AAECC 13, l1-H (2002) AAE C C

Applicable Algebra in
Engineering, Communication
and Computing

© Springer-Verlag 2002

On Tanner Codes: Minimum Distance and Decoding

H. Janwa, A. K. Lal

Department of Mathematics and Computer Science, University of Puerto Rico, Rio Piedras
Campus, PO Box: 23355, San Juan, PR 00931-3355, USA
(email: {hjanwa,arlal } @rrpac.upr.clu.edu)

Received: March 2, 2001; revised version: November 28, 2001

Abstract. A bound on the minimum distance of Tanner codes / expander codes
of Sipser and Spielman is obtained. Furthermore, a generalization of a decod-
ing algorithm of Zémor to Tanner codes is presented. The algorithm can be
implemented using the same complexity as that of Zémor and has a similar
error-correction capability. Explicit families of Tanner codes are presented for
which the decoding algorithm is applicable.
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1. Introduction

Sipser and Spielman [13] construct a new family of asymptotically good, lin-
ear error-correcting codes using Ramanujan graphs. Furthermore, they give a
logarithmic time parallel decoding algorithm that uses a linear number of pro-
cessors. They called the above family of codes expander codes. These codes
are low density parity check (LDPC) codes as defined by Gallager [5].

The expander codes are obtained using a (c, d)-regular bipartite graph and
a code C of smaller length giving check conditions for the bits. As pointed out
by Sipser and Spielman [13, Remark 8] such a construction first appeared in the
work of Tanner [16]. Tanner’s construction is a generalization of the product
codes of Elias [4] and LDPC codes of Gallager [5]. The decoding algorithm
Tanner proposed is a generalization and unification of the decoding schemes
presented by Elias and Gallager. For brevity in the sequel, we call these codes
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Tanner codes. Sipser and Spielman [13] gave a new approach and direction to

these codes. This fundamental work has motivated in construction of codes that

attain near Shannon capacity performance (see for example [10] and [18]).
For a graph G, let B be its edge-vertex incidence matrix. Then the bipartite

graph with adjacency matrix is called an edge-vertex graph. Sipser and

0 B
B' 0
Spielman [13] presented a decoding algorithm (for the special case of expand-
er codes from edge-vertex graphs) that uses a linear number of processors in

logarithgnic parallel steps. This decoding algorithm can correct approximately

€ . . . . . .
up to — fraction of errors, where € is the relative minimum distance of the

original code C.

For the special case when edge-vertex graphs come from d-regular bipartite
graphs, Zémor [17] presents a decoding algorithm that has the same complexity
as that of Sipser and Spielman [13] but can correct 12 times more errors. Zémor
generalizes a result of Alon and Chung [3] on the edge density of a subgraph
of a d-regular graph and uses it in the analysis of his decoding algorithm. We
first generalize this result of Zémor to give a bound on the minimum distance
of Tanner codes. This is the only bound on the minimum distance of Tanner
codes obtained from arbitrary (c, d)-regular bipartite graphs.

We also present an algorithm for decoding Tanner codes and analyze its
complexity and error-correcting capabilities using the generalized result. This
algorithm is a generalization of the algorithm of Zémor mentioned earlier.

If L is the length of the Tanner code then the generalized algorithm can be
implemented using a circuit of size O(L log L) and depth O(log L). The algo-
rithm can correct up to % (g—é — %) errors in the received word, where d; > d,
are respectively, the minimum distances of the codes C;, C,, specifying the
checks at the disjoint vertex sets of the (c, d)-regular bipartite graph. Thus the
general decoding algorithm is able to correct a similar fraction of errors of the
minimum distance bound (see Theorem 3.1) as that of Zémor (which is for the
casec =d and C; = ().

The outline of the paper is as follows. In Section I we introduce Tanner
codes [16]. To derive results on the minimum distance of Tanner codes and
their decoding, we generalize a result of Zémor on the edge density of a sub-
graph in Section 2. A bound on the minimum distance is presented in Section 3.
A decoding algorithm for Tanner codes is presented in Section 4. In Section 5
an analysis, error-capability, and decoding complexity of the algorithm is pre-
sented. Finally in Section 6, asymptotic results and applications are discussed.

1.A. Expander Graphs

Let G be a (c, d)-regular bipartite graph with vertex set M U N and edge set
E.Let |M| = m and |N| = n, and therefore, mc = nd. For S C M, define
0*S = {u € N : (v,u) € E for some v € S}. Then the graph G is called an
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(n, c,d, a, §)-expander (see Tanner [15]) if every subset of at most an vertices
of M “expands” by a factor of at least §, i.e.

VScCM, with|S| <an, 9S> 5|S|.

Let A be the adjacency matrix of a (c, d)-regular connected bipartite graph
G. Then A is symmetric and has n + m eigenvalues, with /cd as the largest
and —+/cd as the smallest eigenvalue. Thus, we denote the eigenvalues of A
by ved = hg > A = A2 > o > Aygmea = —Ai > Appmo1 = —+/cd. We
define,
u(G) = max{|n;| : |A;] # Ved} = Ay

Throughout this paper, a graph G will always denote a connected graph
and u := w(G) if G is understood from the context.

Remark 1.1. A bound on the expansion coefficient of bipartite graphs was
obtained by Tanner [15] in terms of w.

1.B. Tanner Codes

Tanner’s construction of codes for bit degree 2 (a generalization of the edge-
vertex case) follows (see Tanner [16] or Sipser and Spielman [13]): Let G
be a (c, d)-regular bipartite graph with vertex set M U N and edge set E with
|[M| = m and |N| = n, and thus mc = nd. For each v € M we associate a
linear [c, ric,d; = &,c] code C;, and for each u € N we associate a linear
[d, rad, d» = 8>d] code C;. For a particular enumeration of the edges, associate
the edges of the graph G with the symbols x;, 1 < i < mc. Let the symbols
incident with a vertex v € M be X,(1), Xy(2), - - - , Xy(¢) and that with vertex
u € N be X,1), Xu2), - - - » Xy@)- The new code C(G, Cy, Cy) of length mc is
constructed by requiring that (X, (1), Xy(2), - - - » Xu(¢)) be a codeword of the code
C, for each v € M and (X,(1), Xu(2), - - - » Xu(a)) be a codeword of the code C,
foreachu € N.

Tanner [16] showed that the rate of the code is at least r; + r, — 1. It was
observed that the rate and the minimum distance of C(G, C, C,) are dependent
on the way the edges are enumerated. We also use the notation C(G, C), if there
is only one initial code C.

2. A Result on the Edge Density of a Subgraph

The following result is based on the results of Zémor [17] and Alon and
Chung [3].

Lemma 2.1. Let G be a (c, d)-regular bipartite graph with vertex set M U N
with |M| = m and |N| = n. For S C M and T C N let e(S, T) denote the
number of edges from the set S to the set T. Then
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d|S||T S|? T|?
‘|e<s,T>|—&‘ (|S|+|T|—%—%) I

Therefore, if dsr denotes the average degree of the subgraph induced by SUT,

then
- 2d|S||T 1 (n|S|?+m|T?
dsr — [S||T| SM(l__<|| | I>) 2)
US|+ 1Tm nm [S|+ |T]

Proof. Let A be the (n + m) x (n + m) adjacency matrix of the (c, d)-regular
bipartite graph G. Lett = /d/c. The eigenvectors corresponding to the eigen-

values +/cd and —+/cd of A are respectively, &g = —(1,...,1,1,..., 1)
| v 2m
and @, ,,_| = T(l, ool =1, .., —1) . Let®y, Oy, ..., D,y,,_o bethe

m
other orthonormal eigenvectors of the symmetric matrix A.

Let f be the indicator vector of the set S U 7. That is, if v; is the i-th
vertex of the bipartite graph G then f = (fo, f1,..., futm—2)" With

f“_ 1 ifviengJT
"7 10 otherwise )

Therefore
|S| + 7|T| [S| —|T|
 dg) = ——— and D) = ——. 3
(fs @o) N (fs Puym—1) N (3

Letg = f — (f, ©0)Po — {f, Pytm—1)Py+m—1. Since g is orthogonal to both
®y and ®,, 1,1, using Equation (3) and f'Af =2 |e(S, T)|, we get

2le(S. D)l = f'Af

= g'Ag + (f, Do)’ PHAD) + (f, Prm—1)> P,y 1 AP

=g'Ag++cd ( f, @)% — (f, d>n+m1>2)

4181 |T
:gtAg+4/Cd M
2m

‘ 218111 d
=gA8+T- “4)

"+’" ! is an orthonormal basis

n+m-—2
of R™ and g is orthogonal to &, and @, 1,1, we have g = Y y;®

We now establish a bound on g’ Ag. Since {®;};"

Recall that u = Ay = — A2,
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n+m-—2 n+m-—2
gAg= ) nvis=u ) v=nige &)
i=1 i=1
and g'Ag = Y Pyt = —u YRy = (g, g).
Since g = f — (f, ©o)Po — (f, Poym—1)Prtm—1,

18 ity es
— Bl ifv,e M\'S
1-I iy er
— ifv, e N\T

8i =

and

NS

(8. 8) =ISI+IT|— ==~ (6)

Hence Equation (1) follows. Observing that (|S| + ITdsr = 2|e(S, T)| we
get inequality (2) of the Lemma.
Incase c =d = A, we get the following result of Zémor [17, Lemma 4].

n

Corollary 2.1. Let G be a A-regular bipartite graph with vertex set M U N
where |M| = |N| =n.Let S C M and T C N. Then the average degree dsr
of the subgraph induced by S U T satisfies:

g 2A ST M<|5I2+IT|2)

< —_ -
SE=si+ e M T W Usi

3. Bound on the Minimum Distance of the Code

Theorem 3.1. Suppose di > dy > /2. Then the minimum distance of the
Tanner code C is at least
m

= dids = S+ an. (7)

Proof. Let x € C be any codeword and X = {i € E : x; = 1} be its support.
Alsolet, S = {u e M : (u,v) € Xforsomev € N}and T = {u € M :
(u, v) € X for some v € N}; where we recall that M and N are disjoint vertex
sets of the bipartite graph G. Then |e(S, T)| > | X]|. For x to be a codeword, its
restrictions at vertices at S and T must be codewords of the codes C; and C,,
respectively.

If m < di, then there will be at least one vertex v € S which will have
less than d; non-zero bits and hence it will n(}g be a codeword in C. Therefore
let us assume that —l > d,. Thatis, | S| < —|

N dy
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X

Now the inequality (1) in Section 2 and |S| < d_| implies that
1

d|SIT|  p IX|d | X
X[ <leS.T)| < ——+Z(S|+ITh < [ ==+ Z ) ITI+ =Z.
IX] < le(S,T)| < - +2(||+||)_ d1m+2 IIer12

Hence

| X1(2d) — wym

IT| > :
udim + 2d| X|

. 1X1Qdy —wym .
Thus | X | non-zero bits goes to at least ——————— vertices. Therefore the
)  pdim +2d|X]|
result follows as x is a codeword implies that

1 X12dy —pwm _ pdim +2d|X|

X — d>.
| l/,udlm—i—2d|X| Qd) — wm " *

Remark 3.2. Let G be a d-regular graph on n vertices. Then the edge vertex
graph Hg of G is a bipartite (2, d)-regular graph. Lubotzky, Phillips and
Sarnak [9] and independently Margulis [11] gave explicit constructions of
infinite families of expander graphs with fixed regularity. The expander code
families of Sipser and Spielman [13] which give asymptotically good error-
correcting capabilities are based on edge-vertex graphs of the above families
of expander graphs.

Let[d, rd, 6d] be the initial code C. Then Sipser and Spielman [13] showed

8d — 1\
that the relative minimum distance of C(Hg, C) is at least ( y M) .In [6],
- K

we showed that the relative minimum distance of C(Hg, C) is at least § e

whenever §d > u(G). In certain cases, this bound gives quite an improvement
as compared to the bound given in [13].

For ¢ = d and C|, = (5, our new bound is better than that of Sipser and
(1 + Ge —2e)
" dy —
improvement of — since € is small. However, it is weaker than the bound in

1
Janwa and Lal [6] by a small fraction <§>, which is approximately equal to

Spielman [13] by a fraction of

. This gives an approximate

2
—— for Ramanujan graphs. (The bound in the case ¢ = d and C; = C, was

found independently by G. Zémor and A. Barg [18]. We thank a referee for
pointing this out.)
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4. The Decoding Algorithm

In this section, we present a decoding algorithm for Tanner codes. As we have
mentioned in the introduction this algorithm is a generalization of a decoding
algorithm of Zémor [17] (see also Zémor and Barg [18]). The codes Zémor
considers are based on d-regular bipartite graphs. To generalize his algorithm
to Tanner codes based on (c, d)-regular bipartite graphs, we need to overcome
some technical difficulties and at the same time it gives us a lot of choice for
choosing different types of codes and graphs.

Since G is a (c, d)-regular bipartite graph with vertex set M U N with
|M| =m and |N| = n, we can partition the edge set as

E=|J{E,:veM) = J(F, uenN),
i=1 j=1

where for each v € M, the set E, is the collection of ¢ edges that are incident
with the vertex v; and for each u € N, the set F), is the collection of d edges
that are incident with the vertex u.

Lety € [} be the received vector and let d; > d,. The decoding algorithm
consists of the following steps:

Step 1

e Use the sets E, for v € M to get the words (Yu(1), Yu(2)s - - - » Yu(c)) at each
vertex.

e Use a complete decoding algorithm for the code C to decode
Yu1)s Yo(2)s - - - » Yo(o)). Since the sets E, are disjoint, this can be done in
parallel for eachv € M.

This step may result in getting wrong codewords if the distance of the

received word at some vertex v € M is > —. This iteration results in getting
new bits for the edges and thus we get a new vector z € [F5'°.

Step 11

e Look at the words formed at each F, for u € N and decode the received
word z by applying in parallel a complete decoding algorithm for the code
C. This again results in a new vector w € )¢,

Step 111

o IFw=1z, THEN output w as the decoded codeword.
ELSE, decode (Wy(1y, Wy(2), - - . » Wy(e)) by applying
in parallel a complete decoding algorithm
for the code C to get v.
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Step IV

e IFv=w, THEN output v as the decoded codeword.
ELSE, go to Step Il with v replaced by 1.

‘We show in the next section that this algorithm converges to a correct code-
word in O(log L) parallel steps (where L = mc), provided the number of

i i mdy ()b (_n
errors in the received word < %5 (2 [L)— 5 (2 d)L.

5. Analysis of the Decoding Algorithm

In this section, we first generalize a result of Zémor [17, cf. Lemma 5] that is
crucial in determining the convergence of the decoding algorithm and then give
a bound on the error-correction capability of the decoding algorithm and also
its complexity.

Lemma 5.2. For any n > 0, suppose d, > (2+ n)u. Let S C M such that

|S|<am d>
=7 5 22

where oo < 1. Let T C N and suppose that there exists a set Z C E of edges
such that

(1) Every edge of Z has one of its endpoints in S;
(2) Every vertex of T is incident to at least 32 edges of Z.
Then

IT| < BIS]

1

S
1+n(l —a)

where f =

d
Proof.  Since every vertex of T is incident to at least 2 edges of Z and
every edge of Z has one of its endpoints in S, Lemma 2.1 gives

d> 2d|S| |T|
2. |T|3 <2le(S, T)| < ————+u(S|+IT).
m
Hence
2d|S|
ITI<dz—/x—7) < nlSl. (8)

But
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2d|S| 2d aom (d,
h—p———2d—p——— |51
m m d 2
=dy(1 —a) — u(l —2a) 9

> 2+nud —a) —pu(l —2a)

= pu(d +n(l —a)). (10)

Hence the result follows from Equation (8)
We also need the following lemma, whose proof is similar to the proof of
Lemma 5.2

Lemma 5.3. Foranyn > 0, supposed; > 2+ n)u.LetT C N, a < 1 and
IT| <= (’12—' — ,u) = (’12—' — ,u) .Let S C M and suppose that there exists a
set Z C E of edges such that
(i) Every edge of Z has one of its endpoints in T;
(ii) Everyvertex of S is incident to at least %‘ edges of Z.
Then |S| < B|T| where p = —— < 1.
IS1 < BIT | where f =

We now prove a bound on the error-correction capabilities of the decoding

algorithm.

Theorem 5.2. For n > 0, suppose dy > dy > 2+ n)u and L = mc. If the
weight of the error vector y satisfies

oam dl dz 81 82 28
<— (2 _u)=a2(Z2-2)L 11
=0 (G -n)=ad (2-4) (in

for some a < 1, then the algorithm of Section 4 converges to the initial code-
word in O(log L) parallel steps using a circuit of size O(Llog L).

Proof. Recall that the vertex set of the graph is M U N. Since the code is linear,
without loss of generality, for analysis purpose, we can assume that the initial
uncorrupted codeword is the zero codeword. Let y be the error vector, which
now equals the received vector, and let Y be the corresponding set of edges,
ie,Y = {i € E :y; = 1}. Let z be the vector obtained from y after Step |
of the decoding algorithm (induced at M), andlet Z = {i € E : z; = 1} be
the corresponding set of edges. Let w be the vector obtained after Step II of
the decoding algorithm (induced at V) and let W be the corresponding set of
edges.

We look at the partitions of ¥ and Z induced by {E,,v € M}. If v is in-

d
cident to fewer than — edges of Y, then these will be totally corrected by the

decoding procedure, i.e., E, N Z = (. Let Sy be the set of vertices v € M such
that £, N Z # (. Then



10 H. Janwa, A. K. Lal

d
veSy implies |E,NY|> 31 (12)

Similarly, let Tj be the set of vertices u € N such that E, N W # (. Then a
similar argument gives

d
ueT, implies|E,NZ|> 32 (13)

We now check that the sets Sy, Ty and Z just deﬁc?ed satisfy the conditions of
Lemma 5.2 Equation (12) implies that |Y| > |Sp] ?1 Hence

|S|<2|Y|<2amd1 d> _am d>
=gt =g a2\ )T\ T

and hence by the definition of Sy and using Equation (13), we see that the
conditions of Lemma 5.2 are satisfied. Therefore, Lemma 5.2 implies

|To| < B|So| where B < 1. (14)

Consider Step II of the decoding algorithm. The condition d; > d, and
Equation (14) gives

Tyl < B1Sol < 150 < 2 (& Lo (4
ol = ol = |90l = d > M) = d > n.

Hence |Ty| satisfies the condition of Lemma 5.3. If w = z, then the algorithm
terminates. Otherwise w # z and the decoding algorithm in Step III will give
a vector v with V being the corresponding set of edges.

Let S; be the set of vertices v € M such that £, NV # . Then a similar
reasoning gives

d
vesS, implies |E, N W|> 71

Thus the conditions of Lemma 5.3 are satisfied and hence
1511 < BITol < B*1Sol-

In the next step, we will get 77 and so on. In general, for i > 1, we will have
the recurrences

ITi| < BISil, |Siv1] = BITi

with B < 1and [So| < 2 (% — ).

The proof of convergence now follows by repeating the arguments and not-
ing that 8 < 1, implying that the sizes of S;’s and 7;’s decrease at each step.
Hence the decoding is complete when for some i either S; = @ or 7; = 0.
Therefore, the algorithm terminates after # steps where B'|Sy| < 1.

Thus an iteration of log 1 [amc - ‘21—; (g—é — %)] parallel decoding rounds
will correct amc - g—é (g—; — %) errors in Tanner codes. Since the codes that

gave the check bits are fixed codes, this decoding algorithm can be implemented
by a circuit of size O(L log L) and depth O(log L).
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Remark 5.3. The decoding algorithm is able to correct a similar fraction of
errors of the minimum distance bound (see Theorem 3.1) as that of Zémor for
the case c =d and C; = C>.

Remark 5.4. Our algorithm in Section 4 can be generalized for expander codes
obtained using a class of multi-partite graphs. An analysis of such an algorithm
is in progress. Excellent multi-partite Ramanujan graphs exist (see, for example
Janwa and Moreno [7]).

6. Applications and Asymptotic Results

There are many infinite families of (c, d)-regular bipartite graphs that are good
expanders. Several of these families have ¢ # d, and hence the techniques
used by Sipser and Spielman or Zémor or Barg and Zémor are not applicable.
For example, the incidence structures of the generalized N-gons define (c, d)-
regular bipartite graphs that are excellent expanders as can be seen from their
eigenvalues (see Tanner [15]).

Also, the infinite families of Tanner graphs corresponding to the incidence
structures of Euclidean geometries EG (m, 2*) and projective geometries PG
(m, 2*) provide us with example of (c, d)-regular bipartite graphs (see Kou, Lin,
and Fossorier [8]). One of these families yield (2°, 2;3:]1 — 1)-regular bipartite
Tanner graphs.

As observed by Tanner, one can tensor product these graphs with other A-
regular good expander graphs to obtain (cA, d A)-regular graphs that are good
expander graphs in many cases.

For asymptotic results, let us take, the family of Ramanujan graphs {X 77}
of Lubotzky, Phillips, and Sarnak [9], where p, g varies over the prime pair
p.q =1 (mod 4). We tensor this family with the (p, p + 2)-regular bipartite
4-gon, thus obtaining the family {Y”4} of (p(p + 1), (p +2)(p + 1))-regular
bipartite graphs.

Theorem 6.3. For all 61,8, > 0 such that 1 — H(8;) — H(5;) > 0, where
H (-) is the binary entropy function, there exists a polynomial-time construc-
tible family of expander codes of rate 1 — H(6,) — H(5;) > 0 and minimum
relative distance arbitrarily close to 5,5, in which any a < % fraction of error
can be corrected by a circuit of size O (nlogn) and depth O(logn).

Proof. By the Gilbert-Varshamov bound, we know that for all sufficiently large
block lengths there always exists linear codes with minimum relative distance
€ and rate 1 — H (¢). We will use two such codes in our asymptotic construc-
tion, one with parameter [c, (1 — H(81))c, d1c] and the other with parameter
[d, (1 — H(82))d, 8,d].

We have u(Y?9) = /p(p +2)u(X"9) < /p(p +2)2,/p. Therefore,
solongas §ip(p+1) =2 &(p+2(p+ 1D =QC+nlVplp+2I2/p] =
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(2 4+ n)u(Y?-7), the conditions of Theorem 5.2 are satisfied, and therefore, the
result follows.

42 4+ n)?
2

Remark 6.5. The above conditions imply that p > . In fact, we may

2
replace p, a prime, with p™ by using a recent result of Morgenstern [12] on the
existence of (p™ + 1)-regular Ramanujan graphs.

Theorem 6.3 is a generalization of the theorem of Zémor [17] when ¢ = d
and C| = C,. Our theorem has some advantages over the results of zémor [17]
and the earlier result of Sipser and Spielman [13]. In particular,

e We need not confine ourselves to families of regular graphs.

e To show the existence of codes corresponding to Theorem 6.3, both [17] and
[13] also choose the Ramanujan families we consider here. However, the
sequence of codes by Zémor have lengths ¢(g*> — 1), with ¢ = 1 (mod 4)

and L —1. Therefore, for a fixed p, this sequence gets sparser and

4q . . . .
sparser, as g varies with the above conditions. However, we have a multitude

of sequences of codes by combining the Ramanujan family with different
n-gons, or other (c, d)-regular graphs.

e The articles [13] and [17] are confined to choosing initial codes of the type
[p+1,(0—H@G)(p+1),5(p+ 1)]. However, here we may select codes
of the type [m, (1 — H(8))m, §m], where, as we have mentioned, we have
many more choices of m. This gives us much more flexibility in choosing
codes that might have good decoding algorithms. This helps us in decreasing
the constants involved in the complexity of decoding.
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