
Materials Science and Engineering A304–306 (2001) 888–891

Rational approximant structures to decagonal quasicrystals
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Abstract

We have shown earlier that the decagonal quasicrystalline phase can be derived by the twinning of the icosahedral cluster about the
five-fold axis by 36◦. It is shown here that in a similar fashion, the rational approximant structures (RAS) to the decagonal quasicrystal can
be constructed by the twinning of RAS to the icosahedral quasicrystalline phase. The twinning of the Mackay (cubic) type RAS leads to
the Taylor (q1/p1,q1/p1) phases, while the twinning of the orthorhombic Little phase leads to the Robinson (q1/p1,q2/p2) approximants
to the decagonal quasicrystal. With increasing order ofq1/p1 or q2/p2, we approach the digonal quasicrystal with one-dimensional
quasiperiodicity. © 2001 Published by Elsevier Science B.V.
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1. Introduction

Orthorhombic approximants have been identified for the
decagonal quasicrystal. The periodic axis of the decagonal
phase is inherited as one of the major axes of the approxi-
mant phase, usually denoted as thebaxis. The other two axes
are parallel to the two two-fold directions (2D and 2P) of the
decagonal phase. These axes are denoted asq/p. Zhang and
Kuo [1] proposed that the “decagonal approximants” can be
represented as (q1/p1,q2/p2), corresponding to thea andc
axes. The distance of intense spots along one two-fold di-
rection in the 10-fold pattern is a little longer than the other.
Therefore, thea andc axes of the decagonal approximants
are not equal.

There are two types of orthorhombic approximants to the
decagonal phase. They have been termed the Taylor and the
Robinson phases. The Taylor type is the one in which thea
andc axes are approximated by the sameq/p ratio and for
the Robinson type, thea and c axes are approximated by
different q/p ratio. The Taylor phase Al3Mn (space group:
Pnma; a = 1.259 nm;b = 1.242 nm; c = 1.48 nm) was
first found in Al-Mn binary system [2,3]. The Taylor phase
has been seen in several alloy systems, namely, high tem-
perature Al11(Mn, Pd)4 (or Al3(Mn, Pd)) [4], Y-AlMnCu
[5,6], T-Al71Mn23Pd6 [7–9]. A structural model for Al3Mn
phase has been proposed by Hiraga et al. [10]. The struc-
ture consists of a column of small pentagons surrounded
by larger pentagons and decagons giving rise to a columnar
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structure. It should be noted that the icosahedra building
the pentagonal columns occur in two orientations. This is
an important feature of the decagonal quasicrystal and its
approximants.

The Robinson phase Al60Mn11Ni4 [11–13], is an or-
thorhombic (a = 0.755 nm;b = 1.25 nm; c = 2.38 nm;
space group:Cmcm) approximant to the decagonal qua-
sicrystal. Robinson [12] noted the pentagonal coordination
and a layering in the structure of Al60Mn11Ni4 orthorhom-
bic phase. There are two phases with structures similar to
this Robinson phase in Al-Mn-Cu [14] and Al-Mn-Zn al-
loys [13]. The Robinson phase is reported to coexist with
the Taylor phase in Al-Mn [15], Al-Mn-Cu [16,17] and
Al-Mn-Pd [9]. There are several examples reported in the
literature (Table 1).

Audier et al. [9] have calculated the relationship between
the lattice parameters of the Robinson and the Taylor phase
and the decagonal quasicrystal. For the Robinson phase, the
lattice parameter relationship with the decagonal quasicrys-
tal is
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where,a5D is the hyper-cell parameter related to the decago-
nal quasicrystal (a5D = 0.6451 nm). For the Taylor phase,
the lattice parameter relationship with the decagonal qua-
sicrystal is
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Table 1
Examples of Robinson and Taylor approximants to the decagonal qua-
sicrystal

Approximant phases Order of the
approximant

Lattice parameter

a (nm) b (nm) c (nm)

Taylor approximants
Al3Mn (3/2, 3/2) 1.259 1.242 1.48
Al70Pd5Mn25 (3/2, 3/2) 1.251 1.243 1.483
Al-Co-Cu (5/3, 5/3) 1.97 0.4 2.33

Robinson approximants
Al60Mn11Ni4 (2/1, 5/3) 0.755 1.25 2.38
Al20Mn3Cu2 (2/1, 5/3) 0.772 1.25 2.42
Al11Mn3Zn2 (2/1, 5/3) 0.778 1.26 2.38
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A relationship between the lattice parameters of the Robin-
son phase and the Taylor phase can be derived as

aR = aT
1

2τ

cR = cT
3τ + 1

2(τ + 2)

bR = bT

The orientation relationship between the decagonal qua-
sicrystal, the Robinson phase and the Taylor phase is
(0 1 0)D || (0 1 0)T || (0 1 0)R.

Both these phases have theirb-axis parallel to the 10-fold
axis of the decagonal phase and the two-fold axes (2D and
2P) of the decagonal phase are along thea and c axes of
the orthorhombic Taylor and Robinson phases. Both these
phases have similar atomic structure [9].

2. Taylor and Robinson phases by twinning of the RAS
to the icosahedral quasicrystal

Twinning of icosahedral quasicrystal has been studied
earlier in Al-Mn [18], Al-Mn-Fe [19], Al-Cr-Si, Al-Mn-Si
and Al-Mn-Cr-Si alloys [20]. A comprehensive review of
twinning in quasicrystals exists [21]. A close resemblance
between decagonal quasicrystal and icosahedral twins was
suggested by Singh and Ranganathan [19]. The twinning
was performed as a 36◦ rotation of an icosahedron about
the five-fold [1τ 0] axis. Since there are 60 rotational sym-
metry operations for an icosahedral point group, the twin
relationship can be expressed in 60 different ways. Earlier,
Ranganathan et al. [18] explored icosahedral twinning as an
explanation for the decagonal symmetry.

Fig. 1. Stereograms of (a) the decagonal qusicrystal generated by the
twinned icosahedron model. (b) Experimental ZAPM of Al-Mn-(Pd)
decagonal quasicrystal [22].

The stereogram of the decagonal quasicrystal using the
[1 τ 0] twinned icosahedral model is shown in Fig. 1a.
Fig. 1b contains the reconstructed irreducible stereographic
quadrant for the 1.2 nm periodic Al-Mn-(Pd) decagonal
phase [22]. It can be seen from a comparison of the two
stereograms that the twinned icosahedra model is able to
explain the major features of the experimental stereogram
(Fig. 1b). Although, some of the traces in Fig. 1a have split
into two traces, as seen in Fig. 1b, the splitting is small.

The twinned icosahedra model explains the major fea-
tures in the stereogram of decagonal quasicrystal. In a sim-
ilar fashion, the stereogram for the approximants to the
decagonal quasicrystal can be constructed using the twin-
ning model. The Taylor approximant with similarq/p ratio
along thea and c axes, can be modeled using a twinned
(1/1) Mackay type cubic approximant to the icosahedral qua-
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Fig. 2. Stereograms of (a) theoretical Taylor (3/2, 3/2) approximant (b)
the experimental ZAPM of the orthorhombic (Al11Mn4)-Pd phase [22].

sicrystal. The twinning axis is the [τ 0 1] axis of the (1/1)
cubic approximant. The stereogram corresponding to this
twinned model is shown in Fig. 2a. The experimental stere-
ogram of the orthorhombic (Al11Mn4)-Pd phase is shown
in Fig. 2b [22]. By comparing the two stereograms, it can
be seen that the twinned model can explain the important
features of the Taylor approximant. Some of the traces in
Fig. 2b have been split. This can be explained by the dis-
tortions of the icosahedra in the twinned icosahedra model.
Alternately, the splitting can be understood in terms of the
lowering of the symmetry of the lattice with respect to the
cluster. In a similar fashion, the Robinson approximants can
be derived by twinning the Little phases. The twinning of
the (1/1, 1/1, 3/2) about [τ 0 1] axis to obtain the (2/1, 3/2)
Robinson approximant is shown in Fig. 3. Additional split-
ting of the traces over and above that observed for the Taylor
phase is to be noted. Using this method, the series of Robin-

Fig. 3. Stereogram of the Robinson phase derived by the twinning of the
Little approximant.

son approximants can be obtained by twinning of the Little
phases with the correspondingc/a ratio.

3. Conclusions

Clusters play an important role in the structure of qua-
sicrystals and their rational approximants. Twinning opera-
tion leads to the various orientations of the clusters; thus, giv-
ing rise to different symmetries. Twinning of the icosahedral
phase leads to the decagonal phase; twinning of the Mackay
approximant leads to the Taylor approximant; whilst, the
twinning of the Little approximant leads to the Robinson
approximant. The apparently diverse variety of quasicrys-
tals and their rational approximants can be brought under a
unified framework by the twinning of the icosahedral qua-
sicrystal and its rational approximants.
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