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Self-equilibrating, traction free stresses are known as residual stresses. They are ubiquitous
in solid manufactured components, and their presence may be either beneficial or harmful.

In this work, we consider basis functions for residual stress fields of reasonable regularity.

Specifically, we consider arbitrary pre-existing residual stress states in arbitrarily shaped,
unloaded solid bodies. Common treatments of the topic tend to focus on either the me-
chanical origins of the stress, or methods of stress measurement at certain locations. Here
we take the stress field as given and consider the problem of approximating any such stress
field, in a given body, as a linear combination of pre-determined fields which can serve as
a basis. We consider planar stress states in detail, and introduce an extremization prob-
lem that leads to a linear eigenvalue problem. Eigenfunctions ¢ of that problem form an
orthonormal basis for square integrable residual stress states. We outline the extension of

our theory to three dimensional bodies and states of stress.

In general, the eigenvalue problem is not solvable analytically, and we use numerical meth-
ods. We compute the eigenfunctions ¢ for arbitrary planar geometries using the finite
element method. We also compute them using semi-numerical methods for the following

four geometries: an annulus, a circular disk, a rectangle and an annular wedge. Results



from these two independent methods agree. ~We then consider several different candi-
date residual stresses on different geometries and fit them using our eigenfunctions ¢.
We consider four candidate residual stresses with fixed circumferential wave number on
an annulus: two hypothetical, one from shrink fitting of two elastic cylinders, and one
from non-uniform heating of a thermoelastic annulus. We also fit three candidate residual
stresses obtained from metal forming simulations of (a) rolling and (b) angular extrusion
using the non-linear finite element software package Abaqus. Convergence of fits to these
stresses is noted in the L? and the H! norms for continuous stress fields, and in the L2

norm for stress fields with simple discontinuities.

Next, we modify our approach for two special classes of problems: (a) residual stresses
in prismatic geometries and (b) spatially localized planar residual stresses. In the first
problem, we see that the original 3D extremization problem decouples into three 2D sub-
problems: one for the planar components, one for the out of plane shear components,
and one for the axial component. In the second problem, we obtain spatially localized
eigenfunctions by weighting the objective function and the normalization constraint in the
extremization problem by appropriate functions. Finally, instead of fitting an already
given residual stress, we consider solving for one using the basis functions ¢, given a
governing differential equation. In particular, we look at a non-uniformly heated thermoe-
lastic annulus. Our aim in this part of the work is to try Galerkin projections to obtain
convergent solutions. We find that a direct use of the weighted residual method, with ¢ as
the weighting functions, does not work. This leads us to a study of some useful properties
of harmonic functions relevant to this problem. A correct application of the weighted
residual method with ¢ then yields the correct solution with much faster convergence as

compared to a direct, displacement based, virtual work method.

The overall approach of this thesis can be used to describe arbitrary pre-existing residual
stress states in arbitrarily shaped bodies using basis functions that are determined by the
body geometry alone, independent of the physical mechanisms, the constitutive properties

of the material or the prior deformation history that have produced these stresses.
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Chapter 1

Introduction

1.1 Motivation

Practically all solid manufactured objects have residual stress locked in them as a con-
sequence of processing history. This thesis is primarily concerned with mathematical
descriptions of general states of residual stress, rather than the specific physical history
that produced a specific residual stress field. In particular, we consider basis functions for
interpolating such residual stress fields in finite solid bodies. We consider bodies that are
arbitrarily shaped, not subjected to body forces, in equilibrium, and with traction free
boundaries, but with non-zero internal residual stresses. The physical sources of the resid-
ual stresses may be prior manufacturing processes, deformation history, thermal gradients,
or other phenomena. As noted, however, here we are interested solely in mathematical
ways to discuss or describe residual stress fields that already exist, independent of the

physical mechanisms that have produced them.

For example, if residual stress states are experimentally determined at N points on a
manufactured component, and if reasonable smoothness in residual stress variations can
be assumed, how should the residual stresses be interpolated between those points in
space? As another example, in a metal forming simulation, can final residual stresses in
the formed component be reported using some sequence of orthogonal basis functions that

is specifically constructed, in advance, for the domain of interest?

With the above motivation, we seek self-equilibrating traction-free fields ¢; defined on the
o

finite body of interest, such that linear combinations Z a;¢; can capture any sufficiently

i=1
regular residual stress field.
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In this work, we will construct such fields ¢; via stationary values of a suitable quadratic
functional. These fields ¢; will serve as a basis for representing arbitrary residual stress
fields in bodies of a given but arbitrary shape, without regard for the physical source of the
residual stress. To the best of our knowledge, such a basis has not been presented in the
mechanics literature before'. The construction of such a basis is not obvious in advance.
For example, readers familiar with vibration theory [3] may be interested to see that the
stress fields induced by vibration modes cannot be used for such ¢;, because those modal
stresses necessarily satisfy the strain-compatibility conditions of linear elasticity while not
satisfying equilibrium, whereas residual stresses necessarily satisfy equilibrium and violate
strain-compatibility equations of linear elasticity?. To see the latter easily, we can use
the result that for a linearly elastic body subjected to given tractions and body forces,
the displacement is unique up to a rigid motion (see page 45, theorem 4.3.1 of [4]). The
solution to zero traction and zero body force is therefore zero stress and zero displacement,
unique up to rigid body motions, by the above result. But the stress corresponding to rigid
body motions is zero. Hence, non-zero residual stresses cannot be caused by compatible

strains in linear elasticity.

As motivation for the development that is to follow, in order to demonstrate that vibration
mode-induced (or modal) stresses cannot be used to construct a basis for residual stresses,
we choose a candidate residual stress field in an annular domain of inner radius 0.1 and

outer radius 0.3, with components

- 1.
_O067 16 g 8334 a0 — 41.667r2> cos 30,
T

r2
~0.022

r2

7tr0) =
or(r,0) = <

og(r,0) = (3.667 — 40r + 100r?) cos 30.

55— 40r + 75r2> sin 36, (1.1)

We will properly motivate and use this stress field later in the thesis, after presenting our
theory. Here we merely attempt to numerically approximate the above stress field with
the first N modal stresses on this domain, with 1 < N < 50. An approximation error Ey
(which will be described fully in due course) is plotted against NV in Figure 1.1. We see that
the error does not seem to be converging to zero. The implications of Figure 1.1, which
is given here only for motivation, will be clear as we present our theory in subsequent

sections.

'We have published the work presented in Chapters 2 - 4 in [2].
2Equilibrium, zero tractions and compatibility lead to zero stresses as a unique solution.
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FIGURE 1.1: Approximation error versus number of (vibrational) modal stress fields used.
Convergence to zero is not apparent and seems unlikely.

Readers may note that residual stresses in a component can be either beneficial or harmful,
depending on the application. For example, they can impede the growth of surface micro-
cracks and extend fatigue life, or cause warping in manufactured components, respectively.
In either case, it is important to characterize a body’s residual stress state with sufficient
accuracy, both in the bulk and at the surface. Readers may refer to [1, 5, 6] for com-
prehensive discussions on the origin and measurement of residual stresses from differing
sources and at different length scales. Broadly, some common sources of residual stresses
are thermal effects [7, 8], inclusions and defects [9-14], and biological growth [15-18], in

addition to prior inelastic deformation.

A substantial amount of literature on residual stresses pays explicit attention to incom-
patibility, e.g., through equations of the form V¢ = 7, where nonzero 7 is the source of
incompatibility [13, 14, 16]. As mentioned above, we directly seek a basis for expanding
and interpolating the stress components without approaching the problem through specific
choices of 7, i.e., through specific sources or types of incompatibility. We acknowledge here
the work of Hoger [19, 20], who discussed the general residual stress fields possible in an
elastic cylinder, but did not seek to develop a basis for interpolation on arbitrary geome-
tries as we do here. Her papers led to interesting subsequent work on elastic bodies with
residual stress, in which the strain energy density is considered to be a function of both the
deformation gradient tensor and the initial residual stress. These works, like ours, make
no assumptions about the origin of the prescribed residual stress [19-26]. These works,
especially those concerned with calculating the optimal residual stress that results in a
targeted Cauchy stress (e.g. [27]), deviate almost immediately from our approach in that

they focus on elastic bodies.
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We also distinguish our approach from a more restricted interpolation employed in some
destructive measurement techniques for residual stresses. In those techniques, elasticity-
based relationships between the measured strain data [28-31], and the tractions that were
acting on surfaces that have since been exposed by cutting [32], are the key considerations.
In such measurements, the stress is often interpolated along a single spatial coordinate (like
depth of cut), using splines, polynomials, Fourier series, etc. Unlike those interpolants de-
fined on specific line segments, here we will develop self-equilibrating, traction free, tensor
valued interpolants for the entire body without appeal to any underlying material consti-
tutive relations. We also acknowledge the challenging problem of inversion of boundary
data (displacements, strains) to estimate the residual stress in a three dimensional body
[32-35]. The orthonormal basis we develop here, in such applications, may ease the need
for statistical regularization [36, 37]. Such potential applications provide yet another mo-

tivation for our work.

Finally we distinguish our approach from stress-based formulations derived in linear elas-
ticity using variations of a positive definite functional of the stress gradient [38—41], an
example of which is the Beltrami-Michell equation [42]. These formulations, too, refer
specifically to linearly elastic materials, and do mot construct basis functions. Our aims
are quite different, as explained above. In particular, we will consider variations of a
functional involving the stress gradient, which leads to an eigenvalue problem, which in
turn yields a basis we can use. In the applied mathematics literature, there are similar
issues studied using the somewhat simpler Stokes operator from incompressible fluid me-
chanics (see e.g., [43]; we will discuss these similarities later). In those works, to prove
that the eigenfunctions of the Stokes operator span the space of divergence-free velocity
fields with zero boundary value, the spectral theorem is used. Readers wishing to read a
general discussion of the spectral theorem may see, e.g., [44]. However, our discussion is
less formal, accessible to a broader audience, and resembles the development of classical

vibration theory [3].

Our basic formulation, though first developed for two dimensions, is easily extended to

three dimensions.

Having developed a basis, we first compute it numerically on planar bodies. The computed
basis functions are then used to fit given, but arbitrary, candidate residual stress fields.
Subsequently, for fitting residual stress of certain special types, such as those which are
axially invariant or spatially localized, we develop new eigenfunctions with these same

characteristics by appropriately modifying our original extremization problem. Finally,
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we demonstrate yet another application of our basis by using it to compute approximate

residual stresses using the weighted residual method.

1.2 Organization of the thesis

This thesis is organized as follows. In Chapter 2, we pose an extremization problem in 2D
that leads to an eigenvalue problem. We show that the solutions of this eigenvalue problem
exist, and that they span the space of all residual stresses of interest to us. Extension of

the theory to 3D is presented at the end of the chapter.

In general, the eigenvalue problem of Chapter 2, which involves a system of partial differ-
ential equations (PDEs), is not solvable analytically. Chapter 3 is devoted to numerical
solutions of the eigenvalue problem in 2D. The numerical methods used are broadly di-
vided into two categories: finite element method (FEM), and semi-numerical methods.
The former can be used to compute the eigenfunctions in bodies of arbitrary shapes, and
the latter exploit symmetries of some special geometries to convert the PDE system into a
system of ordinary differential equations (ODEs) or algebraic equations. We consider four
such special geometries: an annulus, a circular disk, a rectangle and an annular wedge.

We observe that the solutions from FEM and semi-numerical methods agree in all cases.

In Chapter 4, we consider some candidate residual stress fields, and fit them using the
eigenfunctions developed in the previous chapters. In the first part of the chapter, we con-
sider residual stress fields on an annular geometry, and fit them using the eigenfunctions
computed semi-numerically in Chapter 3. Four such residual stresses are considered: two
hypothetically made up, one from shrink fitting of two concentric elastic cylinders, and
one from non-uniform heating of an elastic annulus. In the second part of the chapter, we
consider three residual stress fields obtained by simulating 2D metal forming processes of
rolling and angular extrusion in the FEM software Abaqus, and fit them using eigenfunc-
tions computed using the FEM formulation of Chapter 3. We demonstrate the convergence

of the fits to the actual fields in both L2 and H' norms.

In Chapter 5, we show that the eigenvalue problem of Chapter 2 is amenable to modi-
fications for special purposes. In the first part of the chapter, we consider long (in the
z-direction) prismatic geometries, and show that the eigenvalue problem of Chapter 2 de-
couples into three separate eigenvalue problems for such bodies: one for the planar stress
components (04, Oyy, Oay), one for the out of plane shear stress components (o,, 0y.) and

one for the axial stress (0,.). In the second part of the chapter, we modify our eigenvalue
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problem to obtain eigenfunctions that are localized in a small 2D region, and decay rapidly
away from it. Such eigenfunctions are more suitable for residual stresses that are localized,

such as that near a crack tip, or near the surface in a shot peened body.

In Chapter 6, we solve a ‘forward’ problem using our residual stress basis functions, in the
sense that instead of fitting an already given residual stress field, we solve for a residual
stress given its physical governing differential equation. For this purpose, we take up the
problem of non-uniform heating of a thermoelastic annulus. We solve for the resulting
residual stress using the weighted residual method with both free vibration displacement
modes and our stress eigenfunctions as the weighting functions; and observe that the latter
give much faster convergence. We discuss in detail some unexpected issues of convergence
and boundary conditions, and present some interesting new results necessary for developing

a correct weighted residual approximation.

In Chapter 7, we discuss how the proof presented in Chapter 2 of eigenfunctions form-
ing a basis could be adapted for the modified extremization problems considered in the

subsequent chapters.

In Chapter 8, we present conclusions and discuss possible future work.

1.3 Notation

We close this introduction with a brief description of the notation used in this thesis. The
dot product ‘-’ between two tensors of the same order represents total tensor contraction.

Using Einstein’s summation convention,

A;B; if A and B are vectors,
A-B= A;i;Bij if A and B are second order tensors,

AijiBijr  if A and B are third order tensors,

where A;, Ajj, Aiji etc. are the Cartesian components of the tensor A (likewise for B). For
a second order tensor A, divA represents A;;je;, where a subscript following a comma
denotes a partial derivative and e; are the unit Cartesian basis vectors. For a vector v, Av
represents A;;vje;. The dyadic product u ® v for vectors w and v is defined by its action
on a vector w as (u ® v)w = (v - w)u. The cross product u x v is defined as €;;,u;v ey,

where € is the permutation tensor.



Chapter 2

Extremization problem and

governing PDEs

In this chapter, we pose an extremization problem that leads to an eigenvalue problem.
We show that the solutions to this eigenvalue problem form an orthogonal basis for the

set of all residual stress fields of interest to us.

The chapter is arranged as follows. Sections 2.1 through 2.4 are for 2D bodies. In Section
2.1, we define the set of residual stress fields that are of interest to us, and formally state
the problem we will address. In Section 2.2, we propose a quadratic functional involving
the gradient of an input stress field, and derive necessary and sufficient conditions satisfied
by stationary points of this functional using the calculus of variations. These conditions
are in the form of an eigenvalue problem. In Section 2.3, we show that the eigenfunctions
¢, satisfying this eigenvalue problem form an orthogonal sequence, with real and positive
eigenvalues. In Section 2.4, we show that ¢,, assuming that they exist, span the space
of residual stresses in L? and H' norms. In Section 2.5 we extend our theory to three
dimensions, and derive the corresponding eigenvalue problem and boundary conditions.
Finally, in Section 2.6, we prove the existence of ¢,, something which was assumed in
Section 2.4. Due to its heavier mathematical content, we have kept this section at the end

of the chapter.
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2.1 Problem statement

Let Q be an open, bounded, sufficiently regular domain in R? with area || (the extension
to R? is discussed towards the end of this chapter). The unit outward normal n at each

point on the boundary 0 is assumed well defined'.

Let us denote the set of symmetric second order tensor fields defined over €2 by “Sym”.
We define:

S= {0‘0’ € Sym, dive =0, only, =0, /a’-adA< 00, /VU-VJdA< oo},
? ! (2.1)
where the five conditions included imply symmetry, equilibrium, zero tractions, square
integrability of stresses, and square integrability of stress gradients respectively; and dA

is an infinitesimal area element of the domain Q2.

The inner product between two elements o1 and o2 of S is taken to be

(0’1,0’2) = / o1 -O'2dA,
Q)

and accordingly, the norm of any o € § is

ol = (,0)} = (/Qa-adA)é. (22)

Let S be the closure of S. All residual stresses of interest to us are elements of S3. We

seek a sequence of functions ¢; that span S.

solated corners can be rounded out using tiny radii, for simplicity. In finite element approximations,
the weak formulation allows a piecewise C'' boundary. For the definition of C™ continuity, please see page
50 of [45].

2Tt is easy to check that S is a real vector space. For instance, it satisfies linearity: if o1 and o
are elements of S and « is a real number, then the function o = o1 + ao» satisfies div o = 0, on = 0,

/ o-0dA < ooand / Vo Vo dA < oo; so, o belongs to S. Similarly, it can be shown that S also satisfies
Q Q

commutativity, associativity, distributivity, and has an additive identity and a multiplicative identity.

3Residual stresses are either (a) elements of S, or (b) have simple internal discontinuities in addition.
These are both elements of S. Stresses in category (b) are not elements of S because their gradients are
not square-integrable. Note however that not all elements of S are residual stress fields. For example,
there could be elements of S which may have discontinuities at the boundary. For such fields, on = 0 on
the boundary may not be physically meaningful; but such fields are not of physical interest to us.
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2.2 Solution approach wvia an extremization problem

Let us seek stationary points of the functional

Jo(&) = ;/QV&-V&dA (2.3)

in S, subject to the normalization constraint / og-ocdA=1.
Q

We note that for any nonzero residual stress field, the quantity Jp must be nonzero (see
e.g., [19]).

We will use the calculus of variations [46]. Since the constraint dive = 0 is defined

pointwise in {2, we introduce a spatially varying Lagrange multiplier p for it. Since / o-
Q

odA =1 is a scalar integral constraint, we use a constant scalar Lagrange multiplier 5

for it. We then consider variations of

J(&):/Q{;V&-V&—; <&.&—|(12|> —u.(diva)} dA, (2.4)

where we have used a “hat” instead of a “tilde” on & because it belongs to the larger, or

less restricted, set

R = {&’&GSym, &n\aQ:O,/&-&dA<oo,/V&-V&dA<oo}. (2.5)
Q Q

If a stationary point of Eq. 2.4 is o then, for arbitrary infinitesimal variations ¢ € R, we

must have
/{VU-VC—)\U‘C—M'(diVC)} dA = 0. (2.6)
Q
Assuming that o is sufficiently regular, and using integration by parts and the divergence
theorem?, we obtain

/ {VnU-C—u-(Cn)}ds—/{AU—Vu—i—)\O'}-CdA:(), (2.7)
oN Q

where V,,0 is the normal gradient of o at 0€2. In Cartesian coordinates, V,o = 0;; 1n.

4We need more regularity on o than what is afforded to elements of S. We show in Appendix A that
(a) this regularity requirement is that Ao should be square-integrable, and (b) o, on account of being a
stationary point, meets this requirement.
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In Eq. 2.7, since ¢ € R, {n on 01 is zero, yielding

Vna-Cds—/{AU—V;L—F)\U}-CdA:O. (2.8)
89 Q

By considering the set of ¢ which are zero on 99, we conclude that®
—Ac+Vpu—-—Xdo=R in(,

where R is some skew symmetric second order tensor field; and where the scalar eigenvalue
A and the vector field g need to be determined along with o. Adding the above equation

to its transpose and dividing by two,
—Aoc+Vygu—XAo=0 inQ, (2.9)

where .
_ Vu+ (V)

Vsp 5

Equation 2.8 reduces to the line integral alone, i.e.,

Vpo - ¢ds =0. (2.10)
o0

Considering ¢ on the boundary, at each point we have {n = 0, so n is an eigenvector of ¢.
Since ¢ is symmetric, the local tangent vector t must be the other eigenvector (we are in
two dimensions). It follows that we can consider ¢ = r(s)t ® t for any scalar k(s) varying

arbitrarily along the boundary. The arbitrariness of k(s) implies that
Vo - (t®@t)=0 (2.11)

everywhere on the boundary 0€2. Less formally, this conditions means that the normal
gradient of the circumferential stress is zero at the boundary. If the domain is circular,

this circumferential stress is the hoop stress.

Finally, variation of the Lagrange multiplier p gives the equilibrium condition

dive =0,

5Since ¢ is symmetric, by localizing it near any & € Q we conclude that the integrand at x is skew
symmetric.
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A
and variation of the Lagrange multiplier 5 gives

/a-adAzl.
0

To summarize, any sufficiently regular unit-norm stationary point of Jy in S, assuming for

simplicity that one exists, is a solution to the following eigenvalue problem®:

—Aoc +Vsu =X o and dive =0 in Q, (2.12)
on=0 and Vyo- -(t®t)=0 onodf.

The eigenvalue problem in Eqgs. 2.12 can be solved on arbitrary domains using the FEM,

and we will present some such solutions later in this thesis. For the simple case of an

annular domain, it can also be solved as a two-point boundary value problem using ODE

solvers after separation of variables, and we will present such solutions as well, obtaining

complete agreement with finite element solutions.

Proceeding now with our theoretical development, our primary claim is that the sequence
of eigenfunctions 7, computed for a given domain €, forms a basis for S defined on €.
Any state of residual stress in S can be expressed as a linear combination of these basis
functions. We shall henceforth denote these stress-eigenfunctions as ¢ throughout this

thesis.

2.3 Orthonormality of the eigenfunctions

Let A be an eigenvalue, and ¢ and p represent the corresponding eigenfunction. Let o be
any element of S (recall Eq. 2.1). Consider the inner product of the first equation in 2.12
with o, i.e.,

/ (—Agp+ Vip — Ap) -0 dA =0, (2.13)
Q

which reduces to (see Appendix C)

/ (Vo -Vo—A¢p-0)dA=0 (2.14)
Q

for any eigenvalue-eigenfunction pair (A, ¢) and any o € S.

5These conditions are also sufficient for stationarity, i.e., if o is a solution to this eigenvalue problem,
it must be a stationary point. See Appendix B.
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Now let (A, ¢,,) and (Ag, @,) be two distinct eigenvalue-eigenvector sets of Eq. 2.12, with
i, and p, the corresponding Lagrange multipliers. By Eq. 2.14,

/v@sp-vgzsqu:Ap/cpp-cpqu,
“ “ (2.15)

/Vd)q-qupdA:)\q/(bq-qbpdA,
Q Q

and if A\, # Ay, then

/ ¢, $,dA =0 and / Vo, V¢, ,dA=0. (2.16)
Q Q

If Ay = A\ but @, # ¢, then we can choose ¢, and ¢, to be orthogonal, and Eq. 2.16
still holds. Finally, if A, = A\ and ¢, = ¢, but p,, # p,, then Vs, = Vs, and there is

no distinction between these two cases.

Following arguments used by Rayleigh [3], we note that the eigenvalues A\ are real and
positive. To obtain a contradiction, if A, is complex with corresponding complex eigen-
function ¢,, then by the linearity of Eq. 2.12 (for details, please see Appendix D) it follows
that their complex conjugates A, = )\, and (Tp = ¢, give another solution pair. Using
these two eigenfunctions in either of Eqs. 2.15, we obtain a contradiction; so A is real. The
eigenfunctions are real as well. Next, using the same ¢ twice (i.e., p = ¢), we conclude

that A > 0 because the left hand side is strictly positive for any nonzero residual stress.

We thus have an orthogonal sequence of eigenfunctions, satisfying Eq. 2.16 whenever p # q.

The orthogonal sequence of stress eigenfunctions ¢, is assumed to be normalized such that

/¢p'¢pdA:1’ p:172a35"'
Q
to obtain an orthonormal sequence, with

/ Vo, V,dA =\
Q

7

We can arrange this sequence’ simply in order of increasing A,,.

7 In some cases we may restrict attention to a subset of eigenfunctions. For an annular domain, for
example, we may sometimes consider only eigenfunctions with a fixed circumferential wave number (e.g.,
m = 3).
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2.4 Basis of S

Consider the sequence (A, @,, i), p = 1,2, - -. There are infinitely many such eigenvalue-

eigenfunction pairs, i.e., the sequence is not finite. For proof, we argue by contradiction.
Assume that only a finite number N of such eigenvalue-eigenfunction pairs exist.

Let Sy be the subspace of S spanned by the finite sequence {¢p}, p=1,2--- N. Let
Sy be the orthogonal complement of Sy in S. Let us now extremize Jy (recall Eq. 2.3)
within Sy ;. To the extremizer o, restriction to Sy | adds IV integral constraints to the

previous extremization problem, namely

/qbp-adA:O, p=1,2---,N, (2.17)
Q

for which we introduce N new scalar Lagrange multipliers, v1,vs, -+ , vy, and obtain the

new equations (recall Eq. 2.12)

—Ao + Vs = Ao + Zév:l vpp, and dive =0 in €,

(2.18)
on=20 and Vyo-(t®t)=0 onodf,

along with Eq. 2.17. We assume that at least one solution & € Sy, with associated f, A

and 7, to the above eigenvalue problem exists. Accordingly,
. N
—AG+ Vi =6+ Y i, (2.19)
p=1

The proof of existence of an extremizer in Sy | is technical and is presented in Section 2.6.

Consider any eigenfunction ¢, 1 < k < N. Compute the inner product of Eq. 2.19 with
¢y By the reasoning in Appendix C, the Vi term drops out. By Eq. 2.17, the A\G term
N

drops out. By orthonormality of the eigenfunctions obtained so far, Z Up,, contributes

p=1
just 7. By the manipulations that led to Eq. 2.14, the inner product thus becomes

/ V& -V, dA = iy, (2.20)
Q

However, since o is an element of S and also orthogonal to ¢, Eq. 2.14 shows that

/ Ve, Vo dA = 0. (2.21)
Q
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Thus 7, = 0 for 1 < k < N. Inserting these zeros in Eq. 2.18 we obtain exactly Eq. 2.12,
which shows that the new solution merely adds another element to the existing sequence.

We conclude that there are infinitely many eigenfunctions.

It can now be shown that these eigenfunctions form a basis for S, as follows. Let S, be
the subspace spanned by the infinite sequence { gbp}, p=1,2, ---, with all eigenfunctions
included. If indeed there is an element of S that is not in Sy, then arguments in the
same spirit as above establish that this element merely adds one more eigenfunction to the
sequence, giving a contradiction (for details, see Appendix E). Finally, since every element
of S can be expressed to arbitrary closeness in the L? norm as a linear combination of our
basis functions, so can every element of the closure S®. We conclude that our eigenfunctions
provide a basis for residual stress states, as claimed?. Numerical examples presented later

will provide ample empirical evidence of the same.

Recalling footnote 3, we emphasize that S includes some elements which are not physically
meaningful, for example, those with discontinuities right at the boundary. However, all

physically meaningful residual stress fields will be elements of S.

2.5 Extension of the theory to three dimensions

Our derivation of the eigenvalue problem in Eq. 2.12 was for a two-dimensional domain.
The extension of the theory to three dimensions is straightforward, and is now presented
for completeness. Computations, which will require finite element formulations in 3D, are

left for future work.

Most of the development of the 2D theory is directly applicable to three dimensions if
we interpret the “dA” in the domain integrals to be volume elements. While obtaining
Eq. 2.12, the two-dimensionality of the domain ) was used only to derive the point-wise
natural boundary condition of Eq. 2.11 from the integral condition of Eq. 2.10. As a result,

in three dimensions, only the fourth of Eqgs. 2.12 changes.

Equation 2.10 in three dimensions is

Voo - ¢dS =0, (2.22)
(o))

8The eigenfunctions ¢ also form a basis to the set S in the H' norm. See Appendix F.

9One might, in some cases, consider self-equilibrating stresses under prescribed non-zero boundary
tractions. In such cases, the total stress o can be written as the sum of a general traction free residual
stress o, and any particular self-equilibrating o, consistent with the applied tractions, and computed in
any way we like. Our basis can then be used to represent o,.
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where “dS” is now interpreted as an infinitesimal area element on the surface 952 of the

three-dimensional domain €.

Consider an arbitrarily small portion AS including any point P on 0f). Restricting atten-

tion to ¢ that is nonzero only on AS, Eq. 2.22 becomes

Voo - ¢dS = 0. (2.23)
AS

Since AS is arbitrarily small, and V,o, ¢ are continuous, we can use localization to
conclude that
Vano - ¢ =0 on 0f.

We choose a pair of convenient orthonormal vectors t1 and t2 in the tangent plane passing

through P. This can be done, e.g., using the Cartesian unit vector e; as

e1 Xn

t1 and ta =1 X tl,

~ lexr x nf

where ‘x’ represents the vector cross product; (¢1,t2,m) form a right handed orthonormal
triad. If m is parallel, or almost parallel to e;, then e; can be replaced by es in the

subsequent discussion.

Since ¢ is symmetric and satisfies {(n = 0, it must be expressible as
C=r1t1®t +l‘f2t2®t2+/€3(1}1 ®t2—|—t2®t1)

for arbitrary ki, ko, k3. First choosing ko = k3 = 0 and k1 # 0, we obtain the natural

boundary condition (compare with Eq. 2.11)
Vapo - (t1 ®@t1) =0.
Similarly, we obtain two more natural boundary conditions:
Voo (t2®@t3) =0 and V,o-(t1 @t2 +ta2®@t1) =0.
The last condition can be simplified, because Vo is symmetric, to
Vano - (t1 @ t2) = 0.

Since o has six components, the essential boundary conditions on = 0 along with these

natural boundary conditions present a total of six boundary conditions as needed.
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To summarize, the eigenvalue problem developed earlier for two dimensions is extended in

principle to three dimensions as follows:

—Aoc+Vsu=Xo and dive =0 in (),
on =0 on 0,
Vo - (tl & tl) =0, V,o- (tz (%9 tz) =0 and V,o- (tl (%9 tz) =0 on 09,

for any two orthonormal unit vectors t; and to tangential to the surface at the point of

interest.

In the above, o is a symmetric three dimensional second order tensor field and u is a three

dimensional vector.

The proof of orthogonality of eigenfunctions, and the fact that they form a basis, proceeds

along lines identical to the two dimensional case, and is omitted.

2.6 A minimizer of Jj exists in the unit ball of Sy |

Showing the existence of minimizers in infinite dimensional spaces is tricky and filled with
traps. In the early stages of this work, we had incorrectly guessed from the non-emptiness
of Sy that it must contain a minimizer of Jy'®. Such ideas generally make sense for a
finite dimensional space, because the minimizing sequence is forced to converge eventually.
But the sequence need not converge in a space with infinitely many dimensions as there are
infinitely many directions in which it can go. Consequently, the minimizing sequence may
keep hopping about in orthogonal directions and never converge. This lack of compactness
can sometimes be compensated by the convexity of the space. However, the unit ball of

Sy is not convex because of the constraint

/U-O'dAzl.
Q

However, this lack of convexity is compensated by two other important structural elements:

compactness of L? in H', and convexity of the functional Jy itself.

10Riemann made the same mistake, although he did it at a time when the notions of compactness were
not well established. See [47] for a nice discussion. For an interesting account of a somewhat bitter exchange
between Riemann and Weierstrass on this matter, see [48].
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We now present the proof of existence. Firstly, we note that the unit ball in Sy is
understood to be the set

s (frosd 1}

1
In this section, we show that P contains a minimizer of Jy(o) = 3 / Vo - Vo dA.
Q

[N

When we wish to include the elements in Sy | which have norm less than 1 as well, we
will use the symbol P, as in

1
75:{0' o €Sy, (/0'~0'dA>2§1}.
Q

We note that the problems of minimizing Jy(o) and minimizing

J(o) = (2Jo(0))? = (/QVU-VUdA>é

are equivalent. The values of J evaluated in P have a greatest lower bound 1y. Thus,

there exists a sequence (o) in P such that

lim J(o,) = to.

n—00

We must show that the limit of (¢, is in P, and .J evaluated at that limit is .

We will use the L? and H'! norms of a function o € S, as in

1
2
Jols = ([ o-oa)”.
Q
%
ol = </0'-0'dA+/Vo"VcrdA) .
Q Q

Our proof will proceed using the following steps. First we will show that the sequence
(0,) is bounded in the H! norm, and thus has a subsequence that converges weakly in the
H' norm, and strongly in the L? norm, to some oy. We will then show that oy belongs
to P. Finally, we will show that although J is not continuous, it is lower semi-continuous,

a property which implies that J achieves g at op.

Proposition 2.1. (o) is bounded in the H' norm.
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Proof. Since residual stresses have zero mean [19], by Poincaré’s inequality [49] there exists

a positive real number C' that depends only on §2 such that

1 1
(/o’-o'dA>2 gc(/va-vadA>2 Vo € S.
[9] Q

ol < VC2+1J(0). (2.24)

This implies that

By definition, all the elements in the sequence (o) € P yield finite J (Eq. 2.1). We then

conclude from the above equation that (o) is bounded in the H' norm. O

Proposition 2.2. (o,) has a subsequence that converges to some oo weakly in the H'

norm, and strongly in the L? norm.

Proof. Tt is well known in the theory of functional analysis that H' (set of o with finite
H' norm) is a Banach space. Every bounded sequence in a Banach space has a weakly
convergent subsequence (see corollary A.60, page 506 of [49]). It follows that there is
a subsequence (o) of (0,) that converges weakly to some oy € H'. By the Rellich-

Kondrachov theorem [49], H' is compactly embedded in L? (set of & with finite L? norm)*!,

and therefore (o, ) converges strongly to o in the L? norm!? (e.g., see exercise 3.5, page

80 of [50]). O

Proposition 2.3. og € P.
Proof. Recall that P consists of elements o that

(i) are divergence free,
(ii) are traction free,
(iii) have / Vo - Vo dA < oo, and
Q

(iv) are orthogonal to Sy, and

HIf a set S1 with norm [-ll, is compactly embedded in a set Sz with norm ||-||g,, then for a sequence
(an) bounded in S1, there is a subsequence (an, ) that is a Cauchy sequence in S2 [49].

2Gince the sequence On, is bounded in the H ! norm, by definition of compact embedding, there is a
subsequence Ony, that is a Cauchy sequence in the L? norm. That is, On,, converges strongly in the L?
norm to some &o. Since weak convergence is weaker than strong convergence, On,, converges weakly in
the L? norm to &¢. Also, since o, converges weakly in the H! norm to oo, it converges weakly in the
L? norm to 0. This implies that On,, converges weakly in the L? norm to oo. Finally, since weak limits

are unique, we have that ¢ = 9. So, On,, converges strongly in the L? norm to .
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(v)

satisfy |lo|| 2 = 1.

We now show that o satisfies each of the above conditions (i) through (v).

(i)

(i)

(iii)

divey = 0:
Since o is in H!, divey is a vector field in L?2. Let v be an arbitrary smooth

vector field compactly supported over 2. Consider the inner product of diveog with

~. Using integration by parts followed by Holder’s inequality, we have

‘/divaoqldA‘:‘/diV(CTo—Unk)")’dA +/MQYM
Q Q Q

= |- [ @0=u) - Vraa| < o = ouela 1V

Since v is smooth, [[V7||;2 is finite, and the right-most expression in the above

equation goes to zero. So, we have
/ diveg-vdA =0.
9)

Since ~ is arbitrary, and smooth compactly supported functions are dense in L? [50],
we conclude that

diveg = 0.

oon = 0:

For an arbitrary smooth vector field x, using integration by parts, we have

O:/div(ag—crnk)-di:/ {(oo —op,)n} - xds —/(ag—crnk)-VXdA,
Q o0N Q

or, since o,, N = 0,

| (@) xds = [ (@0~ ) Vxda
[2}9] Q
Again using Holder’s inequality, we obtain that

oon = 0.

/VJ-VUdA<oo:
Q

This is obvious since o belongs to H! (Proposition 2.2).



Chapter 2. Extremization problem and governing PDEs 20

(iv) oy is orthogonal to Sy:

Since o, is orthogonal to Sy for all ny, and inner product is a continuous function

[51], we conclude that o is orthogonal to Sy.

(v) lloollzz = 1:
Since ||oy, |2 = 1 for all ny, and norm is a continuous function [51], we conclude

that [|o¢| ;2 = 1.

O

Remark 2.4. o, converges to o strongly in the L? norm, and the corresponding J values
converge to hy. However, it is not clear if J (og) = 1o, since as a function from S C L? to
R, J is not continuous. In the following arguments, we show that J satisfies a weaker but

sufficient condition, that of lower semi-continuity.

Remark 2.5. We saw in the proof of Proposition 2.2 that if a sequence of divergence free and
traction free stress fields o, converges to o in the L? norm, then o is also divergence free
and traction free. Therefore, the completion S of S in the L? norm consists of divergence
free and traction free stress fields. In particular, residual stress fields with finite number

of simple discontinuities are elements of S, but not of S.

Definition 2.6. A functional f is strong (respectively, weak) lower semi-continuous with

respect to a norm if it satisfies

f(wo) < Tim ()

whenever a sequence (x,,) converges strongly (respectively, weakly) to @ in that norm
[52].

Remark 2.7. Weak and strong lower semi-continuity of a functional are related as follows.
In general, weak lower semi-continuity in a norm implies strong lower semi-continuity
in that norm. The converse is not true. However, if the functional is strong lower semi-
continuous and convex, and is defined on a convex set, then it is weak lower semi-continuous
[52].

Proposition 2.8. J is strong lower semi-continuous in H'.

Proof. We first show that the quantity defined as [|o|| ; = J(o) is a norm over set S. Since

residual stresses have zero mean, o || ; is zero only when o is zero. Also, |lao|; = |af||a|| ;
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for a real number «. Finally, using Holder’s inequality, it can easily be shown that J (o)

satisfies the triangle inequality. So, ||| ; is a norm.

Next, we note that

1 1
0< </VU.VadA>2 < </0'-0'dA+/V0"V0'dA)2,
Q Q Q

0<|lo

or

i <oz (2.25)

Therefore, if a sequence (6,,) converges strongly to some ¢ in the H! norm, i.e. lim |69 — &g =
m—0oQ

j = 0. This implies that

0, it follows from the above that lim |go— o
m—o0

lim J(6,) = J(60).

m—00

Hence, J is strong lower semi-continuous in H'. O
Proposition 2.9. J is weak lower semi-continuous in H'.
Proof. Since all norms are convex, J is a convex functional. The set P defined earlier is

convex. Including Proposition 2.8, we conclude that J is weak lower semi-continuous in

H! over P. O
Proposition 2.10. J(o) = v.
Proof. Since J is weak lower semi-continuous in H!, and (0p,) € P converges weakly to

0o € P in the H' norm,
J(o0) < lim J(on,) = vo.

Ng—>00

But since 1y is the greatest lower bound of J over P, and o belongs to P, we have

Yo < J(op).

Hence,
j(O'()) = ¢0.

O

Remark 2.11. We have now proved that o is in PP, minimizes J , and hence minimizes Jj.
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Remark 2.12. From Egs. 2.24 and 2.25, we conclude that the norms J and H' are equiva-
lent. Asaresult, since ||oy, || ; — [lo0]| 5, it follows that (a) ||, || ;1 — [|o0|| g1 Moreover,
(b) o, converges weakly to o in the H' norm. Properties (a) and (b) together imply

that o, in fact converges strongly to oo in the H ! norm.

2.7 Summary of the chapter

In this chapter, we obtained a sequence of functions spanning the set of all residual stress
fields. These functions are stationary points of a positive definite quadratic functional.
The calculus of variations yielded necessary and sufficient conditions for stationarity in
the form of an eigenvalue problem. We showed that the eigenfunctions are stationary
points of the quadratic functional. We assumed their existence, and showed that they
form an orthogonal basis for the set of residual stress fields in the L? and the H' norms.
We also extended the theory to 3D and derived the corresponding eigenvalue problem.

Finally, we proved the existence of the eigenfunctions.

In the next chapter, we will compute some eigenfunctions in 2D using FEM and semi-

numerical methods.



Chapter 3
Computation of eigenfunctions

In general, it is not possible to solve the eigenvalue problem of Eq. 2.12 analytically, and
we use numerical methods. We have used the FEM to compute the eigenfunctions ¢;
in arbitrary two dimensional domains. For some special geometries, symmetries can be
exploited to convert the eigenvalue problem into a system of ODEs or algebraic equations.
We have considered four such geometries in this chapter: an annulus, a circular disk, a
rectangle and an annular wedge (by which we mean an annular strip subtending an angle
between 0 and 27 at the center). Our semi-numerical solutions for these geometries agree

with the corresponding FEM solutions.

This chapter is arranged as follows. In Section 3.1, we first give the details of the FEM
formulation, and then compute the eigenfunctions on five domains: an annulus, a circu-
lar disk, rectangle, an annular wedge, and an arbitrarily shaped domain. We discuss the
stability and accuracy of the FEM solutions, and justify the choice of the shape functions
used. We close the section by reporting the computation times for different mesh sizes
on a desktop computer. Section 3.2 is devoted to computation of eigenfunctions in some
special geometries. In Section 3.2.1, we compute the eigenfunctions on an annular domain
by converting the governing PDE into an ODE system for a fixed circumferential wave
number. In Section 3.2.2, we extend the treatment of the annulus to a circular disk by
appropriately modifying the conditions at the center of the disk. In Section 3.2.3, we
consider a square geometry. Unlike annuli and circular disks, there is no direction of peri-
odicity, and Fourier expansion is not possible in general. We adopt a different approach:
we generate a sequence of 1D functions with zero mean and zero boundary values, and
assume, with due justification, that the stress eigenfunctions ¢, can be expanded in terms

of these 1D functions. Our original problem of finding stationary points of Jy then yields

23
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an algebraic eigenvalue problem which can be solved using standard methods. Extension
of our treatment to rectangular shapes is easy. Finally, in Section 3.2.4, we use the same

approach to compute the eigenfunctions in an annular wedge.

3.1 Eigenfunctions on arbitrary domains using the FEM

3.1.1 Formulation

To solve the eigenvalue problem in Eq. 2.12 using the FEM, we first express it in Cartesian
coordinates, so that

—Ao+Vsu =)o

becomes 52 o 5
Oxx Ozx Ha
- - =A T
Ox? Oy? + Ox 7
Poyy oy, | Opy
— _— pr— A 3.1
Ox? Oy + oy T (3:1)
_aQny B ﬁzazy 1 Olby n % — o
Ox? oy? 2\ 0y Oz w
Equilibrium,
dive =0,
becomes

004z O0gy

=0,
or oy (3.2)
0ozy  Ooyy —0
Ox oy ’
The traction-free boundary condition
on =20
gives
OgaNg + Ogyny =0
y"y ) (3.3)

OpyNaz + Oyyny = 0.

The final, and natural, boundary condition

Voo - (t@t) =0
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7 20 8 21 9
17 18 19
4 15 5 16 §
12 13 14
1 10 2 11 3

FIGURE 3.1: A sample 2 x 2 mesh of serendipity elements

becomes
005 9, 00gg 5  Ooyy 5  Ooyy o Dogy o 0oy 2
ar T gy T gy " gy MM ~ 2y Mt T2 oy " =0 (34)

The above is obtained upon writing V,o - (t ® t) in indicial notations as o;; ;n;n;t, and

noting that n, = t, and n, = —t,.

We discretise the domain with a mesh containing ‘e’ eight noded quadrilateral serendipity
elements and ‘n’ nodes. Figure 3.1 shows a sample mesh for e = 4 and n = 20 for a square

domain. We use the FEM software package Abaqus to generate the mesh.

We use piecewise cubic shape functions for the stress components. The shape function
that takes the value 1 at node p, and the value zero at all other nodes, is denoted as
N,. Each such shape function is cubic within individual elements, continuous on element

edges, and looks like a tent peaking at node p.

We use piecewise constant shape functions for components of the Lagrange multiplier
vector field p. The piecewise constant shape function that is 1 on element ¢, and zero on

all the other elements, is denoted as M,.
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The discretised dependent variables are written as

Oz = Ogay N1+ Ogzo N2 + ... + 04z, N,

Oyy = Oyyy N1+ 0y N2 + ... + 0y, Ny,

Opy = Opyy N1+ Oy, No + ... + 04y, N, (3.5)
P = Py M1 + proy Mo + .o + pg, Me,
Py = oy M+ gy Mo .. 4 pry, Me,

where 0, denotes the value of the discretized 0., component at the p™ node (likewise
for o, and o0,y); and where pz, denotes the value of the discretized p, over element ¢

(likewise for fiy).

We arrange the 3n + 2e unknowns in a column vector ¢ as follows:

—{ ¥ (3.6)
C = Oxgy -+ - Oz, Jyyl...a'yyn mel...dmyn ,uml...,ume ,uyl...uye y .

T denoting transpose. We need 3n + 2e equations. For the first n equations, we take the
inner product of the first of Eqs. 3.1 with N; through N,. For instance, the first such

resulting equation is:

/ (— A0z + pgz — Aogg) N1 dA = 0. (3.7)
Q

Using integration by parts, we obtain

00 pa 002z 004y ON1  O0pye ON7 0N,
- z — =Nz | N1 ds — — — " dA
/BQ( Gxn oy ny+,un) 143 /Q< ox Oz Oy Oy Tt 6:E>

:)\/ O'xle dA.
Q

We substitute from Egs. 3.5 to obtain
- ON, ON, ON, ONy  ON, ON;
2.0 { /m<ax” i ay”y> : ”/Q(aa: x| oy 8y) }

e 6N1 n
+ - / Ningds —/ dA) =\ am/ N, Ny dA.
;M ( o0 o Oz ; o

The various integrals in the above equation are all meaningful because each N, as well
as its gradient VN, are bounded everywhere in the domain, including on the boundary;
and the shape functions used for p are piecewise constant. Additionally, we note that the
boundary integrals above remain continuous even if n, and n, have a finite number of

discontinuities, i.e., the domain can have a finite number of corners.
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Equation 3.8 (recall Eq. 3.6) can be written compactly as
aic = Aasc,

where a; and ay are row vectors of dimensions 1 x (3n + 2¢). We obtain n — 1 more

equations by taking the inner product of the first of Eqgs. (3.1) with Ny through N,,.

Similarly, we obtain 2n more equations by taking the inner product of the second and
third of Egs. 3.1 with Nj through N,.

Finally, we obtain the remaining 2e equations by taking the inner product of each of Egs.
3.2 with each of M; through M,.. It can be verified easily, as for Eq. 3.8, that all integrals

in those equations are bounded.

The complete set of 3n + 2e equations can be written in a compact form as follows:
Alc = AAQC, (3.9)

where A; and Ay are square matrices of size (3n + 2¢) x (3n + 2e). We have not imposed
the boundary conditions (Egs. 3.3 and 3.4) yet. We enforce these in the weak form as well
(in an integral sense, on the domain boundary). If there are b nodes on the boundary,
there are 3b conditions to be imposed. The boundary conditions can be expressed in the

form Be = 0, where B is a 3b x (3n + 2e) matrix.

The constraint Bc = 0 means that the vector of unknowns is effectively 3n + 2e — 3b
dimensional. For problems of moderate size, such as we solve here, it is conceptually
simplest to compute a matrix ) whose columns span the subspace orthogonal to the rows
of B. Then, Eq. (3.9) along with boundary conditions can be reduced to an equation of
the form

Ajé = NAye, (3.10)

where ¢ = Qé, A1 = QTA,Q and Ay = QT A>Q. Equation (3.10) is a generalized eigen-
value problem. One last point is that, because of the constraints in the problem, several

eigenvalues are infinite. So we solve Eq. 3.10 in the form

AQ& = XAlé,

select the largest eigenvalues 1/\, and take their reciprocals. Finally, we arrange the

eigenvectors (eigenfunctions) in order of increasing A.
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3.1.2 Computed eigenfunctions and their stability

We have computed the eigenfunctions, normalized to unit norm (i.e., / ¢ - PpdA = 1),
using the above formulation for five domains: an annular domain Whosé2 outer radius is
three times its inner radius, a circular disk, a rectangular domain with an aspect ratio of
1.01, an annular wedge subtending 45° at the center, and an arbitrarily shaped domain
(see Figures 3.2 - 3.6). We have performed convergence tests by refining the mesh, and
displayed final results in Figures 3.2 - 3.6 using a level of refinement at which the first
hundred eigenvalues varied within 0.05% upon quadrupling the number of elements. For
instance, the domain corresponding to Figure 3.4 was discretized using a mesh of 2500

elements.

Our numerical results indicate that our formulation is stable. However, we have not
formally verified the well known inf-sup condition (also known as the Ladyzhenskaya-
Babuska-Brezzi condition) for our mixed finite element formulation. We refer the inter-
ested reader to Bathe’s work [53-55] and the references therein (also see [56] for mixed
finite element formulations in linear elasticity). Here, we offer the following positive and

constructive points to demonstrate the correctness of our finite element results.

1. First, since our problem is similar to the Stokes problem, we observe on page 329, Ta-
ble 4.8 of Bathe [53], that the 8/1 element (the eight-noded quadrilateral serendipity
element with piecewise constant pressure, which is what we have used) is stable for
the Stokes problem. This does not guarantee that it will be stable for our problem,

but it is indicative, and our results have not shown instabilities.

2. Second, the qualitative consequence of instability is the appearance of spurious
checkerboard type patterns in the solution. In many solutions, at different mesh
refinements, for different domain shapes, we have not seen such checkerboard pat-

terns with our 8/1 element.

3. Third, with other elements, which are unsuitable, we did indeed obtain checkerboard

patterns. Specifically, we did so with 4/1 elements, consistent with Table 4.8 in [53].

Conversely, with 9/3 and 9/4—c, two other suitable elements mentioned in the table,
we obtained similar results as with the 8/1 element, with no spurious modes. For
demonstration, we plot the first ten eigenvalues obtained with 8/1, 9/3 and 9/4-c
elements on a square domain meshed with 10 x 10 and 40 x 40 elements, respectively,
in Figure 3.7. It is clear that the eigenvalues obtained with the three meshes agree,

even at a low level of mesh refinement; and no spurious modes are obtained.
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FIGURE 3.2: First six eigenfunctions for an annular domain; \; = 293.34, Ao = A3 =
348.76, Ay = 1065.71, A5 = A\g = 1104.19.
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FicUre 3.3: First six eigenfunctions for a circular disk; A\; = 137.54, Ao = A3 = 293.11,
Ay = A5 = 472.56, \g = 523.84.
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FIGURE 3.4: First six eigenfunctions for a rectangular domain; A\; = 58.54, Ay = 102.37,
A3 = 103.54, A\y = 144.57, A5 = 168.03, \¢ = 171.31.



Chapter 3. Computation of eigenfunctions
(0]
" 0 00
0.2 0.2 0.2
5 9 5
Mode 1 0.1 0 =0.1 0 =0.1 0
5 =2 -5
0 0 0
01 02 03 01 02 03
T T
0.2 0.2 5 0.2
5 5
Mode 2 =01 0 >0.1 0 0.1 0
-5 -5
0 0 5 0
01 02 03 01 02 03
T T
0.2 10 0.2 0.2
4 5
2
Mode 3 =01 0 0.1 0 0.1 0
=2
5
. -10 0 4 0
01 02 03 01 02 03
o T
0.2 0.2 4 0.2 10
g 2
Mode 4 =0.1 0 0.1 0 0.1 0
2
5
0 0 -4 0 -10
01 02 03 01 02 03
T T
0.2 10 0.2 6 0.2
5
4
2
0
Mode 5 0.1 . =01 0 =01
-2 -5
0 -10 0 = 0
01 02 03 01 02 03
T T
0.2 10 0.2 5 0.2 5
Mode 6 =0.1 0 =0.1 0 =0.1 d
-10 -5
0 0 -5 0
01 02 03 01 02 03 .
i T T

FIGURE 3.5: First six eigenfunctions for an annular wedge subtending 45° at center;

A1 = 1966.50, \a = 3200.31, A3 = 3529.09, \s = 4840.81, A5 = 5191.44, \g = 5519.98.
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FIGURE 3.6: First six eigenfunctions for an arbitrarily shaped domain; A; = 131.01,
Ao = 184.35, A3 = 258.56, Ay = 291.82, A5 = 339.05, A¢ = 380.92.
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FIGURE 3.7: First ten eigenvalues on a square domain meshed with 8/1, 9/3 and 9/4-c
elements; left: 10 x 10 elements, right: 40 x 40 elements.

4. Fourth, we have separately implemented independent semi-numerical methods de-
veloped later in this chapter (Section 3.2). Those results match our FE solutions
near-perfectly. This tells us that our FE solutions are not only stable (no checker-

board) but also accurate.

5. Finally, for the rectangular domain shown in Figure 3.4, we demonstrate convergence
numerically. We consider four meshes: 5x5, 10x10, 20x20 and 40x40 elements. The
first ten eigenvalues from these four meshes are plotted in Figure 3.8. Convergence

is clear.

To close this section, we report the time required to compute the eigenfunctions using

gth

our own code in Matlab, on a personal computer with an generation i5 processor.

Computation of the first 100 eigenfunctions on the rectangular domain shown in Figure
3.4 discretized with uniform meshes of 5 x5, 10 x 10, 20 x 20, 40 x 40, 80 x 80 and 160 x 160
elements takes 0.2, 0.6, 1.6, 10.1, 71 and 852 seconds respectively. The computation times

are plotted in Figure 3.9 on a log-log scale.
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F1GURE 3.8: Convergence of eigenvalues upon mesh refinement.
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FIGURE 3.9: Time (in seconds) for computation of first one hundred eigenfunctions for
different mesh refinements (log-log scale). The data points are joined by straight lines for
visibility alone.
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3.2 Semi-numerical methods for special domains

3.2.1 Annular domain

On an annular domain, upon choosing a circumferential wave number m, the eigenvalue
problem retains one independent variable (r). Many eigenfunctions can then be computed

with great accuracy using a large number of points in the radial direction.

We consider an annular domain €2, centered at the origin, with inner radius r, = 0.1 and

outer radius r, = 0.3. We denote the fields o and p in polar coordinates as
o =0m(r,0)e, @er+0.9(r,0) (e @ eg+eg @ ey) + opg(r,0) es @ eq,

p=pr(r,0)e, + po(r,0)ee.
The equation —Ao 4+ Vg u = Ao yields

820'7‘7" i 820rr 1 0oy i 0oy 20 2000 . Oy

_ _ —\
Oor? r2 062 r Or r2 00 r? r2 or arr:
0opg 1 %099 10099 4 Oopg 20, 2099 10ug i
= - = _ _ = _ Py
or? + rZ 062 + r Or + rZ 06 r2 72 r 00 r c86;

820'7,9 i820'r9 180’7,9 n 3803” _ 38099 B 40,9 I Mo i% _ 1% — o
o 12902 T or ' r2 00 200 12 2 2000 2 0r o

The equilibrium equation dive = 0 becomes

00y 1507«9 Orr — 000

or r 00 T 0

and
dovg  10ogg 2009

or r 00 r

The boundary condition o = 0 gives four scalar equations,

0.

o =0atr=rq,and ry; o9 =0 at r=r, and ry.

The natural boundary condition V,o - (t ® t) = 0 gives two scalar equations,

0
ﬂ:()atr:raandrb.

or
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We now choose a wave number m (any whole number). Substituting

Opr = Opr(1) cOSMO, 099 = 0o (1) cOsMB, 0,9 = T9(1) SiIN M, (3.12)
tr = (1) cosmb and pg = pig(r) sinmé '

in the above PDEs, and dropping the tildes for simplicity, we obtain the following five
ODEs:

,  m? o! dmore 20, 2000

T / o
Trr = 2 O + r r2 r2 2 Hr + Ao =0,
2 /
" m Opg = 4moyg 20, 2000  Mmpe iy
Opgg — —5 060 + —— + 5t~ — 3 — — — + Aogg =0,
T r r r r T r
/ /
" 0.9 2moy, 2moygg 4oy Heo | My Hg (3 13)
o9 + — + — + —+ — 24+ Xop=0 :
ré 2 Ord r2 r2 r2 2r 2r 2 r0 ’
MOrg  Opr — Ogg
afnr + AL =0,
r r
moge 20,9
0-4“9 - + — = 07
r T

where primes denote derivatives with respect to r, and we have suppressed the r-dependence
of the field variables. Equations 3.13 are differential algebraic equations, and the last two
were differentiated once each for setting up as a system of first order ODEs. Introducing
a new variable ¥, we obtain the following equivalent set of six first order ODEs (with o7/,

and ¢/, eliminated):

’ Orr moyrg J00
Oy = —— — —— 4+ —,
” r r + r
o _QUTQ mopg
ro r r
O'{ge = 19,
2
m v 4dm 2 2 m (3.14)
9 = ‘;99_7_ (277"9_ U;r_'_ 02904_&_'_&_)\009’
T T r T r T r
2 2
m* —1)o, mo ) m* + 1)o
H;:_( 2)66’_ 2r9+7_¥+)\0_”’
r T T r
2md  2mio 4dmo m
pp= = = g = g T B oo,
r T T T T

We already have six homogeneous boundary conditions, three at r, and three at r,. Non-
zero solutions will be possible only for specific discrete values of A, which must also be
determined as part of the solution; but the eigenfunctions will be arbitrarily scalable. To

make things definite, we introduce a normalizing boundary condition,

opp = 1 at r =r,.
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We have solved the above eigenvalue problem repeatedly using Matlab’s built-in routine
‘bvp4c’ as well as alternative numerical routines of our own (based on the Newton-Raphson
method with numerically estimated Jacobians), for chosen m. Each solution obtained gives
one eigenvalue-eigenfunction pair. Initial guesses for the iterative solution method must
be chosen systematically to ensure that all eigenfunctions are obtained and none missed.
The foregoing finite element solutions help identify the first one or two for any m; for the
higher modes, plots of A\, against p help to identify missed eigenvalues, as does counting

the number of zero crossings of ogg.

For demonstration, we choose m = 3. The radial variation of stress component functions

orr, 0rg and ogg for the first six eigenfunctions is shown in Figure 3.10.

Finally, for m > 0, all eigenvalues appear in pairs in the FEA results; and for each
eigenfunction obtained using the semi-numerical method, we can obtain another one by

taking the partial derivative with respect to 6§ in Eq. 3.12 and then dividing by m.

With this semi-numerical approach on the annular domain, for given m, we can accurately
compute, say, 50 eigenfunctions. Obtaining the same number of eigenfunctions with m = 3
from our finite element approach would require computation of thousands of eigenfunctions

with many different wave numbers.

3.2.2 Solid circular disk

A solid circular disk with radius 7, can be thought of as the limit r, — 0 of the annulus
considered in the previous section. Equations 3.14 continue to remain valid in the interior

of the disk, except at its center. The boundary conditions
UTT:JTQZJQQ:O at r=nmny
also continue to hold. However, we must suitably replace the boundary conditions
O =0 =0pg=0 at r=r, (3.15)

by some other conditions in the event of r, becoming zero since we no longer have a
traction free boundary there. These conditions will be given by the requirement that the
quantities on the left hand side in Eqs. 3.14 be finite at » = 0. As we will see shortly, this

yields different conditions for different values of the wave number m.
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FIGURE 3.10: Radial variation of the first six eigenfunctions for the annular domain,

with m = 3. In the finite element solution, the first three of these are mode numbers
(9,10), (26,27) and (55,56). The eigenvalues from the semi-numerical approach and the

FEM match near-perfectly.

The case of m = 0:

For m = 0, Egs. 3.14 reduce to:

39
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o = T 900
" r r’
Uée—ﬁ,
9 2 2 (3.16)
V= ;’;T 0 4 4 Mo,
9
[ = 700 L YT yg

The boundary conditions are

o =0=0 at r=rmy.

For o], to be finite at r = 0, we require o,,, = 0pg,, Where the notation fy denotes the
value of a function f at » = 0. For p to be finite at r = 0, after incorporating the previous
condition, we require ¥y = 0. Similarly, for ¥ to be finite at » = 0, p,, = 0. Thus, the

three conditions that should replace the conditions in Eqgs. 3.15 at r = r, = 0 are
U?"T‘o = 09907 ,190 = O a’nd HTO - 0 (317)

However, in the absence of a normalizing condition, the solutions are non-unique. For

non-trivial (i.e., non-zero) solutions, we introduce a normalizing boundary condition,
Orry = Ogg, = 1.

But now we have more initial conditions than we require. To get around this issue, we
take 1y as a variable that is to be solved as part of the boundary value problem. We know
from Eq. 3.17 that if the solutions are well behaved, 19y should come out to be zero upon

solving the boundary value problem.

In summary, we solve Eqs. 3.16 subject to the conditions

o =0gg=1, up =0 at r=r,=0; o, =9=0 at r=ry.

To avoid numerical issues, instead of putting r, to be zero in the ODE solver, we put it to
be a small number (like 0.001 times 7). We plot the first four eigenfunctions for m = 0

in Figure 3.11. The results match well with those from the FEM.
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Mode 1, A = 137.54 Mode 2, A = 523.84
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FIGURE 3.11: Radial variation of the first four eigenfunctions for a circular disk, with
m = 0. In the finite element solution, these are mode numbers 1, 6, 15 and 30, respectively.
The eigenvalues from the semi-numerical approach and the FEM match near-perfectly.

The case of m = 1:

For m =1, Egs. 3.14 reduce to

¢ _ O Oro | 000
Irr r r + r’
2009 | Ogg
/ T
Olg=——>"+—,
ro r + r
O—éG_ﬁa
3 9 4 2 (3.18)
19’:—:;’9—;—%"9— j;r+%+%+mee,
_ Org 9 20'”, A
b= T e e
20 2 4
uézi_ﬂ_ O-TT—F&—F&—Q)\UTQ
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For the left hand side quantities in the above equations to be finite at r = 0, the following

five algebraic equations must be satisfied:

—Oprg — Orgy + 009, = 0,
—20.0, + 099, = 0,

—0 + fry + pg, = 0,

Jo — 30,9, = 0,

200 — 60,9, + firo + fg, = 0.

Upon solving, we get

Orrg = Orgy = 009y = V0 = g + fg, = 0. (3.19)

This time we put the normalizing condition as

" (3.20)
The other conditions imposed at r = r, = 0 are

Trrg = Orgy = 0,

and we consider ogg, and v as variables.

The first four eigenfunctions corresponding to m = 1 are plotted in Figure 3.12. As before,

the results match well with the FEM.

The case of m = 2:

For m = 2, Egs. 3.14 reduce to

) _Orr 2000 000
Irr =T r * r’
2000 2009
ro_ _Z7re 2708
Orp = r + r )
O'ée = 19,
19, - 4099 9 80}9 QUTT 20’99 Loy 2;19 A (3'21)
T2 2 g2 2 Tt + Agee,
r 3099 20,4 9 Yo A
b= mr T T T e T AT
49 8o, 8o 2
,Ulezf—i?e— ;r"i‘ Mr‘l-&—Q)\O'Tg.
r r r T r
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FIGURE 3.12: Radial variation of the first four eigenfunctions for a circular disk, with

m = 1. In the finite element solution, these are mode numbers (2,3), (9,10), (22,23) and

(37,38), respectively. The eigenvalues from the semi-numerical approach and the FEM
match near-perfectly.

The conditions for finiteness of all quantities at r = 0 are

—Oprg — 2079, + 009, = 0,
—076, + 099, = 0,

3096, — 40r9y — Opry = 0,
—Uo + ftry + 246, = 0,

9 =0,

—3099, — 2019y — 50rry = 0,
Orrg + 0rgy =0,

490 + 25y + pg, = 0.
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Upon solving the above equations, we find that
Orgy = 098y = —Orr,  and  Ug = pipy = g, = 0.
We choose the normalization condition to be
Orrg = 1.

In the ODE solver, we put ¥g = pr, = pg, = 0, leaving 0,4, and ogg, as variables to be

computed.

The first four computed eigenfunctions are plotted in Figure 3.13, which match well with

the corresponding solutions from the FEM.

1 Mode 1, A = 472.56 Mode 2, A = 1079.92
. i —0prp ,/
- 'Urﬁ ,'/
0f ] /
. ! S
(Y Vd !
-1k ‘\/, /'l
A 7
k !
\ 7
\ /
9 ‘ ‘ | , L
0 0.1 0.2 0.3 0 0.1 0.2 0.3
T T
Mode 3, A = 1093.85 Mode 4, A = 2946.32

N
N\

FIGURE 3.13: Radial variation of the first four eigenfunctions for a circular disk, with

m = 2. In the finite element solution, these are mode numbers (4,5), (13,14), (28,29) and

(47,48), respectively. The eigenvalues from the semi-numerical approach and the FEM
match near-perfectly.
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The case of m > 2:

It can be easily verified that for m > 2, the conditions for finiteness of all quantities at

r = 0 are the same as those for m = 1:

Orrg = Orgy = 069, = Vo = firg + po, = 0.

Using the normalizing condition in Eq. 3.20, we compute the eigenfunctions as before. The

results obtained match well with corresponding FEM solutions.

Description of stress state at the center using the Mohr’s circle:

We see that all the stress components are zero at the center of the disk (let us denote this
point as C') for m = 1 and m > 2. This can be explained using the Mohr’s circle at C
[57]. We will see below that the variation of the stress components in the circumferential
direction as determined from the Mohr’s circle can only correspond to either m = 0 or

m = 2.

We assume for the purpose of this discussion, without loss of generality, that o, = 0 and

Oze 2> Oyy at C. A corresponding Mohr’s circle is drawn in Figure 3.14.

T A

O-II

UTT
- S
% |\ oo
A P B T >

FIGURE 3.14: A representative Mohr’s circle at the center C' for the case o,y = 0.

Teg —™ A

We note that at C, the state of stress (o, 0tt, 0nt) on a plane with normal n oriented at
an angle 6 is simply (o, 009, 0r9). Therefore, if the stress components 0., and oy, are
known, the components o, ogg and o,¢ at an angle 6 can be determined by moving along
the Mohr’s circle by 26 (Figure 3.14).
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We first consider 0., > o,,. This is depicted in Figure 3.14. To determine the functions
orr(0,0), 099(0,0) and 0,9(0,0) for 0 < § < 27, we need to traverse 4, i.e., two cycles,
on the Mohr’s circle. It is clear that these three functions will then go through two cycles
of variation, corresponding to wave number m = 2. Thus, it is possible to have non-zero

stress at C with m = 2.

When o,, = oy, the Mohr’s circle collapses to a point. This situation is depicted in
Figure 3.15. The stress components o, ggg and o,.¢9 do not vary with 6, in agreement

with m = 0.

Mohr’s circle collapses to a point

—» Ogz = Oyy = Oppr = Opg rﬁ

o) P

SV

FI1GURE 3.15: A representative Mohr’s circle at C for m = 0.

For m other than 0 and m = 2, the variation with 6§ cannot agree with that deduced
from the Mohr’s circle, if the stress is both non-zero and well-behaved. For instance,
m = 1 implies that o,,(0,6) is maximum at # = 0 and minimum at § = m, with no other
maximum or minimum; but from the Mohr’s circle we conclude that o,..(0,0) = 0,,-(0, 7).
The only possibility is to have g,, = 0 at C'. The other stress components must also be

zero at C' by similar arguments.

We point out that the Mohr’s circle discussion above is just a way to pictorially support
our earlier conclusions. We cannot have equilibrium at C for a non-zero well-behaved
stress state with m = 1 or m > 2. These conclusions agree completely with the foregoing

results, and are presented here merely to aid intuition through graphical considerations.
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3.2.3 Rectangular domain

A third kind of special domain is rectangular. Here we consider the slightly simpler case

of a square.

We saw in the previous sections that in annular and circular domains, periodicity in the
f-direction permits a Fourier expansion in 6, reducing the governing PDEs to ODEs in the

r-coordinate. In rectangular domains, there is no such direction of guaranteed periodicity.

However, there are other symmetries that can be exploited in rectangular geometries. In
this section, we use these symmetries to construct a sequence of 1D functions with zero
mean and zero boundary values. This sequence provides a complete representation of all
residual stress fields using a separation of variables approach. We use this representation

to convert the eigenvalue problem of Eq. 2.12 into an algebraic equation.

Our approach is developed as follows. Let us consider a residually stressed square strip
lying between x = 0, z = 1, y = 0 and y = 1. Extension of the approach to rectangular

strips is easy. The equilibrium equations in Cartesian coordinates are
Ozz,z + Ozyy =0,
Ozyx + Oyyy = 0.
The boundary conditions satisfied by the stress components are:
e =0at x=0,z=1,

oy =0 at y=0,y=1,
ogy=0at z=0,z=1,y=0,y=1.

We consider a o, of the form
Oay = Y(x)n(y). (3.22)

From the equilibrium equations, we have

Car = (1) /0 " (o) de.
, (3.23)

oy = —/(2) /0 n(€) de.
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where the prime denotes a derivative with respect to the argument of the function. The

boundary conditions on o, imply

From Eq. 3.23, we see that 0., automatically satisfies the boundary condition at x = 0.

Since 0., is zero on the x = 1 boundary as well, we have

1
n'(y) =0 or /0 Y(€)de = 0.

The first of the above conditions, if adopted for all y, leads to the trivial solution since

n(0) = 0. For non-trivial solutions, we thus require

1
/ w(€) dé = 0.
0

Hence, 9 (x) is a function on 0 < = < 1 with zero mean and zero boundary values. Identical
arguments in the y-direction imply that 7(y) is a function on 0 < y < 1 with zero mean

and zero boundary values.

In light of the above observations, we seek a basis for 1D scalar functions f(§) on0 < ¢ <1
with zero mean and zero boundary values. To obtain such a basis, we informally use ideas

similar to those used in Chapter 2.

3.2.3.1 Orthogonal bases for ¥ and 7
We begin by seeking the stationary points of the functional
1 ! ’ 2
Fo=35 f(&)7d¢
0
over sufficiently regular functions that satisfy

1 1 ) B 1 - - _ -
5| rerde=1 [ p@ds=0 and )= 1) =0

We incorporate the integral constraints through constant Lagrange multipliers p and g,

and seek the stationary points of the functional

F:/01 {f'f)Z p <f(§)2 - 1) —Qf(E)} d.
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The Euler-Lagrange equation of this variational problem is

(&) +pf(&)+q=0.

The general solution to the above ODE is

F(€) = Asin \/p¢ + Bcos \/pé — %.

The condition f(0) = 0 gives

2=B,
p

while f(1) = 0, after incorporating the above equality, gives
Asin/p+ B(cos/p — 1) = 0. (3.24)
1
The integral constraint / f(&)d¢ =0 yields
0

A(1 — cos+/p) + B(sin/p — /p) = 0. (3.25)

For non-trivial solutions of Eqs. 3.24 and 3.25, we require that

sin y/p(sin /p — /p) + (1 — cos \/p)? = 0.

The above equation has infinitely many roots, and the corresponding eigenfunctions have

the form

f(§) = Asin \/p¢

if /p=2nm,n=1,2,3---, and

F(E) =4 {sin ot + VP (o5 e 1)}

1 —cos./p
otherwise. We arrange these functions in order of increasing p to obtain the sequence (f).

We now show that the eigenfunctions are mutually orthogonal. Let f; and f» be two

distict eigenfunctions with corresponding eigenvalue pairs (pl, ¢1) and (p2, q2). Then,

flf+mfi+aqa=0,

(3.26)
Iy +pafa+q2=0.
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Consider the inner product of the first of Eqs. 3.26 with fs, i.e.,

1 1 1
/Of{/f2d§+p1/0 f1f2d§+q1/o fodé = 0.

Upon integrating by parts, the first term on the left hand side can be simplified to

1 1 1
/ P fde = FL(1) fa(1) — £1(0) £2(0) — / Fifhde = — / fifde
0 0 0

since fs is zero on the boundaries. Moreover, since it also has zero mean, the last term on

the left hand side of the inner product also drops out. Thus, we obtain

1 1
/ Jifhde = py / Fi o de.
0 0

Similarly,
1 1
| fissde = [ fipoe
If p1 # p2, we have

1 1
| fissds= [ pnic=o (3.27)
0 0

If p; = po, then we can choose fi; and f» to be orthogonal, and the above equation still
holds.

The first five functions of this sequence, normalized by setting A = 1, are plotted in Figure
3.16.

We assume here, and our numerics will indicate as well, that the sequence (fx) spans the
set of all sufficiently regular functions on 0 < ¢ < 1 with zero mean and zero boundary
values. A proof could be attempted along similar lines to the one presented in Chapter 2,
but is omitted because of the excellent numerical support obtained below. However, we

indicate in Section 7.2 how the proof of Chapter 2 could be adapted for the functions f.

Recalling that the functions ¢ (x) and n(y) (Eq. 3.22) have zero mean and zero boundary
values on their respective unit domains, we can express each of them as linear combinations

of these basis functions f.
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FIGURE 3.16: First five functions in the sequence (fy).

3.2.3.2 A basis of variable separable residual stress fields
We now return to residual stresses o with (Eq. 3.22):
Ogy = ¢($)77(y)
We showed above that ¢(z) has zero mean on 0 < x < 1, and ¢(0) = ¢(1) = 0. Therefore,
o
w(@) =) bifi(x)
i=1
for some coefficients b;. Similarly,
e ~
n(y) =Y bifi(y).
i=1
Accordingly, we write

Oxy — Zzaz]fl(x)fj(y)a

i=1 j=1

where a;; are constant coefficients.
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Using the first equilibrium equation, we have

Ux:r(l' y Zal_]f / f’L

From the second equilibrium equation, we have

oyy(T,y) Z@zjf@ / fi(§

=1 j=1

The above representations ensure that all differential constraints and boundary conditions
on o are satisfied. We have thus obtained a representation for all residual stresses having
the variable separable form of Eqgs. 3.22-3.23, and linear combinations thereof. We ar-
range our basis functions using a single index, say k, and call them ¢;. For instance, the

representation of the first basis function ¢; in Cartesian coordinates is as follows:

[§1m §1xy] _ [—f{(y) Joo h©de h)fiy)

Slzy  Slyy fi(@) f1(y) —fi(=) fgyzo f1(§) d¢

We anticipate that ¢; form a basis for all sufficiently regular residual stress fields on the
square geometry considered and will obtain empirical support for this below; however we
do not attempt a proof here. We will see that the results obtained using this semi-numerical
approach match well with those from the FEM. In particular, the first one hundred eigen-
values from the two approaches match near-perfectly. This empirical evidence does not
only strongly support that we do indeed have a basis, but also that our FE results are

correct.

We now compute the eigenfunctions ¢,.

3.2.3.3 Alternative computation of residual stress eigenfunctions ¢;

We now use the sequence ¢; above, which we suppose to be a basis, to compute our residual

stress eigenfunctions.

To this end, we again seek the stationary points of the functional

~ 1 ~ o~
Jo(o) = 2/QV0' -VodA
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subject to the normalization constraint / o-0 dA = 1. The normalization constraint is in-
Q

A
corporated through a constant Lagrange multiplier 5 Accordingly, we seek the stationary

Ay Lo o AL o 1
J(a)—/Q{QV0'~Va'—2 <a'a'—m’>}dA,
N

where & = Zaici for some suitably large N. The functional J can be represented in
i=1
terms of the coefficient vector a, after dropping a constant, as

points of

J(a)=a'Ma—XaTWa,

where T' denotes matrix transpose. The stationary values of J are obtained by solving the
generalized eigenvalue problem
Ma = \Wa. (3.28)

The orthogonality of functions f (see Eq. 3.27) leads to sparse M and W. Because N
is finite, we obtain approximate A and a. The first 100 eigenvalues obtained using this
approach are plotted in Figure 3.17. We also plot the eigenvalues obtained with the FEM

using a fine mesh of 6400 elements for comparison. We observe that the match is near-

perfect.
2000
e Semi-numerical »
1500l x FEM wﬂ%’
o
% -
Z 1000 - L |
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ﬂw
500 |- ,.(P'F"H .
_—
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ﬂi"‘
0 X | | | |
0 20 40 60 80 100

Mode number

FIGURE 3.17: First 100 eigenvalues for a square domain obtained using the semi-
numerical approach and the FEM.
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3.2.4 Annular wedge

An annular wedge, with inner radius r, and outer radius rp, subtending an angle 6y at the

center is shown schematically in Figure 3.18.

FIGURE 3.18: An annular wedge.

The strip lies between 8 = 0 and § = 6y. The equilibrium equations in polar coordinates

are

Orr — 000

1
Opry + ;0'1"9,0 + 0,

2
Orgr + —0gg9 + —0pg = 0.
r r
The boundary conditions are

o =0 at r=ry, r=rm,
ogp =0 at 8 =0, 0 =40,

org=0at r=rqy, r=mr, 0=0,0=0,.

We will now use an approach similar to that used in Section 3.2.3. Let
org = p(r)n(6).
The boundary conditions on o,¢ imply that
U(ra) =1(rp) =0 and n(0) =n(b) = 0.

Introducing two new functions A(r) and 9(0) for brevity, from the second equilibrium

equation, we have

0
oo = {~20(r) — (1)} /0 n(€) de = A(r)o(6),
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say. We see that the boundary condition on oggg at 8 = 0 is satisfied automatically. The

boundary condition at 6 is satisfied if

0o
/ n(€) dé = 0,
0

i.e., n must have zero mean (setting A(r) to zero yields the trivial solution).

Similarly, to obtain o, we rewrite the first equilibrium equation as
(To'rr),r = —0r9,0 + 0g9-
Integrating both sides and dividing by r, we obtain

{or0) [ Merde=io) [ wie 3
o) | {206) - €0/(©)} ds /(@) [ 0o 4

Oprr =

:—19<0> / w(€)ds — 016) [ (ev©)y ds—'e) [ $(©) d&]

S S = S S e

(~00) /@) [ wi)de — 96) rotr) - rma)}] |

The boundary condition o,, = 0 at r = r, is automatically satisfied. Since ¢(rq) =

¥ (ry) = 0, the boundary condition o,, = 0 at r = ry, is satisfied if

/ (€ dg =0,

i.e., 1 has zero mean (note that taking ¥(0) + n/(0) = 0 leads to the trivial solution).

Thus, the situation is similar to that in the previous section (Section 3.2.3). The shear
component o,¢ is the product of two single-variable functions, each with zero boundary
values and zero mean. There is one notable difference from the previous section, however.
There, the domain of the functions f; (&) was 0 < & <1 (recall that fx(€) form a basis for
1D functions with zero mean on 0 < £ < 1 and zero boundary values). For the annular
wedge of Figure 3.18, the corresponding 1D domains are r, < 7 < 1 and 0 < 6 < 6,
for the radial and the azimuthal directions, respectively. Accordingly, we modify the
basis functions obtained in the previous section. We call these functions f(r) and fi(6),

respectively, using the tilde and the cap to distinguish between the different independent
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variables to be used. The functions fi(r) are given as:

sin \/prry — Sin /PiTa
COS \/PETbh — COS /DETq

where p;. are the solutions of the equation

fk(r) = sin \/pr7r — Sin\/pPrTa —

(cos \/prr — cos \/PkTa)

VD(ry = 74) sin (v/pry — v/pra) + 2 cos (y/pro — /pra) —2 = 0.

The functions f;(0) are given as:

f1(0) = sin \/pr0

when 5
dnm
Pk = Tvn: 1)2737"' )
0
and ) .
2 . sSin \/Prbo
0) = 0— —————— 0—1
fi(0) = sin /pib — — Vo — 1 (cos \/pit — 1)
when
. 4An272
/DPrbo sin /prbo + 2cos /prho —2 =0 and pi # 02
0

The rest of the treatment follows closely along the lines of the previous section, and
we omit those details. We plot the first 100 eigenvalues computed using this approach,
for r, = 0.1,r, = 0.3,60p = %, in Figure 3.19. We also plot the corresponding values
obtained from the FEM. We see that the match is near-perfect. We recall that the first
six eigenfunctions for this annular wedge obtained using the FEM were shown in Figure
3.5.

3.3 Summary of the chapter

In this chapter, we computed the eigenfunctions ¢; on several 2D domains. In the first part
of the chapter, we used the FEM to compute ¢; on planar geometries of arbitrary shapes.
We described our FEM formulation in detail, and justified our choice of the finite elements
used for discretization from the viewpoints of well-posedness, stability and convergence. In
the second part of the chapter, we considered some special geometries for which alternative
semi-numerical approaches are possible. We considered four such special geometries: an

annulus, a circular disk, a rectangle and an annular wedge. We noted that the solutions
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FI1GURE 3.19: First 100 eigenvalues for the annular wedge with r, = 0.1,7, = 0.3,09 = %,

obtained using the semi-numerical approach and the FEM.
from the semi-numerical approaches matched well with those from the FEM in all cases,
providing empirical support for both.

In the next chapter, we will fit some candidate residual stress fields with eigenfunctions

computed using both the FEM and the semi-numerical methods described in this chapter.



Chapter 4

Examples of fitting residual stress

fields

In this chapter, we will consider a few candidate residual stress fields and fit them with the
basis functions computed in the previous chapter. We will consider a variety of residual
stress fields: of differing spatial complexity (1D and 2D), source (thermoelastic, plastic,
hypothetical), and regularity (smooth, discontinuous). We will show convergence in both
L? and H' (where possible) norms. Our intention in this chapter is to demonstrate that
all residual stresses of interest, irrespective of their origin, can be expressed as linear

combinations of the eigenfunctions ¢,, as claimed in Chapter 1.
This chapter is arranged as follows.

In Section 4.1, we consider residual stress fields on an annular domain, and fit them using
the eigenfunctions computed semi-numerically in Section 3.2.1. We consider four residual
stress fields with fixed azimuthal wave numbers: two hypothetical and arbitrary, one from
shrink fitting of two concentric elastic cylinders, and one from non-uniform heating of an

elastic annulus.

In Section 4.2, we describe in detail two 2D metal forming simulations carried out using
the non-linear FE software package Abaqus: (a) rolling of an elasto-plastic workpiece, and
(b) angular extrusion of an elasto-plastic workpiece through a bent die. For the rolling
simulation, we consider two different strain hardening models: linear and Johnson-Cook.
We then fit the resulting residual stress fields with eigenfunctions computed using our

FEM formulation on the deformed geometry.

58
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4.1 Residual stress fields in an annulus

We consider an annular domain centered at the origin with inner radius r, = 0.1 and
outer radius 7, = 0.3. As we noted in Section 3.2.1, the eigenvalue problem retains one
independent variable () on an annular domain, along with a chosen circumferential wave
number m. Many eigenfunctions can then be computed with great accuracy using a large

number of r-points. Therefore, we consider residual stresses o of the form
o =0, cosmb e, ® e, + ogsinmb (e, ® eg+ eg ® e,) + oggcosmb eg @ eg, (4.1)

where the r-dependence of the stress components has been suppressed (note the similarity
with Eq. 3.12). We begin with
o0
o= Zai@, (4.2)
i=1

where the eigenfunctions ¢, were obtained in the previous chapter using the semi-numerical

approach. Using the orthogonality of ¢;, we have

B Jqo - b;dA
B fQ(i)i'(rbidA’

a;

where the denominator would be unity if we had normalized our eigenfunctions. Truncat-

ing the series in Eq. 4.2, we write

N
oN = Zaiqbi, (43)
i=1

and use the squared relative error measure

Jole—0on) (6 —0on) dA
Joo-odA

Ey =

to study convergence in the L? norm (Eq. 2.2). To study convergence in the H! norm,

wherever relevant, we will use the error measure

Fnv = fQ(U_O'N)'(U—O'N) dA+fQV(0'—0'N)~V(o-—o-N) dA
N Joo-odA+ [ Vo -VodA '

(4.4)

We now present four examples of candidate residual stress fields, and the corresponding
fits. In the first two examples we construct hypothetical residual stress fields directly, with

wave number m = 3, from the equilibrium equations. In the third example we use the
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stress field in two concentric elastic cylinders in a shrink fit, with m = 0. In the fourth
example we consider the thermoelastic stress state in an initially unstressed elastic annular

body subjected to a subsequent non-uniform rise in temperature, with m = 3.

4.1.1 Example 1: hypothetical stress field, m = 3

Let o be as given in Eq. 4.1, with m = 3. From equilibrium,

!/

Morg  Opr — 090
Opp + = =0,
" (4.5)
; Mmogg | 2000 0
Org — - Y

r r

with four boundary conditions:

orr =0p9 =0, at r =1, and r = 1.

To construct hypothetical residual stress fields, we can assume an arbitrary functional

form

ogp = A(r)

with two free parameters in it. We can then solve for o,¢ from the second of Egs. 4.5,
retaining an integration constant. We finally solve for o, from the first of Eqgs. 4.5,
retaining one more integration constant. The four boundary conditions can be satisfied
using the two integration constants along with the two free parameters in A(r). We show

two specific examples of stress fields computed using this approach.

For the first example, we choose
A(r) = Cy + Cyr + 10072,

where Cy and C are free parameters, and the numerical coefficient 100 is arbitrary. Follow-
ing the procedure above, we obtain Cy = 3.667 and C; = —40. The resulting expressions

for components of o are

0.067 1.6
Opp = ———5— + — — 12.833 + 40r — 41.667r?,
r r
0.022
09 = ———5— +55—40r + 7512,
r

o990 = 3.667 — 40r + 10072,
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Figure 4.1 shows the components of o, along with components of the fitted o (N = 100).
The error measure Ey versus N is plotted in Figure 4.2. Convergence is rapid, like N3
for large N, with E5 < 0.005. The error measure Ey (Eq. 4.4) decays like 1/N for large

N, as seen in Figure 4.3.
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FIGURE 4.1: Radial variation of true and fitted stress fields o and o of Example 1,
with N = 100.

We mention that the m = 3 normal vibration modes for the same domain (isotropic linear
elasticity, plane strain) were computed separately and the stresses induced by those modes
were also used in an attempted approximation of this same hypothetical stress field. The
unsuccessful results of that attempt were plotted in Figure 1.1 (recall Eqgs. 1.1; further

details omitted). The reasons for that lack of convergence are clear by now.



Chapter 4. Examples of fitting residual stress fields 62

0.06
1 102
0.04+
Z <
m Lﬂ 1074 L
0.02 ¢
0 106 ‘
0 50 100 10° 10* 102
N N

FIGURE 4.2: Ey versus N, Example 1. Left: linear scale; right: log-log scale. Compare
with Figure 1.1.
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FIGURE 4.3: Ey versus N, Example 1. Left: linear scale; right: log-log scale.
4.1.2 Example 2: hypothetical stress field, m = 3

For another example following Section 4.1.1 above, we choose

A(r) = Cysin(200r) + % + .

The coefficient of 200 within the sine is chosen to produce several oscillations between
ro = 0.1 and r, = 0.3. Calculations yield Cy = —3.805 and C; = —1.284 x 10~2. The
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resulting expressions for the components of o are

—0.321  —473 +8.563 x 10~* sin (2007) + 0.411 In (200 7) r

Orp = , 2
9.408 x 1073 + 7.611 x 10727 cos (200 7)

_ = ,

r3 —2.854 x 107* sin (2007) + 5.708 x 10727 cos (2007) — 3.853 x 10727 + 7.840 x 10~*
Or9 — )

0 r2
1.284 x 1072

090 = — 3.805 sin (2007) — 202 X107

r

The fit (for N=100) is shown in Figure 4.4. The error measures Ey and Ey are plotted
in Figures 4.5 and 4.6, respectively.

0.1 0.15 0.2 0.25 0.3 0.1 0.15 0.2 0.25 0.3

6 — 099
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0.1 0.15 0.2 0.25 0.3

FIGURE 4.4: Radial variation of true and fitted stress fields & and o of Example 2,
with N = 100.

In Figure 4.5 (left), we see that Ej3 drops low. This is because, by choice, ogg has 13 zero

crossings. By Figure 3.10, we expect the n'? eigenfunction to have n + 1 zero crossings in
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FIGURE 4.5: Ey versus NV, Example 2. Left: linear scale; right: log-log scale.
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FIGURE 4.6: Ey versus N, Example 2. Left: linear scale; right: log-log scale.

opg. Therefore the 120 eigenfunction has 13 zero crossings, and E73 is small. Subsequent
convergence is rapid, like N~3 for large N, with Ei7 < 0.01. Convergence of Ey is like

N as it was for the previous example.

4.1.3 Example 3: shrink fitted cylinder, m = 0

We consider an inner cylinder with inner radius r, and notional outer radius r., an outer
cylinder with notional inner radius 7. and outer radius r, with a small radial interference

equal to §. The Young’s modulus and Poisson’s ratio of both cylinders are denoted by Y
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and v respectively. The expressions for the resulting axisymmetric stress field components

are [58]
pe (T2 7o
orr(r) = —— - — 5| for ro <r <
e _q\r2 r
2
pe (Th
Opr (1) = —= —g—l for r. <r <y,
" 1 \T
rZ
2 2
réoor
oge(r) = — 2pc =+ 5| for re <r <,
e _q1\rg T
s
pe (7h
ogy(r) = e <g + 1> for re <r <,
A
org(r) =0 for ro <r<m,
where

Pe = 5

-1
Y (r24+0E v+l
re \12—-712  rl—1r2 '

We have used r, = 0.1, 7. = 0.2, 7, = 0.3, » = 0.3, and Y'§ = 10%, in any consistent units.

We use eigenfunctions with m = 0 in Eq. 4.3. Figure 4.7 shows the nonzero components
of o and oy (N=100). Because ogg is discontinuous at the contact surface between
cylinders, convergence is slower (there are Gibbs oscillations [59]). The plot of Ex against
N in Figure 4.8 shows convergence like N~! for large IV, with E3 < 0.01. Recalling the
set S (Eq. 2.1) and its closure S, we note that o belongs to S but not S. Convergence
is still obtained because the ¢, form a basis for S. However, Ey is not meaningful here

because both numerator and denominator of Eq. 4.4 are infinite.

4.1.4 Example 4: thermoelastic residual stress, m = 3

If the initially unstressed annular region, with thermal coefficient «, is subjected to a
temperature change T'(r,0) = rcos360 (chosen so as to produce a residual stress with

wavenumber m = 3 in the azimuthal direction), the resulting thermal strain
Er = oTT

violates local compatibility, i.e., curl curler # 0 (see e.g., [60]). The ‘global compatibility’

equation derived from Césaro’s integral [7], for m = 3, is trivially satisfied.
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FIGURE 4.7: Radial variation of true and fitted stress fields o and o of Example 3,
with IV = 100. Note the Gibbs oscillations in o, .
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FIGURE 4.8: Ey versus N, Example 3. Left: linear scale; right: log-log scale.

The resulting stress o satisfies (see e.g., [7])

aY

Atro) = ~7
—v

AT, (4.6)

where Y is Young’s modulus, v is Poisson’s ratio, and ‘tr’ denotes ‘trace’ (tr o = o, +0gp).

Substituting the expressions

o =0 cosmb e, ® e+ ogsinmb (e, ® eg + eg ® e,) + opg cosmb eg ® ey,
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FIGURE 4.9: Radial variation of true and fitted thermoelastic stress fields o (Eqs. 4.7
and 4.8) and o of Example 4, with N = 100.

T(r,0) = rcos36

in Eq. 4.6 gives

Orr 4+ 0g9)  m2* (o +o0 m?—1
(00 + gy’ T T 000) Ao o) _ (= 1B (4.7
r r r
—aY . .. C
where g = ﬁ,m = 3, and primes denote r-derivatives. Eliminating o,9 from the
—v
equilibrium equations (Eq. 4.5), we obtain another ODE:
4],  o0py 20 (m? — 2)ogg
/i 60 rr _
ot = = 0. (4.8)
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Traction free boundary conditions on the inner and outer radii, in terms of o, and oy,

are

o =0 at r=r, and rp,

;000

(4.9)
Tpr = =7 at r =1, and 7p.

Note that the second equation in Eq. 4.9 is obtained upon substituting o, = 0,9 = 0 in

the first equilibrium equation (Eq. 4.5).

The two-point boundary value problem described by Egs. 4.7, 4.8 and 4.9 can be solved nu-
merically (iteratively; details omitted). The numerical values of the problem’s parameters

are chosen to be Y =1, = 0.5 and v = 0.33, in any consistent units.

Figure 4.9 shows the components of o and the fitted on (IN=100). Figure 4.10 shows Ex
versus N. Convergence is rapid, like N2, as expected, with E; < 0.01. Ey is plotted in

Figure 4.11, and shows convergence like N1
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FIGURE 4.10: Ey versus N, Example 4. Left: linear scale; right: log-log scale.

This concludes our demonstration of fitting reasonable but arbitrary residual stresses on
an annular domain using the basis functions developed earlier. In the next section, we fit

residual stress fields obtained from metal forming simulations in Abaqus.
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FIGURE 4.11: Ey versus N, Example 4. Left: linear scale; right: log-log scale.

4.2 Residual stresses from metal forming simulations

In this section, we simulate the 2D plane strain metal forming processes of rolling and
angular extrusion using the FE software package Abaqus. We then fit the resulting residual
stress fields using our eigenfunctions, computed on the same (final) mesh with our own

finite element code described earlier in Section 3.1.

4.2.1 Rolling simulation
4.2.1.1 Details of the simulation

The schematic of the set-up is shown in Figure 4.12. The simulation is quasi-static, in the
implicit analysis mode of Abaqus. A general description of the simulation is as follows: the
workpiece is first nudged to the right using a rigid punch moving with a constant velocity,
until the former comes in contact with the rotating rigid rollers. The friction between the
workpiece and the rollers pulls the workpiece away from the rigid punch, and the formed

workpiece is then released at the other side.

The geometric, material and contact details are as follows. The workpiece is 48 mm long
and 32 mm wide, and is made of an isotropic elasto-plastic material with linear strain
hardening. Its Young’s modulus is 210 GPa, Poisson’s ratio is 0.3, yield stress is 400 MPa,
and slope of the hardening curve is such that the equivalent plastic strain is 10 when

the von Mises stress is 6000 MPa. Since the process is quasi-static, the density of the
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FIGURE 4.12: Schematic of the rolling simulation (figure not to scale).

workpiece is not required. The punch is rigid. It moves with a velocity of 25 mm/s to
right. Both rollers are rigid and each has a radius of 170 mm. They rotate at 2 rad/s
in the directions indicated in Figure 4.12. The minimum gap between the rollers is 30
mm, so that the width of the formed workpiece is reduced by 2 mm in the process. A
‘hard’ normal contact is assumed between the punch and the workpiece, as well as the
workpiece and the rollers. ‘Penalty’ friction with a coefficient of 0.3 is assumed in each of

these contacts.

The mesh details are as follows. The rollers and punch are meshed with ‘discrete rigid’
and ‘analytical rigid’ line elements, respectively. The workpiece is meshed with 20184
plane strain four-noded quadrilateral elements of size 0.275 mm and aspect ratio 1. Mesh
convergence tests are performed by comparing the nodal values of different stress compo-
nents along material lines for different element sizes, based on which we conclude that an

element size of 0.275 mm provides a converged solution.

The simulation is quasi-static, and is carried out in an implicit step of duration 6 seconds,
with minimum increment size of 1072 seconds, and initial increment of size 10™3 seconds.
The mid-line (y = 0) running across the length of the workpiece is constrained to not
move in the y direction by using rollers. This ensures that the normal (respectively, shear)

stress components remain symmetric (respectively, anti-symmetric) with respect to y = 0.

Readers can access the input file of this Abaqus simulation here:

https://tinyurl.com/wefcwps.
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FIGURE 4.13: True and fitted stress components (GPa) for the rolling simulation with
linear strain hardening (1000 eigenfunctions).

4.2.1.2 Results

We show the stress components obtained from the Abaqus simulation in the left column

of Figure 4.13. This stress field is fitted using the first 1000 eigenfunctions computed over

the same (deformed) mesh as obtained from the simulation, using the procedure described

in Section 3.1. The fitted components are shown in the right column of Figure 4.13. We

observe that the fit is very good. We also plot the fitted components using 10, 50 and

100 eigenfunctions respectively in Figure 4.14 to indicate how the fits get progressively
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FIGURE 4.14: True and fitted stress components (GPa) for the rolling simulation
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linear strain hardening (using 10, 50 and 100 eigenfunctions, respectively).
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FIGURE 4.15: Ey versus N, rolling simulation with linear strain hardening. Left: linear
scale; right: log-log scale.

better with incorporation of more eigenfunctions. Next, we plot the squared relative error

measure Ey, described in Section 4.1, versus N in Figure 4.15. Convergence is like N2,

and may improve for even larger NV, with E315 < 0.01. We plot the error measure En

in Figure 4.16 and note that the error decreases more slowly, like N~!. Finally, we plot

the time required in seconds for computation of the first 1000 eigenfunctions using our

code in Matlab, on a personal computer with an gth generation i5 processor, for different
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FIGURE 4.16: Ey versus N, rolling simulation with linear strain hardening. Left: linear
scale; right: log-log scale.
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FIGURE 4.17: Time (in seconds) for computation of first one thousand eigenfunctions for
different refinements of mesh used in rolling simulation (log-log scale). The data points
are joined by straight lines for visibility alone.

refinements of the mesh used for the rolling simulation in Figure 4.17. The coarser meshes
used for this figure were obtained from earlier simulations done to study mesh convergence:
the stresses from those simulations are not reported here. We note that the computation
time is not unreasonably large: it takes about 17 minutes to compute 1000 eigenfunctions

on a fine mesh of 10000 elements, for example.

This example shows that an arbitrary residual stress field can indeed be fitted using our

physics-independent basis functions.
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4.2.1.3 Rolling simulation with Johnson-Cook hardening

To demonstrate that the constitutive behaviour of the material is irrelevant to our basis
functions, we repeat the above rolling simulation with a material that exhibits Johnson-
Cook hardening, keeping the elastic properties the same as before. The hardening param-
eters used in the Johnson-Cook model are as follows: A = 50.103 MPa, B = 176.091 MPa,
n = 0.5176, m = 0.5655, Tyneiting = 1623°C and Tiransition = 1223°C. These parameters
correspond to AISI-1045 steel [61]. The fit with 1000 eigenfunctions is shown in Figure
4.18. The error measures Ey and Ey are shown in Figures 4.19 and 4.20, respectively.
The fits are good and the convergence at least for Ey is clear. Our key conclusion is
that the eigenfunctions do capture residual stress fields regardless of the material used, as

expected from the theory of Chapter 2.
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FIGURE 4.18: True and fitted stress components (GPa) for the rolling simulation with
Johnson-Cook hardening (1000 eigenfunctions).
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FIGURE 4.19: FEy versus N, rolling simulation with Johnson-Cook hardening. Left:
linear scale; right: log-log scale.
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FIGURE 4.20: Ey versus N, rolling simulation with Johnson-Cook hardening. Left:
linear scale; right: log-log scale.
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4.2.2 Angular extrusion simulation

4.2.2.1 Details of the simulation

We show the schematic of an angular extrusion simulation in Figure 4.21. This simula-
tion is also quasi-static and is carried out in the implicit analysis mode of Abaqus. The
simulation is divided into three steps. In the first step, the rigid punch is pushed down by
giving a downward velocity to the point R, until the latter coincides with the point P on
the die (the die is kept fixed for the entire duration of the simulation). In the second step,
the point R is given a pre-computed velocity profile so that it moves along the circular
arc PQ. At the end of this step, R is at Q. In the third step, the punch is kept fixed, and
the workpiece is pulled out of the die by giving the edge CD of the workpiece a constant
rightwards velocity. At the end of the third step, the workpiece is completely out of the
die, and is moving with a constant velocity, and the stress in the workpiece is a residual

stress.

Rigid punch

< g >

Workpiece
x
90°
15 Rigid die (fixed)
20 /
J
Q r
17.5
v
90° A

FIGURE 4.21: Schematic of the angular extrusion process at the beginning of the simu-
lation (figure not to scale). All dimensions are in millimetres.

We point out that the motion of the punch is effected by assigning the point R located on
it a pre-computed velocity profile. This profile is chosen so as to make sure that R always
moves along the edge of the die. There is no such restriction on the point S on the punch.

Consequently, as the die narrows, S is free to ‘move out’ of the die to maintain rigidity of
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the punch. This is depicted schematically in Figure 4.22. The only interactions that we
allow in the simulation are those between the punch and the workpiece, and between the
workpiece and the die. Interpenetration of the punch and the die is allowed without any

restriction.

FIGURE 4.22: A schematic of the angular extrusion process during the simulation.

The geometric, material and contact details are as follows. The workpiece is 50 mm long
and 25 mm wide, and is made of an isotropic elasto-plastic material with linear strain
hardening. Its Young’s modulus is 210 GPa, Poisson’s ratio is 0.3, yield stress is 400 MPa,
and the slope of the hardening curve is such that the equivalent plastic strain is 10 when
the von Mises stress is 6000 MPa. The mass density of the workpiece is not important
because the simulation is quasi-static. The punch is rigid. It moves downwards with a
velocity of 5 mm/s in the first step, pushing the workpiece along. In the second step, it
rotates in such a way that the material point R always coincides with the right edge of the
die; in the third step, it is stationary. The workpiece is pulled out of the die by imparting
a constant rightwards velocity of 5 mm/s to the edge CD in the third step. The die is
kept fixed in all the three steps. The width of the exit channel of the die is 0.7 times that
of its input channel, so that the nominal width of the workpiece is reduced to 70% of its

initial value. A ‘hard’ normal frictionless contact is assumed in all the contacts.

The mesh details are as follows. The punch and the die are meshed with ‘analytic rigid’
elements. The workpiece is meshed with 10153 plane strain four-noded quadrilateral ele-

ments of size 0.35 mm and aspect ratio 1.
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The simulation is quasi-static and is carried out in three steps of sizes 20, 35 and 30
seconds, respectively. The minimum increment size is taken to be 1079 seconds, with

initial increment of 10~3 seconds, for each step.

Readers can access the input file of this Abaqus simulation here:

https://tinyurl.com/46t5kdpc.

4.2.2.2 Results

We show the stress components obtained from the Abaqus simulation in the left column of
Figure 4.23. This stress field is fitted using the first 1000 eigenfunctions computed over the
same (deformed) mesh as obtained from the simulation. The fitted components are shown
in the right column of Figure 4.23. We observe that the fit quality is not as good as that
for the rolling simulation. This is because the workpiece undergoes severe deformation
in the angular extrusion process, especially at the corners, where the mesh distortion is
excessive (see Figure 4.25). As a result, the resulting stress is equilibrated only in a weak

sense. These matters are discussed in detail in [62].

We also plot the fitted components using 10, 50 and 100 eigenfunctions respectively in
Figure 4.24 to indicate how the fits get progressively better with incorporation of more
eigenfunctions. Finally, we plot the error measures Ey and Ey in Figures 4.26 and 4.27,
respectively. We see from Figure 4.26 that Ey seems to be saturating at about 0.05 even as
more eigenfunctions are included, reflecting the separately known fact that the stress field
obtained from the Abaqus simulation is only approximately valid, i.e., only approximately
divergence free and traction free. Exn does not decrease to acceptably low values for any

practical purposes.

This concludes our demonstration of fitting candidate residual stress fields obtained from

metal forming simulations.
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FIGURE 4.23: True and fitted (using 1000 eigenfunctions) stress components for the
angular extrusion simulation (in GPa). Note that z and y axes are unequally scaled for

better visibility.
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FIGURE 4.24: True and fitted (using 10, 50 and 100 eigenfunctions, respectively) stress
components for the angular extrusion simulation (in GPa). Note that x and y axes are
unequally scaled for better visibility.

FIGURE 4.25: The workpiece mesh at the end of the angular extrusion simulation. We
see that the corner elements are heavily distorted.
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FIGURE 4.26: FEy versus N, angular extrusion simulation. Left: linear scale; right:
log-log scale.
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FIGURE 4.27: Ey versus N, angular extrusion simulation. Left: linear scale; right:
log-log scale.
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4.3 Summary of the chapter

In this chapter, we considered several different arbitrary but reasonable residual stress
fields and fitted them using our eigenfunctions ¢;. In the first part of the chapter, we con-
sidered residual stress fields on an annular geometry, where the eigenfunctions essentially
depend only on the radial coordinate upon choosing a wave number in the circumferen-
tial direction. This enables us to compute many eigenfunctions with great accuracy, and
allows for a convenient visual representation of convergence. We considered four different
residual stress fields on an annular geometry: two hypothetical, a third from shrink fitting
of two concentric elastic cylinders and the fourth from non-uniform heating of an elastic
annulus. Upon fitting them using the eigenfunctions having the same wave number as
the given field, we observed convergence in both the L? and the H! norms in all but one
example. In the shrink fit example, we obtained slower convergence in the L? norm and

no convergence in the H' norm because the underlying field was discontinuous.

In the second part of the chapter, we considered residual stress fields obtained from sim-
ulation of two metal forming processes in Abaqus: rolling and angular extrusion. We
presented details of both the simulations, and fitted the obtained residual stress fields

using eigenfunctions computed on the same (deformed) mesh using our own FEM code.

We considered an elasto-plastic workpiece for the rolling simulation with two different
hardening models: linear and Johnson-Cook. In both cases, we obtained good fits with
quicker convergence in the L? norm and slower convergence in the H' norm. For the
angular extrusion simulation, we considered an elasto-plastic workpiece with linear strain
hardening. We observed that the fit quality in this case was not as good as those for the
rolling simulations, with the fitting error E saturating at about 0.05. This is not entirely
unexpected: the deformation is severe in the angular extrusion process, and the stress

computed by Abaqus is equilibrated only in a weak sense.

In the next chapter, we show that the extremization problem considered in Chapter 2
is amenable to useful modifications. We consider two problems: (i) residual stresses in
long prismatic bodies and (ii) spatially localized residual stresses in 2D. The modified

extremization problems yield eigenfunctions that suit our purposes.



Chapter 5

Modifications of the eigenvalue

problem for special purposes

The question that we consider in this chapter is the following: how amenable is our

theoretical formulation of Chapter 2 to modifications?

We consider two special cases. In the first case, discussed in Section 5.1, we consider resid-
ual stress fields in long prismatic bodies. In such bodies, all the spatial fields are assumed
to have zero partial derivatives in the axial direction, away from the ends. Accordingly,
we modify the 3D eigenvalue problem of Section 2.5 by putting all the partial derivatives
in the axial direction to zero in the functional Jy (Eq. 2.3). We will see that this leads to
splitting of the problem into three planar sub-problems: one for the planar stresses, one for
the out of plane shear stresses and one for the axial stress. In the second case, presented
in Section 5.2, we look at residual stress fields localized in a 2D region, decaying rapidly
away from it. For this case we multiply the functional Jy, and the normalizing constraint,

with appropriate weighting factors to make our eigenfunctions spatially localized.

Examples of such stresses abound in nature as well as engineering, and our motivation
behind discussing these two special cases is of both academic and practical interest. Pris-
matic geometries with residual stresses are found in rails [63] and blood vessels [23], for
instance; some examples of spatially localized residual stresses include stresses around

crack tips and those near the surface of a shot peened component [1].

84



Chapter 5. Modification of the eigenvalue problem for special purposes 85

5.1 Basis functions for residual stress fields in infinitely long

prismatic bodies

5.1.1 Properties of residual stress fields in such bodies

Let us assume that our residually stressed body is infinitely long and prismatic in the
z direction. We may then suppose that the spatial fields do not vary in the z direction
and depend only on the spatial coordinates x and y. All the partial derivatives in the z

direction are zero, and the equilibrium equations simplify to:

Ozza + Oxyy = 0,
Opyx + Oyyy = 0, (5.1)

Oz + Oyzy = 0.

Since the body is prismatic, the unit normal n to its surface lies in the z—y plane, so that

n, = 0. The traction-free boundary conditions are

OgpaNg + Ozyny = 0,
OayNg + Oyyny =0, (5.2)

Oy + Oyzny = 0.

Finally, since the body is in equilibrium on the whole, and things do not vary in the z direc-
tion, it is also reasonable to suppose that the force resultant IN and the moment resultant

M across any z cross-section is zero. Accordingly, we have new integral constraints
N, —/ Oz dA =0,
97

Ny = / oy2dA =0, (5.3)
O

N, = 0., dA =0,
Q

as well as
M, = / ro,,dA =0,
O
M, = / yo,, dA =0, (5.4)
Q

M, = / (xoy, — Yoz.) dA=0.
o
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In the above equations, ); represents any two-dimensional section with constant z, the
subscript | denoting ‘lateral’. The origin (i.e., the point with 2 = 0 and y = 0 in ;) can

be chosen to be any convenient fixed point (for example, the centroid of €2;).

The first and the second equations in Egs. 5.3 need not be assumed explicitly, as they

follow from the vector field

being divergence-free in € (third of Eqgs. 5.1) and having zero flux on 9€2; (third of Egs.

5.2). We show this below using indicial notation. If r denotes position vector, then

/ (Y dA = / vjéij dA = / Uj’l“i’j dA = / {(Uj’l“i)J — UjJ’I"i} dA = / Uj?’Lj?"i ds = 0,
Ql Ql Ql Ql 8Ql
(5.5)

since v ; = 0 in ; and vjn; = 0 on 0.

To summarize, the residual stress fields in infinitely long prismatic bodies satisfy Egs.
5.1-5.4. We note from these equations that we can split the stress components into three
groups: (0gz, Oyy, Oay)s (022) and (042, 0y.), such that the components in each group are

coupled with each other, but independent of components in the other groups.

We now find a basis for such residual stress fields.

5.1.2 Development of basis functions

We seek the stationary points of the functional

1
_ 2 2 2 2 2 2
JO(U) _5 o (axx,x + U:m:,y + Uyy,x + Uyy,y + Uzz,:z; + Uzz,y
l

+ 202

yz7x

+ 202 4202, + 202

Y,y xz,x Tz,Y

+ 202

TY,x

+202,,) dA

Tyzy

over symmetric second-order tensors o which satisfy Eqs. 5.1-5.4, subject to the normal-

ization constraint
/ o-ogdA= (aim + Uzy +02 + QUzy + 202, + 2022) dA =1.
Ql Ql

This extremization problem is the same as the 3D version of the problem studied in
Chapter 2, except that all partial derivatives with respect to z have been dropped, and

the invariance in the z direction has rendered the spatial domain planar.
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Let A\/2, A1, A2, A3 and A\ be the constant Lagrange multipliers corresponding to the

integral constraints og-ocdA=1, / 0,,dA =0, / r0,, dA =0, Yo, dA = 0 and
Q Q Q Q

/ (xoy: — yog.) dA = 0, respectively; and pi,, p, and p, be the spatially varying La-
7]

grange multipliers corresponding to the differential constraints in Eqgs. 5.1. Then, proceed-
ing in the usual manner, it is not difficult to see that we obtain the following Euler-Lagrange

equations:

—Aoy, + Hx,xz = A0z,
—Aoyy + fiyy = Aoyy,

—Aogy + Poy T e ;— Pye _ A0y,

- - - (5.6)
Ao, — A\ — Xz — )‘Sy = A0z,
Aoy, + 5\4?/ + N;,SL‘ = A0z,

—Aoy, — Az + % = Aoy,

ok ok
022 " o2
boundary conditions (t is the tangent vector to 9€; in the plane of €;):

where A denotes the 2D Laplacian: We also obtain the following ‘natural’

2 3 3 2 2 2 _
OwaaMaly + Owayly + Oyyaly + Oyy Moy — 200y 2n5ny — 200yynan, = 0,
OzzaNy + Oz yNy = 0, (57)

(Uacz,:vnz + sz,yny)t:v + (Uyz,l’n$ + Uyzvyny)ty =0.

Eqgs. 5.1-5.7 represent the complete boundary value problem that must be solved to com-
pute the eigenfunctions. We see from these equations that the three groups of stress
components mentioned in the previous section are coupled with each other only through
the Lagrange multiplier A, and we can split the system of Eqs. 5.1-5.7 into three sub-
systems mutually related only through A. However, A can be determined using either of
the three sub-systems independently, and unless those values match, we have an ill-posed

problem in our hands. The simplest remedy is to have three independent norm constraints:
/ (cr?m + U;y + 2072@) dA =1,
Ql

/ o2 dA =1,
Q

/ (0’%2 + 0’52) dA =1.

)
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This completely decouples the three groups of stress components, and we can state three
separate extremization problems as below. We will see that the solutions of each problem

span the corresponding space of stress components.

In what follows, all the operators are meant to act on 2D fields. For instance, if u(z,y) is
Ov,  Ovy

8:z:+8y

0 0
a scalar field and v(z,y) is a vector field, then Vu = —uez + —uey and dive =

Oz oy

We now state the three extremization problems.

Problem 1: Find the stationary points of the functional

1
Ji(o) = 3/, Vo -VodA
!

over the set

51:{0’068ym, dive =0, a'n|8Ql:O,/ o-o0dA < oo, VU-Vo'dA<oo},
%) 97

where ‘Sym’ is the set of all planar symmetric second order tensors over {2, subject to the

/ o-0gdA=1.
Q

We have already solved this problem in Chapter 2, where we saw that the solutions span

normalization constraint

the closure of &1. The next two problems are more interesting in the context of this

chapter.

Problem 2: Find the stationary points of the functional

1
JQ(GZZ) - 5 Q Vo-zz . VO'ZZ dA
l

over the unit norm elements / 02 dA =1 of the following set of scalar functions:

Q
Sy = {Uzz

where 7 is the position vector (r = ze, + ye, in Cartesian coordinates); and the four

/ ng dA < oo, Vo,, Vo,,dA < o, 0, dA = 0,/ ro,, dA =0 },
o o) o) o)

conditions included imply square integrability of .., square integrability of its gradient,

zero net force in z direction across €);, and zero net bending moment across §2;.



Chapter 5. Modification of the eigenvalue problem for special purposes 89

This extremization problem leads us to the following eigenvalue problem, with eigenvalue

A and eigenvector {Jzz,s\l,w},: 1

Ao, — M —w-r=MXA0,, in

Vo,, n=0 on 0%y,
/ 0,,dA =0, (5.8)
)

/ ro,, dA =0,
Q

where 5 is the constant Lagrange multiplier corresponding to the normalization constraint;

and A\; and w are the constant Lagrange multipliers corresponding to the constraints

/ 0., dA =0 and / ro,, dA = 0, respectively.
] 9

In Cartesian coordinates, the above equations become

OzzaNg + OzzyNy =0 on 0, (5.9)

/ 0,,dA = T, dA = Yo, dA =0,
Q Y] Q

where Ay = w - e; and \3 = @ - e,.

We now show that the solutions of the above eigenvalue problem form an orthogonal se-
quence. Let ¢..; and ¢..; be two distinct solutions of Eq. 5.8 with corresponding Lagrange

multipliers <)\i,5\1¢,wi> and ()\j,j\lj,wj), respectively. Then, they satisfy

—A¢zzi — 5\11' — T T = Ni@zis
—Aqﬁzzj — 5\13' —w; T = )\jgbzzj-

Consider the inner product of the first of the above equations with ¢..;, i.e.,

/ <_A¢zzi - 5\11‘ — Wi ’l") ¢zzj dA = \; G2z ¢zzj dA.
7] 97

'In our FEM code for solving this eigenvalue problem, we arrange o, 5\1 and = in a column vector a
to obtain a generalized eigenvalue problem Aa = ABa, for some square matrices A and B.
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Integrating by parts, and using the divergence theorem, we obtain

- Vn¢zzz ¢zzj ds + / V(Z)zzz . ngzzj dA — 5\11'
7]

¢zzj dA —w; - / r¢zzj dA
o9

) )

O
Using the boundary condition and the integral constraints given in Egs. 5.8, we obtain

Q )

Similarly,

Vszzj : v¢zzz dA = )\j / d)zzj ¢zzi dA.
97 97

If \; # Aj, then

Q Q

i.e., ¢..; and ¢,.; are orthogonal. If \; = \; but ¢..; # ¢..;, then we can choose ¢..; and
¢--j to be orthogonal, and Eq. 5.10 still holds. We thus have an orthogonal sequence of

eigenfunctions.

Our numerics below will indicate that these eigenfunctions span the set S, and we do
not attempt to prove this formally here. However, we point out that the above eigenvalue
problem (Eq. 5.8) is similar to our original eigenvalue problem of Chapter 2 (Eq. 2.12), with
only a few differences (e.g., the presence of additional integral constraints in the former).
Hence, a formal proof could be attempted along similar lines to the one presented in
Chapter 2. We also refer the reader to Section 7.3, where we indicate how these differences
might be handled.

We solve Eq. 5.9 using our own FE formulation, which is similar to that presented in
Section 3.1. The first four eigenfunctions computed on an annulus of inner radius 0.1 and

outer radius 0.3 are shown in Figure 5.1.

We now demonstrate that the eigenfunctions ¢,,; lead to quick convergence when used to
fit a given axial stress. Let us consider a candidate o, field in a prismatic geometry with

the square cross section 0 < z,y < 1:

2
Oz = (a: - 2362) (—3y + y2) .
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FIGURE 5.1: First four eigenfunctions for o,, computed using our own FEM code on an
annular domain, with eigenvalues A = 95.58, 95.58, 192.71, 192.71, respectively.

It can be verified that o, satisfies the zero mean condition (third of Egs. 5.3) and the
zero net bending moment condition (first and second of Eqs. 5.4). We fit 0,, with ¢..;.
For comparison, we also fit it using another standard basis: scalar eigenfunctions of the
Laplace operator

—Au; = Ay

with zero boundary value [64].

The field 0., along with fits obtained using the first 100 functions of each of these bases,
is plotted in Figure 5.2. The corresponding fitting errors En are plotted in Figures 5.3
and 5.4. It is evident from the figures that while convergence is obtained with both the
bases, it is much faster with ¢,,;. The reason is that the elements of the second basis do
not satisfy the zero net force and moment constraints, while each element of the first basis

does satisfy them.
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FIGURE 5.2: A candidate o, field (top-left), and fits obtained with the first 100 basis
functions ¢..; (top-right) and the first 100 Laplace eigenfunctions u; (bottom).
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FIGURE 5.3: Ey versus N with our basis ¢,,;. Left: linear scale; right: log-log scale.
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FIGURE 5.4: Ey versus N with Laplace eigenfunctions u;. Left: linear scale; right:
log-log scale.

We demonstrate yet another utility of the functions ¢.,; by using them to interpolate an
axial stress in a rail given its value at a few points. Figure 5.5 (adapted from Figure 1.12 of
[1]) shows the schematic of the cross section of a typical axially stressed rail. We roughly
estimate the values of this axial stress at 10 points (marked with light yellow crosses in
the figure) using the contours provided in the Figure 1.12 of [1], and use these values to

interpolate with ¢,,;. These values are reported in Table 5.1.

We first show the first four eigenfunctions ¢..; on the rail geometry in Figure 5.6. In Figure
5.7, we show the interpolated stress using the first N eigenfunctions, with N = 2,4,6 and
8. Note that the interpolation has been done using the least squares method. We see
that the interpolants are reasonably good, except for N = 2. For comparison, we also
interpolate with the first four and six Laplace operator eigenfunctions u;, respectively, and
plot in Figure 5.8. Although this is a limited comparison, it appears that the ¢,,; yield a
physically more realistic picture. Moreover, with the Laplace operator eigenfunctions, the
N = 6 interpolant is significantly less correct than the N = 4 interpolant, and both these

interpolants also violate the zero net force and moment conditions.
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FIGURE 5.5: Schematic of an axially stressed rail (adapted from Figure 1.12 of [1]).
We use the values of the axial stress at 10 points, marked with light yellow crosses, for
interpolation.

Point label in Figure 5.5 | Axial stress (in MPa)
1 —420
2 300
3 —420
4 —150
5 —240
6 -90
7 60
8 —420
9 270
10 —60

TABLE 5.1: Axial stress values at points marked with light yellow crosses in Figure 5.5
(as estimated from Figure 1.12 of [1]).
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FIGURE 5.6: The first four eigenfunctions ¢,; on the rail geometry.
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FIGURE 5.7: Interpolated axial stress (in MPa) using the first N eigenfunctions ¢,..,
with N =2,4,6 and 8.
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FIGURE 5.8: Interpolated axial stress (in MPa) using the first N Laplace operator eigen-
functions with zero boundary value 1;, with N =4 and 6.
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Problem 3: Before stating the third extremization problem, we mention a useful point.

Let

where by square brackets we imply representation in Cartesian coordinates. Then, the

condition of zero net twisting moment,
/ (xoy: — Yog.) dA =0, (5.11)
Q
can be represented in a coordinate free manner as

/ rxvdA=0, (5.12)
Q

where 7 is the position vector. Note that r and v are to be interpreted as 3D vectors,
but with zero z component, while computing the above cross product. Although Eq. 5.12
is a vector equation, only its z component is non-trivial. We have chosen this represen-
tation because with a coordinate free description, the eigenvalue problem can be written

succinctly, and the algebra involved in deriving the orthogonality relations is simpler.
We now state the extremization problem.

We seek the stationary points of the functional

1
J3(v) = 3 ), Vv - VvdA
l

over the set

ng{v

subject to the normalization constraint / v-vdA=1.
Q

o Q Q

diV'v:O,'v~n|aﬂl:0,/'v-vdA<oo7 Vv - VvdA < oo, rxvdA:O},
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Calculus of variations leads us to the following eigenvalue problem, with eigenvalue A and

eigenvector {v, j1,, w},:

—Av+Vu, —wXxXr=Av in €,

dive =0 in €,
v-n=>0 on O£, (5.13)
Von =20 on 0,
/ rxwvdA =0,
&

where i is the constant Lagrange multiplier corresponding to the normalization constraint,
1> is the spatially varying Lagrange multiplier corresponding to the differential constraint
dive = 0, and =@ is the constant vector-valued Lagrange multiplier corresponding to the
zero net twisting moment condition in Eq. 5.12. Note that the  and y components of =
are zero, so that o = 5\4ez for some scalar 5\4 3. Also note that r is to be interpreted as
a 3D vector, but with zero z component, while computing the cross product in the first of

Eqgs. 5.13.

In Cartesian coordinates, the above equations become

—ACus + My + flog = Ao in

—Aoy, — :\4:1: +pzy = Aoy, in (),

Opzx + Oyzy = 0 in €,
Oy + 0yzny =0 on 0,
(022,0M2 + Ouzyly)te + (Oyz o + Oy yny)ty = 0 on 08,

/ (xoy, — yog.)dA = 0.
o

We now show that the solutions v of the eigenvalue problem in Eq. 5.13 form an orthogonal

sequence. Let us assume that v; and v; are two distinct solutions with corresponding

2In our FEM code for solving this eigenvalue problem, we arrange v, p. and o in a column vector a
to obtain a generalized eigenvalue problem Aa = ABa, for some square matrices A and B.

3Since the zero net twisting moment condition is a scalar equation (Eq. 5.11), the corresponding La-
grange multiplier is also a scalar. Since we have opted to write our equations in a coordinate free manner,
it is a vector pointing in the z-direction.
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Lagrange multipliers (p.;, @, A;) and (p.5, @05, A;), respectively. Then,

—Av; + Vi — @i X 1T = Ajvj,

(5.14)
—A’Uj + V,uzj —Tw; X T = )\j'vj.
Consider the inner product of the first of Egs. 5.14 with v;, i.e.,
/ (—Avi + Vﬂzi —w; X 7‘) " Vj dA = /\z/ Vi Vj dA. (5.15)
9 Q

Upon integrating by parts and using the divergence theorem, the inner product of —Aw;

and v; can be simplified as follows:

— Av;-v;dA = —/ (Voin)-v;ds+ Vv; - Vv, dA = Vo, - Vo, dA,
197 oY Y] Q

where the boundary term drops out because Vv; n = 0 on 0¢2; from Eq. 5.13.

Similarly, the inner product of Vyu.; and v; is zero since

Vi -vjdA = / Mz - ds — / pzidive;j dA =0,
o a0, o)

where we have used v; - = 0 on 0¢2; and divv; =0 in €.

Finally, rearranging the scalar triple product, we obtain that the inner product of zo; x r

and v; is zero since

/vj-(wixr)dA: wi‘(rxvj)dA:wi-/TxvjdA:O.
9] 9 Q

So, Eq. 5.15 simplifies to:

VUZ' . VUJ' dA = )\1/ ViU dA.

Ql Ql
Similarly,
V’Uj . V’Ui dA = )\J/ Vj -V dA.
Ql Ql
If \; # A}, then
/ Vi Uy dA = V’UZ‘ : V’Uj dA = 0. (516)
] 97}

If \; = Aj while v; and v; are linearly independent, then we can choose v; and v; to be

orthogonal, and the above equation still holds.
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100

Thus, the eigenfunctions are mutually orthogonal, or can be chosen to be so.

We show the first three eigenfunctions in Figure 5.9 on an annulus of inner radius 0.1 and

outer radius 0.3. For better visual representation, we show the stress components o,, and

0¢, instead of 0., and o0y..

Mode 1, o, >i10*3
0.2
0.5
0.1
= 0 0
-0.1
-0.5
-0.2
-0.3 -1
Mode 2, o, x10~*
5
0
-5
Mode 3, o, .
0.5
0
-0.5

0.2
0.1
> 0
-0.1
-0.2
-0.3

0.2
0.1
> 0
-0.1
-0.2
-0.3

T2 0 0.2
X

Mode 1, oy,

-0.2 0 0.2
x

Mode 2, 0y,

-0.2 0 0.2
xT

Mode 3, 0y,

x1073

(3]

(=

x1073

oo

—_

(=)

x1073

(= =)

FIGURE 5.9: First three eigenfunctions for out of plane shear components computed
using our own FEM code on an annular domain, with eigenvalues A = 293.41, 293.41 and
356.19, respectively.
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We see that the eigenvalue problem in Eq. 5.13 is similar to our original eigenvalue problem
of Chapter 2. Consequently, we believe that it can be formally proved that the eigenfunc-
tions span the set S3 along similar lines to the proof presented in Chapter 2. We refer the
interested reader to Section 7.4 where we discuss the points where such a formal proof, if
attempted, may differ from the one presented in Chapter 2. However, a detailed proof is

not attempted here.

We now demonstrate that the eigenfunctions v; lead to quick convergence when used to fit
a candidate out of plane shear stress field in a prismatic geometry. Let the cross-section

of the prismatic domain be the unit square 0 < x,y < 1, and the given stress field be

Oxz = m(m - 1)(2$ - 1)(]— - 2y)7
oy. = yly — 1)(62% — 62 + 1).

It can be verified that the above stress field satisfies the divergence-free condition (third of
Egs. 5.1), traction-free boundary condition (third of Egs. 5.2), zero mean condition (first
and second of Egs. 5.3) and zero net twisting moment condition (third of Egs. 5.4). We
fit this stress with v;. For comparison, we also fit it using another standard basis for
divergence-free vector fields: the eigenfunctions with zero boundary value (i.e., with both
the normal and the tangential components zero at the boundary) of the Stokes operator [43]
(let us denote them as v;). Since v; are divergence-free and have zero flux at the boundary
(i.e., v;-n = 0), it follows from Eq. 5.5 that they satisfy the zero mean condition (first and
second of Egs. 5.3), like v;. However, they do not satisfy the zero net twisting moment

condition.

The actual fields o,. and o0y., along with fits obtained using the first 200 functions of
each of these bases, are plotted in Figure 5.10. The corresponding fitting errors Ey are
plotted in Figures 5.11 and 5.12. It is clear from the figures that while convergence is
obtained with both the bases, it is much faster with v;. The reason is that both the
normal and the tangential components of the eigenfunctions of the Stokes operator are
zero at the boundary, while v; satisfy only the zero flux boundary condition satisfied by
the candidate field. Moreover, the former do not satisfy the zero net twisting moment

condition, while each v; does satisfy it.

In general, a state of stress with only the out of plane shear stress components o, and o,
non-zero is difficult to achieve in long prismatic bodies. For instance, when the material
is linear elastic and deformations are infinitesimal, 8 elastic constants (out of 21) in the

fourth-order elasticity tensor C' have to be zero if such a stress state is to be possible [65].



Chapter 5. Modification of the eigenvalue problem for special purposes 102

1 Oz 1 Oyz
0.1
. 0.05 0.8
0
. 0.6
0 >
. 0.4 0.1
_ -0.05 o
0.2
0
. 0 0.5 1
T
1
0.1
0.05 0.8
0
0.6
0 =
0.4 -0.1
-0.05 0.2
0.2
0
0 0.5 1
X T
0.1 1
0.1
0.05 08
0.6 0
0 =
0.4 01
-0.05
0.2
o 0.2
0. .
0 0.5 1
X T

FIGURE 5.10: A candidate out of plane shear stress field (top row), and fits obtained
with the first 200 basis functions v; (middle row) and the first 200 Stokes operator eigen-
functions v, (bottom row).

Similarly, it seems difficult to think of a practical loading history that will leave a prismatic
body with a residual stress state dominated by the out of plane shear stress components.
Thus, although our basis computation problem splits into three sub-problems for such

bodies, it seems likely that actual residual stress states encountered may involve basis
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FIGURE 5.11: Ey versus N with our basis v;. Left: linear scale; right: log-log scale.
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FIGURE 5.12: FEy versus N with the Stokes operator eigenfunctions v;. Left: linear
scale; right: log-log scale.

elements from all three sub-problems.

With this, we conclude our presentation of how the extremization problem of Chapter 2 can

be modified for long prismatic geometries, and move on to another practically important

problem.
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5.2 Basis functions for localized 2D residual stress fields

Sometimes, residual stresses are localized in a small region, e.g., around a crack tip or
near the surface after shot peening. Far from these regions, the residual stresses decay
rapidly and have little practical significance. The residual stress basis we developed in
Chapter 2 may not be effective in such cases. Here we seek a basis that whose elements
are spatially localized. To this end, we modify the extremization problem of Chapter 2 by
multiplying the objective function and the normalizing constraint by suitable weighting
functions. We will see that the localized basis fares better in capturing localized residual

stresses in comparison with the original (unweighted) basis of Chapter 2.

5.2.1 Demonstration of the concept in 1D

To explain the basic idea, we first solve a simpler problem of developing a spatially localized

basis in 1D. The insights gained from the 1D problem will be directly transferable to 2D.

Let us consider the following extremization problem. For given everywhere positive smooth

functions wy and wsy, we seek the stationary points of

1
Jo =/ wy” dz,
=0
over scalar functions y satisfying the boundary conditions
y/(0) =0 and y(1) =0,
and the normalization constraint

1
/ woy? dx = 1. (5.17)
=0

Incorporating the normalization constraint through the Lagrange multiplier A, we seek

variations of .
J = / {wly'2 —A (w2y2 - 1)} dx.
x=0

If yp is a stationary point (an extremizing function), then it satisfies the boundary value
problem
(wih) + Mwsyo = 0, yh(0) =0 and yo(1) = 0. (5.18)
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This is a Sturm-Liouville eigenvalue problem, and the corresponding eigenfunctions form

a basis for functions in 0 < z <1 with the same boundary conditions as above [66].

We want yg to decay as = goes from 0 to 1, and hence ws should be an increasing function.
Also, we want to arrest the oscillations of yy as x increases, and hence w; should also be

an increasing function. We choose w(z) = wa(x) = ™. Then, Eq. 5.18 becomes
yo +nyy + Mo =0, y5(0) =0 and yo(1) = 0.
Substituting yg = Ce®*, we obtain
2 +ns+A=0,

whose solutions are
—n+vVn? —4\
5 .

S =

To have osillatory solutions, n? < 4. The general form of 7, then is

—nax iv4r—n2 iv4ar—n2
Yyo=¢€ 2 <C16 2 T4 Che” 2 x)

This can equivalently be written as

—nz 2 2
Yo=¢e€ 2 (Asinﬂm—l—Bcost) ,

where A and B are arbitrary constants. The condition y((0) = 0 gives

so that
—na n ) n? n?
Yo =Be 2 | ————=sin\/A\ — —x +cos\/\— —zx | . (5.19)
2,/A— 12 4 4
1

The other boundary condition implies that

/ 2 / 2
Lsin )\—nz—i-cos A—%:O.
24/A -2

We solve for the eigenvalue A from the above equation using a Newton-Raphson scheme

(for a fixed n). The solutions are then substituted in Eq. 5.19 to obtain the corresponding
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eigenfunctions. Finally, since the eigenfunctions are arbitrary up to a scalar multiplicative

factor, we scale them so that they have the value 1 at x = 0 (in place of the normalization

is larger for greater n.

of Eq. 5.17). We plot the first five localized eigenfunctions for n = 10 and n = 20 in
Figure 5.13. It is seen that the eigenfunctions decay as we move towards x = 1; the decay

n =10 ) n =20
— Mode 1, A = 32.04 3 —Mode 1, A = 108.16
1 —Mode 2, A = 54.75 |1 —Mode 2, A = 175.83
\ Mode 3, A = 95.41 Mode 3, A = 236.95
o ----Mode 4, A = 155.16 05! i ----Mode 4, A = 317.08| |
0.5 Ay ~--Mode 5, A = 234.38 R -~ Mode 5, A = 416.51
0 | \\\ ’\\' T . \\"."‘
\\\1\.:} .4.’-/*'"/ 0 \\\‘\\‘ s B
0.5 ‘ ‘ ‘ ‘ A2 ‘ | |
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X

FIGURE 5.13: First five localized 1D eigenfunctions for n = 10 and n = 20.
5.2.2 Spatially localized basis functions in 2D

Taking a cue from the 1D example, we modify our extremization problem of Chapter 2 by

appropriately weighting the objective function and the normalization constraint to obtain
spatially localized basis functions in 2D.
5.2.2.1 Extremization problem

Recall the set S of residual stress fields defined in Chapter 2:

SZ{U‘UESym, dive =0, 0'n|8Q:0,/a-adA<oo,/V0'-V0'dA<oo}.
Q Q

This time, we seek stationary points of the functional

1
Jo(o) 5 /Qqua -VodA
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in §, subject to the normalization constraint
/wga-adAzl. (5.20)
Q

We assume the following about wy, ws :

1. They are smooth.

2. They are positive everywhere in ).

We note that Jy(o) is finite for all o € S, since

1
Jo(a):2/gw1vc-vadAg”w;"OO/Qva-vadA,

where ||wy]|, is the supremum of w; on Q4. Since w; is smooth, [jw ||, is finite.

A
Upon introducing Lagrange multipliers 5 and p, we consider variations of

J(&):/ {1w1V&-V6’—)\ <w2&-&—1) —u-(div&)} dA,
o2 2 |€2]

in the set
R:{&’&ESym, &n\aQ:O,/‘-&dA<oo,/V&-V6’dA<oo}.
Q Q

If o is a stationary point of J, then for arbitrary infinitesimal variations ¢ € R, after

ignoring the second order terms in ¢ and simplifying, we obtain
/ (w1Veo - V¢ — A wgo - —p-dive) dA = 0.
Q

The gradient of ¢ in the above can be eliminated as follows. Using the divergence theorem,

we have

/ w1Vo - VCdA = w1Vpo - Cds — / (Vo © Vwy +wiAo) - (dA, (5.21)
Q

o0 Q

where the operation A ® v for a third order tensor A and a vector v is defined as

AGwv = Aijkvkei X e;.

4That is, the least upper bound of the set W = {w1(z) |z € Q}.



Chapter 5. Modification of the eigenvalue problem for special purposes 108

Proceeding in the usual manner, we find that a stationary point, assuming one exists,

satisfies the following eigenvalue problem:

—w1Ao — Vo O Vw + Vg = Aweo and dive =0 in (),

(5.22)
Vapo - (t®t)=0 and on=0 on 09,

along with Eq. 5.20. Note that upon substituting w; = wg = 1 in the above, we recover

our original eigenvalue problem of Chapter 2 (Eq. 2.12).

We now show that the solutions of the above problem (eigenfunctions) are orthogonal to

each other in a weighted inner product that we define below.

5.2.2.2 Orthogonality of the eigenfunctions

We equip § with the inner product

(1,02)w = / wy 01 - o2dA, (5.23)
0

for any 01,09 € S. Then, the norm of any element o € S is

1

o]y = Vo, 0w = (/Q wzd'UdA>2. (5.24)

We show in Appendix G that the operations (-, ), and [-||,, meet the criteria of being an

inner product and a norm, respectively.

Let o0 = ¢ and p constitute a solution to the eigenvalue problem of Eq. 5.22, with
corresponding eigenvalue A. Let & be any element of S. Consider the inner product of the

first of Egs. 5.22 with &, i.e.,

/ (—w1Ap = Ve ©Vw; +Vsp) - 6dA = A/ wa @ - 0 dA. (5.25)
Q Q

By the reasoning given in Appendix C,

/ Vsp -6 dA=0. (5.26)
Q
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What remains on the left hand side can be simplified using the divergence theorem (e.g.,

see Eq. 5.21) and the natural boundary condition (fourth of Egs. 5.22) to

/ (—u1Ap — Ve ®Vuw;) - 6dA = / w1V - Vo dA. (5.27)
Q Q

Substituting Eqgs. 5.26 and 5.27 in Eq. 5.25, we obtain

/ w1V - VadA = )\/ wa @ - o dA. (5.28)
Q Q

Consider now two eigenvalue-eigenfunctions pairs: (A, ;, ;) and (Aj, ¢;, p;), such that
Ai # Aj. Then, from Eq. 5.28,

/ wiVe,; -V, dA = )\i/ wo p; - p; dA,
Q Q

/ wiVe; -V, dA = )\j/ wa ;- p; dA,
Q Q

and we conclude that

Q Q

So, ¢; and ¢; are orthogonal. If A; = A; for linearly independent ¢; and ¢;, we can still

choose the corresponding eigenfunctions to be orthogonal, and Eq. 5.29 still holds.

Thus the eigenfunctions ¢ form an orthogonal sequence. We normalize them so that

/QU)Q(Pp'SOpdA:]-v p:172737"'-

We do not formally prove here that ¢ span the set S (and its closure). However, we
anticipate that a proof could be constructed along similar lines to that in Chapter 2. We
refer the reader to Section 7.5 where we indicate that if such a proof is attempted, the
presence of the weighting functions w; and ws, on account of our assumption that they

are smooth and everywhere positive, should offer no difficulties.

5.2.2.3 Computation of eigenfunctions using the FEM

Since the eigenvalue problem in Eq. 5.22 differs from that of Chapter 2 only in the pres-
ence of the weighting functions and the term Vo ® Vw; (in the first of Eqgs. 5.22), the
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corresponding FEM formulation is similar to that presented in Section 3.1. In this section,
we demonstrate that in the weak formulation, this additional term drops out, and our

FEM formulation remains largely unaffected.

To solve the eigenvalue problem in Eq. 5.22 using the FEM, we first express it in Cartesian
coordinates, so that

—w1Ao — Vo © Vw, + Ve = Awg o
becomes

Cw %0, n D204y B 00z OWY B 00 4z OWq n Ope s &
"\ 022 Oy? Or Ox dy Oy ox AU
W 820yy n 82ayy B 0oy Owr B Ooyy Owy n Oty
1\ 922 Oy? ox Oz oy Oy oy
8203@ OQny 004y Qw1 Oogy Owr 1 (Opy  Opy
— ( o2 Oy? > 9z dr  dy dy 2 < Ay * 8:5) = Awn Iay.

= Awy 7y, (5.30)

Consider the inner product of the first of the above equations with a shape function N,
ie.,
00y Owy O

2 00z Owy x
/Q{wl ( 0z + Oy? > 9z dr 9y Oy + or Aws Jm} NpdA =0.
(5.31)

We restrict attention to the inner product of the term —wiAo,, with N,. Integrating by

parts, we obtain

0% 0% oo oo
/Q“”<ax2 +6y2> P /ag<8a:”+ay””>w1p

00z ON, 0032 ON, 00 3z OWq 00z OW1
dA N, — + N, — | dA.
+/Q<w1 Oxr Ox o oy ay) Jr/S)(p(?a: 8x+ P oy 0y>

Upon substituting the above in Eq. 5.31, we see that the latter simplifies to

0%0 4 0?0, Oy
/Q<—w1 - —wq By + aﬂg)diA:)\/ngamdiA.

We note that the above equation is the same as the corresponding equation (Eq. 3.7) in

Section 3.1, if we set w1 = wo = 1.

The weak formulations corresponding to the equations for the other stress components can
be obtained in a similar fashion. The rest of the equations in the eigenvalue problem are

the same as in Chapter 3, and we obtain their weak forms using the procedure detailed
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therein. The other details such as the elements used for discretization of the domain, the
shape functions used for the stress components and the Lagrange multiplier components,

etc., also remain the same.

For demonstration, we choose an arbitrarily shaped domain centered approximately at the
origin, with size comparable to that of a unit square. We wish the eigenfunctions to be

localized around the origin, and thus, we choose
2 2
wy = wy = e20VTHY

We plot the first three eigenfunctions, scaled to unit-norm, in Figure 5.14. We see, with
the aid of the accompanying colour bars, that all the stress components decay as we move
away from the origin. The unweighted basis functions ¢,; on this same geometry were

plotted in Figure 3.6.

Gxx ny ny
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0
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Mode 1
0.1
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Mode 2
T z x
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02 02 0.02 0.05
= 0 = 0 0 0
Mode 8
-0.2 -0.05 0.2 -0.02 o
-04-0.2 0 02 04 -0.4-02 0 0.2 04 -0.4-0.2 0 0.2 04
x x x

FIGURE 5.14: First three eigenfunctions on an arbitrarily shaped domain, localized
around the origin.

In the next section, we compute these spatially localized residual stress basis functions on

an annular domain.
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5.2.2.4 Computation of eigenfunctions on an annulus

If the domain is annular, we can solve the eigenvalue problem in Eq. 5.22 as a two-point
boundary value problem, upon choosing a wave number in the circumferential direction.
We take the domain to be centered at the origin and having an inner radius r, and an

outer radius 1. Taking cues from the 1D case, we choose

nr

wi(r,0) = wy(r,0) =eL,
where L is some typical dimension of the body considered.
Upon choosing o and p of the form

o =0y (r)cosmbe, ® e, + op(r)sinmb (e, @ eg + eg @ er) + ggg(r) cosmb eg R eg,

p = p(r)eT cosmbe, + pg(r)e’T sinmbeg,

and introducing a new variable 9, the eigenvalue problem reduces to the following set of

six first order ordinary differential equations:

r __ Opr maore 906
O = T T T T
20,0 Moyg
/ T
U’r‘G = —T + r 5
/
oge = 1,
2
mogg O nd  4dmopg 20, 2099 e = Mg
9 = - e
r2 r L r2 r2 r2 r r ’
= _(m2 — 1)ogg N nogg  MOyg  MNTrg n g B (m? +1)o., _ NOp Ny 4o
" r2 rL r2 rL r r2 rL L "
, o 2md 2mPo.y  4noe  4moy, . 2mnogg =~ My fe Nl P\
= - — — — - — o
He r r2 rL r2 rL r r L 0

(5.32)

with boundary conditions

0rr(ra) = 070(ra) = 0pg(ra) = 0rr(15) = 0r9(13) = Tg(13) = 0.

These equations resemble Eqs. 3.14, but are not identical. They are solved as described in
Section 3.2.1 of Chapter 3. For demonstration, we choose m = 3, r, = 0.1, r, = 0.3 and
L = 0.2. We show the stress components corresponding to the first four eigenfunctions in

Figures 5.15 and 5.16, for n = 10 and n = 20, respectively.
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FI1GURE 5.15: Radial variation of the first four spatially localized eigenfunctions on an
annular geometry with n = 10.

5.2.2.5 Fitting a given spatially localized residual stress field
We now fit a candidate spatially localized residual stress with both the weighted eigenfunc-

tions developed in this section, and the unweighted eigenfunctions of Chapter 2. We obtain

a hypothetical localized residual stress field using the procedure employed in Section 4.1
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FI1GURE 5.16: Radial variation of the first four spatially localized eigenfunctions on an
annular geometry with n = 20.

(details omitted). Its components are as follows®:

Corins ((119986.4385 12 — 112500073 + 12749.71685 1 + 1349.860391
Orr =€ T

84375 r? >
0.03386574357
— —0.000001131237818 r~*
8437512 "o
oo =1000 (r* — 0.2533212787 1 + 0.01568753329) e~ 7> "+75,
1 [ (112500077 — 239986.4386 12 + 11248.83659 1 4 149.9844878) e~ 07 +75
o =2 28125
0.0000001337905919
+ > :

5The background calculations were done using Maple. The expressions are reported as is, without
further round-off or simplification, in the interest of avoiding new inadvertent deviations from the computed
quantities.
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These stress components, along with the fits obtained with both unweighted and weighted
(with n = 20) functions are plotted in Figure 5.17. Ten eigenfunctions are used in each
case for fitting. We see that the weighted basis functions give better fits. The relative
square measure Ey described in Chapter 4 is plotted in Figure 5.18. We obtain a much
faster convergence with the weighted functions for small N; the behaviour for large N
is the same with both sets of basis functions: Ey decays like N73. Note that while
computing the fit with the weighted eigenfunctions and the corresponding fitting error, we
have used the weighted inner product defined in Eq. 5.23. Therefore a direct comparison
of the reported numbers, which seems to indicate superiority by a factor of about 100,
would be misleading.

Orp Orp

0.01 0.03
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Unweighted 0.02 It Unweighted| |
0.005 - - “Weighted |1 T - - Weighted
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0.1 0.15 0.2 0.25 0.3 0.1 0.15 0.2 0.25 0.3
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0.4 00

—— Actual
0.3 Un\.veighted |
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FIGURE 5.17: Radial variation of the candidate localized residual stress field fitted with
10 weighted (with n = 20) and 10 unweighted eigenfunctions.
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FIGURE 5.18: Fitting error En versus the number of eigenfunctions N; left: linear scale,
right: loglog scale.
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5.3 Summary of the chapter

In Chapter 2, we developed general purpose basis functions for arbitrary domains. In this

chapter we looked at two special cases.

The first special case is that of long prismatic bodies wherein the residual stresses do not
vary in the axial direction. Here, we modified our original 3D eigenvalue problem of Chap-
ter 2 by setting all axial derivatives to zero everywhere. We observed that the eigenvalue
problem splits into three 2D sub-problems. The first of these sub-problems involves the
planar stress components, the second concerns the axial component, and the third deals
with the out of plane shear components. We showed that each sub-problem yields an
orthogonal sequence of functions spanning the corresponding space of stress components.
We demonstrated that, because these bases incorporate the essential properties exhibited
by residual stresses in prismatic bodies, they give faster convergence in comparison with
other standard bases blind to such properties, such as the Laplace operator eigenfunctions
or the Stokes operator eigenfunctions. We used the axial basis to interpolate a given axial
stress in a rail using its values at 10 interior points, and observed that the interpolant
seems much better in comparison to that obtained using the same number of Laplace

eigenfunctions.

The second special case is that of planar residual stresses that are localized in a 2D
region, decaying rapidly away from it. To develop spatially localized basis functions, we
first considered a 1D problem to clarify ideas. We considered an extremization problem
with an objective function similar to that of Chapter 2, but with a weighting function
increasing exponentially away from the region where localization is intended. Such a
weighting function helps arrest oscillations in far away regions. We also weighted the
normalization constraint with a similar function to make the eigenfunctions decay rapidly,
away from the region of intended localization. Using the calculus of variations, we obtained
a Sturm-Liouville eigenvalue problem whose solutions are known to form a basis for the
space of scalar functions with the same boundary conditions. Taking cues from the 1D
problem, we modified the extremization problem of Chapter 2 by incorporating appropriate
weighting functions, and obtained an eigenvalue problem similar to our original eigenvalue
problem of Chapter 2. We showed that the corresponding eigenfunctions are mutually
orthogonal in a weighted inner product. We briefly discussed the modifications needed
in our FEM formulation due to the presence of the additional term in the eigenvalue
problem, and plotted the first few eigenfunctions, localized around an interior point, on

an arbitrarily shaped domain. Finally, we demonstrated on an annular geometry that this
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basis gives faster convergence than the global basis of Chapter 2 when used for fitting a

spatially localized candidate residual stress field.

So far, we have demonstrated the utility of our residual stress basis functions ¢; by suc-
cessfully fitting given candidate residual stresses with them. In the next chapter, we solve
for a residual stress state, given its governing differential equation. For illustration, we

will consider the problem of non-uniform heating of a thermo-elastic annulus.



Chapter 6

Solution of a thermoelasticity

problem using residual stress basis

So far, we have used the residual stress basis functions ¢; to fit given residual stress
fields. In this chapter, we solve for a residual stress field given its governing differential
equation. For illustration, we consider the problem considered in Section 4.1.4 of non-
uniform heating of a thermoelastic annulus. There, we solved this problem numerically
by directly integrating the governing differential equations, and then fitted the solution
o with ¢, to demonstrate that o lies in the span of ¢,, as expected from the theory. In
this chapter, our aim is to solve for o approximately using the weighted residual method,

which is summarized below.

Let us say that we wish to solve approximately for a variable ¢ satisfying

Lr = f,

where we assume for simplicity that £ is a linear differential operator and that ¢ satisfies
some homogeneous boundary conditions. We choose a complete basis (x;) satisfying the

same boundary conditions as r and write

N
r= Z i Xi
i=1

119
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for some sufficiently large N. We then impose the following N conditions on the residual
N

R=f—- Z a; Lx; to solve for the coefficients a;:
i=1

(R,U)i)zo, 1§i§N,

where w; are some appropriate weighting functions and (-,-) denotes an inner product.
The weighted residual methods with w; = x; and w; = Lyx; are known as the Galerkin

method and the least squares method, respectively.!

In this chapter, we will solve the thermoelasticity problem using two weighted residual
approaches. The first approach is displacement based, where we use the free vibration
modes u; as the weighting functions (this approach is a special case of using virtual work,
u; being the virtual displacements [68]). In the second approach, we use the traces of the
residual stress basis functions ¢, as the weights. We see that a naive direct application
of the weighted residual method with ¢, gives us an incorrect solution. We then carefully
develop a correct approach to solving the thermoelasticity problem using the weighted
residual method with ¢;, obtaining a much faster convergence to the true solution in

comparison to the virtual work approach.

This chapter is arranged as follows. In Section 6.1, we describe the problem of non-uniform
heating of a thermoelastic annulus and present the complete boundary value problem. In
Section 6.2, we solve for the resulting residual stress approximately using the displacement
based virtual work method. We use two different displacement bases for this purpose: the
free vibration modes and the eigenfunctions of the Laplace operator, and find that the
approximate stresses converge to the true stress with both the bases, albeit slowly. In
Section 6.3, we solve the thermoelasticity problem using the weighted residual method
with traces of ¢, as the weights, obtaining some interesting new results along the way.
In Section 6.4, we construct a new residual stress basis whose elements are zero at the
boundary. We observe that this basis spans all residual stress fields in the L? norm, and
residual stress fields with zero boundary value in the H' norm. We use this basis to
solve a thermoelasticity problem whose true solution is a stress field which is zero on the

boundary, using the weighted residual method.

!The Galerkin method and the least squares method are examples of a class of approximation methods
called the ‘spectral methods’. See [67] for a comprehensive discussion of spectral methods.
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6.1 Problem description

We look at the thermoelasticity problem considered in Section 4.1.4. An initially unstressed
annulus with inner radius r, = 0.1 and outer radius r, = 0.3, obeying linear isotropic

elasticity, is subjected to the temperature field
T(r,0) = rcos30. (6.1)
The resulting residual stress o is the solution to the following boundary value problem:

Altro) = BAT = —8fcos30
T

Q,
dive =0 in (6.2)
on=0 on 0.

In the above, 8 = 1_7, where Y is the Young’s modulus, v is the Poisson’s ratio, « is
—v
the coefficient of thermal expansion, and tro = 0., + 0yy = 0y + 0gg is the sum of the
planar normal stress components. Since the problem is essentially 2D, we will refer to tr o

as the trace of o henceforth.?

In Section 4.1.4, we solved this problem by converting Eqgs. 6.2 into a system of two
second order ODEs in r by considering a o with a fixed circumferential wave number,
and integrating those ODEs numerically. Our aim in this chapter is to find approximate
solutions using the weighted residual method. To this end, we use two approaches: the
displacement based virtual work method, and the weighted residual method with residual

stress basis ¢;.

In what follows, we will assume the following numerical values for the material constants:

Y =1,a=0.5 and v = 0.33, in any consistent units.

6.2 Approximate solution using the virtual work method

6.2.1 Computation of the free vibration modes

For the sake of completeness, we discuss briefly how we have computed the free vibration

modes to be used in the virtual work method. We refer the interested reader to [68] for

2The trace of o is ogs + Oyy + 0z, while tr o is 04, + 0yy. Since this is a plane strain problem, o, is
non-zero, and the two are different.
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more details on free vibration modes.

Let u be a free vibration mode such that the corresponding modal stress is traction-free.

In view of the azimuthal dependence of T (Eq. 6.1), we assume u to be of the form
u(r,8;t) = sinwt {u,(r) cos 30 e, + up(r)sin 30 ep} . (6.3)
In absence of any body force, the equation of motion is
dive = pu,

where 0 = C'V u is the modal stress corresponding to u, C' is the fourth order elasticity
tensor and Vg u is the symmetric part of gradient of u. Upon substituting Eq. 6.3 in the

above equation and simplifying, we obtain the following second order ODEs:

g Aw 0t ?p 4+ 2u v w?r?p — 2u, wirPp + 2Y UL vr — 2V, r — 3Yupr
T 2Y72 (v —1)
20u, v+ 12ugv — 11u, — Juy
2r2 (v —1) ’
Wl — 4% pug + 2vw?rlpug — 2wiripug + 2Yuhur + 3Yulr — Yupr — 12Yvu,
Yr2(2v—1)

—20vup +9u, +19uy
r2(2v —1) '

(6.4)
We also have four boundary conditions: 6, = .9 = 0 at r = r, and 7 = 1. In terms of

displacements, these become

;v (3ug +u,)

u, = at r=r, and 7 =ryp,
" r(v—1) “ (6.5)
, ug + 3u,
Uy = — at r=r, and r=ry.
Finally, we scale the free vibration modes by setting
u =1 at r=r,. (6.6)

We solve the boundary value problem of Eqs. 6.4 - 6.6 numerically using ode45 in Matlab.

The first five free vibration modes are plotted in Figure 6.1, where we have taken p = 1.

We now use a large number of these free vibration modes to solve Eq. 6.2 using the virtual

work method.
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FIGURE 6.1: Radial variation of the first five free vibration modes with m = 3 in an
annulus, corresponding to free-free boundary condition.

6.2.2 Computation of approximate residual stress

Consider the inner product of the second of Egs. 6.2 with a free vibration mode u;, i.e.,
/ dive - dA = 0. (6.7)
Q

Using the divergence theorem and the traction-free boundary condition (third of Egs. 6.2),
Eq. 6.7 becomes

/ o-Vu,dA=0. (6.8)

Q

The residual stress field o can be expressed in terms of the displacement u as follows:
o=Cec*=C(e—¢')=C(Vou—aTll). (6.9)

In the above, €, € and €l denote ‘total strain’, ‘elastic strain’ and ‘thermal strain’,
respectively; and I is the (3 x 3) second order identity tensor. Substituting the above into

Eq. 6.8, we obtain

/(Cvsu)~deA:a/T(C’I)-VuidA.
0 0

Since u; form a basis [3], we can write

00
u = E ajuj.
Jj=1
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Substituting this into the preceding equation, we obtain

[ee]
Zaj/(CVsuj)-VuidA:a/ T(CI)-Vu;dA.
j=1 79 Q

Truncating the expansion in the above to N terms, and considering 1 < ¢ < N, we obtain
a system of N linear equations in N coefficients aj. These equations can be written
compactly as

Ma = f,

where M is an N X N matrix with
M(’L,j) = / Vui : (C’Vsuj) dA
Q
and f is an N x 1 column vector with

() :a/QT(CI)-VuidA.

If e; = Vs, is the strain corresponding to the free vibration mode u;, and o; = Ce; =
CV g u; is the corresponding linear elastic stress, then M and f have the following simple

interpretations:

M(iaj):/ﬂéfi'o'jdA and f(i)za/QTO'i'IdA.

The actual displacement u, along with the approximate displacements wy obtained with
N = 10,20 and 100, are plotted in Figure 6.2. We see that this method works well if

displacements are considered.

However, the convergence of the corresponding approximate stress®

oy = C (Vsuy — oTT)

to the actual stress o is slow, as seen in Figure 6.3. The same is seen upon plotting the

squared relative error
Jolo — o) (o — o) dA
Joo-odA

En =

in Figure 6.4; Ex decays like N~! for large N.

3We use the superscript ‘A’ to distinguish between the approximate stresses obtained using the weighted
residual methods and the fits obtained by directly projecting the true stress solutions onto the basis, as in
Chapter 4. The latter will be denoted with a superscript ‘F’ in this chapter.
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FIGURE 6.2: Radial variation of the actual and the approximate displacements obtained
using the virtual work method, with 10, 20 and 100 free vibration modes.

We can also use the eigenfunctions of the Laplace operator
Au+u=0

with boundary values that correspond to zero traction (i.e., the eigenfunctions satisfy the
boundary conditions in Eqs. 6.5) as the basis in the virtual work method. The results
with these functions are at par with those with the free vibration modes: the convergence
is fast for the displacements, but slow for the stresses. We show the fits with the Laplace
operator eigenfunctions for displacements and stresses in Figures 6.5 and 6.6, respectively;
the approximation error E is plotted in Figure 6.7. We see that the convergence to the
true stress is slow: Ey decays like 1/N for large N. Computational details are omitted

for brevity.

In the next section, we use ¢, to obtain the approximate stress, and study the convergence

obtained.
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FIGURE 6.3: Radial variation of the actual and the approximate stresses obtained using
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20
N
151 101 L \.\
\\\
’\'\
10} f ’\"\-&
5 ~
0 : : : : 10°
0 20 40 60 80 100 10t 102
N N

FIGURE 6.4: Approximation error Ey versus N with the free vibration modes. Left:

linear scale; right: log-log scale.
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FIGURE 6.5: Radial variation of the actual and the approximate displacements obtained
using virtual work, with 10, 20 and 100 Laplace operator eigenfunctions.
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FIGURE 6.7: Approximation error En versus NN using the Laplace operator eigenfunc-
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6.3 Approximate solution using the residual stress basis func-

tions ¢;

Since the basis functions ¢, already satisfy the divergence-free and the traction-free con-

ditions, we only need to worry about the first of Eqgs. 6.2:
A(tro) = pAT. (6.10)

Our aim in this section is to solve the above equation using the weighted residual method
with ¢;.

For brevity, for any second order tensor S, we will denote tr S as S from now on. In

particular, tr ¢; = ¢;.

6.3.1 A direct (incorrect) application of the weighted residual method

N
We first try the simplest approach: write o = Zai@ in Eq. 6.10, take inner products
i=1

with ¢; for 1 < i < N, and put the weighted residuals to zero. We then have the following
system of equations:
Ma = f,

where

Using the above expressions, we compute the coefficient vector a and compute a candidate
approximate stress aﬁ. We plot ¢ and 6;(‘, in Figure 6.8 for N = 10,20 and 100, o being
the true solution. The approximate stress does not seem to be converging to the true

stress. The same is borne out by the plot of the approximation error

[o6 —o4)?dA
Jqo2dA

Ey =

in Figure 6.9; we see En saturating at about 0.686.

We also try the ‘least squares’ method: we seek a; that minimize

N 2
A 204 _ Ad —
/Q (AGH — BAT)” dA /Q (;%A@ BAT) dA.
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FIGURE 6.8: Radial variation of the actual and the approximate traces ¢ and 6ﬁ using
the weighted residual method, with 10, 20 and 100 residual stress basis functions.
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FIGURE 6.9: Approximation error Fy versus N using the weighted residual method with
¢,. Left: linear scale; right: log-log scale.

By setting the gradient of the above with respect to a; equal to zero, we obtain the following
set of N linear equations:

Ma = f,

with

M(z’,j):/QAgZ)i A¢jdA and f(i):B/QATAqSidA.

The least squares method does not do too well either; 6}3 computed using the least squares

method is plotted in Figure 6.10 and the corresponding approximation error is plotted in
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Figure 6.11. In fact, En converges to a value greater than unity. This solution is slightly
worse than nothing at all.
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FIGURE 6.10: Radial variation of the actual and the approximate traces & and c‘rjé, using
least squares approximation, with 10, 20 and 100 residual stress basis functions.
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FIGURE 6.11: Approximation error Ey versus N using least squares approximation with
¢,. Left: linear scale; right: log-log scale.

6.3.2 Reasons for the failure of the direct approach

To understand why the direct approach does not work, we first plot the fit %" obtained by
directly projecting the correct stress solution onto the basis functions ¢, (as in Chapter 4),

and its derivatives. From these plots, it becomes clear that the two factors that determine
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the success of a direct approach are: (a) the order of the differential operator in the

governing differential equation, and (b) the order of the convergence of the basis used.

6.3.2.1 The fit o¥, and its derivatives

Suppose we directly project the correct stress solution onto the basis functions ¢, (as in
Chapter 4), and call that fit 0. We saw in Section 4.1.4 that the H' norm of o — o¥’
goes to zero, which means that the L? norms of both the r-variation of @ — &% and its first
derivative go to zero. We see this in the top row of Figure 6.12, where we have plotted the

r-variations of & and & (computed using 100 basis functions), and their first derivatives.

However, as seen in the bottom row of Figure 6.12, the second derivative of the r-variation
of 1" (and hence the r-variation of the Laplacian of %) is highly oscillatory, and the L?

norm of Ag — Ag¥ is large. The squared relative L? norm of Ag — Agt’,

I, (A6 — AGT)? dA
Jo AG2dA ’

Ey =

increases with NV, as seen in Figure 6.13.

We can now see why does the least squares method discussed above, for instance, not give
us the correct solution. It seeks a solution that minimizes the L? norm of Ag — Ag (for
a fixed N), and &7 is clearly not that solution. The L? norm of A — Ag¥ is much greater

than that of Ag — A&Z“\‘,, where c‘fj(‘, is obtained from the least squares method.

6.3.2.2 What role do the operator and the basis play?

We saw in Chapter 2 that ¢, form a basis to residual stress fields in the H! norm. Simi-
larly, the free vibration modes corresponding to the traction free boundary condition span
the displacements with the same boundary condition in the H' norm. The governing
differential equations

Atro = AT

and

dive =0

that are used in the stress and the displacement formulations of the weighted residual
approach, respectively, are both second order in the corresponding variables. Despite

these similarities, we see that the weighted residual method works with the free vibration
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FIGURE 6.12: Radial variation of & and &%, and their r-derivatives. We see that the
second derivatives, and hence the Laplacians, do not match well.

modes in the displacement formulation, and does not work with the residual stress basis
functions in the stress formulation. The reason is that an application of the divergence
theorem in the displacement formulation yields a boundary term that drops out, lowering
the order of integrand in the domain integral (Eq. 6.7). An order reduction of this nature

is not possible in the stress formulation since the boundary term is non-zero.

In separate calculations not shown here, we have noted that if in the virtual work method
used in Section 6.2 we do not reduce the order of the integrand by using the divergence
theorem (while using the free vibration modes), we obtain an incorrect solution. This is

because the left hand side of the governing equation

div {C(Vsu—aTI)} =0
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FIGURE 6.13: Squared relative L? norm of Ag — Ag¥". Left: linear scale; right: log-log
scale.

has terms with second order derivatives of w; while the basis u; converges to u in the H*

norm, which only guarantees convergence up to first order derivatives.

These observations indicate that the convergence properties of the basis and the order of
the operator in the governing differential equation together determine if techniques like
the weighted residual method or the least squares method will work. If, after possible
removal of the boundary term upon using the divergence theorem, the highest order of
differentiation of the concerned variable is greater than the order of the norm in which the

basis converges, the method is unlikely to work.

With this insight, in the next section, we will exploit some properties of residual stress

traces to successfully solve the thermoelasticity problem using ¢;.

6.3.3 A characterization of harmonic functions in terms of planar resid-

ual stresses

In 2D, the ‘Airy stress function’ representation of an equilibrated stress,

0?1 0% 0%
Ogpx — 873/27 ny = W, ny = —aTay7 (611)

is complete, by which we mean that all stresses of the above form are divergence-free, and

for every divergence-free stress, there exists an Airy stress function ¢ [60]. It follows from
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Eq. 6.11 that ¢ is arbitrary up to an added factor of ¢1x + coy + c3 for arbitrary constants

c1,co and cs, i.e., adding this to ¢ does not change the corresponding stresses.

If the equilibrated stress is traction-free as well, i.e., it is a residual stress, then the neces-

sary and sufficient boundary conditions on 1) are (see Eq. 4.5.13 and 4.5.14 in [7]):

0
Y =cyxr+c5y+ce and P, = 871/} =cyng +csny  on O,
mn

where ¢4, c5 and cg are arbitrary constants which can be chosen according to convenience.

For simplicity, we choose ¢4 = ¢5 = cg = 0, so that
=0 and ¢, =0 on OIN. (6.12)

This choice of the constants cy4, c5 and c¢g also exhausts the arbitrariness in ¢ by fixing the
constants c¢1, ¢o and c¢3. Thus, for a given planar residual stress o, there corresponds a

unique Airy stress function ¢ that satisfies the boundary conditions in Eq. 6.12.

Moreover, by the definition of the Airy stress function, any given v satisfying the boundary
conditions in Eq. 6.12 corresponds to a unique residual stress. Thus, we have established
that there is a one to one correspondence between the space of planar residual stresses

and the space of Airy stress functions satisfying the boundary condition in Eq. 6.12.

Note that the first condition in Eq. 6.12 implies that the derivative of i in the locally

tangential direction t is also zero, i.e.,
Yy =0 on Of.

Since both normal and tangential derivatives of 1 are zero at the boundary, we have
Vi¢=0 on 0.

In particular,
V=0 and ¢, =0 on Of. (6.13)

We will use the above condition in a later section.

We also note that any residual stress trace & is the Laplacian of a unique scalar function

1 satisfying the boundary conditions in Eq. 6.12 since

4+ = = Ay (6.14)
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We use Eq. 6.14 to obtain a useful characterization of harmonic functions in 2D.

Proposition 6.1. A scalar function h in 2D is harmonic (i.e., Ah = 0) if and only if it

1s orthogonal to all residual stress traces.

Proof. Let h be a harmonic function. Consider its inner product with a residual stress

trace:

/h&dA:/hAwdA:/ hw,nds—/VhV¢dA:—/ h,nwds—i—/AhwdA:O.
Q Q Gi9) Q 0 Q

The first equality in the above follows from Eq. 6.14; the second equality follows from the
divergence theorem; the third equality follows from the second of Egs. 6.12 followed by
the divergence theorem; the final equality is because of the first of Eqs. 6.12 and the fact
that Ah = 0.

We now prove the other side of the proposition. Let g be a scalar function whose inner

product with all residual traces is zero. Equivalently,

/gAwdA:O
Q

for all twice differentiable v satisfying the boundary conditions in Eq. 6.12. Using the

divergence theorem twice, along with the boundary conditions on v, we have

/ng/;dA:/QAgwdA:o.

The considered ) include the set of all smooth functions with derivatives of all orders zero
on the boundary (this set is usually denoted as C2°), which in turn is dense? in L? [45].
Therefore,

Ag = 0.

O]

We now use Proposition 6.1 to solve the thermoelasticity problem using the weighted

residual method with ¢,.

41f a set A is dense in a set B, then every element of B either belongs to A or is arbitrarily close to an
element of A.
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6.3.4 A correct application of the weighted residual method with ¢,

As we mentioned in the beginning of Section 6.3, since ¢; are already divergence-free and

traction-free, we only need to worry about the equation
Ao — BT) =0,
i.e., @ — BT is harmonic. According to Proposition 6.1, this is equivalent to writing
/ﬂ(a —BT)xdA =0

for all residual stress traces x. But ¢; span the set of residual stress traces®, and hence,
the above is equivalent to

[@-sm)saa=0 v
Q

oo
Writing 6 = Z ajq_ﬁj, we have
j=1

/Q g;ajq}j qudAzﬁ/QTqudA.

Truncating the expansion to N terms, and considering 1 <7 < N, we set up a system of

N linear equations
Ma = f,

where

M(i,j):/QqSi(ﬁjdA and f(z’):ﬁ/ﬂT@dA. (6.15)

We know that this time the approximations a'f\‘, will converge quickly to o because ¢,
form a basis in the H' norm, whereas all we require for the above approach to work is

that ¢,; form a basis in the L? norm.

oo
5 . ~ ~ . ~ ~ ~ .
°Any residual stress trace ¥ = tr& for some residual stress &, and & = E a; ¢, for some unique
i=1

oo
coefficients a;. Thus, x = Zdicﬁ?i, and we have shown that an arbitrary residual stress trace x can be
i=1
represented as a unique linear combination of the functions ¢;. Thus, ¢; span the set of residual stress
traces.
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We plot the approximations Uf\‘,, along with the actual stress o, in Figure 6.14 for N =

10,20 and 100. We plot the approximation error

fﬂ(cr — Uﬁ) (o — a’ﬁ) dA

En =
N Joo-odA

in Figure 6.15. We see that the convergence is rapid, Ex decays like 1/N? for large N.
We note that this convergence is much faster than that obtained using the displacement

based virtual work method (Figures 6.4 and 6.7).
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FIGURE 6.14: Radial variation of the actual and the approximate stresses with a correct
application of the weighted residual method, using 10, 20 and 100 residual stress basis
functions ¢;.

We can simplify the expressions in Eq. 6.15 using the following interesting result for residual

stresses in 2D.
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FIGURE 6.15: Approximation error En versus N with a correct application of the
weighted residual method using ¢,. Left: linear scale; right: log-log scale.

Proposition 6.2. The inner product of any two planar residual stresses o1 and oy is

equal to the inner product of their traces, i.e.,

/Ul-G'QdA:/51(_TQdA.
Q Q

Proof. Let the Airy stress functions corresponding to o1 and o2 be ¥ and 1. We will

assume that ¢ and 9 possess the regularity required for all the operations in this proof.

Consider the quantity / Y1 wy Y2,2y dA. Using Green’s theorem, and boundary conditions

Q
on ¢ and ¥9 (Egs. 6.12 and 6.13), we have

/ zﬁl,a:y 77/}2,:Ey dA = — / wl,my w2,m dr — / ¢1,ryy w2,m dA
Q 0N Q
= - / d}l,azyy P2 dy + / ¢1,x:cyy ¢2 dA = / @Z)l,mcyy ¢2 dA.
o0 Q Q
Similarly,
/ wl,yy w2,xx dA = / wl,yy ¢2,:v dy - / wl,yyz ¢2,ac dA
Q 0N Q
= - / wl,yyw Yo dy + / wl,yymx (05 dA = / wl,yyxz o dA = / ¢1,xacyy (25 dA.
o0 Q Q Q

From the above two equations, we have that

/ ¢17$y ¢27wy dA = / wl,yy ¢2,x:p dA. (616)
Q Q
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We can similarly show that

/ wl,xy 7/]271:34 dA = / 7/}17901‘ ¢2,yy dA. (617)
Q Q

Let us now consider the inner product of o1 and o9. Using the above two identities, we

have
/Qo'l coodA = /Q (O1220220 + OlyyOoyy + 2012y022y) dA
= /Q (V1,99 V2,yy + V1 22V2.20 + 201 2y V2.2y) dA
= /Q (V1yy¥2,yy + V122V2,00 + V1zaV2,yy + Y1yy¥2,00) dA
= /Q (V1,20 + V1,yy) (V2,00 + Yo,yy) dA = /9‘71‘72 dA.
This completes the proof. O

Using the above proposition, we conclude that the traces ¢; of the orthonormal basis
functions ¢; are also orthonormal. As a result, the matrix M in Eq. 6.15 is simply the

identity matrix. Consequently, a = f, and
a(i) :5/ T ¢; dA.
Q

If 9; is the Airy stress function corresponding to ¢;, then using Green’s theorem and the

boundary conditions in Egs. 6.12 and 6.13, we have
a(z‘):6/T&idA:B/TAwidA:B/ATwidA,
Q Q Q

which implies that a(i) = 0V ¢ if 7' is harmonic. Thus, we obtain the well known result
for linear isotropic elastic materials: only a non-harmonic rise in temperature can induce

strain incompatibility, and hence, non-zero residual stress (e.g., see Problem 17.4 of [8]).

Proposition 6.2 can be used to prove the following interesting corollary regarding deter-

minants of planar residual stresses.

Corollary 6.3. The mean (or average) of the determinant of a planar residual stress is

ZETO0.
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Proof. The determinant of a planar residual stress o is

_ 2 2
det o = 04504y — Oy = Y gy 2w — Ty

Setting 1 = 99 = ¢ in Eq. 6.16, we immediately obtain that

/ deto dA = / (w,yy@b,xw - ?xy) dA =0.
Q Q

O

In the next section, we construct a new basis for residual stresses, one whose elements
are zero at the boundary. With this basis, a direct application of the weighted residual

method gives us the correct solution if the true stress is also zero at the boundary.

6.4 A new basis for residual stresses

The eigenfunctions of the Laplace operator with zero boundary value form a basis for the
space of all scalar square integrable functions (including those which are non-zero on the
boundary) on a given domain [64]. Motivated by this, we construct a new basis for residual
stresses, one whose elements are zero at the boundary. The construction will be identical
to that presented in Chapter 2, the only significant difference being that the set S over
which the functional Jy is minimized (see Sections 2.1 and 2.2) will now consist of tensors

which are zero on the boundary.%

These basis functions, denoted as ®;, span the set of those residual stresses which are zero
on the boundary in the H' norm, and the set of all residual stresses (i.e., including the

ones not zero on the boundary) in the L? norm. Moreover, for a residual stress o which
N

N

is zero on the boundary, o — Zai‘I’i — 0 implies that Ao — A (Z az-<I'¢> — 0in a
i=1 i=1

sense we will make precise below. We will use this last property to demonstrate that in a

thermoelasticity problem whose true solution is a residual stress with zero boundary value,
a direct application of the weighted residual method with ®; as the weights gives us the

correct solution.

5Tt is difficult to think of practical situations in which all the components of a residual stress are zero
on the boundary. However, consideration of this basis provides us with useful insights into the workings
of the approximation methods we have been discussing.
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6.4.1 Construction of the new basis

We seek the stationary points of the functional
1
Jo(o) = 2/ Vo -VodA (6.18)
Q
over those elements of the set

Sz{a”aéSym, dive =0, osq =0, /O"O'dA<OO, /VO'-VUdA<oo},
Q Q

(6.19)
/ o-0cdA=1.
Q

Note that the set S differs from that in Chapter 2 only in the boundary condition satisfied

which satisfy

by its elements: o = 0 here and on = 0 in Chapter 2. Proceeding along lines identical
to the construction in Chapter 2, we find that a stationary point o satisfies the following

eigenvalue problem

—Ac +Vsu=Xo in
dive =0 in €,
o=0 on 0N0.

It is easily seen that the eigenfunctions ®; are mutually orthogonal with respect to both
the L? and the H' inner products. The proof of existence of the eigenfunctions and the
fact that they form a basis for the set of residual stresses with zero boundary value in the
H' norm, and the set of all residual stresses in the L? norm, is almost identical to the
one presented in Chapter 2, and is omitted (for more details, see Section 7.6). This last
property is closely related to a similar property of the zero boundary value eigenfunctions
of the Laplace operator and the zero boundary value eigenfunctions of the Stokes operator:
the former provide an L? basis for all scalar functions [64], and the latter form an L? basis

for all divergence-free vector fields [43].

We plot the first four eigenfunctions on an annular domain corresponding to wave number
m = 3 in Figure 6.16. We scale the eigenfunctions by setting oy, = 1 at the inner boundary

r="Tq.

Before moving on to using the weighted residual method with ®;, we demonstrate that

®; span even those residual stress fields that are non-zero on the boundary. We fit the
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FIGURE 6.16: Radial variation of the first four residual stress eigenfunctions ®; for the
annular domain, with m = 3.

thermoelastic residual stress field considered in the previous sections of this chapter (Eq.
6.2) using ®;, and plot the corresponding stress components in Figure 6.17. We plot the
fitting error Ey in Figure 6.18. It is clear from these figures that the fits o converge to
o in the L? norm as N increases. However, the convergence is slow: Ey decays like 1/N
for large N. Recall that with our usual residual stress basis functions ¢;, En decays like

1/N3 for large N for the same residual stress o (see Figure 4.10).

The eigenfunctions ®; satisfy another important property that will be useful while using

the weighted residual method: if for a residual stress o which is zero at the boundary,

N
> a® o, (6.20)
=1
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FIGURE 6.17: Radial variation of the thermal stress o of Section 6.1 and its fits &% using
10, 20 and 50 residual stress basis functions ®;.

then,

N
A (Z az-@i) — Ao (6.21)
=1

Moreover, the rate of convergence in Eq. 6.21 is the same as the rate of convergence in
Eq. 6.20 (the convergence in Eq. 6.20 is in the H' norm). The proof is technical, and
we omit it. However, we point out that the proof is along similar lines to the proof of
an identical property exhibited by the zero boundary value scalar eigenfunctions 1; of the
Laplace operator. This property is as follows. If ug is a scalar function with zero boundary

value and

N
Z aiﬂi — Ug, (622)
=1
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then

N
A (Z azﬁz> — A’U,(). (6.23)

i=1
The above is true because the Laplace operator is an isomorphism from H& (the set of

scalar functions with finite H' norm and zero boundary value) to H~' (the dual space

of H}) [64]. Moreover, according to the definition of an isomorphism between Banach
spaces’, there exist constants C; and Cs such that®

N N N
Cilluo =) aiiillzn < [|Aup — D aildiillg-r < Collug =Y astiil| g,
=1 i=1 =1

i.e., the rate of convergence in Eq. 6.23 is the same as the rate of convergence in Eq. 6.22

(the convergence in Eq. 6.22 is in the H! norm). We omit further technical details.

In the next section, we consider a thermoelastic annulus heated in such a way that the
resulting residual stress is zero at the boundary. We will see that with a direct application

of the weighted residual method with ®; as the weights gives us the correct solution.

"Let P and @ be two Banach spaces equipped with norms ||-|| , and [llo- Let p be an arbitrary element

in P and ¢ = Sp. An isomorphism S : P — @Q is a continuous bijective map, with a continuous inverse, so

that there exist constants C1 and C independent of p and g, that satisfy C1 [|p|p < |lallq < C2 |Ip|| -
The norm of a function f € H™" defined on Q is || f|| ;-1 =sup {|f(9)| :llgll;n =1 and g€ H'}.
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6.4.2 Weighted residual method with ®;

We first construct a thermoelasticity problem in which the resulting residual stress is zero

at the boundary. Let the applied temperature T' be of the form
T = (r +er? + 621"4) cos 36,

so that
8
BAT = B (V« — 5y + 7ch2> cos 36. (6.24)

The free parameters ¢; and cs are to be determined so that the resulting residual stress o

is zero at the boundaries. o satisfies the following ODE system (see Egs. 4.7 and 4.8)

9 8
(UW +099)//+ (0'7”7"‘;0'09) . (0'7“7“7;‘ 0'6’9) -3 <_T — B¢ + 7CQT2> :

/
n 4oy opy N 20, Togy _

O+ 0.

r r2 r2

We see from Eq. 4.9 that with o,, = ggg = 0 at the boundary, the condition o,y = 0 implies
that o], = 0 at the boundary. We therefore have the following boundary conditions on
o and ogy:

o =o0r.=0gp=0 at r=r, and r=rmy.

We solve this boundary value problem numerically (taking 8 = 1 and iteratively adjusting
c1 and c3) and obtain the required stress . The parameters ¢; and co are found as part

of the solution to be
cp =—13.04 and cy=—-77.14. (6.25)

We now show that we can also solve the above problem (with ¢; and ¢y as given in Eq.
6.25) using the weighted residual method, with ®; as the weighting functions. Since ®;
are already divergence-free and zero at the boundary, the only equation we need to worry
about is (recall that § = 1)

Ag = AT.
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N

Substituting 6 = Zaﬂ@j’ and taking the inner product of the above with ®; through
i=1

®, we obtain N linear equations arranged as®.

Ma = f,

where

M(i,j)=/QA<T>j<i>,-dA and f(z'):/QATéidA.

We plot the approximate solutions 0']“\1], along with the actual stress o, in Figure 6.19 for

N = 10,20 and 50. We also plot the approximation error

fQ(a - Uf\‘,) (o — 0'1‘%) dA

En =
N Joo-odA

in Figure 6.20. We see that the convergence is rapid; Ex decays like 1/N6 for large N.°

9 Although a reduction in order of derivatives is possible through the divergence theorem (since ®; are
zero on the boundary), it is not needed since the rate of convergence of the Laplacians of the approximants
to the Laplacian of the true solution is the same as the rate of convergence of the approximants to the true
solution, as noted earlier (see the comment following Eq. 6.21)

10VWe have verified in calculations not shown here that the least squares method with ®; also works just
as well for this problem.



Chapter 6. Solution of a thermoelasticity problem using ¢; 148

x1074 Orp x1073 arg

0.1 0.15 0.2 0.25 0.3 0.1 0.15 0.2 0.25 0.3

T T
3 %1073 099 x1073 0 = 0p + 0g
2 —— Actual 1
21 N=10
- - N=20
i - - N=50
1 \ 0 /
N , |

0.1 0.15 0.2 0.25 0.3 0.1 0.15 0.2 0.25 0.3

FIGURE 6.19: Radial variation of the actual and the approximate stresses using the
weighted residual method with 10, 20 and 50 residual stress basis functions ®;.
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6.5 Summary of the chapter

This chapter was devoted to solving a thermoelasticity problem with the weighted residual
method using the residual stress basis functions ¢;. We considered the problem of non-
uniform heating of a thermoelastic annulus that induces strain incompatibility and renders
the annulus residually stressed. We first solved for the approximate stress using the virtual
work method employing two standard displacement bases: the free vibration modes and
the eigenfunctions of the Laplace operator, both corresponding to the free-free boundary
condition (Eq. 6.5). We saw that the approximated stress converges to the true stress,
but the convergence is slow. Subsequently, we first used ¢,; to approximate the stress
using the weighted residual method directly, but without success. We then derived a
useful characterization of harmonic functions in terms of residual stresses, using which we
did a different weighted residual calculation and obtained the correct approximate stress
using ¢,;. The corresponding convergence was much faster than that obtained using the
displacement based virtual work method. In the final section, we developed a new residual
stress basis, one whose elements are zero at the boundary. We showed that if this new basis
is used in a direct application of the weighted residual method to solve a thermoelasticity
problem whose true solution is a residual stress field which is also zero at the boundary,

then approximate solutions converge even more rapidly to the true solution.

We also discovered some new results along the way. We showed that a scalar function
in 2D is harmonic if and only if it is orthogonal to all residual stress traces. This result
is new because the study of residual stresses has so far been tied to the physical origins
thereof, and such general properties have not been studied much. We proved that the
inner product of any two planar residual stresses is equal to the inner product of their

traces. We also showed that the mean of determinant of a planar residual stress is zero.

Perhaps the main practical takeaway from this chapter for an engineering audience is the
insight into approximation methods like the weighted residual method or the least squares
approximation method. We saw that for the thermoelasticity problem considered in this
chapter, success depended on whether the basis used converges in the norm dictated by the
order of the differential operator in the governing equation, after reduction to the lowest

possible order using the divergence theorem (or similar manipulations).

We also obtained the following useful insight into the Galerkin method. When considering
the weighted residual of the governing differential equation with a basis function, it is
useful to integrate by parts or use the divergence theorem to see if the resulting boundary

term drops out on account of a boundary condition satisfied by the true solution. The
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resulting domain integral then has differentials of a reduced order, which allows us to

choose the basis functions from a bigger space.

Finally, this chapter demonstrated direct use of the residual stress basis functions ¢, in
solving forward problems using the weighted residual method. There is no comparable

published result in the mechanics literature to the best of our knowledge.



Chapter 7

Comments on the modified

extremization problems studied in

this thesis

To obtain a basis for residual stress fields in Chapter 2, we used an indirect approach: we
extremized a quadratic functional involving the gradient of an input stress and obtained a
linear eigenvalue problem involving its Laplacian. The proof that the eigenfunctions exist

and form a basis was lengthy and technical.

In subsequent chapters, we repeatedly employed this indirect approach of extremizing
quadratic functionals involving gradient of an input field and obtained eigenvalue problems
similar to the one obtained in Chapter 2. We showed that these eigenvalue problems
yielded orthogonal sequences of eigenfunctions which were used for fitting or interpolation
applications. In each of these applications, we assumed without proof that the sequence
forms a basis for the corresponding space, and the excellent numerical support obtained

justified our assumption.

Since these extremization problems (and the corresponding eigenvalue problems) are sim-
ilar to that of Chapter 2, proofs that the corresponding sequences form bases could be
attempted along similar lines, requiring only minor modifications. In this chapter, we dis-

cuss how the proof of Chapter 2 could be adapted for the modified extremization problems.

This chapter is arranged as follows. In Section 7.1, we present an outline of the proof
presented in Chapter 2 for reference. In Section 7.2, we discuss the 1D eigenfunctions f,

which have zero mean and zero boundary value, considered in Section 3.2.3.1. In Section

152
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7.3, we discuss the axial stress eigenfunctions ¢, considered in Problem 2 of Section 5.1.2.
In Section 7.4, we discuss the eigenfunctions v corresponding to the out of plane shear
stresses considered in Problem 3 of Section 5.1.2. In Section 7.5, we discuss the spatially
localized eigenfunctions ¢ considered in Section 5.2.2. Finally, in Section 7.6, we discuss
the residual stress eigenfunctions with zero boundary value ®, which were obtained in

Section 6.4.

7.1 An outline of the proof presented in Chapter 2

To recall, we considered the following extremization problem in Chapter 2:

Find the stationary points of the functional
Jo(o) = / Vo -VodA (7.1)
Q
in the set

S:{U‘GGSym, dive =0, 0n|8Q:0,/0'~0'dA<oo,/V0'-V0'dA<oo},
Q Q
(7.2)

subject to the normalization constraint / o-ocdA=1.
Q

We showed that the stationary points ¢ are the solutions of a linear eigenvalue problem,
and are mutually orthogonal in the L? inner product. The proof that they span S, pre-
sented in Chapter 2 can be divided into two major parts: (1) assuming the existence of
the eigenfunctions and proving by contradiction that they span S, and (2) proving that

the eigenfunctions exist.
We enumerate below the major steps involved in part (1):

Step la: We first showed that there are infinitely many eigenfunctions. To do so, we
argued by contradiction, and assumed that there are only N eigenfunctions ¢; to ¢y.
We extremized Jy within Sy, the orthogonal complement of the span Sy of ¢, within
S. Using the orthogonality relations satisfied by ¢;,, we showed that the solution of this
new extremization problem satisfies the same conditions as ¢;,, obtaining a contradiction.

Hence, the eigenfunctions are infinitely many.

Step 1b: We then showed that the eigenfunctions span S, again arguing by contradiction.
We assumed that the eigenfunctions span a subspace S of S and extremized Jy within

Sool, the orthogonal complement of S, within §. We showed that the extremizer satisfies
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the same conditions as ¢, again obtaining a contradiction. Hence, the eigenfunctions

span S.

Part (2) of the proof, in which we showed that the minimizers of .Jy exist in the unit ball

P of S, contained the following major steps:

Step 2a: To begin with, we noted that the problems of minimizing Jy(o) and minimizing

1
J(o) = (QJ()(O'))% = (/ Vo - Vo dA) ’ are equivalent. Since, the values of J evaluated
in P have a greatest low%r bound g, there exists a minimizing sequence (o) in P such
that

nangoj(an) = 1o.
Step 2b: Since residual stresses have zero mean, we were able to use Poincaré’s inequality
to show that (o) is bounded in the H! norm. Consequently, there is a subsequence (o)

that converges weakly in the H' norm and strongly in the L? norm to some o.
Step 2c: We then showed that oy belongs to the set P.

Step 2d: We showed that J is weak lower semi-continuous in the H' norm. Using this
and Step 2a, we concluded J (0) = 1o. Hence, at least one minimizer o exists in the
unit ball of S.

Step 2e: The same line of argument was invoked repeatedly to show the existence of a

minimizer in each Sy, NV € N.

We will see that for each of the extremization problems discussed in the subsequent chap-
ters, a proof could be constructed along the same template as above, with small modifi-

cations to accommodate the requirements of each problem.

7.2 1D eigenfunctions [ of Section 3.2.3.1

In Section 3.2.3.1, we obtained a sequence of 1D functions fx(§) defined on the unit interval
0 < ¢ <1 such that each of these functions has zero mean and is zero on the boundary.
We assumed there, without proof, that fi(£) span the set of functions on the same domain
having zero mean and zero boundary values. We discuss below the modifications required

if we were to construct a proof along the lines of Section 7.1.

Recall that we considered the following extremization problem in Section 3.2.3.1:
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Find the stationary points of the functional

1 1
Rol) =5 | ot

in the set

1 1 1
sz{g]gm):g(l):o,/ogdfzo,/092d£<oo,/og’2d£<oo}, (73)

1 /1
subject to the normalization constraint 3 / g% d¢ = 1. Let us denote the set of g belonging

0
to S and satisfying this constraint as P.

While the extremized functional is the same as that in Section 7.1, the set in which the
extremizers are sought differs in the following aspects:

e g are 1D scalar functions while o are symmetric second order tensor fields.

e There is no pointwise divergence constraint on g.

e g are zero at the boundary, while the t ® t component of & may be non-zero at the

boundary.

e g satisfy an explicit integral constraint: they have zero mean. Note that while o also
satisfy this constraint, it does not need to be enforced explicitly because it follows

from o being divergence-free and traction-free.
We now run through Steps la through 2e of Section 7.1 and point out what changes due
to the above differences.

Steps 1la and 1b: Since the eigenfunctions fi satisfy the orthogonality conditions (Eq.
3.27)

1 1
/f;f;df—/ flde=0, 4],
0 0

we obtain the same contradictions as Section 7.1, and we conclude that fi span the set &

and its closure S.

Step 2a Since the extremized functional is the same, we obtain a minimizing sequence

(g9n) here too.

Step 2b: Since the functions g have zero mean, we can use the Poincaré’s inequality to

show that (g,) is bounded in the H' norm. Moreover, since g are zero on the boundary,



Chapter 7. Comments on the modified extremization problems studied in this thesis 156

(gn) belongs to the Sobolev space H} (the set of functions which have a finite H' norm
and zero boundary value). Thus, there is a subsequence (gy, ) that converges weakly in

the H' norm and strongly in the L? norm to some gg € H&.

Step 2c: In showing that gg belongs to P, we need to pay attention to the two conditions
that we did not encounter in the proof of Section 7.1.The first condition is that gq is zero

on the boundary; this is obvious since it belongs to the space H&. The second condition

1
/ godfzo.
0

However, the above can be easily shown using the fact that g,, converges strongly in the

is that gg has zero mean, i.e.,

L? norm to go, as follows:
0
1 1 1
[ e = | [ a0 = gu) det [ ae] < low = gl 11 0,
0 0

where the inequality follows from the Cauchy-Schwartz inequality.

Step 2d and 2e: These steps are identical to the corresponding steps in Section 7.1.

7.3 Axial stress eigenfunctions ¢,, of Section 5.1.2

In Problem 2 of Section 5.1.2, we obtained a sequence of orthogonal functions ¢,, corre-
sponding to axial stresses that transmit zero net force and zero net bending moment across
any lateral cross-section in a long prismatic body. To recall, these functions are solutions

of the following extremization problem:

Find the stationary points of the functional

1
Jo(0:z) = 5 ; Vo,, -Vo,,dA
l

in the set

S = {O’zz

subject to the constraint / 02, dA = 1. We denote the set of unit-norm elements belong-
9]

/ agz dA < oo, Vo,, Vo,,dA < oo, 0., dA = 0,/ ro,, dA =0 },
o] o) 9] 971

ing to S as P.
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Again, the functional whose stationary points are sought is the same as that in Section 7.1.
However, the set in which the stationary points are sought differs from the corresponding

set in Section 7.1 in the following aspects:
e 0., are 1D scalar functions while o are symmetric second order tensor fields.

e There is no pointwise divergence constraint on o,,.

e o satisfies the traction-free boundary condition, while there is no condition on the

boundary on o,,.

e 0, satisfy the explicit integral constraint of having zero mean. We repeat that while
o also satisfy this constraint, it does not need to be enforced explicitly because it

follows from o being divergence-free and traction-free.
® 0., also satisfy an additional integral constraint of having zero first moment:
ro,, dA = 0.
9]

As before, we look at Steps la through 2e and point out the modifications required.

Steps 1la and 1b: Since the eigenfunctions ¢, satisfy the orthogonality conditions (Eq.
5.10)

¢zzi ¢zzj dA = v¢zzi : v¢zzj dA = 0,
Q Q

we obtain the same contradictions as Section 7.1, and we conclude that ¢, span the set

S and its closure S.

Step 2a Since the extremized functional is the same, we obtain a minimizing sequence

(022n) here too.

Step 2b: Since the functions o,, have zero mean, we can use Poincaré’s inequality to
show that (..,) is bounded in the H'! norm. Thus, there is a subsequence (022n,) that

converges weakly in the H' norm and strongly in the L? norm to some o..q.

Step 2c: In showing that ,.9 belongs to P, we need to pay attention to the two conditions
involving the integral constraints that we did not encounter in the proof of Section 7.1.

Let us look at them one by one.

We first show that

/ 0,,0dA = 0.
9)
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Using the fact that each member of the sequence (0,.y,) has zero mean, and that this

sequence converges strongly in the L? norm to ,.9, we have

0

/ UzzOdA’ = / (UZZO - Uzznk) dA"i'MdA < ||UZZO _Uzznk”LQ ||1||L2 — 0,
Q Q

where the inequality follows from the Cauchy-Schwartz inequality.

We also need to show that

/ o0 dA = 0.
Q

Again, using the fact that each member of the sequence (0., ) satisfies the above condi-

tion, we have

0
/ mzzodA\z / P (020 — Osany) dA + Mcm < (0220 — zme) 12 11112
Ql Ql 1

g ||{rHoo V |Ql’ ||UZZO - UZan||L2 — 07

where ||| is the supremum of magnitude of r on ; and |{}]| is the area of ;.

Step 2d and 2e: These steps are identical to the corresponding steps in Section 7.1.

7.4 Out of plane shear stress eigenfunctions v of Section

5.1.2

In Problem 3 of Section 5.1.2, we obtained functions v with the following orthogonality

property (Eq. 5.16):

/vi~vjdA: V’UZ'-V’UjdA:O, l;é]
97 197}

These functions correspond to the out of plane shear stress components in an infinitely
long prismatic body with no stress variation in the axial direction. They are solutions of

the following extremization problem:

Find the stationary points of the functional

1
Jo(v) = 2/, Vv - VvdA
l
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over the set

s={v

subject to the normalization constraint / v-vdA = 1. We denote the set of v belonging
Q
to § and satisfying this normalization constraint as P.

rxvdAzo},

dive =0, v-n|agl:0,/ 'v~'vdA<oo,/ Vv - VvdA < oo,
Q of

! Qz

The set in which the stationary points are sought differs from that of Section 7.1 in the
following:

e v are vector fields while o are symmetric second-order tensor fields.

e v satisfy an additional integral constraint corresponding to zero net torque:

rxovdA=0.
9

Thus we see that the above problem differs from that of Section 7.1, apart from the order
of the input field, only in the presence of an additional integral constraint in the former.
We have seen in the previous sections that this has a bearing only on Step 2¢ of the proof
template that we have been following, wherein we need to show that the limit vy of the

minimizing sequence (v,) satisfies

/ r X vgdA =0.
Q

We show this now. Let us first note that since r» and u,, = v¢o — v,, are planar vectors,
T X Uy = (TUyn — YUan) €5,

where vz, = u, - €, and uy, = u, - ;. Then,

/rxvodA‘:/rx('vo—vn)dA+/r><vndA‘:/rxundA‘
Ql Ql Ql Ql

. @ = yt2n) 4] < g = il 1
Q

(7.4)

(v,,) converging strongly to vg in the L? norm means that

[vo — val72 = [[unl72 — 0,
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which in turn implies that

/ (uin + “Zn) dA — 0,
Q

or,
/ u?, dA =0 and / uzn dA — 0. (7.5)
Ql Ql
So,
|y, — yumHiZ = / (TUypn — yugm)2 dA = (mQUZn + y2u§n - Qxyumuyn) dA
Ql Ql

< [ (@i P+ 2l ) a4
l
< [ (i el (2 ) } A
l

<llll, [ wdar+ ol [ dadd+lenl [ (25 id) da—o.
l l

9)

where in the last step we have used Eq. 7.5. Substituting the above result in Eq. 7.4, we

/ r X vgdA = 0.
9)

The rest of the proof follows along identical lines to that in Section 7.1.

obtain

7.5 Spatially localized residual stress eigenfunctions ¢ of
Section 5.2.2

In Section 5.2.2, we obtained a sequence of functions (¢,,) which are localized in a 2D
region, decaying rapidly away from it. These functions are the solutions of the following

extremization problem:

Find the stationary points of the functional

1
Jo(o) = 2/9101V0' -VodA

in the set

S:{U‘UESym, dive =0, an|8Q:0,/a-adA<oo,/VU-Va'dA<oo}.
Q Q
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subject to the normalization constraint

/wga-adAzl.
Q

We denote the set of o that belong to S and satisfy the above constraint as P.
We assumed that w; and ws are smooth functions which are positive everywhere.

This time we see that the set over which the stationary points of the functional are sought
is the same as that in Section 7.1, however the functional itself includes an extra weighting
function. Moreover, we saw that the stationary points satisfy a different orthogonality

property (Eq. 5.29):

/ w1V, - chj dA = / W2 ;P dA = (‘Pi,%‘)w =0.
Q Q

We now look at steps la through 2e of the proof template of Section 7.1, and point out

the modifications required.

Step 1a: Since the functions ¢ are orthogonal in a different inner product (than the L?
inner product that we have been using), the algebra involved in proving that there are
infinitely many eigenfunctions is slightly more involved, but we will see below that the

principles remain the same.
We argue by contradiction.

Let us assume that only a finite number NV of eigenvalue-eigenfunction pairs (\p, ¢, it,,)

exist.

Let Sy be the subspace of & spanned by the finite sequence (gop), p=12,--- N. Let
Sy be the orthogonal complement (in the weighted inner product) of Sy in S. Let us
now extremize Jy within Sy . To the extremizer o, restriction to Sy adds N integral

constraints to the previous extremization problem, namely
/wggop-crdAzo, p=1,2,--- N, (7.6)
Q

for which we introduce N new scalar Lagrange multipliers, vy, v, -+, vy, and find that

the extremizer o satisfies the following eigenvalue problem:

—w1Aoc — Vo ©Vw, + Vg = Awg o + Z;\le Vpw2 @, and dive =0 in,
Vo - (t®@t)=0 and on=0 ondf.
(7.7)
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Consider the inner product of the first of Eq. 7.7 with any eigenfunction ¢;, 1 <k < N,

ie.,

N
/(—wlAa—VUGVw1+V5u)-cpde:)\/wga~gode+ Vp/wgcpp-gode.
Q Q T Ja

p=

(7.8)
Let us first consider the term (—w;Ao — Vo ® Vw;) - ¢,. Using indicial notations, it

simplifies to (omitting the index k for clarity):
(—wi1Ao — Vo O Vwi) - @ = —wi04,uPij — 04, 1W1,1Pij
= (—w10451945) 1 + W1105519i5 + W103510i50 — Tij w1,10i; = (—W104519i5) 1 + W1045,10i,1-

Thereupon using the divergence theorem, we have

/ (—w1Ao — Vo & Vuwy) - ¢, dA = —/
Q

wiVpo - oL ds + / wiVeo -V, dA
a0 Q

(7.9)
= / w1 Vo -V, dA,
Q

where the boundary integral drops out because ¢, = vt ® t for some scalar function vy on

the boundary, and V,,o - (t ® t) = 0 on the boundary.
Let us now return to Eq. 7.8. By the reasoning in Appendix C, the / Vsp - @, dA term
Q

drops out. By Eq. 7.6, the A / wa o - ¢, dA term drops out. By orthonormality of the
Q

N
eigenfunctions, Z Vp / wa ), - ¢, dA contributes just vy. Thus, we get
Q
p=1

/ wn Vo Ve,dA=uyy. (7.10)
Q

However, since o is an element of S and also orthogonal to ¢, Eq. 5.28 shows that

/vwk'vadA:o.
Q

Thus v = 0 for 1 < k < N. Inserting these zeros in Eq. 7.7 we obtain exactly Eq. 5.22,

which shows that the new solution merely adds another element to the existing sequence.
We conclude that there are infinitely many eigenfunctions.

Step 1b: We use the same ideas above to show that the eigenfunctions span S.
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N

Step 2a: Since w; is assumed to be positive everywhere, the functional J = (2Jp)2 is

bounded below by zero on P. Thus, there exists a minimizing sequence (o,).

Step 2b: The details in this step remain the same as in Section 7.1. We conclude that

(0,) converges weakly in the H! norm and strongly in the L? norm to some o.

Step 2c: In this step, we need to show that oy belongs to P. For that, we need to show
that o is divergence-free, traction-free, has finite H' norm, and has unit norm. The proof
of the first three conditions is identical to that of Section 7.1. We prove that o has unit

norm below.

By the Cauchy-Schwartz inequality, and the fact that ||oy], = 1,

o0 = aulls = llool?, + loully =2 [ waon-onda
(7.11)
2
> ool +1 -2l = (looll, - 1)

But,

oo — oll?, = /ng(a'g ) - (00 — o) dA
< ||W2||OO/Q(00 —a,) - (00— 00) dA = w2 oo — onll7e
which implies that
oo — C"n”i} —0
since (o,,) converges strongly in the L? norm to o and [Jwsl| is bounded.
So, from Eq. 7.11, we have

loofl, = 1.

Step 2d: Next, we show that J is strong lower semi-continuous in the H' norm. This is

true because, for a given o,

1

1
R 2 1 2
0< J(o) = </ w1Va"VadA>2 < w1 |3 (/ Vo-~Vo-dA)2
Q Q

1 2 1
< Jwq||& </ o- O'dA—|—/ Vo -Vo dA> = |lw1]|& |lo ]| g1 -
Q Q

Consequently, if a sequence (6,,) converges strongly to some &g in the H' norm, J (m) =

J(60). Thus, J is strong lower semi-continuous in the H* norm.
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It is straightforward to show that J is a norm, and hence convex. Consequently, it is weak

lower semi-continuous in the H! norm.
We then proceed as in Section 7.1 to conclude that at least one minimizer exists in P : oy.

Step 2e: Using the above procedure repeatedly, we can show the existence of a minimizer
in each Sy, N € N.

7.6 Residual stress eigenfunctions ® with zero boundary

value of Section 6.4

In section 7.6, we obtained an orthogonal sequence (®,,) of residual stresses which are
zero on the boundary. Those functions are the solutions of the following extremization

problem:

Find the stationary points of the functional
1
Jo(o) = / Vo -VodA
2 Jo
over those elements of the set
S= {U‘UGSym, dive =0, osq =0, /O'-O'dA<OO, /VU-VO‘dA<oo},
Q Q

which satisfy
/ o-cdA=1.
Q

As we mentioned in Section 6.4, the only difference between this problem and that of
Chapter 2 is that the elements of the set S are zero at the boundary. We have seen in
the previous sections of this chapter that this difference has a bearing only on Step 2d
of the proof template of Section 7.1, wherein we now need to show that the limit of the
minimizing sequence og will be zero at the boundary. This is straightforward because
the minimizing sequence is bounded in the Sobolev space H{}, and the weak limit of a

subsequence o also belongs to H&. As a result, o is zero at the boundary.

Finally, since any residual stress of interest (even with non-zero boundary value) is arbi-
trarily close in the L? norm to a residual stress which is zero on the boundary, ® span the

set of all residual stresses with finite L2 norm.
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7.7 Summary of the chapter

In this chapter, we saw how the proof of Chapter 2 may be modified for the extremiza-
tion problems considered in the subsequent chapters, if similar formal proofs are to be
attempted. We saw that most of the proof remains unaltered in spirit in each of these

cases, with only the algebraic details varying from case to case.



Chapter 8

Conclusions and future work

8.1 Conclusions

In this thesis, we obtained a sequence of second-order tensors that span all continuous
residual stress fields in the L? and the H' norms, and residual stress fields with simple
discontinuities in the L? norm. We demonstrated that the basis functions ¢, can be used for
fitting given but arbitrary residual stress fields (Chapter 4), interpolating residual stresses
(Chapter 5), and representing residual stress fields in forward problems (Chapter 6). There
is no comparable deliberate construction of such a basis in the mechanics literature, to the

best of our knowledge.

We used an indirect approach to develop these basis functions by considering the extrem-
ization of a quadratic functional involving the gradient of an input stress field. We obtained
a linear eigenvalue problem, and we showed that the eigenfunctions span all residual stress
fields with sufficient regularity. The main portion of our proof of the eigenfunctions form-
ing a basis uses simple ideas accessible to an audience with no background in functional

analysis.

We computed the basis functions using the FEM for arbitrarily shaped bodies, and we also
developed semi-numerical methods for some special geometries. In particular, to develop
the semi-numerical methods for a rectangle and an annular prism, we used ideas that are
new to the best of our knowledge. For each of these geometries, we used a sequence of 1D
functions with zero mean and zero boundary values to develop a complete representation
of all residual stress fields in that geometry. We used these representations to convert the

foregoing eigenvalue problem, which is a PDE system, into a system of algebraic equations.

166
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We presented ample evidence that ¢, form a basis for residual stresses irrespective of the
material properties or the deformation history of the stressed component. We successfully
fitted hypothetical residual stresses, elastic stresses from shrink fitting and non-uniform
heating, and stresses obtained from metal forming of elasto-plastic workpieces with differ-
ent strain-hardening models. Moreover, since ¢, form a basis in the H! norm, we noted

that for smooth fields the fitted stresses converge rapidly to the actual fields.

We demonstrated that our theoretical formulation is amenable to some useful modifi-
cations. We modified our formulation by introducing three different normalization con-
straints to obtain a basis for residual stress fields in infinitely long prismatic geometries.
We illustrated that this basis gives better convergence than other standard bases such
as the Laplace operator eigenfunctions and the Stokes operator eigenfunctions. We also
modified our theoretical formulation by weighting the functional Jy and the normalization

constraint to obtain spatially localized eigenfunctions.

We also demonstrated direct use of the residual stress basis functions ¢, in solving a
forward problem using the weighted residual method. There is no comparable published
solution in the mechanics literature to the best of our knowledge. Along the way, we noted
some interesting new results concerning planar residual stresses. We found that a function
in 2D is harmonic if and only if it is orthogonal to all residual stress traces. We showed
that the inner product of any two planar residual stress fields is equal to the inner product
of their traces, and that the mean of the determinant of a planar residual stress is zero.
We also offered some useful insights into the workings of approximation methods like the
Galerkin method and the least squares method. We hope that these insights will be useful

for an engineering audience in avoiding some potential pitfalls while using such methods.

The importance of our work is two-fold. The first is academic: this work presents a
new framework to discuss residual stresses without tying them to deformation history
or constitutive behaviour. The second is practical: this work opens the door to useful
new computations in industrial settings, for interpolation and representation of residual

stresses.

We now discuss some ideas for future work.

8.2 Future work

We list below some work that could perhaps be undertaken in future.
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Modification of our formulation to obtain other bases: We have demonstrated in

Chapter 5 that our theoretical formulation is quite amenable to modifications. We believe
that our framework is general enough to obtain bases for other constrained vector/tensor
spaces. For instance, if we wish to develop a basis for irrotational fluids (which are not
necessarily incompressible), we might include those vector fields v in the set S that satisfy
the constraint

curlv =0 in Q.

It remains to be seen if the resulting eigenvalue problem (with the same, or perhaps a
different, Jp) yields a basis, but our framework offers a fresh possibility that uses only

basic calculus of variations for the actual computations.

Capturing residual stresses with point singularities: Since our basis functions (in-

cluding the spatially localized eigenfunctions developed in Chapter 5) have high regularity,
they give slow convergence for residual stress fields in L? with point singularities, such as
those due to dislocations or cracks. We do not know if our formulation can be adapted to

cover such cases.

Infinite domains: In this work, we have assumed the domain of interest €2 to be finite.

However, there are many problems in mechanics where an infinite domain is of interest. We

do not presently know how to develop general descriptions of stresses in infinite domains.

Theoretical stability of our FEM formulation: In our FEM formulation (Section

3.1), we used the 8-noded serendipity elements for the interpolation of the stress com-
ponents, while the Lagrange multipliers were assumed to be piecewise constant. Although
we did not theoretically prove the stability of our FEM formulation, we gave ample ev-
idence of it. In addition to providing numerical support, we noted the similarity of our
eigenvalue problem with the Stokes operator used in fluid mechanics. It is established for
the Stokes operator FEM formulation that the 8-noded serendipity elements (with piece-
wise constant pressure) satisfy the inf-sup condition guaranteeing stability [53]. Extending

this result to our framework might be attempted in future work.

Theoretical estimates of convergence rate: In Chapter 4, we observed from the log-

log plots of the fitting errors Ex and Ey that they follow a power law decay for large N.
For smooth fields, these decay rates were like N3 and N~!, respectively. In future work,

formal proof of such convergence rates could be attempted.
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Removal of Gibbs oscillations: In the shrink fitting example in Chapter 4, we saw

Gibbs oscillations in the fit for ogg since the candidate hoop stress was discontinuous (Fig-
ure 4.7). The Fourier series also exhibits such oscillations when used to fit discontinuous
functions. There are ways of quenching those oscillations without affecting the conver-
gence, one of them being the ‘sigma approximation’ [69]. In future work, ways to remove

these Gibbs oscillations could be studied.



Appendix A

Proof that the stationary points

are sufficiently regular

We restrict attention to the set of smooth compactly supported ¢ in Eq. 2.6 of Chapter 2
(note that the infinitesimal variations ¢ belong to the set R defined in Eq. 2.5). Denoting
the distribution Ao — Vu + Ao as D, we have that for such ¢,

D) =0. (A1)

Since D acts linearly on ¢, we can scale ¢ arbitrarily to conclude from the above equation
that
D(®) =0 (A.2)

for all ® that are symmetric, smooth and supported compactly in 2. This means that D
is a skew-symmetric distribution. Adding D to its transpose, we obtain, in a distributional
sense,

Ao =Vgu — Ao, (A.3)

where .
_ Vu+ (V)

Vsp 5

The function Ao is square integrable. The Lagrange multiplier p is a construct, and can
be assumed to have a square integrable gradient. Then, from Eq. A.3, Ao is a square

integrable function.

Finally, for functions with square integrable gradient and square integrable Laplacian, the

normal gradient at the boundary V,o (= 0;; ;7 in indicial notation) makes sense through
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the following relation:

Vna'-ads:/Ao"adA—l-/VU-VO'dA. (A4)
9] Q Q

Technically, the left hand side in the above equation is a duality product between V,o
and o, considered as elements of Sobolev spaces H~1/2(9Q) and H'/?(9Q), respectively
(e.g., see Eq. IV.10, Page 248 of [45]).

Hence, although the elements of set S do not in general have the required regularity for
us to proceed from Eq. 2.6 to Eq. 2.7, we have concluded in this section that a stationary

point o possesses enough regularity enabling us to carry out the analysis in Chapter 2.
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Sufficient conditions for a

stationary point

In this section, we show that if a unit-normed o satisfies Egs. 2.12, it must be a stationary

point of Jy on the unit ball of S.

If o is perturbed infinitesimally to a unit-normed element o + ¢ € S, it is clear that

div¢{ = 0 and {n = 0. Moreover, up to first order,

1—/Q(a+c).(a+c)dA—/Qa-adA+2/Qa-ch—1+2/Qa.ch,

and hence,
/O"CdA:O. (B.1)
Q
We will need this result below.
Let us now evaluate Jy at o + (:
Jo(o+¢) = /VJ—i—C V(o +¢)dA = Jy(o /Va' V¢ dA, (B.2)

where we have ignored the second order term. Using integration by parts and the diver-

gence theorem on the term [ Vo - V{dA, we obtain
Q

/VU"VCdA: Vna-Cds—/Aa-CdA. (B.3)
Q Q

o0

Since {n = 0 on 0f), by the reasoning given after Eq. 2.10, { = k(s)t ® t for some
boundary function (s). Substituting this into the boundary integral of Eq. B.3 and using
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the natural boundary condition V,o - (t®t) = 0, we see that the boundary integral drops
out. Using the first of Egs. 2.12 and Eq. B.1, we can simplify the domain integral in Eq.
B.3 as

/QAU-CdA:/Q(Vsu—)\a)-CdA:/QVsu-CdA

The right-most term in the above equation is the inner product of a gradient function and

a divergence free function, and we show in Appendix C that it is zero. Thus,

/QVO’ -V¢dA =0, (B.4)
and we conclude from Eq. B.2 that, up to first order,

Jo(o) = Jo(o + )

for arbitrary infinitesimal perturbations on the unit ball of S. Thus, if a unit-normed o

satisfies Eqs. 2.12, it must be a stationary point of Jy on the unit ball of S.
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Proof of Eq. 2.14

First, we show that

/Vs,u-adAzo (C.1)
Q
in Eq. 2.13. Note that

Hij + i

Vep - o = 9

0ij = Mijoij = (Hioij) ;= pioijg = (Rioij) ;
where we have used 0;; = 0j; and 0;;; = 0. Using the divergence theorem,
/ (,LLZ'JZ'J')J dA = / ,uz-aijnjds =0
Q oQ
because o;;n; = 0 on 0§2. Thus Eq. 2.13 becomes
/ (—A¢p — \@p) -0dA = 0. (C.2)
Q
Next, observe that
A} -0 = ¢ijkk0ij = ($ij,k0ij) j, — PijkTij k-

In the right hand side above,
bijkoijk = V- Vo,

while

/(Qﬁij,kazj)’k dA:/ GijkOijng ds.
Q 00
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Recalling Eq. 2.11 and the related discussion, symmetry of o means o;; = r(s)t;t; for

some scalar k(s), and so
/ Gijk0ijnE ds =0,
o0

proving Eq. 2.14.
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Proof that complex conjugates of
eigenvalues/eigenfunctions are
themselves

eigenvalues/eigenfunctions

Let (A, ¢) be a complex eigenvalue-eigenfunction pair, with g the corresponding Lagrange
multiplier. Let A = A\, + A, ¢ = ¢, + ¢, and p = p, + tp,, where the quantities
Ay A, @, @, Iy, b, are Teal, and ¢ represents the imaginary number. Substituting these

expressions in the first of Eqs. 2.12 (with o = ¢), we get

_A¢T‘ - LA¢L + VSIJ’T + LVS[’LL - ()"’ + [’Ab) (¢7‘ + [’¢L>
— )\rql)r - )\Ld)L + ¢ ()\rﬁbb + )\Ld)r) .

Equating the real and the imaginary parts in the above equation, we obtain

_A()br + vsur = )\T‘¢r - >\L¢L7
—A¢L + VS’J/L = >\T¢L + >\L¢T’
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Now, let us consider the quantity —A¢ + Vi, where overbar represents complex conju-

gate. Using the above equation, we get

—Ap + Vi = —A¢, + AP, + Vsp, —1Vsp,
= —A¢, + Vip, + (AP, — Vsp,)
=AM =N, — (M), + X@,)
= =A) (o, — 10,
2.
Similarly, ¢ satisfies the other three equations in Eq. 2.12.

Thus, (), @) is an eigenvalue-eigenfunction pair, with fi the corresponding Lagrange mul-

tiplier.
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Proof that the eigenfunctions form

a basis for S

Assume that the span of the infinitely many eigenfunctions is a subspace S, which is a
proper subspace of S. It is not clear what the dimension of its orthogonal complement

SooL is.

If the dimension is 2 or more, then it contains infinitely many elements of unit norm,
and the arguments used in the first part of Section 2.4 can be applied and the same

contradiction is obtained.

If the dimension of S is 1, then we have a unique (up to a scalar multiple) 7 which lies
in Sy . Normalizing that 7, we find that we cannot take variations of it while keeping it

inside S, . This precludes variational equations, and a different argument is easier.

The eigenfunctions {¢;} along with 7 form a basis for S. The issue is solely whether T,

too, is an eigenfunction.

Let us now consider a different extremization problem, namely: find a o in S that extrem-
1
izes 3 / Vo - Vo dA subject to the condition [ o -7dA = 1. We make no assumptions
Q

Q
about how the extremizing o might be related to the eigenfunctions {¢;}.

We approach this new problem in two ways: (i) using the calculus of variations, and (ii)

directly.
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Using the calculus of variations, we obtain:

—Ao + Vyu =M and dive =0 in , (E.1)
on=0 and V,o-(t®t)=0 ond. .

Using a direct approach, we can assume a solution of the form

o
o =apT + Zakd)k.
k=1
The above representation contains the solution because by assumption we have a basis.

Directly substituting into

1/VU-V0'dA
2 Jo

and using orthogonality, we find that we are extremizing

1 o
3 (ag/QVT~VTdA+Zai)\k> ,

k=1

subject to the constraint

/a’~TdA:a0:1.
Q

In the above, the A\;’s are the eigenvalues already found. The minimizer is obvious: ag = 1,
and ar = 0 for k = 1,2,3,---. It follows that the extremizing o is exactly 7. Therefore,
o = T must also satisfy Eqs. E.1, obtained using the calculus of variations. We conclude

that 7 is an eigenfunction after all.
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Eigenfunctions ¢ form an
orthogonal basis to S in the H!

norim

The H' inner product between stress fields o1 and o is defined as

(0’1,0’2)H1:/Ul'GQdA+/V01'v02dA. (Fl)
Q Q

Since the mappings

o—dive in Q

and

o—on on 0f)

are continuous in the H' norm [43], S is a complete space when equipped with the H'
inner product (and the corresponding norm). Our claim is that the eigenfunctions ¢, form

an orthogonal basis of S in the H! norm as well.
Orthogonality in H' of any two eigenfunctions ¢, and ¢, follows from Eq. 2.16.

Let us assume that there is an element o in S such that

(0, ¢)i =0V i.
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Upon using Egs. F.1 and 2.14, we obtain
(o, ;) :/Qa-cﬁidA—k/QVa"quidA: (1+)\i)/90'-¢idA:0 v i
Since \; are positive, we conclude that
/a-q&idA:O Y i
Q

However, ¢, form a basis of S in the L? norm, and we conclude that & = 0. Hence, ¢,

form an orthogonal basis of S in the H' norm.
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Proof that Eq. 5.23 is an inner
product and Eq. 5.24 is a norm

We first show that (-,), is an inner product. For any 61,092,003 € S and a1, a2 € R,

S~

(o1 + po2,03)y = [ wa (101 + azog) - o3dA

/w20'1~0'3dA—|-a2/wgag‘agdA:a1(0'1,03)w+a2(0'2,0'3)w,
Q Q

:al
(Ul,UQ)w:/U)QO'l'O'QdA:/UJQO'Q'UldA:(O'Q,O'l)w,
Q Q

(01,01)w = / wy o1 -01dA >0 with equality if and only if o1 = 0.
Q

In the third equation above, we have used the assumption that wo > 0 everywhere in €2,

so that wg o1 - 01 is positive everywhere for non-zero o.
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The operation |[|-|,, is a norm because

N

1
3
/w2a0'1 aaldA> —a(/ wgal-aldA> =aloi,
Q Q

N|=

S~

wy (o1 +02) - (01 + 02) dA}

1
{/wga'l o'1+/w20'2-0'2+2/w20'1-02dA}2
Q Q Q

1
2
lowl + lloall? / mal-m@m}
Q

1
2

-

1
2 2 2
= {H01||w + lo2ll, + 2o, H02||w} = |lo1ll,, + llo2ll,,

< Yol + ol +2(/ Vo raldA)

Note that in the third equation above, the inequality follows from the Cauchy-Schwarz

inequality.
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