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Abstract—Breadth first tree search (BFTS) algorithms are
known to provide a close to maximum likelihood (quasi-ML)
solution at a low-complexity if the received sequence is detected
in the right sequence order. However finding the right sequence
order has an exponential overhead. In view of this, we propose to
repeatedly apply a BFTS algorithm to all sequence orders. Since
it will test all the orders, it is expected to achieve quasi-ML
performance. However, this will increase the complexity because
of redundant iterations. The complexity can be reduced if we can
stop the iterations as soon as a quasi-ML solution is achieved. For
this we propose two stopping rules, one relies on a constellation
based heuristic and the other one uses the distribution of ML cost.
It is found that their complexity curves have a cross-over point.
Thus, a combination of the two rules provides a quasi-ML error
performance at a low-complexity for uncoded as well as coded
systems. We further show that the proposed stopping rule can
reduce the complexity of depth first tree search algorithms also.
Lastly, for large MIMO systems, compared to existing algorithms
it is found to be exceptionally better in terms of both error
performance and complexity.
Index Terms—Multiple-input and multiple-output (MIMO), Kbest, IKSD, large MIMO.

I. I NTRODUCTION

B

readth first tree search (BFTS) [1] algorithms such as
K-best [2], [3] and improved K-best sphere decoder
(IKSD) [4] are known to provide a good combination of
error performance and complexity for detection in MIMO
systems. The rational of K-best is to select K best paths
(in terms of Euclidean distance) at each level of the tree
moving in a forward direction and finally at the end select the
best among these K path. If K is chosen to be sufficiently
large, it can achieve close to maximum likelihood (quasiML) symbol error rate (SER). However, the computational
complexity increases with K, which in turn leads to a high
computational complexity. IKSD improves upon K-best by
selecting some more paths, the cost of which are within a range
(say ∆) of the cost of the Kth path. This leads to a reduction
in the required value of K as compared to K-best and is shown
to be efficient in terms of computational complexity without
any loss in error performance.
On a somewhat different note, the performance of K-best
and IKSD algorithms are known to be sensitive to the order in
which the symbols are detected [5], [6]. In fact, if the symbols
are detected in the right order, they can provide quasi-ML
performance at smaller values of K and ∆ leading to much
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lower complexity. The problem of finding the right order has
been addressed in the literature and there exist several channel
ordering schemes [7], [8]. However, the optimal channel
ordering scheme has exponential overhead while sub-optimal
schemes lead to a loss in SER performance [7].
In this paper, we seek to lower the complexity of K-best
and IKSD without compromising their error performance. For
this we propose to apply IKSD iteratively (i.e. repeatedly)
for all sequence orders and then select the one which gives
the minimum Euclidean cost. Since all possible orders would
have been tested, this process should lead to a quasi-ML
performance except that the complexity will again become
high. We propose to cut down the complexity by doing two
things. Firstly, since we will be testing over all possible
sequence orders, the values of K and ∆ can be chosen to
be low, which will lead to a lower complexity per iteration.
Secondly, we propose to stop the iterations as soon as a quasiML performance is achieved. This can be done, if we can
devise a rule to identify the iteration, at which the iterative
process can be stopped.
Ideally, a stopping rule should allow the iterations to continue until a quasi-ML solution is achieved, and as soon as
it is achieved, the process should terminate. In addition, the
overhead of computing the stopping rule itself should be low.
Motivated by these requirements we propose two stopping
rules. The first rule is a constellation based heuristic. It is
based on the premise that it would be reasonable to stop,
when the Euclidean cost is less than half of the minimum
Euclidean distance between all possible pairs of transmit
vectors, which differ at only one place. Here, the only overhead
is computation of the minimum Euclidean distance. This is not
only simple to compute but also, once computed, it is used for
the detection of all vectors which are received during a given
channel realization.
The second rule is based on the cumulative distribution
of squared norm of the error vector and has zero overhead
because it need not be computed online. The computational
complexity of the algorithm is a function of SNR in both
cases. It turns out that for lower SNR’s, the second rule has
lower complexity while it is the other way around for higher
SNR’s. In other words, when their respective complexities are
plotted as a function of SNR, there is a cross-over point. Hence
using a combination of the two stopping rules, a quasi-ML
performance can be obtained at a complexity which is the
lower of the two.
We have also examined the performance of this stopping
rule for two depth first tree search (DFTS) algorithms [1],
[9], [10]. Specifically, we applied it over statistical pruning
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sphere decoder (SPSD) [11] and a sphere decoder (SD) which
uses channel ordering [8]. We found that it is able to cut the
redundant search in this context too.
Lastly, the ability to provide a quasi-ML solution at lowcomplexity, makes the proposed iterative detection an attractive candidate for large antenna systems. Using simulations
we show that for a 32 × 32 MIMO system with 4-QAM it
outperforms the existing algorithms for large MIMO such as
[12], [13], [14], [15] and [16], not only in terms of error
performance but also in terms of complexity.
The paper is organized as follows: Section III proposes
the iterative detection scheme while Section IV proposes the
two stopping rules. In Section V, we propose a composite
version of the two rules. The iterative detection technique with
composite stopping rule is simulated and compared with Kbest [3], IKSD [4] and SPSD [11] in Section VI. Section
VII presents the benefits of proposed schemes for DFTS
algorithms and for large antenna systems. We conclude the
paper in Section VIII.
II. P RELIMINARIES
A. System Model
We consider a single-user MIMO system having Nt transmit
antennas and Nr receive antennas (Nt ≤ Nr ). It is common
to represent the input-output relation by the following mathematical model
Y = HX + N,
(1)
where Y is (Nr ×1) received vector, H is (Nr ×Nt ) channel matrix, N = (n1 , n2 , · · · , nNr )T is (Nr ×1) i.i.d. additive white Gaussian noise (AWGN) vector with each ni ∈
CN (0, σ 2 ) and X = √1N (x1 , x2 , · · · , xNt )T is (Nt ×1) transt
mitted vector with each xi ∈ Ω = {Ω1 , · · · , ΩM }. Here Ω is
a set of complex constellation symbols such as M-QAM with
E[X H X] = 1 and minimum distance dmin . The Es /N0 of
H
MIMO system is given by E[XN0 X] = σ12 .
Detection of transmitted symbol vector X, using the knowledge of received vector Y and channel matrix H, is a key
problem in MIMO systems. This can be done by finding the
actual transmitted symbol vector X among the all possible
M Nt transmit vectors which is nearest to the received signal
vector Y for the given channel matrix H. Utilizing QR
decomposition, this can be mathematically stated as
2

X̂ = argmin kZ − RXk ,

(2)

X∈ΩNt

and well known as ML detection. Here, Z = QH Y is (Nt ×1)
equivalent received vector, Q is (Nr ×Nt ) orthogonal matrix
and R is a (Nt ×Nt ) upper triangular matrix obtained using
QR decomposition of H. k·k represents L2 -norm. In the sequel
we referred the Euclidean cost associated with the detected
vector X̂ simply as cost.
There exist various algorithms which provide quasi-ML
solutions to the problem described in (2). These are broadly
classified into two classes of tree search algorithms i.e. DFTS
and BFTS algorithms. For achieving a quasi-ML solution, the
computational complexity of DFTS algorithm varies with SNR
while it is constant for the BFTS algorithm. Thus, depending

upon the SNR, a BFTS algorithm may require higher (or
lower) complexity than the DFTS algorithm. Motivated by this
we propose a low-complexity variant of the BFTS algorithm in
the next section. Before proceeding to our proposed solution,
let us briefly discuss two popular variants of the BFTS
algorithm viz. K-best [3] and IKSD [4].
B. Review of BFTS Algorithms
K-best algorithm [2], [3] searches for the minimum cost
vector over a set of K candidate solution vectors. This set
of candidate solution vectors is found from the sub-problems
in (2) by expanding it into a sum of Nt terms and solving
it for K best possible solutions instead of an unique solution
as in (2), sequentially. Let us express one such intermediate
sub-problem as
{xi , ··, xNt |xi+1 , ··, xNt } = argminK
xi ∈Ω

Nt
X
j=i

zj −

Nt
X

2

rj,k xk ,

k=j

(3)
where rj,k represents the (j, k)th element of R and i varies
from Nt to 1. Here, argminK returns the K intermediate
vectors [xi , xi+1 , · · · , xNt ] for which the objective function
is minimum. As i varies from Nt to 1, there are Nt such subproblems. These sub-problems are solved one by one starting
from i = Nt . As a result, K symbols are selected from Ω.
Given the knowledge of K best symbols, the search is repeated
for i = Nt − 1. This means now the search is restricted to
M K solution vectors only and again K solution vectors are
selected. Repeating the same procedure by decrementing the
value of i by one, we arrive at i = 1, where the best among
these K candidate solution vectors is declared as the final
solution.
The key idea of IKSD [4] is to choose K + λ symbols at
each layer instead of selecting strictly K symbols, and the
value of λ is decided by the symbol vectors which are within
a certain margin (∆) of the Kth symbol vector. For deciding
the value of ∆ three rules viz. fixed threshold, normalized
threshold and adaptive threshold have been proposed in [4].
These help in reducing the required value of K compared to
K-best and hence save computational complexity.
Since K-best and IKSD both are sequential detection techniques, the error in symbol detection at lower layers propagates
to upper layers. Hence to avoid error propagation, the symbols
need to be detected in a right order [5]. Detection in a
right order not only avoids error propagation but also saves
complexity because the value of K required to achieve the
quasi-ML solution reduces. However, finding a right order is
computationally expensive [7]. In view of this, an iterative
BFTS algorithm is proposed in the next section.
III. P ROPOSED I TERATIVE D ETECTION
Let us denote the order in which the symbols will be
detected as a sequence, say (xNt −i+1 , · · · xNt , x1 , · · · xNt −i )
for a given i, where i = 0, 1, · · · , (Nt − 1). Then we can
express (1) using this order and a shifted version of H as
Y = Hi X i + N,
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where Z i = Q
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[R]ij,k

e i,
Z i = Ri X i + N
iH

ei = Q
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h2,1
..
.
hNr ,1

···
···
..
.

h1,Nt −i
h2,Nt −i 


..


.
hNr ,Nt −i+1
· · · hNr ,Nt −i
(5)
and X i = √1N [xNt −i+1 · · · xNt x1 · · · xNt −i ]T . Using QR
t
decomposition, Hi can be decomposed as Hi = Qi Ri and
(4) can be expressed as

iH

h1,Nt
h2,Nt
..
.
· · · hNr ,Nt



(

N and (j, k)

(6)
th

element of Ri

i
rj,k
, j ≤ k, 1 ≤ j, k ≤ Nt

0,

j > k.

Now, let us consider an iterative application of a tree search
algorithm such as K-best [3] or IKSD [4] from iteration i = 0
to Nt − 1. The vector corresponding to the minimum cost
over all the iterations will be taken as the detected vector.
While this will give good error performance, the computational
complexity will be high. This is because many of the iterations
may not result in any improvement. In other words, there
will be several redundant iterations. To address this issue, we
propose to compute a threshold α which will be used to stop
the iterations as follows: if the cost associated with X̂ i at
ith iteration is less than α, we declare X̂ i as the detected
vector and no further iterations are carried out. The resulting
algorithm is given in Algorithm-1, where qr dec(Q, R, Z)
provides the QR-decomposition and the equivalent received
vector for the current iteration using the QR-decomposition
and the equivalent received vector of the previous iteration.
Since this particular illustration of the proposed idea uses
IKSD, we refer to it as Iterative IKSD (IIKSD). The same
can be done for any BFTS algorithm.
It is important to point out here that in Algorithm-1,
qr dec(Q, R, Z) is required to avoid a fresh QR decomposition at each iteration. Thus we compute the full QR
decomposition only once i.e. at the very first iteration and use
it in the subsequent iterations. We have provided a method
for computing the QR decomposition of Hi using the QR
decomposition of Hi−1 in Algorithm-2. This updation process
reduces the order of complexity of QR decomposition from
O(Nt3 ) to O(Nt2 ). Here circ shif t(R, 1) denotes circular
shift of the columns of R from left to right by one unit, as in
(5) for i = 1.
IV. S TOPPING RULES
The error performance and computational complexity of the
above proposed IIKSD depends on the choice of α. If the value
of α is high, it causes early termination of IIKSD and thus loss
in error performance. While if we choose a small α, it will
lead to redundant iterations and hence increase in complexity.
This means we need to select the value of α carefully. Ideally,
α should have two properties: i) easy to compute and ii) ability

Algorithm 1: Iterative IKSD (IIKSD) Algorithm
Input : Y, H, K, Ω, ∆, cost = ∞
Output: X̂
Initialization i = 0 ;
H

[Qi Ri ] ← QR decomposition of H and Z i = Qi Y ;
while i < Nt do
if i > 0 then
[Qi Ri Z i ] = qr dec(Q, R, Z);
end
C = 0 and start with level k = Nt ;
while k ≥ 1 do
l = 1;
for j ← 1 to length (C) do
i
i
cl = cj + |zk,j
e
− rk,k
xt |2 , ∀xt ∈ Ω;
Zeli = Zji − R:,i k xt ∀xt ∈ Ω;
l = l + 1;
end
ei accordingly;
Sort C in an ascending order and Z
e ≤ K then
if length (C)
Keep all the symbols in tree T ;
else
Keep all the symbols which satisfy
c≤e
e
cK + ∆ in Tree;
end
e Z ← Z;
e
Replace C ← C,
k = k −1;
end
Return X̂ i ← the first element in Tree;
if (kZ i − Ri X̂ i k2 ≤ α) then
X̂ = circ shif t(X̂ i , Nt − i) and i = Nt ;
else if (kZ i − Ri X̂ i k2 < cost) then
cost = kZ i − Ri X̂ i k2 ;
Replace Q ← Qi , R ← Ri and Z ← Z i ;
X̂ = circ shif t(X̂ i , Nt − i);
end
i = i + 1;
end

to stop IIKSD as soon as a quasi-ML solution is obtained. In
this section we propose two rules to compute the value of α.
A. Cost based Rule
In the first rule, we propose to use a constellation based
heuristic. This takes the value of α as half of the minimum
Euclidean distance between any two possible transmit vectors,
after they are multiplied with the given channel matrix H. The
motivation for this is explained in the next paragraph.
Let us denote X1 as a possible transmit vector and for a
given H, let Y1 denote an observation vector for which the ML
solution is X1 . The cost corresponding to this ML solution is
given by kY1 − HX1 k2 . Let X2 be another transmit vector
such that HX2 is one of the vectors in the set of vectors
nearest to HX1 . It can be seen that more the distance between
Y1 and HX1 , more will be the cost. The farthest value of

Copyright (c) 2016 IEEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.org.

This is the author's version of an article that has been published in this journal. Changes were made to this version by the publisher prior to publication.
The final version of record is available at
http://dx.doi.org/10.1109/TWC.2016.2620978
4

Initialization i = Nt ;
while i > 1 do
ri,Nt
g = ri−1,N
;
t
j = Nt ;
while j ≥ 1 do
qj,i−1 = qj,i−1 + g · qj,i ;
if j ≥ i − 1 then
ri,j = ri,j − g · ri−1,j ;
end
j = j − 1;
end
zi−1 = zi−1 + g · zi ;
i = i − 1;
end
e = Q and Z
e = Z;
e = circ shif t(R, 1), Q
R
e
e
e
return Q, R and Z;

Y1 for which X1 will continue to be the ML solution will
be the mid point of HX1 & HX2 i.e. 21 H(X1 + X2 ). The
cost for this Y1 will be k 21 H(X1 − X2 )k2 . Now if we choose
α to be such that the cost is not greater than this, we can
expect no loss in error performance with respect to the ML
solution whenever X1 is the ML solution. However, since we
do not know the set of vectors nearest to HX1 , finding such
an α is a non trivial problem because the cost k 21 H(X1 −
X2 )k2 will have to be minimized over all possible X1 and
X2 . Therefore, as a compromise between ease of computation
and a reasonable error performance, we consider only those
vectors for X2 which differ at only one element from X1 , say
the ith element. It may be noted that this does not necessarily
imply that X2 is nearest to X1 . Since only the ith element of
X1 & X2 differ, (X1 − X2 ) will have all zero entries except
. Thus for a given i,
at the ith place, where it is equal to d√min
Nt
2
min 2
the minimum cost will be ( 2d√
)
kH
k
i , where Hi denotes
Nt
the ith column of H. Hence minimizing over all i, we propose
our stopping rule to be the one where α should as
2

1 dmin
α=
min kHi k2 .
(7)
i
Nt
2
One can notice that the above expression requires computation
of the norm of the columns of H, which is easy to compute
and has a low overhead in terms of complexity. The actual
overhead is even lesser because once computed, it can be used
for the detection of all the vectors, which are received during
a given channel realization. Since the expression for α in (7)
is arrived at using a heuristic based on Euclidean cost, we call
the stopping rule based on α as the cost based rule.
B. Distribution based Rule
In the above rule, we chose α using the numerical value of
kY − HXk2 . The other way would be decide the value of α
according to the distribution of kY − HXk2 .

2

Distribution based α

Algorithm 2: qr dec(Q, R, Z): QR-decomposition
Input : Q, R, Z
e R,
e
e Z
Output: Q,

2×2
4×4
6×6
8×8

1.5

1

Linear Region

0.5

0

0

0.2

0.4
0.6
Probability (p)

0.8

1

Fig. 1. Trend of distribution based alpha with probability p for different
MIMO systems at Es /N0 = 10 dB

1) Distribution of cost:PThe distribution of kY − HXk2
r
2
2
is equivalent to kN k2 = N
i=1 |ni | where ni ∼ CN (0, σ ).
This can be expressed as a sum of 2Nr real Gaussian random
variables with mean 0 and variance σ 2 /2. We know that the
squared sum of N (0,
chi-square distribuP1) follows a standard
PNr
Nr
2
2
|ℜ{n
}|
+
denote
tion. Let t = σ21/2
i
i=1 |ℑ{ni }|
i=1
the standard chi square distributed random variable, then we
can express the cost kN k2 as σ 2 t/2. Hence, the distribution
of cost is given by
 2



σ
2α
P (cost ≤ α) = P
, 2Nr , (8)
T ≤ α = FT
2
σ2
where FT (t, Nr ) = γ( N2r , 2t )/Γ( N2r ) [17]. Here γ and Γ are
incomplete gamma function and gamma function respectively.
If p denotes P (cost ≤ α), we can set α as follows
α=

σ 2 −1
F (p, 2Nr ).
2 T

(9)

The above expression for α is derived from the distribution of
the Euclidean cost, which in turn is related to the distribution
of noise. Hence we refer to it as distribution based rule. Here,
we would like to point out that the online computational
overhead is zero. This is because α in (9) can be computed
offline and need not to be computed online.
2) Judicious choice of p: The performance of IIKSD depends on the value of threshold α and in this case α is a
function of p (9). In Fig. 1 we have plotted α as a function
of p for a fixed value of Nr and σ 2 . From the figure we can
observe that initially α increases linearly and after the dashed
vertical line it increases exponentially. A higher value of p
leads to a higher α, which in turn leads to early termination
of iterations and hence, lower complexity but loss in SER
performance. Thus p can serve as a tuning parameter to get
the right combination of SER performance and complexity.
From Fig. 1 a judicious choice of p could be the point up to
which α increases linearly i.e. p = 0.8.
In the next section we compare the complexity of the two
stopping rules and then combine them to obtain a composite
stopping rule.
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αdist (p = 0.8)

1.2480

1.2480

1.2480

1.2480

−1

120

V. C OMPOSITE S TOPPING RULE
The computational complexity of IIKSD depends on the
number of iterations which in turn depends on the choice of
α. Let us analyze the expected number of iterations performed
by IIKSD for a given α. We denote the probability of the
event that the algorithm stops at ith iteration as P (ei ), which
can be expressed as a function of the distribution of cost i.e.
P (cost ≤ α) given by (8) as follows
P (ei ) = P (cost > α)i−1 P (cost ≤ α),

i=N
t −1
X

iP (cost > α)i−1 P (cost ≤ α).

i=1

(11)

Let us denote the α obtained from (7) as αcost and the α
obtained from (9) as αdist . The expected number of iterations
for αcost and αdist (taking p = 0.8) are given in Table-I for
a 4 × 4 MIMO system with 16-QAM modulation. It can be
observed that at low SNR the expected number of iterations
is lower for distribution based rule while at high SNR it is
lower for cost based rule. This motivates us to combine the
two rules to obtain a stopping rule which is better than both.
1) Construction: First let us define a cross-over point ξ as
the Es /N0 at which the complexities of the cost based rule
and the distribution based rule are equal. This can be obtained
by equating both the α and using (7), (9) and the fact that
Es
1
N0 = σ2 . Thus we get
 2

dmin mini kHi k2 Es
(12)
FT
, 2Nr = p.
2Nt N0
Solving (12) for Es /N0 by using the expression for chisquare distribution, the expression for ξ is obtained as
ξ=

4Nt γ −1 (pΓ (Nr ) , Nr )
,
d2min mini kHi k2

−2

10

Performance
curves

60
−3

10

Complexity
curves

30
−4

10

−5

10

0

5

10
E /N
s

15

15
20

0

Fig. 2. Symbol error performance and average number of nodes visited per
transmit vector by IIKSD for a 4 × 4 MIMO system with 4-QAM modulation
taking K = 1, ∆ = 0.5/8.

(10)

where the first term denotes the probability that it does not stop
till ith iteration while the second term denotes the probability
that it stops at ith iteration. For i = Nt , the second term is
equal to one because there will be no any further iterations.
Thus from the definition of expectation, we can express the
expected number of iterations as the sum of the product of
number of iterations and P (ei ) over all possible iterations.
This can be mathematically expressed as
E[i] = Nt P (cost > α)Nt −1 +

240

Cost based Rule
Dist based Rule
Composite Rule
ML

10

Symbol error rate

Es /N0

0

10

Average number of nodes visited per transmit vector

TABLE I
E XPECTED NO . OF ITERATIONS REQUIRED PER TRANSMITTED VECTOR
FOR A 4 × 4 MIMO SYSTEM WITH 16-QAM MODULATION

(13)

where γ −1 is inverse incomplete gamma function.
2) Composite stopping rule: IIKSD is stopped when cost
(2) of the solution obtained at any iteration is less than α,
where α is decided by the cost based rule when Es /N0 ≥ ξ
and by the distribution based rule when Es /N0 ≤ ξ.

VI. S IMULATION R ESULTS
In this section we present the simulation results for the
proposed algorithm applied over uncoded as well as coded
MIMO systems. The results are compared with some recent
tree search algorithms such as IKSD [4] and SPSD [11], and
with the well established tree search algorithm K-best [3].
For tree search algorithms, it is common to measure their
computational complexity in terms of the average number
of nodes visited. For a moment, if we forget about the
performance and focus only on the complexity then one can
say that the algorithm which traverses lesser number of nodes
in the tree is better. Now, the question is how much lower we
can go i.e. the minimum number of nodes to be visited by
any tree search algorithm irrespective of whether it belongs to
BFTS or DFTS [1], [10]. In the next subsection we compute
this minimum number of nodes for BFTS as well as DFTS
algorithms and show that this lower bound is same for both the
class of algorithms. Later this lower bound is used to compare
different algorithms.
A. Minimum Number of Nodes Required
For BFTS this can be computed as follows: at each antenna
at least one node has to be selected and for the equivalent
real √
system model [3], there are 2Nt numbers of antennas
and M choices at each antenna i.e. the minimum
√ number of
nodes required for this class of algorithms is 2 M Nt . This
holds for DFTS also. For understanding this, let us consider
the best scenario where we get the ML solution in the first
depth itself. It means that by visiting the first 2Nt nodes, we
will√have the ML solution. Next, the algorithm visits rest of
the M − 1 nodes at least once at each antenna, starting from
the Nt th antenna, and sequentially moving on to each antenna
one by one. Hence, the total number of nodes visited by this
class √
of algorithms is sum of the first 2Nt nodes and the rest
2Nt ( M − 1) nodes, which yields the same result as BFTS.
Hence, the minimum number of
√ nodes required to be visited
by a tree search algorithm is 2 M Nt .
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Fig. 4. Symbol error performance and average number of nodes visited per
transmit vector for a 6 × 6 MIMO system with 64-QAM modulation.

B. Comparison of the Three Stopping Rules

lesser number of nodes than IKSD as well as SPSD. One
can observe from the figure that the difference between the
complexities of these algorithms is not constant. In particular,
the difference between the complexities of IIKSD and IKSD is
minimum at Es /N0 = 17.5 dB and maximum at Es /N0 = 25
dB. At these points, on an average IIKSD visited only 300
and 123 nodes in comparison to 472 and 497 nodes of IKSD
respectively. This means that for the simulated system, the
proposed IIKSD requires 36% to 75% less computations than
IKSD. Comparing with SPSD one can notice that IIKSD visits
lesser number of nodes and the difference varies between 300
nodes (Es /N0 = 0 dB) to 460 nodes (Es /N0 = 25 dB). In
fact, one can also observe that the number of nodes visited
by IIKSD approaches the lower bound of 64 at high Es /N0 .
Since IIKSD provides quasi-ML error performance and visits
lesser number of nodes than others, this makes it a good choice
for low-complexity detection in uncoded MIMO system. For
the sake of completeness, we have also compared IIKSD with
the K-best algorithm [3] and two channel ordering schemes
(COS) suggested in [7] and [8]. For simplicity, we have named
them as COS-1 and COS-2 respectively. It can be observed
that K-best (K = 32) and COS-2 have almost the same
SER performance as IIKSD while at the same time K-best
requires 6-15 times more computations and COS-2 requires
significantly higher complexity. On the contrary, COS-1 visits
less number of nodes as compared to IIKSD but at the cost
of a much inferior SER performance.
Next we examine the performance for a higher constellation
i.e. 64-QAM for a 6 × 6 MIMO system. Just like the previous
cases, we have chosen the simulation parameters such that
they achieve quasi-ML (i.e. SD) performance. Thus, K = 1
and ∆ = 0.2/12 for IIKSD, K = 2 and ∆ = 0.25/12 for
IKSD and K = 64 for K-best have been taken. The simulation
results are shown in Fig. 4. From the figure one can observe
trends similar to previous case. The gap between the number
of nodes visited by IIKSD and IKSD is closest at 25 dB.
At this point IIKSD visits 831 nodes in comparison to 1059
nodes of IKSD, which leads to a minimum of 21.5% savings
in complexity.

Using the equivalent real system model [3], the three
stopping rules have been simulated for the proposed IIKSD
for a 4 × 4 MIMO system with 4-QAM modulation assuming
channel conditions as flat Rayleigh faded. To obtain near
ML performance, the simulation parameters were taken to
be K = 1 and ∆ = 0.5/8 1 . In Fig. 2, SER performance
and the average number of nodes visited by all the three
stopping rules have been plotted respectively. We can see that
the composite stopping rule has the lowest complexity and it
is worth comparing the average number of nodes √
visited with
the lower bound for this class of algorithms i.e. 2 M Nt . For
the simulated case, the lower bound comes out to be 16 and
interestingly, the composite stopping rule achieves it at high
Es /N0 (pink dotted line).
C. Comparison with Other Detectors
To show the utility of IIKSD with composite stopping rule,
we now compare it with the best reported algorithms in the
class of BFTS and DFTS algorithms i.e. IKSD [4] and SPSD
[11] respectively. The simulations have been done for the same
scenario as in [4] and [11] respectively. Thus, an 8 × 8 MIMO
system with 16-QAM modulation has been considered and the
simulation parameters for IKSD have been taken to be K = 4
and ∆ = 0.75/16, same as in [4] and for SPSD geometrical
pruning rule is considered with K0 = 3, same as in [11].
To achieve the same SER performance as IKSD, the values
for IIKSD have been taken to be K = 1 and ∆ = 0.25/16.
The results obtained with these parameters have been plotted
in Fig. 3. From the figure we can say that IKSD, IIKSD
and SPSD have identical SER performance which is close
to that of sphere decoder (SD). Here we consider SD as a
benchmark instead of ML. This is because the simulation for
ML for such a large system is computationally demanding
and SD is well known for providing ML performance at a
much lower complexity. Further, IIKSD consistently visited
1 The factor in the denominator is equal to 2N for an equivalent real system
t
model.
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D. Complexity Comparison of IIKSD and IKSD
Theoretically, the complexity of K-best is known to be of the
order of O(KM Nt2 ). Extending it to IKSD, we can simply
replace K by Kavg where Kavg denotes the average value
of K which depends on both K and ∆. For ∆ = 0 (which
corresponds to K-best), K and Kavg are equal and for ∆ > 0,
Kavg is higher than K. The difference between K and Kavg
depends on the magnitude of ∆ and a small value of ∆ leads to
a small difference. Hence, for a small value of ∆ (as in the case
of IKSD) Kavg is close to K. We notice from the simulations
that the value of K required to achieve quasi-ML performance
for IKSD is smaller compared to the value of K required in Kbest, thereby leading to savings in complexity. Subsequently,
we extend it to IIKSD by multiplying with the average number
of iterations i.e. E[i] × O(Kavg M Nt2 ) where the expression
for E[i] is provided in (11). At any given SNR, the average
number of iterations for the composite rule is the minimum
of the average number for the cost based rule and the average
number for the distribution based rule. Applying this in Table
I, we observe that the average number of iterations for IIKSD
is only slightly greater than one. For example, as a function
of SNR, for a 4 × 4 MIMO system with 16-QAM modulation
the average number of iterations of IIKSD varies in the range
1.24 to 1.002. We have observed that similar numbers hold for
other system dimensions too. Based on these observations and
the fact that to achieve quasi-ML performance, the required
value of K and ∆ for IIKSD is even smaller than IKSD, we
can conclude that the complexity of IIKSD is lower than that
of IKSD.
E. Arithmetic Operations
Most works in the literature [4], [8], [11] use the number
of nodes visited or the number of arithmetic operations to
compare the complexities of algorithms. Since we have compared the complexities of various algorithms on the basis of
average nodes visited and have also established the superiority
of IIKSD over IKSD, it will be interesting to investigate the
gains in terms of the total number of arithmetic operations.
In Table II we have shown the number of additions, multiplications and the number of parallel computations (discussed in
the next section) as well. For a fair comparison, the numbers
shown include the complexity of pre-processing operations.

For the convenience of the reader, we show the number for
the proposed IIKSD and also the number closest to it from
amongst all the other algorithms in bold face. From the table
we can observe that for an 8 × 8 system with 16-QAM
modulation and for a 6 × 6 system with 64-QAM modulation, compared to all the other algorithms IIKSD requires
significantly lower number of additions and multiplications
throughout the SNR range. In the case of 8 × 8 and 6 × 6
systems, IIKSD is found to be closest to IKSD, with respect
to which the reduction in complexity is at least 35% and 27%
respectively. These observations match with the conclusions
arrived at from Fig. 3 and Fig. 4, except for COS-1 which
requires a higher number of additions and multiplications.
This is because the pre-processing required to find the optimal
channel order in COS-1 has significant complexity which has
not been accounted for in Fig. 3 and Fig. 4.
F. Processing Latency
Next, we study the processing latency of the algorithms. For
DFTS, it is directly proportional to the visited number of nodes
while for BFTS, it is fixed assuming there is no constraint
on the memory. Since the proposed IIKSD is somewhere in
between these two algorithms (closer to BFTS), it is advisable
to check the extent of parallelism in the algorithms [18]. Hence
we have compared these algorithms on the basis of the total
number of parallel operations in Table II. Here, by a parallel
operation we mean a vector-vector operation, which is taken
to be as one unit of computation.
It can be observed from the table that IIKSD requires
the lowest number of parallel operations too for an 8 × 8
MIMO system with 16-QAM and for a 6 × 6 MIMO system
with 64-QAM. These observations strengthen the conclusions
made in Section VI-C that IIKSD requires a lower average
number of nodes, lower number of additions, lower number
of multiplications and lower number of parallel operations in
comparison to the recently proposed IKSD [4] and SPSD [11].
G. CPS Required to Achieve Quasi-ML Performance
Now we examine the number of computations per symbol
(CPS), in terms of total number of arithmetic operations i.e.
(additions + multiplications) per symbol, required to achieve
quasi-ML performance as a function of the number of antennas

TABLE II
C OMPUTATIONS PER SYMBOL (CPS) REQUIRED FOR A N 8 × 8 MIMO SYSTEM WITH 16-QAM MODULATION AND A 6 × 6 MIMO SYSTEM WITH
64-QAM MODULATION IN TERMS OF REQUIRED NUMBER OF ARITHMETIC OPERATIONS AS WELL AS NUMBER OF PARALLEL OPERATIONS

Number of
Additions/
Multiplications

Number of
Parallel
Computations

Type of
Detector
IIKSD
IKSD
K-best
SPSD
COS-1
COS-2
IIKSD
IKSD
K-best
SPSD
COS-1
COS-2

10dB
239/240
544/544
2554/2554
11891/11403
29728/29728
25198/24239
27
54
220
1067
144
2049

8 × 8 MIMO 16-QAM
15dB
20dB
391/393
335/336
606/606
627/627
2554/2554
2554/2554
7078/6785
2555/2447
29728/29728
29728/29728
7763/7447
2780/2663
44
37
61
62
220
220
853
258
144
144
810
245

25dB
155/156
652/652
2554/2554
851/809
29728/29728
815/773
18
64
220
91
144
97

15dB
728/728
1326/1326
8454/8454
12127/11796
17010/17010
102117/99921
89
151
867
1216
448
8086

6 × 6 MIMO 64-QAM
20dB
25dB
898/898
1176/1177
1650/1650
1629/1629
8454/8454
8454/8454
18157/17729
11652/11382
17010/17010
17010/17010
28358/27721
6503/6336
107
143
180
179
867
867
2399
940
448
448
3313
1499

30dB
727/727
1647/1647
8454/8454
3503/3409
17010/17010
3611/3515
94
182
867
313
448
207
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Fig. 6. Bit error performance and average number of nodes visited per
transmit vector for a coded 4 × 4 MIMO system with 16-QAM modulation.

(Nt = Nr ). We show the results for 16-QAM modulation,
at an SNR of 10 dB, in Fig. 5. The simulation parameters
for K-best, IKSD and IIKSD have been chosen such that all
the algorithms achieve identical (quasi-ML) error performance.
Thus for the 8 × 8 system we have taken the same parameters
as used in Fig. 3. For the 4 × 4 system, we have taken K = 1
and ∆ = 0.2/8 for IIKSD, K = 2 and ∆ = 0.25/8 for IKSD
same as [4] and K = 16 for K-best same as [3]. Similarly
for the 12 × 12 system, we have chosen K = 3 and ∆ =
0.8/24 for IIKSD, K = 16 and ∆ = 0.9/24 for IKSD and
K = 96 for K-best. From the figure it can be seen that the
CPS for IIKSD is the lowest. Further, compared to IKSD its
relative gain increases as the number of antennas increase.
While evaluating the gains numerically, it may be noted that
the results in Fig. 5 are plotted on a logarithmic scale. For
example, at an SNR of 10 dB, for a 12 × 12 system with 16QAM modulation IIKSD requires 1544 number of arithmetic
operations while 5284 number of operations are required by
IKSD. This translates to a 71% savings in complexity.

IKSD. The results in Fig. 6 show that at any particular iteration
of iterative decoding, IIKSD (K = 128, ∆ = 0.2/8), IKSD
(K = 256, ∆ = 0.25/8) and K-best (K = 512) have almost
the same error performance (K-best is slightly inferior) while
they visit approximately 2.5 × 103 , 4.5 × 103 and 7.5 × 103
number of nodes respectively. Thus, we can see that IIKSD
offers a lower complexity solution for coded systems as well.

H. Extension to Coded Systems using Soft Decoding
In this section, we evaluate the performance of IIKSD for
coded MIMO systems. For soft detection in coded MIMO
systems, we need log likelihood ratio (LLR) values to be
computed over a candidate set. This candidate set can be
generated for IIKSD as follows: in Algorithm-1 instead of
returning the first element of the tree, we store all the elements
in the candidate set. This set is updated in the subsequent
iterations until the algorithm terminates. The final candidate
set is used for iterative decoding as suggested in [19].
For evaluating the performance of coded systems, a rate 1/2
recursive systematic convolutional (RSC) code with memory 2
and a random interleaver of length 8192 bits has been considered for a 4×4 MIMO system with 16-QAM modulation. The
convolutional code feedforward generator polynomial is 1+D2
and the feedback generator polynomial is 1 + D + D2 . The
results obtained are compared in Fig. 6 with K-best and IKSD
for the same simulation parameters as in [4]. Thus, we have
taken K = 512 for K-best and (K = 256, ∆ = 0.25/8) for

VII. A PPLICATIONS
The advantages of the proposed schemes can be extended
to other classes of tree search algorithms and also to large
antenna systems. In particular, the proposed stopping rules
(refer Section IV and Section V) can be used to reduce the
complexity of depth first tree search (DFTS) algorithms and
the proposed IIKSD seems to be a good candidate for large
antenna systems. In this section, we examine both these issues.
A. DFTS Algorithms
In this section we show that the utility of the composite
stopping rule is not limited to BFTS algorithms and that it
is useful for DFTS algorithms as well. In a DFTS algorithm,
we select a node and then go to the depth of the tree. This
is repeated for each node. In the process, whenever a better
solution (in terms of cost) is achieved, we replace the old
solution with the current solution and the stopping rule is used
as a tool for reducing redundant searches. For this, we need
to modify the basic DFTS algorithm. Thus, whenever a better
solution is achieved we compare the cost of the solution to
α (refer Section V). If it is lower than the threshold, we stop
the search process and the best solution till then is declared
as the final solution. The complete procedure is provided in
Algorithm-3.
Based on the above, we apply the composite stopping rule
on two different DFTS algorithms namely COS-2 [8] and
SPSD [11]. On the basis of simulations, the error performance
and the number of nodes visited are presented in Fig. 7 and
compared with their original versions. It may be noted that
the additional complexity because of the stopping rule, is
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negligible and that for DFTS algorithms, the number of nodes
visited is a measure of their complexity. From the figure we
can see that upto 15 dB, there is a significant reduction in the
number of nodes visited for COS-2 and SPSD without any
loss in SER performance. This shows that the benefit of the
composite stopping rule can be extended to DFTS algorithms.
B. Large MIMO Systems
Earlier, we have seen that in terms of CPS the relative gain
offered by IIKSD compared to K-best [3], IKSD [4], COS2 [8] and SPSD [11] increases as the number of antennas
increase (refer Section VI-G). Motivated by this, we applied
IIKSD on a large antenna system, specifically, on a 32 × 32
MIMO system with 4-QAM modulation. However, simulating
a 32 × 32 system using K-best [3], IKSD [4], COS-2 [8]
or SPSD [11] is quite difficult, because of their very high
computational complexity, which is known to increase rapidly
with the number of antennas (see Fig. 5). This difficulty has
also been pointed out in [20], [21] for the variants of SD and
K-best. Therefore, we have compared IIKSD with some of the
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for j ← 1 to length(Ω) do
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well-known low-complexity algorithms for large MIMO such
as 1-LAS [12], MLAS [13] and RTS [14], [15] and also with a
recent low-complexity sparsity boosted iterative linear (SBIL)
detector [16]. The simulation parameters for IIKSD have been
chosen such that there is no improvement in error performance
for higher values of K and ∆. This leads to the choice of
K = 24 and ∆ = 4/64. The resulting bit error performance
is shown in Fig. 8. Due to the difficulty in obtaining the
performance of near ML detectors (because of their very high
computational complexity) for such large systems, the existing
detectors for large MIMO systems are usually compared with
the performance of a single antenna system over an additive
white Gaussian noise (AWGN) channel [16]. Hence, we have
also provided the performance for an AWGN channel in Fig.
8. From the figure it is clear that IIKSD is exceptionally better
than all the others, even better than an AWGN channel. It may
be noted that the AWGN performance is different from the ML
performance of the MIMO system under consideration.
The algorithms have been compared in terms of computations per bit in Fig. 9. Interestingly, it turns out that except for
SBIL, IIKSD has the lowest computations per bit. But since
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SBIL has the worst error performance, its lower complexity is
not of much value. The exceptional gain of IIKSD in terms of
error performance is not unexpected (since it achieves quasiML performance for smaller MIMO systems) but the gain
in terms of complexity is attractive and makes it a suitable
candidate for large antenna systems also.
VIII. C ONCLUSION
We propose an iterative scheme around the class of BFTS
algorithms and two stopping rules for detection in MIMO
systems. The stopping rules are based on a comparison of
the cost of the detected vector with a threshold. The first
rule is based on the Euclidean distance of two neighboring
transmit vectors and the second rule uses the distribution of
squared norm of the error vector to compute the threshold.
Interestingly, in terms of computational complexity the first
rule is found to be efficient at high SNR while the second
one is efficient at low SNR. By comparing the complexity
curves of the two rules, we find that there is a cross-over point.
Using this point, the two rules have been combined to arrive
at a single stopping rule. Iterative detection with this stopping
rule requires less computations than the recently proposed
schemes for uncoded as well as coded systems. The gain in
computations increases with the antenna size and makes it an
attractive candidate for large antenna systems too. We have
also applied the stopping rule to DFTS algorithms and found
it to be effective in reducing their complexity.
R EFERENCES
[1] Y. Jia, C. Andrieu, R. Piechocki, and M. Sandell, “Depth-first and
breadth-first search based multilevel SGA algorithms for near optimal
symbol detection in MIMO systems,” IEEE Trans. Wireless Commun.,
vol. 7, no. 3, pp. 1052–1061, Mar. 2008.
[2] W. Chin, “QRD based tree search data detection for MIMO communication systems,” in Proc 2005 IEEE 61st Veh. Technol. Conf. (VTC),
vol. 3, pp. 1624–1627.
[3] Z. Guo and P. Nilsson, “Algorithm and implementation of the K-best
sphere decoding for MIMO detection,” IEEE J. Sel. Areas Commun.,
vol. 24, no. 3, pp. 491–503, Mar. 2006.
[4] S. Han, T. Cui, and C. Tellambura, “Improved K-best sphere detection
for uncoded and coded MIMO systems,” IEEE Wireless Commun. Lett.,
vol. 1, no. 5, pp. 472–475, Oct. 2012.

[5] Z. Lei, Y. Dai, and S. Sun, “A low complexity near ML V-BLAST
algorithm,” in Proc 2005 IEEE 62nd Veh. Technol. Conf. (VTC), vol. 2,
pp. 942–946.
[6] M. Damen, H. El-Gamal, and G. Caire, “On maximum-likelihood
detection and the search for the closest lattice point,” IEEE Trans. Inf.
Theory, vol. 49, no. 10, pp. 2389–2402, Oct. 2003.
[7] S.-R. Lee, S.-H. Park, S. W. Kim, and I. Lee, “Enhanced detection with
new ordering schemes for V-BLAST systems,” IEEE Trans. Commun.,
vol. 57, no. 6, pp. 1648–1651, Jun. 2009.
[8] B. S. Thian and A. Goldsmith, “A reduced-complexity MIMO receiver
via channel ordering,” in Proc 2009 IEEE Global Commun. Conf.
(GLOBECOM), no. 1, pp. 1–6.
[9] B. Hassibi and H. Vikalo, “On the sphere-decoding algorithm I. Expected complexity,” IEEE Trans. Signal Process., vol. 53, no. 8, pp.
2806–2818, Aug. 2005.
[10] R. Gowaikar and B. Hassibi, “Statistical pruning for near-maximum
likelihood decoding,” IEEE Trans. Signal Process., vol. 55, no. 6, pp.
2661–2675, Jun. 2007.
[11] T. Cui, S. Han, and C. Tellambura, “Probability-distribution-based node
pruning for sphere decoding,” IEEE Trans. Veh. Technol., vol. 62, no. 4,
pp. 1586–1596, May 2013.
[12] K. Vardhan, S. Mohammed, A. Chockalingam, and B. Rajan, “A lowcomplexity detector for large MIMO systems and multicarrier CDMA
systems,” IEEE J. Sel. Areas Commun., vol. 26, no. 3, pp. 473–485,
Apr. 2008.
[13] S. Mohammed, A. Chockalingam, and B. Sundar Rajan, “A lowcomplexity near-ML performance achieving algorithm for large MIMO
detection,” in Proc 2008 IEEE Int. Symp. Inf. Theory (ISIT), pp. 2012–
2016.
[14] B. Rajan, S. Mohammed, A. Chockalingam, and N. Srinidhi, “Lowcomplexity near-ML decoding of large non-orthogonal STBCs using
reactive tabu search,” in Proc 2009 IEEE Int. Symp. Inf. Theory (ISIT),
pp. 1993–1997.
[15] N. Srinidhi, T. Datta, A. Chockalingam, and B. Rajan, “Layered tabu
search algorithm for large-MIMO detection and a lower bound on ML
performance,” IEEE Trans. Commun., vol. 59, no. 11, pp. 2955–2963,
Nov. 2011.
[16] X. Peng, W. Wu, J. Sun, and Y. Liu, “Sparsity-boosted detection for large
MIMO systems,” IEEE Commun. Lett., vol. 19, no. 2, pp. 191–194, Feb.
2015.
[17] NIST/SEMATECH, “e-Handbook of statistical methods,” May 2013,
http://www.itl.nist.gov/div898/handbook/eda/section3/eda3666.htm.
[18] C.-F. Liao, L.-W. Chai, P.-L. Chiu, and Y.-H. Huang, “Multi-stage
lattice-reduction-aided MIMO detector using reverse-order LLL algorithm,” in Proc 2010 IEEE Asia Pacific Conf. Circuits and Systems
(APCCAS), pp. 100–103.
[19] B. Hochwald and S. Ten Brink, “Achieving near-capacity on a multipleantenna channel,” IEEE Trans. Commun., vol. 51, no. 3, pp. 389–399,
Mar. 2003.
[20] M. Wu, B. Yin, G. Wang, C. Dick, J. Cavallaro, and C. Studer,
“Large-scale MIMO detection for 3GPP LTE: Algorithms and FPGA
implementations,” IEEE J. Sel. Topics Signal Process., vol. 8, no. 5, pp.
916–929, Oct. 2014.
[21] F. Rusek et al., “Scaling up MIMO: Opportunities and challenges with
very large arrays,” IEEE Signal Process. Mag., vol. 30, no. 1, pp. 40–60,
Jan. 2013.

Abhay Kumar Sah (S’15) did his B.Tech in Electronics & Communications Engineering from Jaypee
Institute of Engineering & Technology, Guna (now
Jaypee University of Engineering Technology, Guna)
in 2010. Since 2010, he is a Ph.D. student in the Department of Electrical Engineering, Indian Institute
of Technology Kanpur. He is a recipient of the TCS
Research Scholarship and Vice-Chancellor’s Gold
Medal for outstanding performance in his bachelor’s
degree. His current research interests are in Wireless
Communication and multi-antenna systems.

Copyright (c) 2016 IEEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.org.

This is the author's version of an article that has been published in this journal. Changes were made to this version by the publisher prior to publication.
The final version of record is available at
http://dx.doi.org/10.1109/TWC.2016.2620978
11

A. K. Chaturvedi (S’91-M’96-SM’03) received the
B.Tech., M.Tech., and Ph.D. degrees in Electrical
Engineering from Indian Institute of Technology
Kanpur in 1986, 1988, and 1995, respectively. He
served the Department of Electronics Engineering
at Institute of Technology, Banaras Hindu University, Varanasi from 1994 to 1996. Subsequently, he
joined the faculty of the Department of Electronics
and Computer Engineering at Indian Institute of
Technology Roorkee. Since 1999, he has been at
the Department of Electrical Engineering at Indian

Institute of Technology Kanpur. He was the Head of the Department during
2009-2010 and the Dean of Research & Development at IIT Kanpur during
2011-2014. Currently, he is the Deputy Director of the institute and the
Coordinator of the BSNL-IITK Telecom Centre of Excellence at IIT Kanpur.
Dr. Chaturvedi is a recipient of the Distinguished Teacher award of IIT Kanpur
and Tan Chin Tuan Fellowship of Nanyang Technical University, Singapore.
His current research interests are in Communication Theory and Wireless
Communication. Dr. Chaturvedi has actively participated in the activities of
the Uttar Pradesh section of IEEE. He has held several positions within the
section and was also its Chair during 2004-2005.

Copyright (c) 2016 IEEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.org.

