing equation

for natural frequencies takes the form

�am
ns x2 � X2

mn

a2
c2

1

� �
r1

ða

0

ð2p

0

g0
emng

0
emnqd/dq

¼ q0x
2
X1
n00¼1

am
n00sUnn00 þ q0x

2
X1
n00¼1

am
n00sVnn00

or

�am
ns x2 � X2

mn

a2
c2

1

� �
r1

ða

0

ð2p

0

g0
omng

0
omnqd/dq

¼ q0x
2
X1
n00¼1

am
n00sUnn00 þ q0x

2
X1
n00¼1

am
n00sVnn00 ; (21)

where c1 ¼
ffiffiffiffiffiffiffiffiffiffi
T=r1

p
, whichever the case may be. The expres-

sions for Unn00 and Vnn00 for the even case are given by

Unn00 ¼
1

4p

ða

0

ð2p

0

ða

0

q0dq0

�
ð2p

0

d/0Gin q;/; L�jq0;/0; L
� �

� g0
emn00 q0;/0
� �

g0
emn q;/ð Þqd/dq; (22)

Vnn00 ¼
1

4p

ða

0

ð2p

0

ða

0

q0dq0

�
ð2p

0

d/0Gout q;/; Lþjq0;/0; L
� �

� g0
emn00 q0;/0
� �

g0
emn q;/ð Þqd/dq: (23)

The respective expressions for the odd case can be written

likewise.

III. RESULTS AND DISCUSSION

We have divided our results into six subsections. First,

we look for optimum designs of the cavity backed composite

membrane so as to mimic the harmonicity and degeneracy of

overtones as observed experimentally for the right hand

tabla.1,2 Second, we discuss in detail the variation of har-

monic frequencies of the composite membrane due to air

loading and the air column in the cavity. We also investigate

the variation in frequencies for differently tuned drums, sup-

plemented with some experimental observations to support

our discussion. Next, we use our model to estimate the decay

times and study the sustainability of different modes as the

energy is radiated away due to air damping. Following these,

we revisit the issues of harmonic frequencies, decay rates,

and optimum designs for the left hand tabla. In particular,

we find greater harmonicity due to the air column than what

is otherwise reported in previous theoretical investigations.

Finally, we present some results from the modal sound syn-

thesis, leaving out the details to the supplement.

A. Optimal design of right hand tabla

For investigating the design of the right hand tabla, we

consider the following six parameters: outer density (r2),

ratio of inner density to outer density (k2), outer radius (b),

ratio of inner radius to outer radius (k), tension per unit

length in the membrane (T), and length of the air column

within the cavity (L). For every fixed set of value of these

parameters we can obtain the first nine natural frequencies

associated with the cavity backed composite membrane

structure, and subsequently calculate the error function

E r2; k; b; k; T; Lð Þ

¼ 8

13

2x01=x11 � 1:1

1:1

� �2

þ 16

13

2x02=x11 � 3

3

� �2

þ 16

13

2x21=x11 � 3

3

� �2

þ 16

13

2x12=x11 � 4

4

� �2

þ 16

13

2x31=x11 � 4

4

� �2

þ 8

13

2x03=x11 � 5

5

� �2

þ 8

13

2x22=x11 � 5

5

� �2

þ 8

13

2x41=x11 � 5

5

� �2

:

(24)

In formulating the above error function, we have used vari-

ous experimentally established acoustic features of the right

hand tabla. Following Raman,1 we have considered only the

first nine modes as the higher modes damp out quickly due

to the annular rim surrounding the composite membrane.

Second, the ratio of fundamental frequency to that of the 11

mode is measured to be 1.10/2.2,11 This inharmonicity is psy-

choacoustically preferred as it allows us to hear a lower fun-

damental than what the tabla is able to produce.13 Third, we

recognize the experimental observation that modes 02 and

21, 12 and 31, and 03, 22, and 41 are degenerate.1 Finally,

we have ascribed higher weight functions for these modes to

come into a harmonic relationship since there are generally

accepted to be musically important modes in comparison to

others. All these features in the proposed error function have

been incorporated with an intention to come up with a most

optimum design of right hand tabla in the six-dimensional

parametric space.

The optimization problem is to minimize the error func-

tion (24) in a suitably chosen closed subset of the six-

dimensional parametric space. Towards this end, we have

used Matlab’s Genetic Algorithm optimization toolbox.

Interestingly, we find the error value to be little sensitive to

perturbations around the minimum, suggesting a wide flat

valley surrounding the minimum. This can be seen from the

three plots in Figs. 3(a), 3(b), and 3(c) (similar figures
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plotted with respect to other parameters are given in Sec. 3

of the supplementary material12). This valley has a some-

what sharper gradient in the k-direction. We have provided

six combinations of various parameters, with corresponding

fundamental frequency and error value, in Table I. The error

sensitivity to variations in k is clearly seen in this table. For

presentation of our results we fix L ¼ 0.1 m, although the

error function is minimized for values of L around 0.072 m,

so as to be closer to actual dimensions of the right tabla. Our

choice of L introduces very little change in error, as can be

seen from Fig. 3(c).

We note from Table I that low error values can corre-

spond to a wide range of the outer radius, almost from 0.03

to 0.08 m. Even in practice, one finds a large variety of right

hand tablas: small ones with outer radius around 0.05 m to

large ones with outer radius around 0.08 m.15 The length of

the air column can take any value above 0.06 m without

affecting the harmonicity of the tabla, see Fig. 3(c). This is

unlike other parameters which belong to an interval for

yielding low error values. Our model also predicts high har-

monicity for a large range of tension values, including the

ones which yield practically observed fundamental frequen-

cies (more about tension in Sec. III B). We can safely con-

clude from our study that, in confirmation with practice of

tabla making, there is great leeway in constructing a tabla

with a strong sense of pitch.15

We recall that Ramakrishna and Sondhi2 used k ¼ 3:125

and k¼ 0.4 in order to calculate frequency ratios for the ideal

composite membrane. The error for these values comes out to

be 0.0045, higher than almost all of the cases discussed in

Table I. On the other hand, Gaudet et al.16 obtained k ¼ 2:9
and k¼ 0.38 (corresponding error is 0.0021) as the most opti-

mum parameters for the ideal composite membrane. Their

calculation was however based on identifying 03 mode with

the sixth harmonic. This is not what is observed experimen-

tally, where this mode is found closer to the fifth harmonic.2

In another work, Sathej and Adhikari3 have obtained the opti-

mum values as k ¼ 2:57 and k¼ 0.492, again without any

considerations of air loading.

Finally, in order to understand the sensitivity of our

optimization results with respect to the number of modes

considered in the error function, we provide error variations

with respect to radius ratio (k) and density ratio (k) for dif-

ferent cases in Fig. 4. For instance, the blue lines in the plots

represent error variation when the error function consists of

only the first term in Eq. (24) (with appropriate scaling). The

red lines are plots when error function has only the first three

terms from Eq. (24), and so on. It is clear that the differences

are significant. The optimum k values get closer to 2 (as is

expected from the actual construction of tabla) only when all

the nine modes are considered. The k values are also more

FIG. 3. (Color online) Error function under variation of parameters. The remaining parameters in each of the above plots are fixed as given in the first row of

Table I.

TABLE I. Parameter values at the minimum value of the Error function

(L¼ 0.1 m). The density r2 is given in Kg/m2, outer radius of the membrane

b in m, and tension T in N/m.

Parameters (r2, k, b, k, T)

Fundamental

frequency (Hz)

Error

(E)

(0.2451, 2.0467, 0.0501, 0.5055, 1821.54) 356.66 0.00279

(0.35, 2.0467, 0.0501, 0.5055, 1821.54) 360.18 0.00303

(0.2451, 2.2, 0.0501, 0.5055, 1821.54) 469 0.00302

(0.2451, 2.0467, 0.08, 0.5055, 1821.54) 219.91 0.00297

(0.2451, 2.0467, 0.0501, 0.65, 1821.54) 329.98 0.0252

(0.2451, 2.0467, 0.0501, 0.5055, 3500) 494.57 0.00313
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tightly bounded around 0.5 when more modes are consid-

ered. Similar comparisons can be made with respect to other

parameters.

B. Frequency ratios for the right hand tabla

Using the parametric values from the first row of Table I,

we obtain the frequency ratios (with respect to the second

mode) for the first nine modes in Table II. These are also

compared to the values obtained without the enclosed cavity

(i.e., membrane in a sea of air), and also with ideal composite

membrane and the uniform membrane. It is clear that the shift

towards harmonicity of natural frequencies is mainly due to

the composite nature of the tabla membrane. The role of air

loading is primarily to fine tune the harmonicity between the

first nine modes. Further fine tuning is expected if one consid-

ers bending stiffness of the membrane.5 The role of air load-

ing in achieving harmonicity of Indian drums is minor

compared to that in kettledrum. For the kettledrum, an appro-

priate air loading is crucial to achieve near harmonicity in the

first few modes.6 As with the kettledrum, the presence of air

loading (without the cavity) lowers the frequency of all the

modes, while the cavity raises the frequencies of the axisym-

metric modes. This eventually helps in setting a pitch which

is lower than what is produced by the fundamental. In any

case, there is an increased harmonicity when the composite

membrane is surrounded by air and even more when it is

backed by a cavity.

We now present a detailed investigation of the effect

of tension variation on the frequency ratios. Towards this

end, we conducted experiments (with the help of a profes-

sional tabla player) on a tabla by tuning the frequency of its

g11 mode to the frequencies of the notes A4 (440 Hz), Bb
4

(466.16 Hz), B4 (493.88 Hz), and C5 (523.25 Hz), respec-

tively. Tabla players tune their tablas to the second harmonic

by placing their little finger along the diameter at the periph-

ery of the membrane and striking at a point separated by

ninety degrees with their index finger. The different modes

were excited using the method suggested by Raman.1 The

measurements were taken using an AT2020 USB condenser

microphone and the digital signals were analyzed in Matlab

environment. Suitable precautions2,6 were taken to make

sure that the tension in the membrane is as uniform as possi-

ble. The results are collected in Table III. We observe that

the frequency ratios are all close to integral values except for

the last three harmonics which, in general, have only a small

contribution in the overall sound of all the major strokes of

tabla (this can be confirmed from the spectrums given in

Sec. 1.1 of the supplementary material12). Second, as

expected, the fundamental frequency is not aligned with the

other frequencies to form a progressive series of nine har-

monically arranged frequencies. It is in fact located about

two semi-tones (denoted as re in Indian classical music)

above the acoustically perceived fundamental (denoted as

sa). When the player strikes the center of the tabla mem-

brane, what we hear is a sound composed of these two notes

FIG. 4. (Color online) Error function, for varying k and k, by choosing only

few modes for calculating error function of the right hand tabla. The term

“all” in the legend refer to all the nine modes as obtained in our computa-

tions. The number in the legend denotes the number of modes considered in

calculating the error.

TABLE II. Frequency ratios for the right hand tabla. The value of parame-

ters is as given in the first row of Table I. Only those variables, which appear

in the third row above, are needed for the calculations pertaining to the

respective column.

Mode

Uniform

membrane

Ideal

composite

membrane

k; k

Composite

membrane

without air cavity

k; k; b; r2; T

Composite

membrane

with air cavity

k; k; b; r2; T;L

g01 1.26 1.12 1.09 1.12

g11 2 2 2 2

g02 3.02 3.08 3.11 3.10

g21 2.69 2.93 2.95 2.95

g12 3.67 4.04 4.12 4.02

g31 3.33 3.88 3.94 3.94

g03 4.53 4.84 4.85 4.91

g22 4.40 4.95 5.05 4.94

g41 3.97 4.86 4.95 4.95

TABLE III. Experimental values of frequency ratios for the right hand tabla

at different tuning frequencies.

Mode A4 Bb
4 B4 C5

g01 1.156 1.128 1.122 1.122

g11 2 2 2 2

g02 2.985 2.988 2.990 3.000

g21 2.982 2.988 2.988 3.000

g12 3.969 4.03 4.027 4.025

g31 3.963 4.034 4.037 4.025

g03 5.073 5.037 4.975 5.153

g22 5.063 5.068 5.012 5.148

g41 5.077 5.07 4.977 5.142
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(and their harmonics) giving it a chord like flavour, with the

tonic and the major-second note. However, in most of the

strokes that are typically used, the actual fundamental is sup-

pressed by lightly touching the vibrating membrane giving

way to a psychoacoustically perceived fundamental (which

is in harmonic relationship with higher frequencies).13

Finally, we note that the observations in Table III are consis-

tent with our model which shows remarkable insensitivity to

the precise value of tension, given that other parameters are

kept fixed.

C. Decay times for the right hand tabla

A distinct feature of tabla is its ability to produce sus-

tained tones with rich harmonic overtones. We can calculate

the decay times of various modes using Eq. (12). For a set of

parameters, as given in the first row of Table I (except ten-

sion), we calculate the decay times for different tension val-

ues corresponding to notes A4, Bb
4, B4, and C5. The results

are presented in Table IV. The musically important modes

(of the kind gm1) clearly have much higher decay times in

comparison to other modes. The magnitude of decay times

for some of these cases is unreasonably high. This is due to

the fact that we have ignored non-radiative dissipative mech-

anisms and effects of room acoustics from our consider-

ations. That the decay times for m1 modes are higher than

others is due to the symmetry in the sense that equal amount

of area moves in and out of phase during the vibration of the

membrane. Also, as expected, the decay times decrease for

increasing frequency due to increase in radiative power. We

have also calculated the decay times for the case of mem-

brane not backed by an air cavity, noticing that they are then

much higher in comparison to the durations obtained for a

cavity backed membrane, consistent with the results

obtained by Christian et al.6

D. Frequency ratios and decay times for the left hand
tabla

We will now discuss our results for the left hand tabla

as idealized in Sec. II B. Our interest again is to investigate

the effect of air loading on the acoustics of the drum, in

particular with respect to making the frequencies more har-

monic and sustaining musically important modes longer

than others. To be able to compare our results directly

with Ramakrishna,4 we take the geometric parameters as

a¼ 0.028575 m, b¼ 0.1016 m, and d¼ 0.01905 m. The fre-

quency ratios are calculated with respect to the frequency

of the go11 mode. The length of the air column is taken to

be 0.25 m, as measured from an actual tabla. The tension T
in the membrane is taken as 3300 N/m, and the density of

the loaded patch r1 as 0.2 Kg/m2, so that we get the most

harmonic ratios for the frequencies (see Sec. III E for a dis-

cussion on the optimum design parameters). The results

are summarized in Table V. It is clear from the table that

as we move from the case without any air column to air

column just under the loaded patch (i.e., without modified

stiffness) to air column under the whole membrane (i.e.,

with modified air stiffness), the frequency ratios shift close

to multiples of 0.5 progressively, except for g::02. This sup-

ports the role of air column in fine tuning the harmonicity

of frequencies for the left hand tabla. The decay times for

the left hand tabla are clearly much shorter than those for

the right hand tabla.

We note that the idealized model for an eccentric com-

posite membrane, as proposed by Ramakrishna4 and

adapted in Sec. II B, is independent of mass density of

either the loading or the base membrane. This assumption

is also the reason for the significant difference in certain

frequencies when calculated by Ramakrishna with the

numerical solutions in Table II of Sathej and Adhkari.3

Although, incorporation of air loading brings forth a depen-

dence on the density of the loaded patch in the model, it

will be realistic to develop a framework which includes

both the densities.

We have idealized the bowl shaped shell, backing

the composite membrane, of the left tabla as a cylinder.

Whereas analyzing the effect of non-cylindrical kettle

shapes on drum acoustics in a rigorous manner is outside

the scope of the present work, we use certain simple argu-

ments to argue that the effect would be insignificant in

computing the frequency spectrum. Incorporating a bowl

shaped kettle could certainly yield realistic decay rates, but

we do not pursue a detailed study here. On the other hand,

if we assume the pressure loading to be uniform then the

effect of kettle shape is only through the enclosed volume

of the cavity and even then only axisymmetric modes are to

be affected. A simple analytical formulation17 could then

TABLE IV. Mode decay times in seconds. The parameters (except tension)

are taken from the first row in Table I.

Mode A4 Bb
4 B4 C5

g01 1.8 1.7 1.5 1.3

g11 26.5 22.9 18.2 14.5

g02 0.21 0.19 0.16 0.14

g21 348.2 279.8 199.0 142.1

g12 0.81 0.74 0.55 0.45

g31 5800.3 4318.2 2745.2 1755.5

g03 0.03 0.03 0.03 0.03

g22 2.4 1.9 1.4 1.0

TABLE V. Frequency ratios and decay times for the left hand tabla, with

a¼ 0.028575 m, b¼ 0.1016 m, d¼ 0.01905 m, L¼ 0.25 m, r1 ¼ 0:2 Kg/m2,

and T¼ 3300 N/m.

Mode

Without air

column (Ref. 4)

Air column without

modified stiffness

Air column with

modified stiffness

Decay

time (s)

g::01 0.49 0.49 0.50 0.017

ge11 0.97 0.97 0.97 0.066

go11 1.00 1.00 1.00 0.068

ge21 1.46 1.51 1.50 0.326

go21 1.47 1.52 1.51 0.33

g::02 1.72 1.80 1.77 0.35

ge31 1.94 2.03 2.00 1.22

go31 1.95 2.03 2.00 1.23

ge12 2.34 2.46 2.42 0.18

go12 2.35 2.47 2.43 0.18
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be used to obtain frequency spectrums for various shapes

with fixed radius and height. We observed that between ket-

tles of cylindrical, paraboloid, and a cylinder cupped by a

hemisphere shape there is little difference in the frequency

values. Similar conclusion was also reached in the doctoral

work of Davis,18 for the case of timpani. Finally, following

Rossing,19 we observe that the sound wavelengths are much

larger than the kettle dimensions and therefore the modal

frequencies should remain mostly unaffected by the choice

of kettle shape.

E. Optimal design for left hand tabla

We fix the length of the air column to be 0.25 m, as

measured from an actual tabla. We also fix other geometri-

cal parameters, as given above, and postulate an error

function

El r1;Tð Þ¼ x::01=xo11�0:5

0:5

� �2

þ xe11=xo11�1

1

� �2

þ xe21=xo11�1:5

1:5

� �2

þ xo21=xo11�1:5

1:5

� �2

þ xe31=xo11�2

2

� �2

þ xo31=xo11�2

2

� �2

þ xe12=xo11�2:5

2:5

� �2

þ xo12=xo11�2:5

2:5

� �2

(25)

in terms of two free parameters: density of the loaded patch

r1 and tension T in the membrane. The form of the error

function is motivated from the results obtained in Sec. III D.

To get the most harmonic ratios for the frequencies, we vary

the two parameters over a suitable range and seek their value

which minimizes the error function. From the contour plot of

El, in Fig. 5, it is clear that El has a flat valley around the

minima and therefore there are possibly a large number of

parameter values which yield close to optimum results. For

our calculations in the preceding section we choose

ðr1; TÞ ¼ ð0:2 Kg=m2; 3300 N=mÞ so as to remain close to

values for an actual tabla. The error values corresponding to

the three cases in Table V are then obtained as 0.0116,

0.0025, and 0.0027. As expected, error is minimized by an

order or magnitude by incorporating air pressure. Notably,

the error is close for cases when air pressure is considered

just below the loaded patch and below the whole membrane.

F. Modal sound synthesis

An appropriate methodology for numerical sound syn-

thesis of tabla sounds can be an extremely useful step

towards digitizing Indian percussion sounds. In this section,

we apply modal sound synthesis technique to synthesize

tabla sounds. The modal synthesis is performed on the basis

of modes with complex frequencies obtained from solving

the physical model.20 For the purpose of the present analysis,

we will use the modes and their frequencies as obtained in

the above sections for both the tablas. The details of our

numerical calculation are given in Secs. 1 and 2 of the sup-

plementary material.12

We perform modal analysis of tabla membranes subject-

ing them to an initial velocity represented by a “raised cosine

profile” simulating a snap stroke at a point on the tabla.20 In

order to compare the obtained velocity evolution for the right

hand tabla with experimental results, we choose the parame-

ters as given in the first row of Table I except for tension,

which is chosen so as to match the fundamental frequency

with the obtained fundamental frequency from tin stroke

(see Sec. 1.1 in the supplementary material12 for more

details on the nature of this tabla stroke). We then pick a

point on the membrane, find its velocity with respect to time

over a large time interval and a sufficiently large value of

sampling frequency. We take fast Fourier transform of the

temporal velocity value over the time interval and compare

it with the experimentally obtained spectrums. Different

strokes can be simulated by varying the position of the initial

velocity field and by removing unwanted modes (which are

otherwise suppressed by placing fingers on the edge of the

membrane). Figures 6(a) and 6(b) show the frequency

spectrums for tin and n�a strokes as obtained from the sound

FIG. 5. (Color online) Contour plots for the error function corresponding to

the left hand tabla.

FIG. 6. (Color online) Frequency spectrums corresponding to tin and n�a
strokes as obtained from the modal sound synthesis of the right hand tabla.
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synthesis. Further details, including time variations of displacement at an arbitrary point, are given in the supplementary mate-

rial.12 The stroke tin consists of a thump at the center of the black patch whereas n�a is generated by striking at the edge of the

membrane, using only the index finger, and keeping out the fundamental mode. The obtained spectrums are in good agreement

with the corresponding experimental recordings (provided in the supplementary material12). The modal sound synthesis for

the left hand tabla can be performed similarly. Some preliminary results towards that end are included in Sec. 2 of the supple-

mentary material.12

IV. CONCLUDING REMARKS

There are several drums in the Indian musical tradition which convey a strong sense of pitch. Many of these now belong

to antiquity and are present today only in archeological remains and old musicology texts.21,22 Among the extant drums which

produce rich harmonic overtones are pakh�avaj, mridangam, and tabla, all of which have composite membranes (loaded with

additional mass in a small region) backed by air cavity. There are others, like hourglass shaped drums damru and uddukku,

which convey strong pitch as a result of skilful variation of tension in the drumhead while playing the drum.22,23 Interestingly,

uddukku, which is a temple drum from the southern Indian state of Kerela, is strikingly similar to African talking drums and

Japanese tsuzumi. Our study of tabla can be extended to barrel drums like pakh�avaj and mridangam, where two composite

drumheads are attached to opposite sides of a barrel shaped shell. The two drumheads in these barrel drums are of different

sizes and are loaded differently.21,22 The acoustical study of tabla can be furthered by investigating the appropriateness of the

paste material for mass loading, nature of animal hide used, and type of wood suitable for the shell. The tabla makers are usu-

ally very rigid about the choice of materials used for tabla making.10 On the other hand, more realistic boundary conditions for

pressure can be used to model, for example, the substantial roughness that is introduced in the interior of the shell while hol-

lowing out the right hand tabla.
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APPENDIX A: EIGENFUNCTIONS FOR THE RIGHT HAND TABLA

The eigenfunctions g0’s for the composite membrane of the right hand tabla, without air loading, are given by2

g0
1mnðq;/Þ ¼ AmnJmðkkXmnq=aÞeim/ for 0 � q � a; and (A1)

g0
2mn q;/ð Þ ¼ Amn

Jm kkXmnð Þ
Jm kXmnð ÞYm Xmnð Þ � Jm Xmnð ÞYm kXmnð Þ Jm

Xmnq
b

� �
Ym Xmnð Þ � Jm Xmnð ÞYm

Xmnq
b

� �� �
eim/ (A2)

for a < q � b. In these expressions, k ¼ a=b; k2 ¼ r1=r2, and Xmn ¼ x0
mnb=c2 is the nth root of

k
Jm�1 kkXð Þ
Jm kkXð Þ ¼

Jm�1 kXð ÞYm Xð Þ � Jm Xð ÞYm�1 kXð Þ
Jm kXð ÞYm Xð Þ � Jm Xð ÞYm kXð Þ

; (A3)

c2 ¼
ffiffiffiffiffiffiffiffiffiffi
T=r2

p
being the speed of transverse waves in the unloaded region and x0

mn the natural frequencies of transverse vibra-

tions of the unloaded membrane.

APPENDIX B: EXPRESSIONS FOR Unn00 AND Vnn00

Unn00 ¼
1

4p

ða

0

ð2p

0

ða

0

q0dq0
ð2p

0

d/0Gin q;/; L�jq0;/0; L
� �

g0
1mn00 q0;/0

� �
g0

1mn q;/ð Þqd/dq

þ 1

4p

ða

0

ð2p

0

ðb

a

q0dq0
ð2p

0

d/0Gin q;/; L�jq0;/0; L
� �

g0
2mn00 q0;/0

� �
g0

1mn q;/ð Þqd/dq

þ 1

4p

ðb

a

ð2p

0

ða

0

q0dq0
ð2p

0

d/0Gin q;/; L�jq0;/0; L
� �

g0
1mn00 q0;/0

� �
g0

2mn q;/ð Þqd/dq

þ 1

4p

ðb

a

ð2p

0

ðb

a

q0dq0
ð2p

0

d/0Gin q;/; L�jq0;/0; L
� �

g0
2mn00 q0;/0

� �
g0

2mn q;/ð Þqd/dq; (B1)
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Vnn00 ¼
1

4p

ða

0

ð2p

0

ða

0

q0dq0
ð2p

0

d/0Gout q;/; Lþjq0;/0; L
� �

g0
1mn00 q0;/0

� �
g0

1mn q;/ð Þqd/dq

þ 1

4p

ða

0

ð2p

0

ðb

a

q0dq0
ð2p

0

d/0Gout q;/; Lþjq0;/0; L
� �

g0
2mn00 q0;/0

� �
g0

1mn q;/ð Þqd/dq

þ 1

4p

ðb

a

ð2p

0

ða

0

q0dq0
ð2p

0

d/0Gout q;/; Lþjq0;/0; L
� �

g0
1mn00 q0;/0

� �
g0

2mn q;/ð Þqd/dq

þ 1

4p

ðb

a

ð2p

0

ðb

a

q0dq0
ð2p

0

d/0Gout q;/; Lþjq0;/0; L
� �

g0
2mn00 q0;/0

� �
g0

2mn q;/ð Þqd/dq: (B2)

In these expressions,

Gin q;/; zjq0;/0; z0
� �
¼ �4p

X1
m¼�1

eim /�/0ð Þ
2p

�
X1
n¼1

2Jm ymn q=bð Þ½ �Jm ymn q0=bð Þ½ �
b2 1� m2=y2

mn

� �
J2

m ymnð Þ

�
cos cmnz<½ �cos cmn L� z>ð Þ½ �

cmn sin cmnLð Þ
; (B3)

where ymn is the solution of J0mðymnÞ ¼ 0, z>; z< denote the

greater and lesser of z and z0, respectively, and

cmn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2=c2

a � y2
mn=b2

q
for ymn < xb=ca;

cmn ¼ i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2

mn=b2 � x2=c2
a

q
for ymn > xb=ca: (B4)

Also

Gout q;/; zjq0;/0; z0
� �

¼ e
i x=cað Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2þq02�2qq0 cos /�/0ð Þþ z�z0ð Þ2

ph i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þ q02 � 2qq0 cos /� /0

� �
þ z� z0ð Þ2

q

þ e
i x=cað Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2þq02�2qq0 cos /�/0ð Þþ zþz0�2Lð Þ2

ph i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þ q02 � 2qq0 cos /� /0

� �
þ zþ z0 � 2Lð Þ2

q :

(B5)
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