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We consider theoretically a dielectric nanoparticle levitated in an optical ring trap inside a cavity and probed by an
angular lattice, with all electromagnetic fields carrying orbital angular momentum. Analyzing the torsional mo-
tion of the particle about the cavity axis, we find that photon scattering from the trap beam plays an important
role in the optomechanical system. First we show that the presence of the torque introduces an instability.
Subsequently, we demonstrate that for bound motion near a stable equilibrium, varying the optical torque
strength allows for tuning the linear optomechanical coupling. Finally, we indicate that the relative strengths
of the linear and quadratic couplings can be detected directly by homodyning the cavity output. Our studies

should be of interest to researchers exploring quantum mechanics using torsional optomechanics.
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1. INTRODUCTION

Levitated systems have lately emerged as exciting platforms for
exploring optomechanical effects such as cooling [1], sensing
[2,3], and matter—wave interferometry [4]. A unique advantage
presented by such systems is their lack of mechanical clamping
to any substrate or support. One consequence of this feature is
excellent isolation from environmental, particularly thermal,
disturbances. Studies of linear mechanical oscillations of opti-
cally levitated particles have been carried out both with [5] and
without [6] cavities. Torsional optomechanics of levitated
particles has also been theoretically proposed [7,8] and exper-
imentally realized [9].

In this paper we consider the torsional optomechanics of a
levitated subwavelength-size dielectric nanoparticle confined in
a ring trap in a cavity and probed by an azimuthal lattice, as
shown in Fig. 1. This configuration was recently proposed as a
rotational analog of linear cavity optomechanics, in the case
where the particle is free to rotate fully about the cavity
axis [10].

In contrast to previous work on torsional optomechanics
[7-9], the oscillations in the proposed configuration are off-
beam axis. All the optical beams in the configuration carry
orbital angular momentum (OAM). As has been shown earlier,
the photons scattered from such beams exert an optical torque
on particles in vacuum [11]. In the present work we show that
depending on the angular location of the particle, this
torque can lead to an instability or enable tunable linear
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optomechanical coupling in the system. To support our analy-
sis, we first present a quantum master equation for the physical
configuration of interest. We then consider the ensuing
Langevin equations in the classical limit, which provide quan-
titative details regarding stability and optomechanical coupling.
To conclude, we demonstrate that homodyning the output of
the cavity allows one to measure the amount of linear optome-
chanical coupling present in the system.

2. MODEL OF THE PHYSICAL CONFIGURATION

The configuration of interest is shown in Fig. 1. In this section
we develop the mathematical model corresponding to the physi-
cal system, culminating in the presentation of the quantum
master equation and the ensuing classical Langevin equations.

A. Electric Fields

The net electric field has four contributions:
E=E +E,+E +E, (1)

where £, is the electric field of the trap beam, £, is the azimu-
thal lactice probe used to excite the cavity mode £, and £, is
the field of all the background modes into which photons

scatter from the nanoparticle. We now describe each of these

fields individually.
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Fig. 1. Torsional optomechanical setup considered in this paper. A
dielectric nanosphere of mass 72 is trapped on an optical ring of radius
R created by a beam carrying OAM /, = 2 and by an azimuthal lattice
arising from the interference of two degenerate OAM / = +£2 beams.

The resulting motion of the particle consists of harmonic oscillations
about the beam axis. Mirrors A/ and M, constitute the cavity.

1. Trap Field

The trap field is a Laguerre—Gaussian (LG) beam carrying
OAM /,,

0 (R i o
E,=E, <;) 0 ” cos(a) Z) + cc, (2)

c

where E is the field amplitude, p is the cylindrical radial co-
ordinate, R = @+//, is the radius at which the field intensity is
a maximum at z = 0, @, is the trap beam waist, ¢ is the
cylindrical angular coordinate, w, is the trap beam frequency,
and c is the speed of light. Here we have ignored the curvature
of the beam wavefront as well as the contribution due to the

Gouy phase.
2. Probe and Cavity Fields

The angular lattice in Fig. 1 arises from a superposition of two
copropagating LG beams with OAM =%/, beam waist @, and
degenerate frequencies w, # ®,. The polarizations of the trap
and probe beams will be assumed to be orthogonal, although
we will not assign them explicit polarizations below. For the
moment we consider the probe beam quantum mechanically,

E .=, A (9ya + he, &)
€9

where « and 4" are the canonical creation and annihilation
operators, respectively, of the cavity mode obeying the commu-
tation rule [, '] = 1, with the mode function

p )l (%) cos(l¢p) COS<%)’

1
o) = T ot
)

where L, is the length of the cavity. The free-field Hamiltonian
of this mode is

Hf = hwcanz, (5)

where we have dropped a factor of 1/2 which has no dynamical
significance. The probe is a field defined outside of the cavity

and assumed to be mode-matched to the cavity mode at one of
the mirrors. The energy of this mode is

HY = / 4 (0)a,(0)do, ©6)
0
and its coupling with the cavity field is given by
Hﬁp = ih% V(W)[ﬂTd],(a)) - h.c]dw, (7)

where y(®) & \/k/7 is the coupling constant in terms of the
cavity decay rate k [12].

3. Background Fields

The background field is the continuum of modes that the
nanoparticle scatters light into. In the plane wave basis the
electric field is given by [13]

/d3 <16“; ) (B)a,(B)e* +he,  (8)

and the free field energy follows as

HY =% / hanal,(k)a, (R)dk, (9)

where the index u indicates the polarization of the photon.

4. Total Field Hamiltonian

The total field Hamiltonian is

H} g = HL + H) + Hi, + H'. (10)

B. Mechanical Degrees of Freedom

The Hamiltonian of mechanical motion is

s _oP_ 5 P

o= om = 2m+2m+21 (1)
where 7 is the mass; p, and p, are the rad1a1 and axial linear
momenta, respecuvely, and L, and 7 = mp* ~ mR?* are the
angular momentum and moment of inertia about the cavity

(i.e., 2) axis of the nanoparticle, respectively.

C. Optomechanical Interaction

The dielectric nanoparticle interacts with the total electric field
through the induced dipole interaction given by

Hiyp = ‘%//P(T) E(r)dr —% VIER, — (12)

where V' = 4773 /3 is the volume, 7 is the radius, and &, is the
relative dielectric permittivity of the nanoparticle. A number of
terms arise when Eq. (1) is used in Eq. (12). We will describe
below the terms containing |E,|?, |E.|?, and E, - E, only,
which yield the optical trap, the optomechanical coupling,
and the scattering of photons from the trap beam, respectively.
The remaining terms either vanish identically (due to the
polarization orthogonality of the trap and probe beams) or are
small shifts in position and frequency which we have absorbed
into the appropriate definitions.

For the parameters considered in this paper, photon scatter-
ing from the probe is negligible in comparison to the scattering
from the trap.
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1. Optical Trap

Using Eq. (2) in Eq. (12), expanding around the points
g, =p-R=0and g, =z =0, up to second order in the
coordinates, the optical trapping potential is given by

8 8
g *(wpqp 02q?), (13)

with radial and ax1al trapping frequencies
EQ
w, = %LZO (14)
pmah

E20?
w, = | =0 (15)
Pt

and

respectively, where p,, is the density of the nanoparticle. In this
work, we will thus consider the particle trapped harmonically
along the radial and axial directions and henceforth focus on
the angular motion.

2. Optomechanical Coupling

The optomechanical coupling is found by expanding the cor-
responding term in Eq. (12) to the second order in the particle
coordinates

S VIR)? = hg,dta(U, + UD), (16)

where the optomechanical coupling is

R
2w,V -5

Ay ] 17
S T an

and an explicitly periodic angular displacement variable

U, = e2l¢ (18)
has been used. It can be shown readily that [14]
Ujlm) = |m+ 21), Ujlm) = |m-2l), (19)

for angular momentum eigenstates L,|m) = mh|m).
Combining the nanomechanical motion [Eq. (11)] with the
optomechanical coupling [Eq. (16)] yields the Hamiltonian,
2

r. .
HOMzﬂhgldlﬂ(U[‘F U‘}.) (20)

We note that the second term on the right-hand side of
Eq. (20) yields a couplmg nonlinear in the mechanical coordi-
nate, since U; + U = 2 cos 2/¢. As will be shown below, for
small angular dlsplacements and zero torque, this term yields a
coupling quadratic in ¢, which is then responsible for harmonic
confinement of the nanoparticle. The ensuing frequency of
mechanical oscillation then dynamically depends on the probe
photon number 4'4. Also, it will be shown that in the presence
of the torque 7 a coupling linear in ¢ can be generated.

D. Optical Scattering from the Trap

1. Scattering Hamiltonian

The Hamiltonian that describes the scattering of trap photons
by the nanoparticle is given by

Research Article

H = -2 [ E(r). E(r)dr
2 Jy

inf

= -SLLVE,(r) - Ey(r).
21)

2. Dissipative Lindblad Operator

A long but straightforward calculation assuming a weak cou-
pling to the background modes, fast decay of correlations in
the bath presented by such modes, and employing the Born—
Markov approximation yields using Eq. (21) the scattering
contribution to the master equation [15],

Lol = -5 DIL, ) (22)

where L is the scattering Liouvillian, p is the system density
matrix,

DiLlp = {L'L p} - 2LpL’ (23)
is the dissipation superoperator,
7>  [ceyE?
= (e, V) ——— (= 24
re= (e (5 (24

is the rate of trap photon scattering, and
L,=a,U,U, (25)

are the Lindblad operators, where

6 (1 w,Rx
[P

and /,, is a Bessel function. For realistic parameters we find that
7. < 7, implying that the optical scattering does not signifi-
cantly affect the cavity finesse.

E. Collisions with Background Gas

We now account for the collisions of the trapped dielectric with
the background gas particles. In view of the analysis presented
below, we restrict ourselves to a model of damping and
decoherence which is valid for semiclassical mechanical states,
that is, those whose coherence lengths are smaller than the ther-
mal de Broglie wavelength. A model which is valid for the nano-
mechanical states in the deep quantum regime can be derived as
well but is more complicated and not relevant to this paper [16].

A simplified model representing the effect of the gas back-
ground is given by

]yka

Blp] = ’“’ T2 (L] - Diglp,  (27)

where y,, is the rate of mechanical damping, T is the ambient
temperature, the first term on the right-hand side represents
mechanical damping due to gas collisions, and the second term
represents the corresponding fluctuations. In writing Eq. (27) a
term representing positional diffusion, which is required to en-
sure the positivity of the density matrix p, has been omitted as
its effect at the high temperatures considered here is negligible.
We note that since we will be concerned below with small am-
plitudes of torsional motion, the usual problems associated with
¢ not being an explicitly periodic variable do not arise [17].
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F. Full Master Equation

Combining the elements from the sections presented above, the
full master equation for the probe and nanoparticle angular
motion is given by

. 1
p= g[H» pl+ L lpl + Blp), (28)
where
H = Hoy + H, (29)

G. Classical Langevin Equations

Since our intention is to investigate the system in the classical

limit, using standard methods [18], we derive a set of classical

Langevin equations from Eq. (28). The first equation deter-
mines the time evolution of the (now classical) variable U;:
_ RIUL,

[ — 7 .

The second equation describes the change in the angular

momentum of the nanoparticle about the beam axis,

2'z = _}/mLz - 2llhgl(Ul - U}k)lﬂ(t)lz + T + Tin> (31)

(30)

where the complex-valued classical variable 4(¢) is defined such
that |4(#)|? is the number of probe photons inside the cavity at
time #, and

— Vs
=1 l,h (32

is the torque induced by scattering of the trap photons by the
nanoparticle. We assume the dielectric is not birefringent, and
thus rotational effects due to trap beam polarization are absent.
The last term in Eq. (31) is a Langevin torque with zero average
obeying the two-time correlation,

(T (DT () = 21y, kpT5(2 - £). (33)

Finally, the third equation prescribes the dynamics of the
cavity mode,

o= {z'[A' 4w, + up) -g}a + ra  (34)

where A'=A-g,/2 and A =w,-w, is the detuning
between the pump frequency @, and the cavity probe mode
frequency w,. The last term in Eq. (34) has the mean value

Pin
(din) = \l ha)c’ (35)

where P;, is the input power, and the two-time correlation
function is

(2 (D), (¢)) = 6(2 - 1) (36)

3. STABILITY

Equations (30)—(36) were used earlier to analyze full unhin-
dered rotation of the nanoparticle around the ring trap [10].
In that case the azimuthal lattice served as a weak probe of
the mechanical motion. In the present situation we consider
the opposite limit where the azimuthal lattice is strong enough
to trap the nanoparticle at a specific angular position. As we will

see below, for this physical situation to prevail, the scattering
torque needs to be weaker than the lattice torque, that is,

T < 4lhg,|a|?, (37)

where |4,|? is the steady state probe photon number in the
cavity.

A. Steady State Solutions for Torsional Motion

In the steady state the nanoparticle is localized in one of the
wells of the lattice, namely, near some ¢, = =, where

n=0,...2/ -1, and the steady state angular momentum
L,,=0, (38)

which solves Eq. (30). The remaining steady-state equations
give
T

dlhglal’ @9

sin(2/¢p,) =

which is a relation valid in the regime indicated by Eq. (37) and

also implies
z 271/2
cos(2lp,) = - [1 - (741hg1|35|2> ] > (40)

where the minus sign has been chosen to be consistent with the
fact that in the absence of torque the equilibrium point is where
sin 2/¢p; = 0, cos 2/¢p, = -1 (see below). Finally, the steady
state cavity field is

ﬁﬂin
= . 41
“ -|A" - g; cos 2lp] + % (1)

Below we will use the dimensionless steady state cavity
intensity,

I, = la. (42)

B. Equation of Stability

Before we consider the full equation of stability, we first

consider the case 7 = 0, which could be arranged physically

by the use of an external torque to cancel the effects of

trap photon scattering [10]. In this situation, ¢, = ¢,,
sin 2/¢p, = 0, cos 2/¢p, = -1, and

2
I, = r .
@+ g7+ (3)

where the dimensionless input intensity is

Iy, (43)

2
4

In the absence of net torque on the nanoparticle, therefore,
the cavity probe intensity is a single-valued function of the in-
put intensity, and the system is monostable. Physically, this cor-
responds to a situation in which the particle’s equilibrium
position corresponds to the minimum of a lattice well.

For 7 # 0, combining Eqs. (39)—(42), we obtain a nonlinear
equation for the steady state cavity probe intensity,

C4154+C3[?+C2]:2+C1]:+C0:0, (45)

where the coefficients are
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7\ 46
co=(z7)" (46)
o (2 47
C, =2 h(m) 5 (47)

i (AN (E N a2 (1)
(48)

y 2

chQﬁgPa+ﬁ+<ﬁ], (@9)

r\ r
Cy= (2> +HAZ - + T [A% + gl (50)

Before we present quantitative solutions to Eq. (45), we
make some qualitative remarks below.

C. Stability Analysis

We note that Eq. (45) is nonlinear in the intracavity probe
intensity /, which indicates the possibility of multistability,
introduced by the presence of the torque 7. The degree of
Eq. (45) in the variable 7 is four, in contrast to the usual
bistability equation of linear vibrational optomechanics, which
is of third order in the cavity intensity [19,20].

However, it can readily be shown that the number of physi-
cally acceptable (i.e., positive real-valued) solutions of Eq. (45)
for 7, is at most two. This follows from the fact that the co-
efficients Cy, C, and C; are always positive (for physical values
of the system parameters), C; is always negative, while C, can
be either positive or negative depending on the parameters. But
in all cases, the number of sign changes of successive coeffi-
cients in the polynomial of Eq. (45) is two. By Descartes’s rule
of signs, therefore, the number of positive real roots is either
two or zero. This is in contrast to the standard optomechanics
where the number of steady state cavity intensity values is either
one or three [19,20].

The appearance and stability behavior of the roots can be
understood by considering the interplay between the torques
due to trap scattering and the lattice. For simplicity we will
present our description in the regime where the optical damp-
ing is high, and the mechanical damping and fluctuations are
negligible. With these assumptions the cavity probe mode can
be eliminated adiabatically from Eq. (34), yielding

\/?din
) , 1
A" - g; cos 2l¢) + % 1)

a =

which can be used in Eq. (31) to provide

) 4/fy|a. |? sin 2
i~ / 7|ﬂm| Sin l¢ + 7T = T (52)
[A" g, cos 2P + (5)?

The first term on the right-hand side represents the torque
due to the lattice and the second term the scattering torque.
These terms can be integrated to analytically yield the angular
potential energy,
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Fig. 2. Angular potential V,,(¢p) [Eq. (54)] experienced by the
nanoparticle for various probe powers increasing from zero, (a) to
(e). To ensure visual clarity, parameters used were as follows:
7=2Nm, A'=0, gg=-1Hz, y=1Hz, [=/,=2. ¢y and
¢ are points of unstable equilibrium, and ¢_ and ¢, are points of
stable equilibrium.
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B ¢ 4lhy|a,,|* sin 20¢
Vi ($) = —/0 {[A’ ~ ) cos 24P + (O + T}d¢ (53)

= -1¢p - 4hla; |2{tan1 {z(gl cos 2/¢p - A’)]
4

[l o

Figure 2 shows V', ,(¢) for various values of probe power. In
Fig. 2(a), the probe power is zero; the particle sees only the
scattering torque and executes full rotations about the cavity
axis. In Fig. 2(b), some probe photons are present in the cavity,
but they cannot stop the full rotation, only modulate it at the
lattice frequency [10]. In Fig. 2(c), the probe intensity is at a
critical value where the net torque vanishes at points such as
¢r. Clearly, such points of equilibrium are unstable. In
Fig. 2(d), the probe intensity is above threshold and pairs of
equilibrium points, ¢, appear. As can be seen, ¢_ is stable
and ¢ is unstable. In Fig. 2(e), the probe intensity is so high
that the lattice torque dominates the scattering torque. In this
case it can be seen that the minima of the potential occur at
cos(4¢,) = -1, that is, at ¢, = %,34—”,57”, and 7z /4.

A more rigorous analysis, using the Jacobian of the system to
determine dynamical stability and without using the men-
tioned restrictions on optical and mechanical dissipation and
noise, yields essentially the same results and will not be
presented here.

Using realistic parameters and without using the adiabatic
approximation, we show the plot of 7 as a function of
I ;—obtained by solving Eq. (45)—in Fig. 3. As can be seen,
up until a critical input intensity, there are no equilibria. At this
intensity, the (degenerate) solution corresponding to ¢g
appears. Beyond this critical intensity, two distinct solutions
corresponding to ¢, emerge. The upper (stable) branch cor-
responds to ¢_ in Fig. 2 since for a given torque (or equivalently
1), according to Eq. (39), the larger value of /; occurs for the
equilibrium point with smaller ¢,. The lower (unstable) branch
corresponds to ¢, . In units relevant to the experiment, /; at

6 N
5 Lt
—4 ¢ o
-—S . .
%3 o
2 . .O ... ....'
1 ¢E ceeoe® ¢+
0
0 10 20 30 40 50
1(10%)

Fig. 3. Stable (¢_) and unstable (¢, ) solutions to the intracavity
intensity as a function of input intensity, obtained from Eq. (45).
Parameters used were 7= 10fN mm, m=15x 1019 kg,
R=2mm, r=150 nm, y,, =60 Hz, A’ =0, y = 150 KHz,
g =-25mHz, [ =1, =2.
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threshold and for a wavelength of 1064 nm corresponds to
about 1 mW of input power into the cavity.

4. DYNAMICS ABOUT THE STABLE POINT

In this section we examine the full numerical dynamics of the
nanoparticle about the stable equilibrium point ¢_ [see
Fig. 5(d)], which are shown in Figs. 4-6.

In Fig. 4 we consider the situation t = 0. Figure 4(a) shows
the time behavior of the probe photon number as it achieves a
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Fig. 4. Full numerical dynamics of the optomechanical system:
(@) |a(r)]2, (b) cos 2/¢p(r) and sin 2/p(2), () L,(¢), (d) Argla(?)].
All panels were generated using 7 = 0, / = 2. Other parameters used
were the same as in Fig. 3. Initial conditions were set as 2(0) = 0,

L,(0) = 0, cos(4¢)(0) = -0.98, g, = -1 Hz, 4, = 10! s71/2,
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steady state in the cavity. It can be seen that any sinusoidal
modulation of |(#)|? is negligible. In Fig. 4(b), the two quad-
ratures of harmonic motion are shown as functions of time.
The oscillation frequency of the sin 4¢(#) curve is 8.6 KHz.
That this is the mechanical frequency can be seen by noticing
that the amplitude of the sine curve is much smaller than one.
Therefore we can linearize sin 4¢ = 4¢ in Eq. (31) and, ignor-
ing damping, extract the harmonic frequency of oscillation
w,, = (32hg)|a(r > y™")|>/1)/?, which yields 8.7 KHz,
quite close to that observed numerically. The cosine curve os-
cillates at 2w,,, which is to be expected, since to the lowest
nontrivial order it is quadratic in the angular displacement.
Figure 4(c) shows the harmonic variation of the angular mo-
mentum. Since from Eq. (31) we see that L, is driven by the
sine term, it oscillates at @,,,. Figure 4(d) shows that the phase of
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Fig. 5. (a) |(2)]*, (b) cos 2/¢p(r) and sin 2/p(¢), () L,(¥),
(d) Argla(z)]. All panels were generated using 7= 2fN mm.

Other parameters used were the same as in Fig. 4.
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the cavity field oscillates at 2w,,. This is also reasonable, as
Eq. (34) implies the phase of the probe field is driven by
the cosine quadrature. It follows that, in contrast to the stan-
dard optomechanical setup, the position noise spectrum of the
mechanical oscillator can be found by homodyning the cavity
output at fwice the mechanical frequency [21].

In Fig. 5 we consider the case 7 =2fN mmrad. The
dynamics of the probe cavity intensity, as shown in Fig. 5(a),
is the same as in Fig. 4(a), as the probe power is the same in
both cases. In Fig. 5(b) the sine trace is displaced slightly lower
vertically as compared to Fig. 4(b). This reflects the shift in the
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Fig. 6. (a) |a(r)|>, (b) cos 2l¢p(r) and sin 2/p(z), () L,(z),
(d) Argla(z)]. All panels were generated using 7 = 30N mm.

Other parameters used were the same as in Fig. 4.
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nanoparticle equilibrium position caused by the torque 7; see
Eq. (39). The cosine trace, which has been scaled up by a factor
of 10 for visibility, now shows both frequencies ,, as well as
2®,,. This is because the presence of the torque now causes a
term linear in ¢ to appear in the expansion of cos 4¢ in addi-
tion to the term quadratic in ¢ for small angular displacements.
Physically, this corresponds to the introduction of linear opto-
mechanical coupling in Fig. 5 as compared to Fig. 4, where
only quadratic coupling exists. In Fig. 5(c) the angular momen-
tum oscillates at w,,. In Fig. 5(d) the time evolution of the
phase of the cavity probe field shows both ®,, and 2w,
dependence.

In Fig. 6 we consider a larger torque 7 = 30 /N mmrad,
which causes a substantial linear optomechanical coupling.
The probe intensity is shown in Fig. 6(a). In Fig. 6(b), the sine
curve is shifted even further down compared to Fig. 5(b). The
cosine curve has a small component at 2w,,, but the major
frequency present is w,,. In Fig. 6(c), the angular momentum
oscillates at @,,. In Fig. 6(d), the cavity probe phase shows
oscillations mostly at w,,.

From the above analysis we conclude that the relative
strength of linear versus quadratic couplings can be detected
experimentally in the proposed system by homodyning the
output of the cavity.

5. CONCLUSIONS

In this paper we have explored the off-axis torsional optome-
chanics of a levitated nanoparticle confined in a cavity driven by
optical beams carrying OAM. We have shown that scattering
torque from the trapping beam creates an instability in the sys-
tem. We have also demonstrated that the dynamics around the
stable equilibrium allow the use of the optical torque for tuning
the linear optomechanical coupling in this system, and also a
way to detect the relative strengths of the two couplings by ho-
modyning the probe field exiting the cavity. To support our
calculations, we have derived a quantum master equation for
the system and used it to derive classical Langevin equations
on which our analysis is based. Our investigations are likely
to be of interest to researchers exploring quantum mechanics
using torsional optomechanics, and could be extended to
atomic systems such as have been recently proposed for
realizing time crystals [22].
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