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Notes

e The first tutorial is tomorrow (Tuesday).

 Updated lecture notes will be uploaded right after the class.

e Office Hour — Friday 2:30-3:30 pm

e Phone: 7014(Off); 962-142-3993(Mobile)
akjha@iitk.ac.in; akjha9@gmail.com

e Tutorial Sections have been finalized and put up on the webpage.

* Course Webpage: http://home.iitk.ac.in/~akjha/PHY103.htm



http://home.iitk.ac.in/%7Eakjha/PHY103.htm

Summary of Lecture # 2:

Gradient of a scalar VT

oT _
VI'=—Xx+—

or_ 9T
ax* T ay? T az”

Divergence of a vector v .V

V-V

_ (0vy
~\ ox

avy

av,

+—+

dy

Curlofavector yxv

VXV

X Yy zZ
o 9 o0
~ |ox dy 0z

Uy Uy Uy

dv, 0Jvy\ _
(&%)

0z

)

av,

oV,

9z Ox

2 XXNKXANN YA A AAAAA
YXXXNN Y VA AAAAT
A NN N UL U U B Y Y R 0l

RSSO sd
A O N N N U U D Y R A S A . g 4

- -— — . N\
A & & L S

Vo eyt ; AN N NN

KKV FAN ' ARV N NN

AR R RN

AXFAA AN
v, 0vy

)

)

..........

.........

PP S AN

ISR

A A -— w— %

AN
\
/
A
e
el

\\\\\

e
s
/
|
\
AN
~

\\\\\

N
\\\\-.,v//

\\\\\\*—»—V]//

N

¥ ¥ s~
N

N A A
\\\‘L—»—-VI/V//

IV PP S S NN NN

o \\\\\\*;—»——71///

I I
-1 0 1

C




Integral Calculus:

The ordinary integral that we know of is of the form: ff f(x)dx
In vector calculus we encounter many other types of integrals.

Line Integral: 04 A V

jabV-dl B

N\

Vector field Infinitesimal
Displacement vector Al

Or Line element
dl =dxx +dyy + dzz -

If the path is a closed loop then the line integral is written as

fV-dl

* When do we need line integrals?

Work done by a force along a given path involves line integral.



Example (G: Ex. 1.6)

Q:V=9y2% + 2x(y + 1)y ? What is the line integral
from A to B along path (1) and (2)?

Along path (1) We have dl = dx X + dy).

] Bl B

2 ..

(i) dl=dxx;, y=1; [V-dI=[y?dx=1 ﬂu)
N ~A ()

(i) dl=dyy; x=2;{V-dl=[4(y +1)dy=10 A

Alongpath (2):dl =dxx +dyy; x=y; dx=dy
[V -dl=[7(x* + 2x? + 2x)dx=10

¢V -dl=11-10=1
This means that if V represented the force vector,
It would be a non-conservative force



Surface Integral: zZA T

V-da or V-da )da
I f

Vector field Infinitesimal

area vector Closed loop A
S )
LY dx
>/ A
X dy

» Fora closed surface, the area vector points outwards.

» For open surfaces, the direction of the area vector is decided based on a given
problem.

* When do we need area integrals?
Flux through a given area involves surface integral.



Example (Griffiths: Ex. 1.7)

Q:V=2xz% + (x+ 2)y + y(z? — 3)2? Calculate the )
Surface integral. 2] 4+
“upward and outward”’ is the positive direction & /,(1

(V)< o> (iii)

() x=2,da=dydzXx; V- -da=2xzdydz = 4zdydz //)fT 2
1

[V-da=[ [ 4zdydz=16 2

(i) [V - da=0
(iii) [V - da=12
(iv) [ V- da=-12
(v) [V-da=4
(vi) [ V - da=-12

fV-da=16+O+12—12+4—12=8



Volume Integral:

f T(x,y,z)dt

 |In Cartesian coordinate system the volume
element is given by dt = dxdydz.

* One can have the volume integral of a vector >y
function which V as |
Jvdr = [V,dt X+ [V, dty + [ V,dT 2 . Q

Example (Griffiths: Ex. 1.8)

Q: Calculate the volume integral of T = xyz? ;
over the volume of the prism

We find that z integral runs from 0 to 3. The y integral & --0---
runs from 0 to 1, but the x integral runs from 0 to 1 — y only. °
Therefore, the volume integral is given by L >,
o
1

1-y 01 (3 3
f J J xyz?dxdydz = = /C
o Jo Jo 8



The fundamental Theorem of Calculus:

b f The integral of a derivative
JF(x)dx = f_ x = f(b) — f(a) over a region is given by the
o 2 a value of the function at the
boundaries
Example

f j’ <x7> [x?sz :b2;a2

* In vector calculus, we have three different types of derivative

(gradient, divergence, and curl) and correspondingly three different
types of regions and end points.



The fundamental Theorem of Calculus:

df The integral of a derivative over a
fd—dx = f(b) — f(a) region is given by the value of the
o ax function at the boundaries

The fundamental Theorem for Gradient:

: . : path ®
b The integral of a derivative (gradient)
f VT -dl = T(b) — T(a) over a region (path) is given by the

a4 Path value of the function at the boundaries (a) ,‘dl
(end-points)

The fundamental Theorem for Divergence (Gauss’s theorem):

surface
The integral of a derivative (divergence)

over a region (volume) is given by the
value of the function at the boundaries
(bounding surface)

(V-V)dr=f V-da

Vol Surf

The fundamental Theorem for Curl (Stokes’ theorem):

) . . surface
f (VxV)-da= % V- dl The integral of a derivative (curl) over a Eda
surf Path region (surface) is given by the value of

the function at the boundaries (closed- path 'Edl
path) d



Spherical Polar Coordinates:
Z A 0<7r< oo

0<6<m; 3 X = 1 sinf cos ¢, y = rsinf sing, Z =1 cosf

0<¢<2m P [

A vector in the spherical polar coordinate is given by
A=AT+Ag0+Asp

r 0
0 '
T =sinf cos¢p X + sinfsin ¢y + cosbfz
< > _
57 e v 0 = cosO cosp X + cosO singp § — sinfz
------------- -ii ¢ = —singR + cos¢y
¥ Griffiths: Prob 1.37

The infinitesimal displacement vector in the spherical polar coordinate is given by
di= di,.# + dlg0 + dl¢<7> (In Cartesian system we have dl = dx X + dyy + dzz)
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Spherical Polar Coordinates:
ZA

X X = 1 sinf cos ¢, y = rsinf sing, Z =1 cosf

A vector in the spherical polar coordinate is given by
A=AT+Ag0+Asp

T = sinf cos ¢ X + sinf sin ¢ ¥ + cosOZ
0 = cosf cosp R + cosB sin ¢ § — sinhZ
¢ = —singR + cosppy

Griffiths: Prob 1.37

The infinitesimal displacement vector in the spherical polar coordinate is given by
di= di,.# + dlg0 + dl¢<7> (In Cartesian system we have dl = dx X + dyy + dzz)

di= dr# + rd60 + rsinfdo

The infinitesimal volume element:dr = dl,.dlpdly = r?sinfdrdfd¢ “A

The infinitesimal area element (it depends):
da = dlgdlyT = r*sinfdodpr
(over the surface of a sphere)




Cylindrical Coordinates:

zZ .
A 0<s<o; X = s cos, y = s sing, zZ=1z

0 =Zs 0 z g A vector in the cylindrical coordinates is given by
A=AS5+Asp+A,Z

; S=cos¢pR +singy
q; -------- s ’y" ¢ = —sinpR + cosp§
-------------- e Z=17 Griffiths: Prob 1.41

The infinitesimal displacement vector in the cylindrical coordinates is given by
di=dl;s + dl¢<7> + dl,z (In Cartesian system we have dl = dx X + dyy + dzz)
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Cylindrical Coordinates:

ZA X = S Ccosg, y = s sing, Z=1z

A vector in the cylindrical coordinates is given by
A=AS+A,P+A,2

S=cos¢pX +singy

= —singX + cos¢y
2 Griffiths: Prob 1.41

<)

N>
Il

The infinitesimal displacement vector in the cylindrical coordinates is given by

di=dl;s + dl(,,ff) + dl,z (In Cartesian system we have dl = dx X + dyy + dzz)
Z A
di= dss + sdpp + dz2
The infinitesimal volume element: y .
dr = digdlydl, = s dsdpdz 42 %
The infinitesimal area element (it depends): )
da = dlydl,$ = s dpdzs T ¥ >
(over the surface of a cylinder) . .



Gradient, Divergence and Curl in Cartesian, Spherical-polar
and Cylindrical Coordinate systems:

e See the formulas listed inside the front cover of Griffiths
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