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Now, define S1 as S1 = 1
t !

t !
i=1 �1;i

~S1�
T
1;i. Then,

S1;mm =
1

t1!

t !

i=1

~S1� (m);� (m) =
1

t1
tr( ~S1) (33)

and

S1;mn =
1

t1!

t !

i=1

~S1� (m);� (n) =
1

t1
m 6=n

~S1;mn:

(34)

Note that S1;mn is real because matrix ~S1 is Hermitian. By applying
the same derivation to other users, the result is obtained.
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A New Framework for Constructing Mutually Orthogonal
Complementary Sets and ZCZ Sequences
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Abstract—In this correspondence, new characterizations for the
construction of zero correlation zone (ZCZ) sequences from mutually
orthogonal Golay complementary sets (MOGCS) is presented. It is
shown that the recursive construction of MOGCS is inherent in these
characterizations. Previously known constructions of ZCZ sequences and
MOGCS are shown to be special cases of this characterization. The notion
of mutually orthogonal ZCZ sequence sets is also introduced.

Index Terms—Complementary set, interference free window (IFW),
large area synchronous CDMA (LAS-CDMA), mutually orthogonal Golay
complementary set (MOGCS), mutually orthogonal zero correlation zone
(ZCZ) sequence sets, zero correlation zone (ZCZ) sequences.

I. INTRODUCTION

In a synchronous CDMA system, orthogonal spreading sequences
can be employed to eliminate multiple access interference. However
in a wireless channel, orthogonality among different users tends to di-
minish because of the inter-path interference. In order to reduce the
interference among users in a multipath environment or in an approx-
imately synchronized CDMA [16] system, the concept of generalized
orthogonality was introduced and a recursive construction of zero cor-
relation zone (ZCZ) sequences was presented in [12] and [14]. In [1],
analytical and simulation results show that the ZCZ sequences (also
known as LS or Loosely Synchronous sequences) are indeed more ro-
bust in multipath propagation channels compared to the orthogonal se-
quences. Study of these sequences is further motivated by the recently
proposed large area synchronous CDMA (LAS-CDMA) for 4G sys-
tems [10] of which ZCZ sequences are an integral part.

A recursive construction of ZCZ sequences starting from a Golay
complementary pair [15] was proposed in [12]. The construction in
[12] was extended in [11] by applying the same recursive method on
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a matrix whose rows form mutually orthogonal Golay complemen-
tary sets (MOGCS). In a recent work [4], two new methods for con-
structing ZCZ sequence sets based on the perfect sequences and some
unitary matrices have been proposed. In this correspondence, we take
the former approach of constructing ZCZ sequences from the MOGCS.
Recursive construction of the binary MOGCS was discussed in [13].
Polyphase complementary sequences were studied in [3]. Related re-
sults on the complementary sequences and their constructions were
reviewed in [2]. Construction of binary array sets of ZCZ sequences
was studied in [5]. Reference [17] presented a general construction
of multilevel complementary pairs. Transition from iterative methods
to noniterative construction of complementary sequences was made in
[6], where complementary sequences were constructed as second order
cosets of Reed Muller codes. QAM constellation based complemen-
tary sequences were constructed in [7]. In [2], DFT matrices were used
to demonstrate the existence of complementary sequences of different
lengths. Such techniques cannot be used to construct sequences over
any arbitrary constellation as the size of the signal set is based on the
DFT matrix dimension. DFT matrix based sequences have also been
reported in [18], [19].

In this paper, we present new characterizations providing a frame-
work for constructing the ZCZ sequences from the MOGCS. We show
that enlarging a given MOGCS is implicit in this framework. We draw
out the inherent recursion in the characterization and present illustrative
examples. Previously known construction of ZCZ sequences [11] and
expansion of MOGCS [13] are shown to be special cases of the above
characterization. Using the above framework, we show that, for a given
Interference Free Window (IFW), it is possible to construct multiple
sets of ZCZ sequences which are mutually orthogonal. In multiuser
systems, orthogonal sets of ZCZ sequences can provide better protec-
tion against interpath interference compared to traditional orthogonal
sequences.

Further, characterizations which are useful in constructing new ZCZ
sequence lengths from MOGCS are presented. We show from these
characterizations that construction of new polyphase MOGCS is pos-
sible for several cardinalities. Additionally, the proposed character-
izations allow construction of ZCZ sequences for previously unob-
tainable window lengths. Using recursive constructions of [12], the
window lengths that were possible are 2kN; k = 0; 1, etc., where N
denotes the kernel length used. For example, to design a Interference
Free Window (IFW) size of 3 (no length 3 kernel is known over a bi-
nary constellation), a code with larger window size has to be designed
followed by rotations of the sequences as discussed in [16]. However
in practical systems, it is usually not desirable to employ sequence sets
where one sequence in the set is a shifted version of another sequence.
The characterizations presented in this paper allow direct design of se-
quences for several new window lengths, including 3. Furthermore, we
are free to choose the constellation over which sequences need to be
designed. Several identities have also been developed to simplify the
design problem.

The remaining part of the paper is organized as follows. Section II
establishes notations and definitions. In Section III, we characterize a
recursive construction. After discussing a few examples, we compare
our results with previously known constructions. Section IV presents
new characterizations for constructing MOGCS. Section IV-B gives a
generalized framework for constructing ZCZ sequences. Some issues
related to the presented characterizations are discussed in Section V.
Section VI discusses construction of mutually orthogonal sets of ZCZ
sequences with an example. Section VII discusses the possibility of
constructing sequences with better correlation properties while keeping
the number of sequences intact. We conclude our work in Section VIII.

II. NOTATIONS AND DEFINITIONS

A. Correlation Parameters

Aperiodic crosscorrelation  ab(� ) between two sequences a and b
of length L is defined as

 ab(�) =

L���1

l=0

al b
�

l+� ; 0 � � � L� 1:

Even or periodic crosscorrelation between the sequences a and b is
defined as

�ab(�) =  ab(�) +  
�

ba(L� � )

while odd correlation between the sequences a and b is given by

�
odd
ab (�) =  ab(�)�  

�

ba(L� � ):

B. Orthogonal Sets of ZCZ Sequences

Let fbngMn=1 be a set of M sequences, each of length L. The zero
periodic autocorrelation zone TACZ and the zero periodic crosscorre-
lation zone TCCZ of this sequence set are defined to be [12],

TACZ = maxfT j�b b (�) = 0;8n; j � j� T; � 6= 0g

TCCZ = maxfT j�b b (�) = 0;8m 6= n; j � j� Tg

where, �b b (�) denotes the periodic crosscorrelation between the
sequences bm and bn.

Then, the interference free window (IFW) of the sequence set
fbng

M

n=1, denoted by T , is defined to be the minimum of the zero
autocorrelation zone and the zero crosscorrelation zone values, i.e.

T = min fTACZ; TCCZg:

The set fbngMn=1 with IFW of T is said to constitute a Zero Correla-
tion Zone sequence set of M sequences of length L and is denoted by
ZCZ-(L;M; T ).

Two distinct sets of sequences fb1mg
M

m=1 and fb2ng
M

n=1 are said to
be mutually orthogonal, if

�b b (0) = 0 8 m and n:

This notion of orthogonality can easily be extended to more than two
sets.

C. Complementary Sets

We denote the ith sequence in the nth sequence set as ain. A set
faing

M

i=1 is said to be complementary, if,

M

i=1

 a a (�) = 0; 8 � 6= 0 (1)

where  a a (�) is the aperiodic autocorrelation function of the se-
quence ain. Two sets faimg

M

i=1 and faing
M

i=1 are said to be mutually
orthogonal complementary (or mates) if,

M

i=1

 a a (�) = 0; 8 � (2)
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where  a a (� ) is the aperiodic crosscorrelation function of the se-
quences aim and ain.

D. K Operation

A collection of sets

faijg
M
i=1; 1 � j �M

is called MOGCS if, faijg
M
i=1 is a complementary set for each j, and

any two such sets are mutually orthogonal.
Let A be a M � MN matrix whose rows form a collection

of MOGCS. Each complementary set has M sequences of length
N and the ith row of A constitutes the ith complementary set,
such a matrix is called a MOGCS matrix. Let it be partitioned as
A = [A1 A2 � � �AM ], where each Ai is an M �N matrix. We
will denote the ith row of A by ai, the ith row of Aj by aji and the
(i; j)th scalar entry of A by ai;j . Let H be a P � KQ matrix with
complex valued entries having the same magnitude. For convenience,
we will assume that this magnitude is 1, although the results in
Sections IV and IV-B hold with slight modification even when the
magnitude is any other constant. We define the matrix operation “ K”
as

A KH =
C(h11; . . . ; h1K) � � � C(h1(QK�K+1); . . . ; h1(QK))

C(h21; . . . ; h2K) � � � C(h2(QK�K+1); . . . ; h2(QK))

� � �
. . . � � �

C(hP1; . . . ; hPK) � � � C(hP (QK�K+1); . . . ; hP (QK))

(3)

(viewed as a PM �KQMN scalar matrix) where

C(hij ; hi(j+1); . . . ; hi(j+K)) =

(hijA1; hi(j+1)A1; . . . ; hi(j+K)A1) � � �

(hijAM ; hi(j+1)AM ; . . . ; hi(j+K)AM )
M�KMN

with (hijA1; hi(j+1)A1; . . . ; hi(j+K)A1) denoting a sequence of
length KN . It is easy to see that K defined by (3) reduces to the
operation introduced in [15] when K = 2 and P = Q = 2.

Each element of a column vector is cyclically moved one row
up, upon premultiplication by S, a shift operator. We will denote
the conjugate transpose of the matrix H by H

�. Binary vector
d11 = (1; 0; 1; 0; . . . ; 1; 0) and d21 = (1; 1; 0; 1; 1; 0; . . . ; 1; 1; 0).
In general, dij is defined by a repeated pattern of i ones and j zeros.
Matrix Dij = diag(dij) and Dij = diag(dij), where dij is the
binary complement of dij .

III. CONSTRUCTION OF ZCZ SEQUENCES: A NEW FRAMEWORK

In this section, we will characterize theHmatrix in (3) such that the
rows of the matrix B = A 2H form a ZCZ sequence set (each row
ofB forms a single ZCZ sequence) in addition to constituting a collec-
tion of MOGCS (each row of B is a complementary set with QM se-
quences and two distinct rows are orthogonal complementary). In Sec-
tion III-A we list a set of conditions on theHmatrix to obtain the ZCZ
property of the sequences constructed using 2. Section III-B char-
acterizes the H matrix so that the resulting sequences form MOGCS.
Section III-C brings out the recursion inherent in the characterization.
In Section III-D, we give examples and compare our results with pre-
viously known constructions [4], [11].

A. ZCZ Property

Theorem 1: If A is a MOGCS matrix, then the rows of the matrix
B = A 2H form a ZCZ-(2MNQ;MP;N) if H satisfies the fol-
lowing:

1) HH� = (MN)I where I is the identity matrix.
2) HD11SH

� = 0 = HD11S
�
H
�

Proof: Let bi denote the ith row of B. It is enough to
show that bmb�n = 0 whenever m 6= n and bmS�b�n = 0 =
bmS

��
b
�

n; 8m;n, and 1 � � � N . The nth row of Ak is denoted
as akn, so an;Nk+� will denote the � th element of the sequence akn.
We will group the rows of B into P different sets, each set having M
rows. For any m and n, we set r; l; s; and k such that m = lM + r

and n = kM + s. The proof is easy to obtain once we show that

HD11SH
� = 0 = HD11S

�

H
� (4)

which can be shown to follow from condition 2 of the theorem using
the results in Appendices B and C. The following four cases cover all
possibilities:

1) m and n are from the same set (say lth set), andm 6= n. In this
case, r 6= s

bmb
�

n = hl1a
1
r; hl2a

1
r; . . . ; hl1a

M
r ; hl2a

M
r ; . . . ;

hl(2Q�1)a
1
r; hl(2Q)a

1
r; . . . ; hl(2Q�1)a

M
r ; hl(2Q)a

M
r

hl1a
1
s; hl2a

1
s; . . . ; hl1a

M
s ; hl2a

M
s ; . . . ;

hl(2Q�1)a
1
s; hl(2Q)a

1
s; . . . ; hl(2Q�1)a

M
s ; hl(2Q)a

M
s

from the definition of  a a (�), it follows that:

bmb
�

n = 2Q

M

i=1

 a a (0) = 2QMN�(r; s) (5)

where �(r; s) is the two-dimensional (2-D) Kronecker’s delta
function. The last line follows directly from the properties of
complementary sets [13]. But r 6= s when m 6= n and m and
n are from the same set, hence the desired result

bmSb
�

n

= hl1a
1
r; hl2a

1
r; . . . ; hl1a

M
r ; hl2a

M
r ; . . . ;

hl(2Q�1)a
1
r; hl(2Q)a

1
r; . . . ; hl(2Q�1)a

M
r ; hl(2Q)a

M
r

hl1a
1
s; hl2a

1
s; . . . ; hl1a

M
s ; hl2a

M
s ; . . . ;

hl(2Q�1)a
1
s; hl(2Q)a

1
s; . . . ; hl(2Q�1)a

M
s ; hl(2Q)a

M
s S

�

=2Q

M

i=1

 a a (1)

+

M

j=1

(ar;Nja
�

s;Nj�(N�1))(hlD11Sh
�

l )

+

M�1

j=1

(ar;Nja
�

s;Nj+1))(hlD11S
�

h
�

l )

+ ar;NMa
�

s;1(hlD11Sh
�

l ) (6)

where hl denotes the lth row of H. Now,
i
 a a (1) = 0

and from conditions 2 and (4), terms involving inner products
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of rows of H vanish to give bmSb�n = 0. Similarly for 1 <
� � (N � 1) we can see

bmS
�
b
�

n =2Q

M

i=1

 a a (�)

+

M

j=1

(ar;(Nj��+1)a
�

s;N(j�1)+1

+ ar;(Nj��+2)a
�

s;N(j�1)+2

+ � � �+ ar;Nja
�

s;N(j�1)+� )(hlD11Sh
�

l )

+

M�1

j=1

(ar;(Nj��+1)a
�

s;Nj+1+ar;(Nj��+2)a
�

s;Nj+2

+ � � �+ ar;Nja
�

s;Nj+� )(hlD11S
�

h
�

l )

+ (ar;(NM��+1)a
�

s;1 + ar;(NM��+2)a
�

s;2

+ � � �+ ar;NMa
�

s;� )(hlD11Sh
�

l ) (7)

2) m 6= n, r 6= s, and m and n are from different sets k and l

bmb
�

n =

M

i=1

 a a (0) hkh
�

l (8)

but from condition 1, hkh�l = 0, hence the result follows. Sim-
ilarly, for the present case, bmS�b�n = 0 follows from condi-
tions 2 and (4), when hlXh�l is replaced by hkXh�l in (7).

3) m 6= n and r = s, it follows that k 6= l

bmb
�

n =2M hkh
�

l = 0 (from condition 1) (9)

bmS
�
b
�

n =2Q

M

i=1

 a a (�)

+

M

j=1

(ar;(Nj��+1)a
�

r;N(j�1)+1

+ ar;(Nj��+2)a
�

r;N(j�1)+2

+ � � �+ ar;Nja
�

r;N(j�1)+� )(hkD11Sh
�

l )

+

M�1

j=1

(ar;(Nj��+1)a
�

r;Nj+1

+ ar;(Nj��+2)a
�

r;Nj+2

+ � � �+ ar;Nja
�

r;Nj+� )(hkD11S
�

h
�

l )

+ (ar;(NM��+1)a
�

s;1 + ar;(NM��+2)a
�

s;2

+ � � �+ ar;NMa
�

s;� )(hkD11Sh
�

l ) (10)

for 1 � � � N � 1. The last line is a direct consequence of
 a a (�) being null for this range of � and conditions 2 and
(4).

4) m = n, hence r = s and k = l. For 1 � � < N ,

bmS
�
b
�

n =2Q

M

i=1

 a a (�)

+

M

j=1

(ar;(Nj��+1)a
�

r;N(j�1)+1

+ ar;(Nj��+2)a
�

r;N(j�1)+2

+ � � �+ ar;Nja
�

r;N(j�1)+� )(hlD11Sh
�

l )

+

M�1

j=1

(ar;(Nj��+1)a
�

r;Nj+1

+ ar;(Nj��+2)a
�

r;Nj+2

+ � � �+ ar;Nja
�

r;Nj+� )(hlD11S
�

h
�

l )

+ (ar;(NM��+1)a
�

s;1 + ar;(NM��+2)a
�

s;2

+ � � �+ ar;NMa
�

s;� )(hlD11Sh
�

l ): (11)

The first term in (11) vanishes because of the complementary
property of airs, the second term is zero by condition 2, and the
third and final term vanishes by (4).

Finally for all combinations of m and n, when � = N

bmS
N
b
�

n = �(m;n)(hkD11Sh
�

l ) + �(m;n)(hkD11S
�

h
�

l )

+(m;n)(hkD11Sh
�

l )
�

where �, �, and  are m;n dependent constants and hkD11Sh
�

l =
hkD11S

�

h
�

l = hkD11Sh
�

l = 0, hence the desired result. Proof for
the case when S is replaced by S� is similar.

We call a solution for the characterization given in a theorem, a char-
acteristic matrix of that theorem. It is easy to verify that the matrix used
in the recursive construction of ZCZ sequences in [11] given by

H =
1 1 1 �1

1 �1 1 1
(12)

satisfies the conditions given in Theorem 1, hence, this is a character-
istic matrix of Theorem 1. We note that the recursions given in [12] and
[11] can be obtained from a characteristic matrix with Q = 2 when its
entries are restricted to be from f1;�1g.

B. Orthogonal Complementariness of Resulting Sequences

Theorem 2: IfA is a MOGCS matrix, then the rows ofB = A 2H

form a collection ofMP mutually orthogonal complementary sets with
each set having MQ sequences of length 2N if the H matrix satisfies
the following conditions:

1) HH� = (MN)I where I is the identity matrix.
2) HD11SH

� = 0 = HD11S
�

H
�

Proof: As in the proof of Theorem 1, rows ofB are grouped into
P different sets in their natural order. For any m and n, we set r; l; s;
and k such thatm = lM + r and n = kM + s. In the following, �; �,
and  are constants. We consider the following cases:

(1) Complementariness of the rows: For any m, the sum of the
autocorrelation function  

b b
(�) for 1 � � � N given by

2M

j=1

 
b b

(�) = Q

M

j=1

 
a a

(�)

+

M

j=1

�j(�)(hlD11Sh
�

l ) (13)

is zero by complementariness of air’s and condition 2. ForN �
� � 2N ,

2M

j=1

 
b b

(�) =

M

j=1

�j(�)(hlD11Sh
�

l ) (14)

vanishes by condition 2.
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(2) Orthogonal complementariness of any two rows m and n: The
sum of the crosscorrelation function  

b b
(� ) for r 6= s with

0 � � � N is

2M

j=1

 
b b

(�) = Q

M

j=1

 
a a

(�)

+

M

j=1

j(�)(hlD11Sh
�

k) (15)

and when N � � � 2N ,

2M

j=1

 
b b

(�) =

M

j=1

j(�)(hlD11Sh
�

k): (16)

Right hand side of (15) and (16) are zero by mutual complemen-
tariness of airs and aiss and condition 2. When r = s, m 6= n,
and � = 0

2M

j=1

 
b b

(0) = (hlh
�

k)

M

j=1

 
a a

(0) (17)

is zero by condition 1. For � 6= 0, (15)(16) hold with r = s

and the expressions vanishes by applying the complementary
property of airs and condition 2.

The characteristic matrix in (12) was used in [13] to recursively ex-
pand a given set of MOGCS. Theorem 1 with P = Q = 2 generalizes
Theorem 13 of [13] to polyphase sequences.

C. Recursive Property

By noting that a characteristic matrix of Theorem 1 is also a charac-
teristic matrix of Theorem 2, we can obtain a recursive relation to con-
struct a larger number of ZCZ sequences of increased length as well as
to increase the number of orthogonal complementary sets, the number
of sequences in each complementary set and their lengths. By Theorem
2, the matrix B = A 2H is a MOGCS matrix, hence, B can also be
used for constructing ZCZ sequences. Using this argument repeatedly,
we obtain the following recursion:

B
(n) = B

(n�1)
2H; n = 1; 2; . . . (18)

with B(0) = A. Theorem 1 implies that the rows of B(n) form a
ZCZ sequence set and Theorem 2 ensures that the rows of B(n) form
a collection of MOGCS. We emphasize that the recursion formulated
here generalizes the techniques reported in [2], [3], [13] to enlarge the
given number of MOGCS. Note that although (18) uses the same H
matrix in every recursion, one can use different characteristic matrices
as the recursions progress.

D. Construction of ZCZ Sequences

As with earlier recursive methods [11], [12], we start with a known
kernel1 and its mates [2], [13]. The matrix A in the beginning of the
recursion has this kernel and its mates as rows. For the special case of
N = 1, it can be any orthogonal matrix. [2] has an extensive2 (though

1A Complementary set which is not obtainable by transforming others of the
same length or from known sets of smaller length is called a kernel.

2It is still an open problem to give a compilation of all known kernel lengths.

not exhaustive) list of all known kernel lengths and examples. The di-
mension of the H matrix can be chosen according to the required se-
quence length. In binary sequence construction, for the matrix H used
in the construction to have a solution, the number of columns inH has
to be an even multiple of 2. If a characteristic matrix such that Q is
not a power of 2 is obtained, the recursive construction proposed here
generates ZCZ sequences for lengthL other than known earlier [1]. De-
sign over polyphase constellations will also generate sequences of new
lengths if a characteristic matrix over that space can be found. We now
present example ZCZ sequence constructions based on these observa-
tions. Let Fn denote the sequence set (collection of the rows of B(n))
generated after the nth recursion with the convention that F0 = A.

Example 1: LetA be aM0�M0 orthogonal matrix (AA� =M0I),
H be a 2� 4 binary characteristic matrix (P = Q = 2; N = 1) of
Theorem 1. Then F0 = ZCZ-(M0;M0; 0) and the rows of A 2H

form the set F1 = ZCZ-(4M0; 2M0; 1), and so on. In general, Fn =
ZCZ-(4nM0; 2

nM0; 2
n�1).

Example 2: Let A be a M0 �M0N matrix with orthogonal com-
plementary sequence sets as rows, each sequence length being N and
H be a P � 2Q characteristic matrix of Theorem 1. Then the rows of
B

(1) form the set F1 = ZCZ-(2QM0N;PM0; N), the second recur-
sion produces the set F2 = ZCZ-(22Q2M0N;P

2M0; 2N) and so on.
In general, Fn = ZCZ-(2nQnM0N;P

nM0; 2
n�1N).

Let us try to look at these results from the perspective of some known
bounds. In binary sequence construction, the following bound relates
the length of the sequence L, cardinality of the ZCZ set M and IFW
length Tb [9]:

Tb �
L

2M
: (19)

Existing binary constructions satisfy this bound with equality. In gen-
eral, the following bound holds in ZCZ sequence design:

T �
L

M
� 1: (20)

However no known construction exists which can satisfy this bound
with equality. Sequence constructions in [4] approach this bound
asymptotically provided longer perfect sequences3 can be found. In
their constructions, the relation between these quantities is given by,

T =
(l � 2)L

lM
(21)

where l is the period of the perfect sequence used to generate the ZCZ
sequence sets. As noted in [4], only length 4 binary perfect sequences
are known and in the quadriphase case, l can be 2, 4, 8, and 16. So the
following upper bound is obtained for the quadriphase sequences:

TQ �
7L

8M
: (22)

However their constructions are useful only when a small number of se-
quences with large IFW are needed. The first construction in [4] cannot
construct sets with more than 16 sequences. In their second construc-
tion, based on the length of the perfect sequence used, a lower bound on
the length L exists. For example, when a perfect sequence of length 16
is used, smallest possible L is 512 and the set can have a maximum of
32 sequences with IFW given by (21). The minimum sequence length

3A sequence a is said to be perfect if the periodic autocorrelation function of
the sequence � (�) is zero for all � 6= 0.
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possible with a perfect sequence of length 8 is 128. To construct quad-
riphase sequences ofL less than 128, l can be either 2 or 4, accordingly,
the bound for this case is given by

TQ �
L

2M

which is same as the binary case. On the contrary, in our constructions,
as with earlier recursive methods [1], [11] M can take large values as
can be seen from Examples 1 and 2. From Example 2, we obtain

T =
L

2M

P

Q

n

(23)

after the nth recursion. From Theorem 1, we note that the rows of a
characteristic matrix constitute a ZCZ-(2Q;P; 1) set. Hence for the
binary case, P � Q and the bound in (23) reduces to (19).

IV. CONSTRUCTION OF OTHER COMPLEMENTARY AND ZCZ
SEQUENCES

Motivated by the results in Section III, new characterizations using
the operations 3 and 4 are presented here. We summarize results
for a general K in the following section.

A. Construction of New Complementary Sequences

Theorem 3: For a MOGCS matrixA and a P � 3Q matrix H, the
rows of the matrix B = A 3H form a collection of PM MOGCS
with each set containing QM sequences of length 3N if the matrixH
is such that as follows.

1) HH� = (3Q)I where I is the identity matrix;
2) HD21SH

� = 0;
3) HD12S

2
H
� = 0.

Proof: Proof is given in Appendix A.
Theorem 4: For a MOGCS matrixA and a P � 4Q matrix H, the

rows of the matrix B = A 4H form a collection of PM MOGCS
with each set containing QM sequences of length 4N if the matrixH
satisfies the following:

1) HH� = (4Q)I;
2) HD31SH

� = 0;
3) HD22S

2
H
� = 0;

4) HD13S
3
H
� = 0.

Proof: Using the identities in the Appendices B and C, we can
show that

HD13S
�

H
� = HD22S

2�
H
� = HD31S

3�
H
� = 0:

The rest of the proof is similar to the proof of Theorem 3 as given in
Appendix A.

B. A Generalized Framework for Constructing ZCZ Sequences

The following theorems summarize the construction of ZCZ se-
quences using 3 and 4 operations.

Theorem 5: LetA be a MOGCS matrix, andH be a P�3Qmatrix.
Then, the rows ofB = A 3H form a ZCZ-(3MNQ;MP; 2N) if the
matrix H satisfies the following:

1) HH� = (3Q)I
2) HD12S

2
H
� = HD12S

�

H
� = 0

3) HD12S
2
H
� = HD21S

�

H
� = HD21SH

� = 0
Proof: In Appendix A, we extend the proof of Theorem 2 to K =

3. Proof of this theorem is a similar extension of proof of Theorem 1
to K = 3.

Theorem 6: LetA be a MOGCS matrix andH be a P �4Qmatrix,
the rows of B = A 4H form a ZCZ-(4MNQ;MP; 3N) if

1) HH� = (4Q)I;
2) HD13S

�

H
� = HD13S

3
H
� = HD31SH

� = 0;
3) HD22S

2
H
� = HD22S

2�
H
� = 0;

4) HD13S
3
H
� = 0.

Proof: The following conditions are necessary to set the proof:

HD31S
3�
H
� = HD13S

�

H
� = HD31SH

� =0 (24)

HD22S
2�
H
� = HD22S

2
H
� =0 (25)

HD13S
�

H
� = HD31S

3�
H
� =0 (26)

which are easily derived from the above conditions. The rest of the
proof is obvious once the proof of Theorem 1 is extended to K = 3.

We note that Theorem 3 (or 4) implies that the matrixB constructed
in Theorem 5 (or 6) will be a MOGCS matrix. By arguments paral-
leling those given to obtain (18), for any K , we obtain the following
recursion:

B
(n) = B(n�1)

KH; n = 1; 2; . . . (27)

withB(0) = A. Note that it is not necessary to use the sameH matrix
in every recursion as will be shown in Corollary 2, Section VI. We
now present example ZCZ sequence constructions based on the above
results. Let Fn denote the sequence set (collection of the rows ofB(n))
generated after the nth recursion.

Example 3: Let A be a M0 � M0N MOGCS matrix and H be
a P � 3Q characteristic matrix of Theorem 5. Then the rows of B
form the set F1 = ZCZ-(3QM0N;M0P; 2N), the second recursion
produces the set F2 = ZCZ-(32Q2M0N;M0P

2; 2 � 3N), and so on.
In general, Fn = ZCZ-(3nQnM0N;M0P

n; 2 � 3n�1N).
In the above example, sequences with lengths 3nQnN for IFW

lengths of 2 � 3n�1N can be constructed. The following example
uses Theorem 6 to construct sequences with lengths 4nQnN for IFW
lengths of 3 � 4n�1N .

Example 4: LetA be a M0 �M0N MOGCS andH be a P � 4Q
characteristic matrix of Theorem 6. Then the rows of B form the set
F1 = ZCZ-(4QM0N;M0P; 3N), the second recursion produces the
set F2 = ZCZ-(42Q2M0N;M0P

2; 3 � 4N) and so on. In general,
Fn = ZCZ-(4nQnM0N;M0P

n; 3 � 4n�1N).
Example 5: The following is a characteristic matrix of Theorem 5

(K = 3) constructed over binary space with P = 2 and Q = 4:

H =
0 1 0 1 1 0 0 0 0 1 0 0

0 1 1 1 0 1 0 0 1 1 1 1
:

Setting A = [1], we obtain the following binary quad of length 3 and
its mate from the rows of B(1):

(010); (110); (000); (100) (011); (101); (001); (111) :

Rows of the matrix B(2) form 4 MOGCS of cardinality 16 with se-
quence length 9. To save space, we list the sequences using the octal
notation

252;552;222;522;616;116;666;166;070;770;000;700;

434;334;444;344

343;443;333;433;522;225;555;255;161;661;111;611;

707;007;777;077

244;525;225;555;611;161;661;111;077;707;007;777;

433;343;443;333
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344;434;334;444;522;252;552;222;166;616;116;666;

700;070;770;000 :

Since the above H is a characteristic matrix of Theorem 5, con-
catenating each complementary set results in four ZCZ sequences.
No construction procedure was known earlier to generate binary or
quadriphase complementary sets and their mates of length 9.

We observe from the above examples that the operations 3 and 4

can be used to obtain new MOGCS sets and IFWs unobtainable in ear-
lier construction methods [1], [4], [11], [12]. In all earlier known recur-
sive constructions of MOGCS, sequence length and the cardinality of
the set double with each recursion. The general recursive construction
in [17] applies only for constructing multi-level Golay complementary
pairs. When using the K operation at each step, sequence length in-
creases K fold and the cardinality of the set increases Q fold for a
H matrix of dimension P � QK . Thus, constructing complementary
sequence sets of several cardinalities for the same sequence length is
possible by merely choosing differentQs. Similarly, choosing different
Ks for a givenQ will generate different sequence lengths for the same
cardinality. Thus, the proposed characterizations can generate several
new MOGCS sets, however, individual complementary sets generated
by the characterizations presented here are all obtainable by known
constructions in [2], [3], [6], [15], [23].

Recursions in [1], [11] can generate sequences of lengths 2n and ad-
ditionally 2nN , provided a kernel of lengthN and its mates are known.
In their constructions, IFW lengths possible with a length N kernel
are 2n�1N; n = 1; 2, etc. It is known that quadriphase complemen-
tary pairs exist for all lengths below 100 except 7; 9; 15; and 17 [14],
[22]. But when the recursions in [1], [11] are applied on a length 3
kernel, for example, longer sequences can be produced only for large
IFW lengths. In fact, IFW will be 3 only for L = 12 using recursion
in [11] with a kernel of length 3. On the contrary, using the proposed
constructions, by applying 4 on a large orthogonal matrix A, IFW
of 3 can be obtained for large sequence lengths. Constructions in [4]
can generate sequences which are closest to known bounds [8] for se-
quence lengths which are multiples of 64 for IFW length 6 or multiples
of 48 and sequence lengths which are multiples of 256 for IFW length
14 or multiples of 224. From the characterizations developed using the
K operation, and Corollary 3 in Section VII, sequences of lengths

2nQnN and 3nQnN for IFW lengths of 2n�1N , 2 � 3n�1N , 3n�1N

and 3 � 4n�1N can be constructed. Moreover, by alternatively using
different Ks in the construction, combinations of these lengths are
also possible.

V. DISCUSSION

A. On Generalizing for Arbitrary K

We have characterized theH matrices to be used with 2, 3, and
4. Such characterizations can be obtained for any integer K . Hence

using the K operator it is possible to obtain for any sequence length,
a characterization for constructing a complementary set and its mates.
It is easy to list a set of sufficient conditions on H. For any K , if the
matrix H is such as follows.

1) Rows of H are mutually orthogonal;
2) HDijS

j
H
� = HDijS

i�
H
� = 0 for all positive integers i and

j such that i + j = K .
then it can be used to construct complementary sequences and their
mates using the operator K . To construct ZCZ sequences, in addition
to the above, the termsHDijS

j�
H
�,HDijS

j�
H
�,HDijS

i
H
� and

HDijS
j
H
� are also required to be zero, resulting in 12(K � 1) +

1 conditions. However, many of these conditions would be redundant

TABLE I
NUMBER OF DISTINCT CHARACTERISTIC MATRICES OF SIZE P �KQ FOR

K = 2

and can be eliminated using identities similar to those developed in
Appendices B and C.

B. Comments Regarding Search for Characteristic Matrices

While searching for characteristic matrices of a particular theorem,
it is useful to note that each row of the characteristic matrix is a dis-
tinct solution for the theorem with P = 1. Hence, a general strategy in
the search is to obtain a list of solutions with P = 1 and then search
for larger P s within this reduced set. In Table I, we list the results of
a computer search for characteristic matrices of Theorem 1 over dif-
ferent PSK constellations (a “-” implies that at least one characteristic
matrix was found but a comprehensive search was not carried out owing
to prohibitive complexity). Table I does not take account of the sym-
metry classes for these characteristic matrices. Such symmetries would
condense the enumeration so that, for example, there is only one char-
acteristic matrix for P = 1; Q = 2;K = 2, and BPSK, given by

H = [1 1 1� 1]:

Proposition 1: A characteristic matrix does not exist for P > Q.
Proof: Note that for N = l, a characteristic matrix of any of

the theorems would produce PM mutually orthogonal sets ofQM se-
quences each. Proof of the proposition now follows from the result that
the number of mutually orthogonal sets cannot exceed the cardinality
of the complementary set itself [2].

But matrices over some constellations could not be found even when
P � Q (over constellation size 3, for example). It remains open to con-
duct more thorough searches for characteristic matrices for K > 2. It
would be interesting to devise analytical tools to construct character-
istic matrices for the different theorems.

C. Choosing a MOGCS Matrix

As noted earlier, any unitary matrix is a MOGCS matrix withN = 1.
For other values of N , known kernel pairs, triads, quads and in some
cases their mates are given in [2]. Any of these kernels and their mates
can be used as an initial A matrix. However in many cases, all mates
of the kernels are not known, hence, one may not be able to construct
the maximum possible number of MOGCS when starting from some
N other than 1.

VI. MUTUALLY ORTHOGONAL ZCZ SEQUENCE SETS

As an immediate consequence of the above characterization, we
show the construction of orthogonal ZCZ sequence sets. The following
Theorem forms the basis for constructing mutually orthogonal ZCZ
sequence sets.

Theorem 7: If bothH1 andH2 are characteristic matrices of The-
orem 1 and H1H

�

2 = 0, then the rows of B(1)
1 = A 2H1 and
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B
(1)
2 = A 2H2 are mutually orthogonal and hence the rows of B(1)

1

and B(1)
2 form mutually orthogonal ZCZ sequence sets.

Proof: With r = m (mod M), s = n (mod M), m =

kM + r and n = lM + s, 8 b1m 2 B
(1)
1 and b2n 2 B

(1)
2

b
1
mb

2�
n =

M

i=1

 
a a

(0)(h1kh
2�
l ) = 0:

We state the generalization as a corollary.
Corollary 1: If H1;H2; . . . ;Hn are characteristic ma-

trices of Theorem 1 and HiH
�

j = 0 8i 6= j, then the sets
fB

(1)
m = A 2Hmg

n
m=1 are mutually orthogonal and hence form a

collection of mutually orthogonal ZCZ sequence sets.
Proof of this corollary is clear from the proof of the theorem. Alter-

natively, these results can be obtained by observing that the proposed
construction is equivalent to a tensor product followed by a dimension
dependent permutation. The following result is also obvious.

Corollary 2: For H1 and H2 as in Theorem 7, let B(2)
11 =

A 2H1 2H1 and B(2)
12 = A 2H1 2H2. Then B(2)

11 and B(2)
12

form orthogonal ZCZ sequence sets.
Similarly, with Bmn = A 2Hm 2Hn for 1 � m;n � 2, four

orthogonal sets can be constructed. Starting with fHig
R
i=1, we can con-

struct R orthogonal sets at the first stage (R can be at most 2Q
P

). After
the nth recursion, Rn orthogonal sets will be obtained.

We contend that a multiuser system using two mutually orthogonal
ZCZ sets, each having L

2
sequences of lengthLwith IFW 1 would per-

form better in a wireless (inter-path interference present) situation than
a system using L traditional orthogonal sequences. This is because,
when using mutually orthogonal ZCZ sets, each user can cancel at least
half the number of interferers who are within one chip duration and the
other half of the interferers would contribute as much interference as
they would in a traditional orthogonal system. Hence, on the average,
this user would face less interference than in a traditional system. The
following example from [21] illustrates this construction.

Example 6: For the case when the matrix H is over a binary con-
stellation and Q = 2, it can be easily verified that

H1 =
1 1 1 �1

1 �1 1 1
(28)

H2 =
1 1 �1 1

1 �1 �1 �1
(29)

satisfy the conditions in Theorem 1 and H1H
�

2 = 0, so they can be
used to construct orthogonal ZCZ sequence sets. The matricesH1 and
H2 can be used to construct ZCZ1-(L;M; T ) and ZCZ2-(L;M; T )
with L;M and T depending on the initial MOGCS matrix. Let the
matrix A be a 4 � 4 Hadamard matrix and let B(1)

1 = A 2H1 and
B

(1)
2 = A 2H2. Then,B(1)

1 forms a ZCZ-(16, 8, 1), so doesB(1)
2 and

B
(1) = [B

(1)�
1 B

(1)�
2 ]� is an orthogonal sequence set. The resulting

sequences are listed below. Sequences in B1

b1 =(0000000001010101)

b2 =(0011001101100110)

b3 =(0000111101011010)

b4 =(0011110001101001)

b5 =(0101010100000000)

b6 =(0110011000110011)

b7 =(0101101000001111)

b8 =(0110100100111100):

Sequences in B2

b1 =(0000000010101010)

b2 =(0011001110011001)

b3 =(0000111110100101)

b4 =(0011110010010110)

b5 =(0101010111111111)

b6 =(0110011011001100)

b7 =(0101101011110000)

b8 =(0110100111000011):

The two orthogonal H matrices will generate a large collection of or-
thogonal ZCZ sequence sets in the subsequent recursions as discussed
immediately after Corollary 2 of Theorem 7. In the present example,
letting B(2)

11 = B
(1)
1 2H1, B(2)

12 = B
(1)
1 2H2, B(2)

21 = B
(1)
2 2H1

and B(2)
22 = B

(1)
2 2H2, each B(2)

ij forms a ZCZ-(64, 16, 2) in addi-
tion to the fact that each pair is mutually orthogonal.

In Example 6, the four setsB(2)
ij are mutually orthogonal, each with

16 sequences of length 64 and IFW 2. Combining the sets B(2)
11 and

B
(2)
12 results in an orthogonal set of 32 sequences with an overall IFW

of 0, although it is possible to construct the same number of sequences
with IFW 1. But once a set of 32 sequences of IFW 1 are constructed,
the present framework does not provide any means to improve the IFW
length of its subsets without increasing the length of the constituent se-
quences. In other words, we can design a collection of orthogonal ZCZ
sequence sets with large IFW, but combining even two of the subsets
immediately reduces the IFW of the combined set to zero. It is desirable
to have constructions where, when more than one ZCZ set is combined,
the resulting set forms a larger ZCZ set with reduced but nonzero IFW.
We discuss this problem in the next section.

VII. ZCZ SEQUENCES WITH LARGE IFW SUBSETS

In this section we discuss a possible approach to construct ZCZ se-
quence sets with a nonzero IFW whose subsets form ZCZ sets of larger
IFW. The following corollary is fundamental to the construction of
such sequences. In the following, we observe that when only first few
conditions in Theorem 6 are satisfied, the resulting fbmgs still produce
a ZCZ sequence set, but with smaller IFW.

Corollary 3: (to Theorem 6) When the matrix H satisfies only the
first p conditions in Theorem 6, the rows of B = A 4H form a
ZCZ-(4MNQ;MP; (p� 1)N) for p � 4.

Proof of the corollary follows directly from the proof of Theorem 6.
The following is an example quadriphase matrix which satisfies only
the first two conditions of Theorem 6 with P = 4, Q = 2

H =

0 0 1 1 0 2 1 3

0 0 3 3 0 2 3 1

0 2 0 2 0 0 0 0

0 2 2 0 0 0 2 2

: (30)

It follows that when only the first two conditions are satisfied, a ZCZ
sequence set with IFW size of N will result. The same observations
hold for Theorem 5. It is obvious that for a given Q, as we relax the
number of conditions, the number of rows of H i.e., P can only in-
crease.

Suppose H = H
T
1 j HT

2
T

is used in the recursive construction.
Further, let the matrix H satisfy only the first two conditions of The-
orem 6 and both H1 with P1 rows and H2 with P2 rows individually
satisfy the first three conditions. Then the resulting sequences can be
partitioned into two sets of cardinalities P1M and P2M , respectively,
individually having IFW of 2N and overall IFW of N . Further, HT

1
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and HT
2 can be individually partitioned into smaller matrices and so

on. In multiuser systems, if it is possible to isolate the users who are
severely interfering with each other (which may be due to geometric
proximity and large synchronization mismatch) into groups, each such
group can be assigned channelization sequences from a ZCZ set with
large IFW. ZCZ sequence sets assigned to any two groups will be mu-
tually orthogonal. However our search for characteristic matrices for
such a construction have not been encouraging for Q = 2 and 4.

VIII. CONCLUSION

The problem of constructing ZCZ sequences was studied in a new
framework and characterizations useful in their construction have been
presented. A class of recursive methods for constructing increasingly
larger ZCZ sequence sets and to enlarge an initial set of mutually or-
thogonal complementary sets have been given. The notion of mutu-
ally orthogonal ZCZ sequence sets was introduced and a construction
method was presented. Construction of new ZCZ sequence sets and
IFW lengths has also been possible in this framework. We also noted
the possibility of constructing ZCZ sequence sets with subsets pos-
sessing large IFW lengths. It is left to further work to establish how
many characteristic matrices exist for constellations other than BPSK
and to devise analytical methods to construct such matrices.

APPENDIX A
PROOF OF THEOREM 3

The following conditions are obtained from the theorem:

HD12S
�

H
� =0 (31)

HD21S
2�
H

� =0: (32)

Setting the notations as in the proof of Theorem 1, consider the fol-
lowing cases:

1) m 6= n, m and n are from the same set (say l), then r 6= s. For
0 � � � N

QM

i=1

 b b (�) = 3Q

M

i=1

 a a (�)

+

M

i=1

 a a (�(N � � )) (hlD21Sh
�

l ) (33)

is zero by (2). For N + 1 � � � 2N ,

QM

i=1

 b b (�) =

M

i=1

 a a (� �N) (hlD21Sh
�

l )

+

M

i=1

 a a (�(2N � � )) hlD12S
2
h
�

l (34)

for 2N + 1 � � � 3N � 1

QM

i=1

 b b (�) =

M

i=1

 a a (� � 2N) hlD12S
2
h
�

l (35)

again by using (2) it can be seen that RHS of (34) and (35)
vanish.

2) m 6= n, m and n are from different sets k and l, and r 6= s.
When 0 � � � N

QM

i=1

 b b (�) =

M

i=1

 a a (�) (hkh
�

l )

+

M

i=1

 a a (�(N � � )) (hkD21Sh
�

l ) (36)

is zero by (2). For N + 1 � � � 2N , (34) applies with
(hlXh

�

l ) terms replaced by (hkXh
�

l ). When 2N + 1 � � �

3N � 1, (35) applies with the same substitution. Again, (2) is
enough to obtain the desired result.

3) m 6= n, m and n are from different sets k and l, and r = s.
Equations (36) and the other two expressions corresponding to
N + 1 � � � 2N and 2N + 1 � � � 3N � 1 of Case
2 hold with cross-correlation function  a a (�) replaced by
autocorrelation function  a a (�) for 0 � � � N . The terms
corresponding to 0 � � � N vanish by conditions 1, 2, and
(31). The terms for other ranges of � vanish by conditions 2, 3,
and (31).

4) m = n. So k = l and r = s. For 0 < � � N , (33) holds with
crosscorrelation function a a (�) replaced by autocorrelation
function a a (�) for 0 < � � N and is zero by (1), condition
2, and (31). ForN+1 � � � 2N and 2N+1 � � � 3N�1,
(34) and (35) hold correspondingly and vanish by conditions 2,
3, and (31).

Proof is complete for positive � .
For negative � , slight modification of the corresponding expressions

for positive � (by substitutingD12S
� in place ofD21S andD21S

2� in
place of D12S

2), and using the same set of conditions, all expressions
can be shown to be zero. That completes the proof.

APPENDIX B
AUXILIARY RESULTS

Inherent structure in the definition of Dij and S� can be exploited
to establish the following identities useful in reducing the number of
conditions required in a characterization. We denote a N � N matrix
Dij by Dij(N) and the N �N identity matrix by IN

Lemma 1: For any i and j DijS
i+j = S

i+j
Dij .

Proof: With l = N�(i+j) and k = i+j, consider the following
partition:

Dij(N) =
Dij(l) 0l�k

0k�l Dij(k)
; S

k =
0l�k Il

Ik 0k�l
:

Then

Dij(N)Sk =
0l�k Dij(l)

Dij(k) 0k�l
: (37)

Partitioning Dij(N) as

Dij(N) =
Dij(k) 0k�l

0l�k Dij(l)

it is easily verified that SkDij(N) is equal to (37). By in-
duction, it is easy to prove that for any positive integer n,
DijS

n(i+j) = S
n(i+j)

Dij .
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Lemma 2: IfDijS
� = S�

Dkl for any i; j; k and l thenDijS
� =

S
�
Dkl

Proof:

DijS
� +DijS

� =(Dij +Dij)S
�

=S� = S� (Dkl +Dkl)

=S�
Dkl + S

�
Dkl:

Lemma 3: IfDijS
� = S�

Dij , thenDijS
�� = S��

Dij

Proof

DijS
�� = (S�

Dij)
� = (DijS

� )� = S��
Dij :

The diagonal matrixDij can be represented as,

Dij = S
j
DjiS

j� = Si�
DjiS

i
: (38)

The following two results are nontrivial when i 6= � and j 6= � ,
respectively.

Lemma 4:
1) DijS

� = S�
Dji impliesDijS

�� = Sj��
DijS

j�;
2) DijS

�� = S��
Dji impliesDijS

� = S��i
DijS

i.
Proof
[Proof of 1]: Assuming DijS

� = S
�
Dji and using Dij =

S
j
DjiS

j�,

DijS
�� = (S�

Dij)
�

= S
�
S
j
DjiS

j�
�

= S
j
S
�
DjiS

j�
�

= S
j
DijS

�
S
j�

�

= S
j
DijS

��j
�

=Sj��
DijS

j�
:

[Proof of 2]: Assuming DijS
�� = S

��
Dji and using Dij =

S
i�
DjiS

i

DijS
� = (S��

Dij)
�

= S
��
S
i�
DjiS

i
�

= S
i�
S
��
DjiS

i
�

= S
i�
DijS

��
S
i
�

= S��i
DijS

i
:

Using appropriate matrix partitioning, many other identities listed in
Appendix C are easily proved.

APPENDIX C
IDENTITIES DERIVED BY MATRIX PARTITIONING

1) D11S = SD11;
2) D12S

� = S
�

D21;
3) D12S

2 = S
2
D21;

4) D21S = SD12;
5) D21S

2� = S2�D12;
6) D13S

� = S
�

D31;
7) D13S

3 = S
3
D31;

8) D31S = SD13;
9) D31S

3� = S3�D13;
10) D22S

2 = S
2
D22.

We demonstrate the use of the Appendices B and C in the following
examples:

Example 7: IfH is such thatHD22S
2�
H
� = 0, taking conjugate

transpose gives HS2D22H
� = 0. But from Appendix C, S2D22 =

D22S
2. Hence, HD22S

2
H
� = 0.

Example 8: Starting withHD13S
3
H
� = 0, it can be shown that

HD31S
3�
H
� = 0.
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