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Syllabus

e R, Completeness property. Countable and Uncountable
e Metric Spaces and Metric space topology
e Nested set theorem, Baire category theorem

e Compactness, Totally bounded, Characterizations of
compactness, Finite intersection property, Continuous
functions on compact sets, Uniform continuity

e Connectedness and Path connectedness, Continuous functions

e Riemann integration, Fundamental theorem of calculus. Set of
measure zero, Cantor set, Integrable functions

e Convergence of sequence and series of functions: Pointwise
and uniform convergence of functions, Series of functions,
Power series, Dini's theorem, Ascoli's theorem

o Nowhere-differentiable Continuous functions, Weierstrass
approximation theorem



Course plan

e This course has been split into L + T + D.

e Lectures (3) and Tutorial (1) have been merged into 3 to 4
videos of time length 40-50 minutes every week. The links of
these videos will be shared after the videos are released.?

e There will be a Discussion hour over zoom every Friday from
12.00-12.50 (afternoon).

e About assessment/Evaluation, we opt for

e In-video questions for assignment submission (20 percent)
e Assignments/homework (40 percent)
e Online oral examination (40 percent)

e There will be mid-semester and end-semester examinations.

These will be held during the prescribed examination period.

e For students with limited or no network access, the Institute
will be making the course materials available as found feasible.

2The course will managed on https://hello.iitk.ac.in/



Questions. Do you believe in real numbers ? Who are these
creatures ? Are these real or imaginary ?

B Assume the existence (be lazy be happy)
A Prove the existence (hitting against the hard)
Difficulty. If you draw a point on a plane paper, and if see it by a
magnifier, you find it to be disc-like! What/where is the point?
Philosophy Is there is a particle (point) of mass (measure) 07
B | A Understand R as a set containing all rational numbers, which
satisfies (optimal) axioms. First two building blocks:
Z={0,£1,42,...} and Q ={m/n: m,n€ Z,n # 0}
e Arithmetic operations of addition 4+ and multiplication -
e Order structure <



Axiomatic approach

Consider the set R of numbers which contains Q (and hence Z)

with arithmetic operations + and - and order structure < satisfying
e x+y=y+xforal x,y eR

o (x+y)+z=x+(y+2z) forall x,y,zeR
e x+0=xforall xeR

e for every x € R, there exists a unique y € R (denoted by —x)
such that x+y =20

e x-y=y-xforall x,y € R

(x-y)-z=x-(y-z)forall x,y,ze R
e x-l=xforall xR

for every nonzero x € R, there exists a unique y € R (denoted
by x! or 1/x) such that x -y =1

(x+y) z=x-y+x-zforall x,y,zeR
e x <y, x=yorx>yforall x,y € R (exactly one possibility)



In the following, we understand that x < y iff y — x > 0. Further,
we assume that sum and product of positive numbers are positive.

Problem
Use the above axioms to verify the following:

1. Ifx<yandzeR, then x+z <y+ z.
2. Ifx<yandy < z, then x < z.
3. Ifx <y and z € R, then

x-z<y-z ifz>0,
y-z<x-z ifz<0,

x-z=y-z ifz=0.

~

. Ifx <y, then —y < —x.
5. Either x> > 0 or x = 0.
6. If0<x<y,then0<1l/y <1/x.

Hint.
Sincez—x=z—y+y—x>0,2 follows from 1. O



Problem
Use only the last problem to verify the following:

1. Given two real numbers x, z such that x < z, there exists
vy € R such that x < y < z.

2. If x < y+z forall z> 0, then x < y.
3. If 0 < x <y, then for any positive integer n, 0 < x" < y".

Hint.
For 1, try y = *5£. For 2, prove by contradiction. O

o (Q satisfies all the axioms mentioned before the last problem.

Question. How do we differentiate R from Q7 Is there a property
(of R) not enjoyed by Q ?



Upper bounds

Definition
Let ) # A C R. We say that A is bounded from above if there is
a € R (an upper bound) such that a < « for every a € A.

Problem

Show that any finite nonempty subset A of R is bounded with
upper an bound belonging to it. Give an infinite subset of R,
where this fails.

Hint.

This can be proved by the induction on card(A). If card(A) = 1,
then A = {a} for some a € A, and a is an upper bound. Suppose
that the conclusion holds for all sets A with card(A) = n, and let B
be a subset of R such that card(B) = n+ 1. Since B # (), there
exists b € B. Apply the induction hypothesis to B \ {b} and use
the law of trichotomy. For last part, take A = (0,1). None of the
upper bounds of A belongs to A. O



Least upper bound

Definition
Let ) ## A C R. We say that « is a least upper bound (lub) for A if

e « is an upper bound for A, that is, a < « for all a € A, and

e (3 is an upper bound for A, then o < .

Remark. lub is unique. If a set contains its upper bound (for
example, (0, 1]), then maximum of that set is its lub.

Problem
Show that o € R is lub for A C R iff a is an upper bound for A
and if B < «, then there exists a € A such that § < a < a.

Hint.
If B < «, then 3 is not an upper bound of A. O
Example

1 is the lub for A = (0,1). Indeed, if a < 1 is the lub, then
a:= HTO‘ € (a, 1), so « is not an upper bound for (0, 1).



Unboundedness of integers

It is tempting to conclude that Z is not bounded from above
without a proof.

Difficulty. If Z is bounded above by x € R how to ensure that
there is an integer n > x (this problem does not occur if the upper
bound is an integer) ?

Solution. If you can not prove an assertion, convert it into a
property (with no disrespect for Archimedes)!

Archimedean property. Given x,y € R, with x > 0, there exists
a positive integer n such that nx > y.

Interpretation. Howsoever tiny may be your foot-step x, you can
cover any finite distance y (for example, the distance between
earth and moon) in finitely many steps n.



LUB property or completeness axiom

e Any nonempty subset of R, which is bounded above in R, has
lub in R.

This is the property which differentiates R from Q:

Example

The subset A= {a € Q: a®> < 2} is nonempty and bounded above
(1 € A and 2 is an upper bound for A, but it does not have lub in
Q. To see the latter statement, assume that « is an lub of A. If
a? < 2, then for any positive integer k,

(a+1/k)?> = a® +20/k +1/k*> < a® +5/k,

so that (o + 1/k)? < 2 for sufficiently large k (we need here the
fact that Z is not bounded from above). This however implies that
a+ 1/k € A, contradicting the assumption that « is lub. Thus

a? ¢ 2. Similarly, one can see that a? % 2. Thus a? =2 or a ¢ Q.



LUB property and Archimedean property

Theorem
LUB property => Archimedean property.

Proof.

Assume the LUB property, Suppose that the Archimedean property
fails, that is, there exist x, y with x > 0 such that nx < y for every
positive integer n. Thus n < y/x for every (positive) integer n.
Thus Z is bounded above and hence by LUB property, it has lub,
say, a. Now v — 1 is not an upper bound, so for some integer N,
o — 1 < N. However, this implies that « < N+ 1 and N+ 1 is an
integer, which contradicts the assumption that « is lub. Ol

Problem
Describe Np=1(0,1/n) and Np=1(n, 00).



Density of rationals and irrationals in R

Problem (Greatest Integer Function)

Assume the LUB property and let x € R. Show that there exists a
(unique) m € Z such that m < x < m+1 (m is denoted by [x]).

Hint.

Consider the nonempty set A = {k € Z : k < x}, which is bounded
above. Let o = lub(A). Since aw — 1 is not an upper bound, there
exists m € A such that  —1 < m < x. Verify that x < m+1. [

Theorem
Assume the LUB property and let a, b € R be such that a < b.
Then there exists r € Q (resp. r € R\Q) such that a < r < b.

Proof of Theorem.

By Archimedean property, we find an integer n > 1 such that

n(b — a) > 1. By the last problem, there exists m € Z such that
na<m< na+1 (take m=[na] + 1). Thus na < m < nb or

r = m/n. For the rest, apply this to a — v/2 and b — /2. O]



Nested Interval Theorem

Theorem
Assume the LUB property and let J, = [ap, by] be an interval in R
such that Jo11 C J, for all integers n > 1. Then Np>1J, # 0.

Proof.

Consider the set A= {x € R: x = a, for some n > 1} and note
that A is nonempty and bounded above. Let av = lub(A). Since
each by is an upper bound for A (since J,11 C J, for all integers
n>1), we have a, < a < by, thatis, @ € Np>1Jp. O

Problem
Assume the LUB (and GLB) property. Show that any bounded
infinite subset A of R has at least one accumulation point.

Hint.

Suppose A C [a1, b1] with a1 = glb(A), b1 = lub(A). Let [az, b2]
be one of the intervals from [a1, (a1 + b1)/2] and [(a1 + b1)/2, b1]
which contains infinitely many points from A. Continue this. O



Complete ordered field

We may understand now R as the "complete ordered field” (the
set R satisfying all the axioms mentioned earlier including the
completeness axiom).

Question. Does a complete ordered field exist 7 If yes, is it unique
(up to isomorphism) ?

To address the issue of the existence of R, we mention two
approaches; one due to Dedekind (based on " Dedekind cuts”) and
other due to Cantor (based on the completion of Q). We follow
the second approach and for this, we need to know the
convergence of sequences in R.

Recall the definitions of Cauchy and convergent sequences in R.
e Cauchy sequence is bounded and convergent sequence is a
Cauchy sequence.
e Every Cauchy sequence with convergent subsequence is
convergent.



Cauchy Completeness of R

Theorem
Assume the LUB property. Then R is Cauchy complete, that is,
every Cauchy sequence in R is convergent.

Proof .

Let A= {x € R : there exists N > 1 such that x < x, for n > N}
and let € > 0. Note that there exists ng > 1 (dependent on ¢) such
that x,, — €/2 € A (since {x,}n>1 is a Cauchy sequence). Thus A
is a nonempty set. Further, A is bounded above by x,, + ¢/2
(verify by contradiction). Let o = lub(A). Since x,, —€¢/2 € A and
A is bounded above by xp, +€/2, |xn, — | < €/2. Thus for n > ng,

|xn — a| < |Xxn — Xn| + [Xn, — @] < €.

This completes the proof. []



It is possible to obtain the Cauchy completeness without using the
LUB property.

Proof II.

Let A= {x € R: x = x, for some n > 1}. Since A is bounded,

A C [a1, b1] for some a1, by € R Let [az, by] be one of the intervals
from [a1, (a1 + b1)/2] and [(a1 + b1)/2, b1] which contains
infinitely many points from A. Continue this to obtain the intervals
[an, bn], n = 1, containing infinitely many points of A. By the
nested interval theorem, Np>1[an, by] contains x for some x € R.
Now for each n > 1, if we choose xi, € [ap, by] such that

kn < kny1, we obtain a subsequence {xx, }n>1 such that

|xk, — x| < by —an = (b1 — a1)/2" — 0 as n — oco. Since {xp}n>1
is a Cauchy sequence, it must be convergent now. O
The proof above yields the following:

Theorem (Bolzano-Weierstrass Theorem)

Every bounded sequences admits a convergent subsequence.



Cauchy’s Construction of R (Incomplete)

Let R be the set of Cauchy sequences in Q. Let {x,}n>1,{Vn}n>1
belong to R and define the equivalence relation

{XH}HZI ~ {}/n}n21 if |Xn - ynl — 0.

e Define the set R as R/ ~ (set of equivalence classes [{x}n>1])-
e |dentify the element x in Q with constant sequence {x, = x}p>1

o {xp}n>1 < {¥n}n>1 if {¥n — Xn}n>1 eventually consists of positive
numbers.

e It is a laborious work to verify that R defines an ordered field
which satisfies LUB property. Refer to the article http://www.
math.ucsd.edu/~tkemp/140A/Construction.of .R.pdf) 3.

3Cauchy's Construction of R, Todd Kemp



Theorem (Density of rationals)

If r ={ra}n>1 € R and any small (rational) number €, then there
exists a rational number q such that |r — q| < €, that is, for some
integer N > 1, |r, — q| < € forall n > N.

Proof.
Since {ry}n>1 is a Cauchy sequence, for some N > 1, |r, — ry| < €
foralln> N. Let g =ry € Q. O

Let R = {[{xn}n>1] : {xn}n>1 € R} and define a metric on R by
d([{xn}], [{yn}]) = Ii_>m |xn — ya| (an equivalence class)
(the limit exists since {x, — yn}n>1 is a Cauchy sequence and hence

convergent). Then R is a complete metric space, and if i : Q — R
is given by i({x}) = [{x}] for every x € Q, then i is injective.



Countable and Uncountable sets #

Definition
A set A is called countably infinite if there is a bijection f : N — A.
If A is finite or countably infinite, we say that A is countable.

Example

e Any subset A of N is countable (either A is finite or

A = {nk}k>1; in the latter case, define f(k) = ng)

e Any subset of a countable set is countable

e 7 is countable (define g : Z — N by g(n) =2nif n> 1, and
g(n)=-2n+1if n<0; now let f =g~ 1)

e N x N is countable (define g(m, n) = 2m"1(2n—1); let f = g71)
e Countable union of countable sets is countable (if

A= {xmn:meN, neN}, then g: N x N — A given by
f(m,n) = am n is bijective)

4 . . .
Cantor is a ‘corrupter of youth'. - L. Kronecker, as quoted by Schoenflies and requoted by Barry Simon



Problem
Verify the following:

1. If g: A— B is bijective, show that A is countable iff so is B.
2. If g : A— B is injective, show that A is countable if so is B.

Hint.
1. If h: N — A s bijective, then sois goh: N — B.
2. If h: N — g(B) is bijective, then sois g o h: N — A. O

Problem
Show that Q is countably infinite.

Hint.

Write Q = Q1 UQ_ U {0} (union of positive/negative/zero
rationals). To see that Q. is countable, define f : Q; — N x N by
f(m/n) = (m,n), where m and n are coprime to each other. Note
that f is injective and N x N is countable. Ol



Problem
For an index set I, let {J,}aci be a collection of disjoint open
intervals such that R = Uu,eyJo. Show that | is countable.

Solution.

We know that each interval J, contains a rational number r,.
Define g : | — Q by g(«a) = r,. If, for some o, 8 € I,

g(a) = g(B), then ry, = rg, and hence a = B (if o # f3, then

Jo N Jg = 0). This shows that g is injective. Since Q is countable,
by the problem on the previous slide, / is also countable. O

Problem

For an index set I, let {(xq}aci be a collection of mutually
orthonormal vectors in an inner-product space. X. If X has a
countable dense subset, then show that | is countable.



Discontinuities of a monotone function

For a function f : (0,1) - R and c € (0,1), let f(c_) and f(cy)
denote the left and right hand side limits of f at c, respectively.

Theorem
Let f : (a,b) — R be monotone. Then the set D of discontinuities
of f is countable.

Proof.

Without loss of generality, we may assume that f is increasing.
Note that D = {c € (a,b) : Ic = (f(c_), f(c+)) # 0}. For

c,d € D, let t € [a, b] be such that ¢ < t < d. Then

f(cy) =glb{f(x) : x> c} < f(t) < f(d-) =lub{f(y):y < d}.

This shows that /. N Iy = @. Since each interval /. contains a
rational and rationals are countable, D is countable. O

Problem
Show that a monotone surjection f : [a, b] — [c, d] is continuous.



Cantor's diagonalization theorem

Theorem
There is no surjection f : N — [0,1].

Proof.

Consider the decimal expansion (possibly more than one) of f(n):
f(n)=0-apman2...an..., n=1

(for the existence of decimal expansion, refer to Proposition 1.8 of
[Real Analysis, Carothers, N. L.]). Let x=0-a1a2...a,... € R
where a, € {1,...,8}\{ann}. Note that x # f(n) for any n > 1,
and hence x ¢ f(N). O



Corollary (Cantor)
The interval [0,1] in R is not countable.

Problem

Given two points in R x R\ Q x Q, show that there exists
uncountably many paths (finite union of line segments) in
R x R\ Q x Q, which join these two points.

Hint.

Fix two points A and B in the plane and draw a square with one of
the diagonals being the straight line C joining these two points.
Consider the diagonal D orthogonal to L and note that it is not
countable. Now produce one path corresponding to each point on
D which joins A and B. How many of these touch Q x Q ? O



Example

Consider the power set P(N) of all subsets of N. Let f : N — P(N)
be any function. We claim that f is not surjective. Indeed, define
A € P(N) by the property that

ke A k¢ f(k).

Note that A # f(k) for any k > 1, and hence the claim stands
verified. In particular, P(N) is not countable.

Problem
Let A be a nonempty set. There is no map from A into the power
set P(A) of A, which is surjective.



Example
Let C denote the Cantor set obtained by removing 2”1 centrally
situated disjoint open subintervals Uy p, - -+, Upn-1 , of [0,1] each

of length 1/3" at the nth stage, where n =1,2,--- . Specifically, if
U1 =1(1/3,2/3), U1 = (1/9,2/9), U22 = (7/9,8/9),...,Un1 =
(1/37,2/3"),..., Upon-1 = (1 —2/3",1—1/3"), then

C=Npz1Co,  where G, = [0,1]\ (Uf_y U1 Us).

Clearly, all end-points 1/3,2/3,1/9,2/9,7/9,8/9,... of U«
belong to A. Are there any other points in C ?
Answer Yes, take 1/4 (since 1/4 ¢ Uy for all j, k)

Question What is the trick to generate more elements in C 7



Example (continued ...)

e Any x € [0,1] has two distinct representations of the form
3% 1 an/3" with a, € {0,1,2} if and only if x belongs to the
set {1/3,2/3,1/9,2/9,7/9,8/9,...}.

e Any x € C has unique representation Y~ a,/3", where
ap € {0,2}. (For instance, 1/3 = 0.1 = 0.0222...).

Let {0,2} denote the collection of sequences in 0 and 2. Define
the map £ : {0,2} — C by f(an) = >, a,/3". By the above
facts, f is a bijection. The following shows that C is not countable.

Problem
There exists a bijection between {0,2}N and P(N).

Hint.
For a subset A of N, define a sequence {a,}n>1 by

0 2 ifneA,
" lo ifnéA



Definition
A metric d on a nonempty set X (refer as the metric space) is a
map d : X x X — [0, 00) that obeys
o (Symmetry) For all x,y € X, d(x,y) = d(y, x)
e (Triangle inequality) For all x,y,z € X,
d(x,z) < d(x,y) +d(y,2)
e (Zero property) For all x,y € X, d(x,y) =0iff x = y.

Interpretation
e The distance of x from y is same as the distance of y from x.

e If we consider the triangle A with vertices x, y, z and lenghts
of sides being d(x, y),d(y, z) and d(x, z), then the length of
any side is at most the sum of lengths of remaining two sides.

e The distance of a point from itself is 0, and if the distance
between two points is 0, then these points must coincide.



Real line as a metric space

Example

R is a metric space with metric d(x,y) = |x — y| for x,y € R. The
symmetry and zero property follow immediately from the facts that
|x| =] — x| and |x| = 0 iff x = 0. To see the triangle inequality,
note that since x < |x|, we have

x—zP = (x—y+y—2)?=(x—yf +2x—y)y —2) + (v — 2)*
< (Jx — y| + |y — z|)%. Now take square roots on both sides.

Remark
e One may give an alternate proof of the triangle inequality
which does not involve square root (consider the cases in
which x +y > 0 and x +y < 0, and use the definition of |- |).

e Note that |x + y| = |x| + |y]| iff either x and y are both
nonnegative or both nonpositive (Exercise).



Young's Inequality

Theorem
Let p,q > 1 be conjugate exponents, that is, 1/p+1/q =1. For
positive numbers a, b, ab < % + %. Equality holds iff aP = b9.

Proof.

Given positive real numbers a < b, consider
Dy ={(x,y) €R?:0<x<a, 0<y<xP1}

Dy ={(x,y) €ER?:0<y<bh, 0<x <y}

We verify the following (see [page 43, Carothers]| for a figure):

L. DiNDy={(x,y) €ER?:0< x < a,y=xP1} Indeed,
since (p—1)(g—1)=1, y = xPLiff x = y9-1,
2. R={(x,y)eR:0<x<a, 0<y<b}CD;UD,.
Thus Area(R) = ab < Area(D; U D») < Area(D;) + Area(D2) =
aP/p + b9/q. Moreover, equality holds iff a? = b9. O



Holder's Inequality

Corollary
Let p,q > 1 be conjugate exponents, that is, % + % =1 Let

a:(al,...,ad),b:(bl,...,bd)eRd:{(xl,...,xd):
Xi,...,X4 € R}. Then

d /e , 4 1/q
n=1 n=1
Proof.

d p 1/p ~ ,.
Let [|all, = (zn [an]?) " and &y = |an|/l1allp, Bo = bal/[1Bllg
n=1,...,d. By Youngs Inequallty EAIES < |3nlP/p + | Bal?/q.

Thus ; Z\ang\ Z!angnl
) H Hp|| lg 4= n—1
1
SZ!anlp/PJrZIb g= 4=l =

bn

q



Example

For a positive integer d > 1, RY = {(x1,...,Xq) : X1,...,

is a metric space with metric

d

Do —yl xyeRr?
j=1

To see the triangle inequality, it suffices to check that

la+bll2 < llall2 + [|bll2,  a b€ R,

XdGR}

1/2
where ||a||2 := <Zd 1 |an\2) . To see this, note that by Holder's

Inequality (with p =2 = q)

la -+ bl13 —Zlajl2+2 Z ajbj +Z|b i

ij=1

< llall3 +2all2[lb]l2 + Hsz = (llall2 + [|b]|2).



Problem
For a positive integer d > 1 and p > 1, show that RY is a metric
space with metric d, given by

d

/
) = (3205 )", sy

j=1
This result fails for 0 < p < 1.

Hint.
To see that ||a+ b, < ||al|p + ||b||p, note that

d d
> laj+bilP <> lajlla+ bl + > Ibllay + blP T,
j=1 j=1 j=1

and apply Holder's inequality (two times). To see the second part,
let d =2, a=(1,0), b=(0,1) and p =1/2. O



Problem
For a positive integer d > 1, show that RY is a metric space with
metric dx, given by doo(x,y) = max?_, [x; — y;| for x,y € R%.

Problem
For p > 1 and for a sequence {x,}n>1 of real numbers, define
1/p
Ixlp = (Zj’il |Xj|p) € [0, 00]. Verify the following:
1. 0P = {{xn}n>1: ||X||p < 00} is a vector space over R.

2. [P is a metric space with metric d, given by

> /
dp(x,y) = (ZIXJ —yj\")l "oxyeer
j=1

Proof.

Both parts essentially follow from the triangle inequality. We
already know the conclusion for truncated sequences {an}N_, and
{bn}N_, for every integer N > 1. Now let N — oc. O



Let a,b € R be such that a < b.

Lemma

If f : [a, b] = R is continuous, then sup |f(x)| < oco.
x€|a,b]

Proof.

Assume that sup,c[, ) [f(x)| = co. Then, for any integer n > 1,
there exists x, € [a, b] such that |f(x,)| > n. By
Bolzano-Weierstrass theorem, {x,}n>1 admits a convergent
subsequence {x,, }x>1, and hence by (sequential) continuity of f,
{f(xn, }k=1 is convergent. However, a convergent sequence is
bounded, and on the other hand, |f(xp,)| > nk. Not possible! [

Example

Consider the vector space C|a, b] of real-valued continuous
functions defined on [a, b]. Then C|a, b] is a metric space with
metric d, given by

doo(fag): sup ‘f(X)—g(X)| f,gE C[a7b]
x€[a,b]



Metric topology

Let X be a metric space with metric d (denoted by (X, d)).

Question Given two metric spaces (X, dx) and (Y, dy), when can
we say that these are equivalent/isomorphic metric spaces 7

Clue We know that two sets X and Y are equivalent if there is a
bijection between X and X’. Similarly, two vector spaces X and Y
are isomorphic if there is a bijective linear map between X and Y.

Guess So, for two metric spaces to be equivalent, we need to
impose some constraint on the given bijection that will take the
metric structures into account (for instance, sequential continuity).

Question What do we mean by metric structures ?

Clue The metric d is the distance function, which measures
distance between two points. One may look for a metric analog of
a disc/ball in the metric space.



Metric balls

Let (X, d) be a metric space. For xg € X and a real number r > 0,
define the open ball and closed ball around xp, respectively, by

Bi(x0) ={x € X :d(x,x0) <r}, Bi(xo)={xeX:d(x,x) < r}.

Example (Discrete Geometry)

Let X be a nonempty set. For every x,y € X, define the
discrete metric dy by do(x,x) =0 and do(x,y) =1if x # y. Then

B,(xo):{{XO} if r <1, B,(xo):{{XO} if r <1,

X otherwise , X otherwise .

The above calculations may be applied to X = R.
Example (One dimensional geometry)
Let R be the real line with di(x,y) = |x — y|, x,y € R. Then

Bi(xo) = (x0—r,xo+r), Br(x)=1[xo—r,xo+r]



Example (Plane geometry)
Let R? be the real plane with da(x,y) = v/|x1 — y12 + [x2 — y2|?,
x = (x1,x2),y = (y1,y2) € R2. If x9 = (xo1, X02), then

B/(x0) = {x € R? : |x; — x01]® + |x2 — x02|> < r?} (circular region),
B/ (x0) = {x € R? : |x1 — x01]* + |x2 — x02* < r?}.

What if d, is replaced by doo(x,y) = max{|x1 — y1|, |x2 — y2|} ?
B.(x0) = {x € R? : |x1 — xo1] < r,|x2 — x02| < r} (square region),

B/(x0) = {x € R?: |x; — x01| < r, |x2 — x02| < r}.
What if ds is replaced by di(x,y) = |x1 — y1| + [x2 — y2| ? Why

this metric is known as taxi-cab metric ?

Notation Although the notations B,(xp), B;(x0) do not indicate
dependence on the underlying metric, the dependence is evident.



Problem

Consider the metric space C[0, 1] with the sup metric

dwo(f,g) = SUPc[0,1] |f(x) — g(x)|, f,g € C[0,1]. Describe the
open and closed balls B,(f), B,(f), where f(x) = 0, x and x°.

Hint.
Note that

B() ={g e Clo.1]: sup lgx)— F(x) < r}

x€[0,1]
= {g € C[0,1] : [g(x) — f(x)| < r for every x € [0,1]}
={g € C[0,1] : g(x) € (f(x) — r,f(x) + r) for every x € [0, 1]}.

Now draw the graphs of f(x) — r and f(x) + r in the above cases,
and convince yourself that the "tube” enclosed between these two
graphs is the open ball B,(f). Draw the diagram. O



In the following problem, we need the fact that every continuous
function on [0, 1] is Riemann integrable.

Problem
Consider the metric space C[0, 1] with the metric

d(f.8) = [y |F(x) — &(x)|dx, g € C[0,1].
1. Describe the open ball B1(0).
2. Give an example of f belonging to B1(0) and also an example
belonging to C[0,1]\ B1(0).
3. Verify that B,(f) = {f + rg : g € B1(0)}.
4. Give an example of g belonging to B,(f) and also an example
belonging to C[0,1] \ B,(f).

Hint.
Note that f € B;1(0) if and only if the area under the graph of
|f(x)| is less than 1. O



Problem
Let (X, d) be a metric space and let A be a subset of X. Verify the
following:
1. Ais a metric with metric da given by da(a, b) = d(a, b) for
all a,b € A.
2. Describe the open ball in the metric space (A, da).
3. If (X,d) = (R, dy) (resp. (R?,dy)) and A =7 (resp. Z x 7),
then describe da and the open ball in the metric space (A, da).

Hint.

For the second part, verify that the open ball BA(a) centred at a
and of radius r in the dy metric equals the intersection of A with
the open ball B,(a). For the last part, draw the lattice Z x Z and
examine its intersection with open balls. []



Hausdorff property

Theorem
Let (X, d) be a metric space and let x,y be distinct points in X.
Then there exist positive numbers r, s such that B,(x)N Bs(y) = 0.

Proof.
Since x # y, d(x,y) > 0. Let r = d(x,y)/2 = s. We must check
that B,(x) N Bs(y) = 0, or equivalently,

B/(x) C X\ Bs(y) ={z€ X :d(z,y) > s}.
If z € B,(x), then by the symmetry and the triangle inequality,
d(Z,y) = d(ny) - d(Xyz) > d(X,_y) —r=s,

since r +s = d(x, y). O

There exist "topological spaces” without the Hausdorff property!



Open and closed sets

Definition

Let (X, d) be a metric space and let A be a subset of X. We say
that A is open in X if either A is an empty set or if for every

a € A, there exists € > 0 such that B.(a) C A. We say that A is
closed if the complement of A in X is open.

e Both the empty set () and X are open, and hence closed.

e The open ball B,(xp) is open. To see this, let a € B,(xp).
Thus d(a,xp) = r — ¢ for some ¢ > 0. We must find an € > 0
such that B.(a) C A = B,(xp). For any b € B(a), by the
triangle inequality,

d(b,x0) < d(b,a)+d(a,x0) <e+r—39,

which is less than r provided € < 4.



Problem
Show that the closed ball B,(xp) in a metric space (X, d) is closed.

Hint.

Note that X \ Br(x0) = {x € X : d(x,x0) > r}. Let a € X'\ B,(x0)
and write § = d(x,x0) — r > 0. Use the triangle inequality to find
conditions on € > 0 (in terms of §), so that

B(a) C A= X\ B/(x0). O

The closed ball could be an open set in some metric spaces!

Example (Discrete topology)

Consider R enodwed with the discrete metric dy given by
do(x,x) =0 and do(x,y) = 1 if x # y € R. Since single-tons are
open balls ({xo} = Bi(xp)), any subset of R is open!

This can not happen in R endowed with the metric dp,
1 < p < oo (to be seen later).



Problem
Answer the following:
1. Which of the sets are open/closed in R with metric dy
x,yeR?
1 (0,1), [0,1), (0,1], [0,1], Z, Q
2. Which of the sets are open/closed in R? with metric d» ?
(0,1) x(0,1), [0,1) x [0,1), (0,1] x [0,1), [0,1] x [0,1], Z x Z,
QxQ, {(x,y) eR?: x> +y? =1}, {(x,y) € R? : xy # 0}
Justify your answer.

Hint.

The answers in 1 are open, not open and not closed, not open and
not closed, closed, closed, not open and not closed (in order).

The answers in 2 are open, not open and not closed, not open and
not closed, closed, closed, not open and not closed, closed, open
(in order). O



Let B[O, 1] denote the metric space of bounded functions
f :]0,1] — R with the metric d given by

dwo(f,g) = sup |f(x)—g(x)|, f,ge€ B[0,1].
x€[0,1]

Problem
Whether the subset C|0, 1] of B[O, 1] is open in B[0,1] ? Justify
your answer.

Hint.

No. To see this, given any € > 0, find f € B[0,1] \ C[0, 1] such
that f € B.(0) (e-neighbourhood of the 0 function), that is, a
bounded function f discontinuous at least at a point in [0, 1] such
that ||f]|eo < €. O

Problem
Let (X, d) be a metric space. For a € X and r > 0, show that
Si(a) ={x € X :d(x,a) =r} is closed in X.



Let (X, d) be a metric space and let O be the collection of all
open subsets of X.

e O is nonempty: () and X belong to O

e O is closed under arbitrary (finite or infinite) union: If {U,}
C O, then Uy U, is open (if a € U U,, then a € U, for some
«, and hence there is r > 0 such that B,(a) C U, C Uy Uy)

e O need not be closed under countable intersection: Consider
X = R with usual metric di(x,y) = |x — y|, x,y € R. Then
for Uy = (=1/n,1/n) € O, Np>1U, = {0} ¢ O

e (O is closed under finite intersection: If Uy,..., U, € O, then
ﬂj’-‘zl UeO(ifae ﬂJ’-‘Zl Uj, then for some r; > 0, B, (a) C U,
and hence B,(a) C ﬂj’le U; with r = min{r,..., n})
Theorem

For any metric space (X, d), the collection O (known as topology
of X) of open subsets of X contains empty set and X. Further, O
is closed under arbitrary union and finite intersection.



Problem
Let U be an open set in R and let x € U. Show that there exists
largest open interval containing x and contained in U.

Hint.

Let ay, = -0 if {aeR:a<x, (a,x) C U} is not bounded
below, and by =0 if {b€R: b > x, (x,b) C U} is not bounded
above. Otherwise, set

ay =glb{aeR:a<x, (a,x) C U},
by =1lub{beR:b>x, (x,b) C U},

and consider the open interval Iy = (ax, bx). Then x € I,
(otherwise either x < ay or x > by). We claim that the interval I,
is contained in U. If I, € U, then thereis y € I, \ U, and hence
either (x,y) or (y,x) intersects the complement of U, and hence
by <y or a, > y. That's the contradiction since y € I,. O



Theorem
Any open set U in R can be expressed as the disjoint union of
countably many open intervals.

Proof.

Let /; denote the largest open interval containing x and contained
in U. Then U = Uxeylx. If x,y € U, then either I, N1, = or

I« = I,,. Since rationals are countable and distinct intervals
contains distinct rationals, the collection {/}xcy contains at most
countably many disjoint intervals whose union is U. O

The role of an open interval in R may be replaced by open
rectangles (a, b) x (c,d) in R2.

Question Is it possible to express an open subset of R? as disjoint
union of countably many open rectangles ?



Example

Consider the open unit disc in R?:
D= {(x,y) e R?: x* +y? < 1}.

We claim that D can not be written as disjoint union of countably
many open rectangles. Indeed, if D = U,>1R, is union of open
rectangles R, = (ap, by) X (cn, dp) C D, then at least some point of
the form (an,y), cn < y < d, will lie in D, and hence (ap, y) must
lie in some open rectangle R,,, m # n. In that case, R, N Ry, # 0.

e Major difference between R and R? is the “natural” order
structure (and LUB property).



Interior of a set

Let (X, d) be a metric space.

e Given the closed ball B,(a) = {x € X : d(x,a) < r} in X, we
can distinguish the points lying in B,(a) = {x € X : d(x,a) < r}
from the remaining points {x € X : d(x,a) = r}.

Question Can we do the same for an arbitrary set ?

Definition
Let A be a subset of X and let a € A. We say that a is an
interior point of A if there exists r > 0 such that B,(a) C A.

Let A°>={a € A: ais an interior point of A}.
e Note that A is open in X if and only if A° = A.



Let (X, d) be a metric space and let a € X. We know that any
point in B,(a) is an interior point of

B.(a) = {x € X : d(x,a) < r}.

Example

In general, the interior of B,(a) need not be B,(a). Indeed, if

x € Br(a) \ Br(a), then x could be an interior point of B.(a). To
see this, let X = R with discrete metric dy and a= 10, r = 1. Then

B1(0) = {0} and the interior of B;(0) = R is R.

This does not happen in X = RY endowed with any metric dp,
p = 1, as the following example illustrates.



Example

In (RY, d,) the interior of B,(a) is B,(a). We have seen that the
B,(a) is contained in the interior of B,(a). Let b € B,(a) be such
that dp(b, a) = r. We claim that for any s > 0, the ball Bs(b)
intersects R4\ B,(a).

The line joining a and b is given by a + t(b — a), t > 0. Note that

d 1/p
dp(a-+t(b—a),b) = (D1 -ty — "),

J=1

which can be made less than s if |1 — t| is very small. Thus
a+ t(b— a) belongs to Bs(b) if |1 — t| is very small. Also, if t > 1,

dy(a+ t(b— <Zt”]aj—b|p) dy(b,a) = r.



A proper subset of Q which is open as well as closed

Example

Consider the metric space (Q, di), where di(x,y) = |x — y|,
x,y €Q. Let ( e R\ Q (e.g. ¢ =+/2) and let
A= {x€Q:x <} Weclaim that A is open and closed in Q.

e A is open since A= (—00,() N Q and (—o0,() is open in R

e Ais closed since Q\A={xecQ:x>(} ={xeQ:x>(},
which is again open since it is equal to Q N (¢, o0)

The phenomenon above can not occur in R | This means that

there are no proper open and closed subsets of R (to be seen later).

Problem
Find a proper subset of Q x Q with the metric da(x,y) = [|x — y||2
(x,y € Q x Q), which is open and closed.



Limit point of a set

Let (X, d) be a metric space.
Definition
Let AC X and let a € X. We say that ais a
e limit point® of A if for every r > 0, B,(a) N A # ().
e cluster point of A if for every r > 0, B,(a) N (A\{a}) # 0.

e A limit point need not belong to A (0 is a limit point of (0, 1))

e ais not a limit point iff there exists some r > 0 such that
B.(a)NA =0 (2is not a limit point of (0,1) for B1(2)N(0,1) = 0)

e An interior point is a limit point (this follows from definition)

e A cluster point of A is a limit point of A, but not conversely (e.g.
(R, dp), 0 is a limit point of A= {0} but not a cluster point)

5Some authors define limit point as the point for which B,(a) N (A\{a}) # 0



Example

Let X =R and let di(x,y) = |x — y|, x,y € R. Let A denote the
set of limit points and let cl(A) be the set of cluster points of A:

e If A= [a,b), then A = [a, b] = cl(A)

o If A= (a,bJU{a+ b}, then A= [a,b]U{a+ b}, cl(A) = [a, b]

o If A={1/n: n € N}, then A= AU {0}, cl(A) = {0} (apply
the Archimedean property)

e IfA=7, then A=7Z, cl(A) =0

Problem
Let (X,d) = (R, d1). Find all limit points and cluster points of Q.

Hint.
Since rationals are dense in R, any open interval contains infinitely
many rationals. So every real number is a cluster point of R. O



Closure of a set

Theorem B
Let (X, d) be a metric space and let A C X. Then the set A of
limit points of A is closed in X.

Proof. B B
We must check that X \ A is open. To see this, let x € X'\ A.
Thus, there exists r > 0 such that B,(x)NA =0 or B,(x) C X\ A.

We claim that B,(x) C X \ A. Otherwise, there exists

y € B/(x)N A, and hence Bs(y) N A # () for every s > 0. However,
for small s > 0, Bs(y) € By(x) (since B.(x) is open), and hence
B, (x) intersects with A, which is a contradiction.

Thus B,(x) € X \ A and hence X \ Ais open or A'is closed. [

e A is known as the closure of A.



Problem

Let (X, d) be a metric space and let A C X. Then A is the smallest
closed set containing A, that is, if L C X is a closed set such that
AC L CA, then L = A. Conclude that A is closed iff A = A.

Solution.

Let x € X'\ L. Since L is closed, there exists r > 0 such that
B/(x)NX\LC X\ A, or B,(x)NA=10,sox e X\A. Thus
X\LC X\ AorACL, and hence L = A. O

Problem

Let (X, d) be a metric space and let A C X. Then A° is the largest
open set contained in A, that is, if O C X is an open set such that
A° C O CA, then O = A°.

Hint.
Show that O is contained in A°. ]

e For any set Aof X, AC AC A (strict inclusion may hold).



Convergence in metric spaces

By a sequence {x,}n>1 in a metric space X, we understand a
function from N into X, which maps n to x,.

Definition

Let (X, d) be a metric space and let {x,},>1 be a sequence in X
We say that {x,}n>1 is a convergent sequence in X if there exists
x € X (limit of {x,}n>1) such that

d(xn,x) — 0 as n — oo.

Remark

e The limit x of a convergent sequence is unique: If d(x,,x) — 0
and d(xp,y) — 0, then 0 < d(x,y) < d(x,x,) + d(xn, y)
= d(xpn,x) + d(xn,y) = 0 as n — oo.



Theorem

Let (X, d) be a metric space, let A be a subset of X and let

x € X. Then x is a limit point of A if and only if there exists a
sequence {ap}n>1 C A such that d(a,,x) — 0 as n — oc.

Proof.
Let x be a limit point of A.

o If x € A, then take the constant sequence {a, = x}p>1.

e Suppose that x ¢ A. Then x is a cluster point. Thus for every
r> 0, B/(x) N (A\{x}) # 0. By induction, after letting r = 1/n,
we obtain a, € By/n(x) N (A\{x}), and since d(a,,x) < 1/n, we
have d(an,x) — 0 as n — oo.

Conversely, assume that there exists a sequence {a,}n,>1 C A such
that d(an, x) — 0 as n — oco. Thus for every r > 0, there exists

N > 1 such that d(ap, x) < r for every n > N. Thus

an € B/(x)N A, and hence x is a limit point of A. O



Cauchy sequences and complete metric spaces

Definition

Let (X, d) be a metric space and let {x,},>1 be a sequence in X.
We say that {xp}n>1 is a Cauchy sequence in X if d(xm,x,) — 0
as m, n — 0o. A metric space is said to be complete if every
Cauchy sequence is convergent.

Remark

e Every convergent sequence is Cauchy: 0 < d(Xm, Xn)
< d(Xm, x) + d(x, xn) = d(xm, x) + d(xn,x) — 0 as m,n — oo

Example
The metric space (R, di) is complete.

Problem
Which of the following are complete metric spaces: ([a, b], d1),
((a, b),d1), ([a, b), d1), where dy is the absolute metric.



Theorem
Let (X, d) be a complete metric space. Then every closed subset A
of X is complete when endowed with the (relative) metric

dA(x,y) = d(x,y), x,y € A.

Proof.

Let {a,}n>1 be a Cauchy sequence in (A, d?). Clearly, {a,}n>1 is a
Cauchy sequence in (X, d). However, X is complete, so that
{an}n=1 converges to some a € X. It follows that a is a limit point
of A. Since A is closed, a € A, and it follows that {a,},>1 is
convergent in A. O

Corollary
Any closed subset of (R, dy) is complete



Example

Consider the metric space (Q, d1), where di(x,y) = |x — y|,

x,y € Q. Let x; € Q such that v2 — 1 < x; < v/2 (by density of
rationals). Next choose xo € Q such that v/2 — 1/2 < xo < /2,
and hence by induction, for every positive integer n, there exists
xp € Q such that v/2 — 1/n< x, < V2. Thus, as m, n — oo,

di(Xms Xn) = |Xm — Xn| < |Xm — V2| + V2 —x,| <1/m+1/n— 0.

However, {x,}n>1 is not convergent in Q (since the limit being
unique is necessarily V2 and V2 ¢ Q).

e (Q,d1) is not complete.

Problem
Show that (R \ Q, d1) is not complete.



Problem
What are the Cauchy sequences in the discrete metric space
(Xa dO) ?

Solution.
Let {xn}n>1 be a Cauchy sequence in (X, dp). Thus for e = 1,
there exists N > 1 such that

do(xn, xm) < 1 for every m,n > N.

However, for the metric dp, the distance between two points is
either 0 or 1. It follows that x, = x,,, for every m,n > N.

Problem
Which of the following are complete metric spaces: ([a, b], dp),
((a, b), do), ([a, b), do), where dy is the discrete metric.



Theorem
Let (X, d) be a metric space. Then a Cauchy sequence {xp}n>1 is
convergent if and only if it has a convegent subsequence.

Proof.
If {xn}n>1 is convergent, then clearly any subsequence of {x,}n>1
is convergent (follows from the definition).

Let {xn, }x>1 be a convergent subsequence of {x,},>1 and let

x € X be its limit. Thus given ¢ > 0, there exists N > 1 such that
d(xn,,x) < €/2 for every k > N. Also, for some N' > N,

d(xn, Xm) < €/2 for all m;n > N'. Thus for any n > N’,

d(xn, x) < d(Xn, Xn,, ) + d(Xn,,,x) < €

(since nyr = N > N). O



Bounded sets and diameter

Let (X, d) be a metric space and let ) # A C X. We say that A
bounded if there exists r > 0 and x € X such that A C B,(x).
e Every Cauchy sequence {x,}n>1 is bounded:

Indeed, for € = 1, there exists N > 1 such that d(x,, xy) <1
for all n > N. Thus {x,}n>1 C B/(x), where x = xj and
r=max{1,d(x;, xn), ..., d(xn-1,xn)} + L.

Consider S = {d(x,y) : x,y € A}. The diameter of A is defined as
lubS if S is bounded above,

diam(A) = { .
00 otherwise.

Problem

Let (X, d) be a metric space and let ) # A C X. Show that A is

bounded if and only if diam(A) < co.

Hint.
diam(B,(x)) = 2r, and if A C B, then diam(A) < diam(B). O



Normed linear spaces

Definition

A normed linear space X (denoted by (X, || -||) is a vector space
over R with a function assigning ||x|| € R to every x € X such that
for every x,y,z € X and a € R,

N1 (Non-negativity) ||x|| > 0.

N2 (Positive Definiteness) ||x|| = 0 if and only if x = 0.

N3 (Dilation) ||ax]|| = |a|||x]|.

N4 (Triangle Inequality) ||x + y|| < |Ix]| + |l¥|l-

Remark Every normed linear space is a metric space with metric

d(x,y) = |lx — yl|l, x,¥ € X. This metric has the additional
property that d(ax,0) = |a|d(x,0) for every & € R and x € X.



Example

We contend that RY with the norm || - ||, is complete, where
d
1/p
Ixle = (3o 1l?) ", xR
j=1
To see this, let {x(") = (x§")7 e ,xc(,"))},,>1 be a Cauchy sequence

in RY. Thus for k=1,....,d,
(m) _ (n) S e\ P (m) ()
™ = < (D™ = xP1P) 7 =[x = A, o,
j=1

that is, {x,ﬁ")}@l is a Cauchy sequence in R. Since (R, d1) is
complete, there exists xx € R such that \X,E") —xk| = 0as n— oo.
Clearly, ||x(") — x||, — 0 as n — oo, where x = (x1,...,xq) € RY.

Problem
Show that RY with the norm || - || is complete.



Problem
Let {x(") = {(x1 , 2(”), -+ )}n>1 be a Cauchy sequence in [P,
1< p < oo. Fore > 0, verify the following:

1. {x,.(")}@l C R converges to some x; € R for every i > 1.

2. For k > 1, there exists ny > 1 (independent of k) such that

k
Z ‘XI.(”) — x;|P < e for all n > ng.
i=1
3. For k> 1, Y0 [xi]P < (e + ||x(™)]| ,)P.
4. The normed linear space IP is complete.

Hint.
For part 1, argue as in the last example. For part 2, use the

definition of Cauchy sequence and part 1. For part 3, use the
triangle inequality. By parts 2-3, x € /P and [|x(") — x|, — 0.

O



Problem
Let p be such that p > 1. For f € C[0, 1], define

1
11l = ( /0 1F(x) P )P,

Show that (C[0,1],] - ||) is an incomplete normed linear space.

Hint.
To see triangle inequality, apply Holder's equality (see the
argument on Page 35). To see that C[0,1] is not complete, let

o {1 Fxe1/2)
70 ifxeqiya,

1 if x €[0,1/2 —1/n),
fa(x) =< (—n/2)x + (n/2+1)/2 ifxe[l/2—-1/n,1/2+1/n],
0 if x € [1/2+1/n,1].

Verify that {f,},>3 converges to f ¢ C[0, 1]. O



Dense sets and separable metric spaces

Definition

Let (X, d) be a metric space and let A C X. We say that A is
dense in X if every open ball in X intersects A, that is, for every
x € X and every r >0, B,(x) N A # 0.

Remark A is dense in X if and only if every x € X is a limit point
of A, or equivalently, if and only if A= X.
Example

e Q and R\ Q are dense in (R, d1)

e Z is not dense in (Q, di)

e Q9 is a countable dense in (RY, d})

A metric space is separable if it has a countable dense subset.



Theorem
Let 1 < p < oco. Then IP s separable.

Proof.
For k> 1, let Ax ={(n,...,r,0,...,):rx € Q}.
e Ay is countable: There is a bijection between Ay and QX

o A= U2 Ak is countable: Countable union of countable sets
is countable
We claim that A is dense in /P : Let r > 0, x = (x1,x2,...,) € IP.
Then 377 [xk|P < o0, and hence for some integer N > 2
(2w xP)/P < r/2. For j=1,...,N—1, let r; € Q be such
that |x; — rj| < W (since Q is dense in R). Then for

y:(r17"'7rN*1707"'7)eA?

N— 0o
Ix = yllp < ZIXJ—OI PP+ (D PV P <rj24r/2=r
j=1 k=N

Thus for every x € I[P and r > 0, y € B,(x) N A. O



Problem
Show that the set I*° of bounded sequences is complete normed
linear space with norm ||x||oc = sup;>1 |xj|, x € I°°.

Example

We claim that /°° is not separable. Consider the uncountable set
{0, 1N ={xe/*®:x,=00r1}.

If x,y € {0,1}N, then ||x — y||oc = 1 if x # y. Thus

U By 2(x) € I°° (disjoint union).
x € {0,1}N

Now if /°° has a countable dense set, then each By /»(x) would
contain at least one element from this set. However, there are
uncountably disjoint balls of the form By >(x). and hence /> can
not admit a countable dense subset.

Question Whether (C[0, 1], d) is separable ?



Boundary of a set

Definition
Let (X, d) be a metric space and A C X. A point x € X is said to
be a boundary point of A in X if for every r > 0,

B,(x) NA %0 and B,(x) N (X \ A) % 0.

The boundary of A in X (denoted by JA) is the set of boundary
points of A in X.

Remark Every boundary point is a limit point, that is, A C A.
Example
e If (X,d) = (R, d1), then for a,b € R such that a < b,

dla, b] = 9(a, b) = J[a, b) = O(a, b] = {a, b}.

o If (X,d) = (RY,dp), then 9B,(x) = {y € RY: dy(x,y) = r}.



Theorem B
Let (X, d) be a metric space and () # A C X. Then A= A\ A°.

Proof. B B
Clearly, x € A\ A° if and only if x € A and x ¢ A°. Note that

e x € Aif and only if for every r > 0, B,(x) N A # (.
e x ¢ A° if and only if for every r > 0, B,(x) N (X \ A) # 0.

Thus x € A\ A° if and only if for every r > 0, B,(x) N A # () and
B.(x) N (X \ A) # 0, that is, x € JA. O

Problem
Find the boundary of A= {(x,y) € R? : x >0, y > 0}.

Hint.
Since A is open, A° = A. Also, A= {(x,y) € R? : x>0, y > 0}.
It follows that 0A = {(x,y) € A: xy = 0}. O

e The boundary of Q is equal to R.



Continuity

Definition
Let (X, d) and (Y, p) be two metric spaces. Let f : X — Y be a
function and let a € X. We say that f is

C1 continuous at a if for every € > 0, there exists § > 0 such that
(x € X, d(x,a) < 8 = p(f(x), f(a)) < e).

C2 s-continuous at a (or sequential continuous at a) if

(d(x,,,a) — 0 as n— oo = p(f(xn),f(a)) > 0asn— oo).

We say that f is continuous (resp s-continuous) if it is continuous
(resp s-continuous) at every a € X.

Remark
e f is continuous at a if and only if for every € > 0, there exists
§ > 0 such that (B¢ (a)) C BY(f(a)).
e f is s-continuous at a if and only if f maps convergent
sequences to convergent sequences.



Problem

Let (X,d) and (Y, p) be two metric spaces. Let f : X — Y be a
function and let a € X. Then f is continuous at a if and only if f is
s-continuous at a.

Hint.

= follows from the definition: Given € > 0, there exists § > 0 such
that C1 holds. Now find an integer N > 1 such that d(x,,a) < 9,
so by continuity, p(f(xn),f(a)) < e.

For <, argue by contradiction: Suppose that C2 holds but C1 fails
to hold. So, for some € > 0, for § =1/n, n > 1, find x, € X such

that d(x,,a) < 1/n but p(f(x,), f(a)) = €. Then d(x,,a) — 0 but
p(f(xn), f(a)) /4 0, a contradiction. O

Problem
Let (X,d), Y,p) and (Z,n) be metric spaces. If f : X — Y and
g Y — Z are continuous, thensoisgof : X — Z.



Example
Let p: R — R be a polynomial, that is, for some ag, ..., ax € R,

p(x) =ap+aix +---+ax*, xeR.

Notice that its not easy to verify the continuity of p right from its
definition (given €, how to find ¢ 7). However, s-continuity of p
follows immediately from the facts that sum and product of
convergent sequences is convergent:

Xn = Xy ¥Yn =Y = Xn+Yn—>x+y, x5 = x7, m>1.

Thus if x, — x, then p(x,) — p(x) as n — co. So p is continuous.

Theorem

Let (X, d) be a metric space. Then the set C(X) of continuous
functions f : X — R forms an algebra, that is, C(X) is a vector
space over R equipped with the binary operation (f,g) — fg from
C(X) x C(X) to C(X), which is a binary form.

Proof.

The set of convergent sequences in R forms an algebra. O



Let (X, d) be a metric space. Let A be a non-empty subset of X,
and for x € X, let

d(x,A) = glb Sx, where S, = {d(x,a) : a € A}

(since d(x,a) > 0, Sy is bounded from below. Also, since A is
nonempty, so is Sx. Hence glb of S exists).

Problem

Show that f : X — [0, 00) given by f(x) = d(x, A) is continuous.

Solution.
To see this, for x,y € X and a € A, note that

f(x) =glb S« < d(x,a) < d(x,y) +d(y,a)

f(x) —d(x,y) < d(y,a) for every a € A —

f(x)—d(x,y) <glbS, = f(y) or f(x) — f(y) < d(x,y). Changing
roles of x and y, we obtain |f(x) — f(y)| < d(x,y). Let § =e. [



Separation by a continuous function

Theorem (Urysohn’s Lemma)

Let (X, d) be a metric space. Given closed non-empty disjoint
subsets A and B of X, there exists a continuous function
f: X —[0,1] such that f|a =0 and f|g = 1.

Proof.
For C C X closed and x € X, let d(x, C) = inf{d(x,a) : a € C}.
e d(x, C) is a continuous function of x.
e d(x,C)=0if and only if x € C.
e d(x,A)+d(x,B) > 0 for every x € X.
Define f : X — [0, 1] by
d(x,A)
d(x,A) + d(x,B)’
Clearly, f is a continuous function. Note that f(a) = 0 and
f(b) =1 for every ac Aand b € B. O

f(x) = x e X.




A characterization

Theorem
Let (X,d) and (Y, p) be two metric spaces. Let f : X — Y be a
function. Then the following statements are equivalent:

(a) f is continuous.
(b) For every open subset O of Y, f~1(0) = {a€ X : f(a) € O}
is an open subset of X.

Proof.

(a) = (b). Let O C Y be open and a € f~1(0). Thus f(a) € O.
Since O is open, there exists € > 0 such that Bf(f(a)) C O. By
the continuity, there is 6 > 0 such that f(B¢(a)) C Bf(f(a)) C O.
Thus Bg(a) C f~1(0), which shows that f~1(0) is open.

(b) = (a). Let a€ X and € > 0. Since O = Bf(f(a)) is an open
subset of Y, a € f~1(Bf(f(a))) is an open subset of X. Hence
there exists § > 0 such that B¢(a) C f~}(B’(f(a))), and hence f
is continuous. 0l



An application to matrices

Problem
Consider the vector space Mp(R) (over R) of n x n matrices
A = (aij)1<ij<n with real entries. For A € M,(R), set
|All = >=7 1 |ay|. Verify the following:
1. || - || defines a norm on Mp(R).
2. The determinant det : Mp(R) — R is continuous.

3. The set GL,(R) of n x n invertible matrices is open in M,(R).

Hint.

For 1, the triangle inequality follows from the triangle inequality of
real numbers. For 2, note that determinant is a polynomial in n?
variables, and hence det is s-continuous. For 3, note that

GLn(R) = det™'(R\ {0}) and R\ {0} is open. O

Remark Can you see that GL,(R) has a proper clopen subset ?



Equivalent norms

We say that two norms || - || and || - || on a normed linear space X
are equivalent if there exists m, M > 0 such that

miix|| < [lx]I" < Mlix]l,  x € X,

Problem
Verify that the equivalence of norms is an equivalence relation.
Conclude that the all norms || - ||, p > 1, on R" are equivalent.

Hint.

The first part is a routine verification. To see the second part, by
transitivity of norms, it suffices to check that || - ||, is equivalent to
| - [|oo- This follows from ||x||ec < [|x]lp < n*/P||x||so- This in turn
follows from |x;| < > 7 [xi|P < n(maxL,|x;|)P, j=1,...,d. [



Problem

Let X be a normed linear space with two norms || - || and || - ||".
Then the norms || - || and || - ||" are equivalent if and only if the
identity map | from (X,|| - ||) onto (X, || - ||') is continuous at O
with inverse being continuous at 0.

Hint.

For =, show that the identity map and its inverse are s-continuous.
For <, note that the continuity of /: (X, || -]|) = (X,| - |') at 0
implies that for e = 1, there exists § > 0 such that

HxH <di=|x| <1.

ForO0#Axe X, lety = 2 ”X” Thus |y| = g and hence |y||’ < 1,

that is, S < 1 or l[x||" < 2||x|| for every x € X. Similarly, one

' 2 JIx]] -
may get the other inequality. O
Problem
If two norms || - || and || - ||" on X are equivalent, show that

(X, || - 1) is complete if and only if (X, || - ||') is complete.



Question What are all norms on RY (up to equivalence) ?
Let us analyze the case of d = 1:

Problem
Describe all norms on R.

Solution.
Let || - || be any norm on R. For any x € R, note that by the
dilation property,
[Ixll = [l - L = Ix[[1]]-

This means that any norm || - || is of the form «| - |, a > 0. O
e Note that all norms on R are equivalent. Indeed, if || - | and || - ||
are two norms on R, then for m = % = M, we have

mlx|l = lIxI" = Mlix]l, x €R.

What about the case of dimension d > 1 7



Theorem

Consider (RY, || - ||oo)- Let S = {x € RY : ||x||oc = 1} and let

f : S — R be a continuous function. Then there exists a € S such
that f(x) > f(a) for every x € S.

Proof.

Let A= {f(x): x € S} and let a = inf A. Thus there exists a
sequence {x(M},>1 C S such that f(x(") = a as n — oo. Now if
x(n) = (x{"), .. (")) then {x )},51, being a bounded sequence,
has a convergent subsequence (by the Bolazano-Weierstrass
Theorem), say, {x1 /) }j>1. Since {x2 }J>1 is bounded, it has a
convergent subsequence, and continuing this, we obtain a

convergent subsequence of x(" = (xf"), x )) converging to
say ain || - ||oo. It follows that f(a) = « and f( ) > inf A=f(a)
for every x € S. Since S is closed, a € S. O



Norms on Rd

Theorem
All norms on RY are equivalent.

Proof.

Let || - || be an arbitrary norm on R¢.

(a) Let e, -, eq denote the standard basis of RY. By the
triangle inequality, [}xI| < (. lleil) [x]lc-

(b) By (a), the function f : (RY, || - ||oc) — R given by f(x) = ||x||
is (sequential) continuous.

(c) f attains its minimum on S = {x € R : ||x||oc = 1}. Thus
there exists a € S such that ||x|| > ||a]| > 0 for every x € S.

(d) By (a) and (c), the norm || - || is equivalent to | - ||oc-

The desired conclusion now follows from the transitivity of the
equivalence of norms. O



One can produce inequivalent norms on infinite-dimensional spaces.

Example

Let R[x] denote the vector space over R of polynomials
p(x) = Zﬁ:o apx™ in x. For ¢ := {c,}72,, define

k
Iplle :== > leallanl.
n=0

e || - ||c defines a norm on R[x] if ¢, # 0 for every n > 0.
This is a routine verification.
o | -|lc and || - |4 are not equivalent if ¢, =1/(n+1), dy = n+ 1.

This is far from being obvious.



Example (Example continued ...)
If possible, then assume that there exists m, M > 0 such that

mllplle < llplla < Mllplle; P € R[x].

Thus, for any p € R[x],

a k
a 1
Iplla = nz::o(,H_ 1)|an| < 1 whenever ||p|lc = nz;) n|—:|1 <o

Choose an integer k large enough so that ﬁ > 2. Letting a9 =0

and an:m(nzl,...,k), we get
k k
1 1 1
Z:;J 3 _W;(n+1)2 <

However, Zﬁ:o(” +1)|an| = 55 > 1, which is a contradiction.



Theorem
Let (X,d) and (Y, p) be two metric spaces. Let f : X — Y be a
function. Then the following statements are equivalent:

(a) f is continuous.

(b) For every closed subset U of Y, f~Y(U) = {a€ X : f(a) € U}
is a closed subset of X.

Proof.
Recall that f~1(Y \ U) = X\ f~1(U). Now apply the fact that f is
continuous iff for every open subset O of Y, f~1(0O) is an open
subset of X.

Example

Let X be a metric space endowed with the discrete metric dp.
Then any f : X — Y is continuous. Indeed, since every subset of
X is closed, by the previous theorem, f is continuous. In particular,
if Z carries the (relative) metric induced from (R, d1), then any
function f : Z — Y is continuous.



Problem
Consider the vector space M,(R) of n x n matrices
A = (ai j)1<ij<n with real entries. Define d : M,(R) x M,(R) — R
by d(A,B) =31, |aj — bj|. Verify the following:
1. For every positive integer k, the map py : M(R) — M,(R)
given by px(A) = Ak is continuous.
2. If No(R) = {A € My(R) : there is k > 1 such that Ak = 0},
then Np(R) is closed in M,(R).

Hint.

To see that py is s-continuous, note that the entries of AK are
polynomials in the entries of A (please verify this for k = 2 and
n = 2). To see the part 2, note that

Na(R) = Upz1 ker pi = Uy ker py

(justify the second equality). Since kernel of a continuous map is
closed, N,(R) is closed in M,(R). O



Homeomorphisms

Definition
Let (X, d) and (Y, p) be two metric spaces.
e A function f : X — Y is a homeomorphism if f is continuous,
one-one, and onto with a continuous inverse.

e We say that X and Y are homeomorphic if there exists a
homeomorphism f : X — Y. In this case, we say that X =2 Y.

Remark Let f : X — Y be a homeomorphism.
1. f~1is also a homeomorphism.
2. If Uis open in X then f(U) is openin Y.
3. If Ais a subset of X then A and f(A) are homeomorphic.
4

. Composition of homeomorphisms is again a homeomorphism.
In particular, if X is homeomorphic to Y, and Y is
homeomorphic to Z then X is homeomorphic to Z.

Note that = is an equivalence relation.



Example
Consider the subsets A of the metric space (R, di) as the metric
spaces with relative metric df'(x,y) =[x — y|, x,y € A.

e (0,1) 2 (0,1] : If f:(0,1) — (0,1] is a homeomorphism, then
f(c) = 1 for some c € (0,1), and hence it follows that f~!
maps (0,1) onto (0, c) U (c, 1), which is not possible in view
of the intermediate value property.

Problem
Show that the interval (a, b) C R is homeomorphic to any other
interval (c,d) C R.

Hint.
Try a(t — b) + (t — a) for appropriate scalars « and S.

O

Problem
Show that e™ is a homeomorphism from (0, o) onto (0, 1).



Problem
Which of spaces X and Y are homeomorphic:

(1) X=Rand Y =]0,1)

(2) X=Rand Y =0,1]

(3) X =[1,00) and Y = (0, 1]

(4) X =(-1,0) and Y = (—o0,—1)
(5) R and Y =(0,1)

(6)

Hint. For (1), (2), use intermediate value property (No). For (3),
(4), check that 1/x is the desired homeomorphism (Yes). Fer{5);

_ ~

Y Y Y ! - 9
, = e = : 6 For (6),
choose an open ball centred at an integer (WhICh contains finitely
many elements), and analyze its image in Q (No).

6 . . . .
The answer to (5) is Yes. Please try tan (thanks to Sudip and Satyam for catching a careless assertion!)



Theorem
R" is homeomorphic to R iff n = 1.

Proof.
Suppose that for n > 1. Thus there is a continuous bijection
f:R" — R, and hence g = f|x is a homeomorphism from
X :=R"\ {0} onto Y :=R\ {y} for some yp € R. Choose
v1,¥2 € Y such that y3 < yp < y» and let x,xo € X be such that
f(x1) = y1 and f(x2) = y». Let L denote the line segment
connecting x; and x;.

e If L does not pass through 0 then let y(t) = (1 — t)x1 + txo.

e If L passes through 0 then choose any point x3 ¢ L and let

(1) = (1-2t)x1 +2tx3if 0 <t <1/2,
= 20— e+ @t -1 if1/2<t<1.

Thus v : [0,1] — X is a continuous function (since v(1/2) = x3)
such that 7(0) = x; and (1) = xo.



Proof continued ...
We consider the continuous function h : [0, 1] — [y1, y2] by

h(t) = g(r(t)), t<[0,1]

By the intermediate value property, there exists tp € [0, 1] such
that h(tp) = yo, thatis, g(7v(to)) = yo. This implies that y
belongs to the image of g = f|x, which is a contradiction. Ol

Remark It is highly non-trivial fact that R” is homeomorphic to
R™ iff m = n (beyond the scope of this course).

Problem
Is an open annulus {(x,y) € R? : 1 < x? + y? < 2} homeomorphic
to the unit circle {(x,y) € R? : x>+ y? = 1} ? Justify your answer.

Hint.
Argue as in the last theorem. [



Objective To find when two metric spaces are homeomorphic, one
needs to look for "invariants” which are preserved under
homeomorphisms (e.g, existence of a proper clopen set).

Problem
Show that the function g : (0,1) — R given below is continuous
on irrationals and discontinuous on rationals:

L ifx e Qn(0,1) and x = 2 in reduced form
g(x) =1/ . I
0 otherwise.

Question Does there exist a function g : (0,1) — R which is
continuous on rationals and discontinuous on irrationals ?

Answer: No

A solution was first provided by Vito Volterra.



G-delta sets

Definition
A set is a Gy set if it is countable intersection of open sets.

Example
The irrationals R\ Q form a G; set for R\ Q =(,.o R\ {r}.

Problem
The rationals do not form a Gs set.

Solution.

Suppose that Q = N, Uy, for open sets U,. Since Q C U,, each
Un is dense in R. Now note that = Q N (R \ Q) is countable
intersection of open dense sets Up,, n > 1 and R\ {r}, r € Q. This
contradicts BCT (to be proven later). O

Theorem (Baire Category Theorem)
A countable intersection of open dense sets in R is dense in R.



A Theorem of Volterra Vito

Theorem
Let U be an open subset of R and let f : U — R be a function
defined on U. Then A= {a € U : f is continuous at a} is a Gs set.

Proof.

For positive integer n, consider the set A, given by
{xo € U:30 > 0such that |[f(x)—f(y)| <1/n, x,y € (xo—6,x0+0)}.
Note that A, is open and A = N2 A,. O

Since rationals do not form a Gs set, we obtain the following:

Corollary (Volterra Vito)

There is no function g : (0,1) — R which is continuous on
rationals and discontinuous on irrationals.



Baire category theorem

Theorem (Baire Category Theorem)

Let (X, d) be a complete metric space and let {Un}n>1 be a
sequence of open dense subsets of X. Then Np>1U, is dense in X.

Proof.
Let x € X and r > 0. We claim that B,(x) N (Np>1U,) # 0.

e Since U; is dense in X, there exists x; € B,(x) N U;. Since U;
is open, for some 0 < r; <1, By(x1) € By(x) N Us.
e Since Us is dense in X, there exists xo € By, (x1) N Us. Since
U, is open, for some 0 < r» < 1/2, B, (x2) C By (x1) N Us.
By induction on n > 1, there exist {x,}n>1 C X and 0 < r, < 1/n
such that B, . (xn+1) € Br,(Xn) N Upg1 for every n > 1. Thus
{xn}n>1 is a Cauchy sequence (since d(xp,xm) < 1/n for every
m > n), and hence converges to some xg € X (since X is
complete). Note that xg € B,(x) N (Np=1Up). O



Problem

Let X be a complete metric space. If X is a union of closed sets
A1, Ao, ...,, then show that there exists N > 1 such that Ay has
non-empty interior.

Hint.
Assume that X = U,>1A, and that A = () for every integer n > 1.
Then O = Np=1(X \ Ap), not possible (since X \ A, = X). O

Remark R? can not be written as the countable union of lines.
Also, R3 can not be written as the countable union of planes.

Problem

Let X be a complete metric space. If f : X — X is surjective, then
show that there exists an integer n > 1 and xg € X such that
f(Bn(x0)) has nonempty interior.

Hint.
Apply the last problem to appropriate closed subsets A, of X. [



An application

Theorem

Let X be a complete normed linear space containing an infinite
linearly independent sequence {x,}n,>1 in X. Then the linear span
of {xn}n>1 is a proper subspace of X.

Proof.
For m> 1, let Yy, :=linspan{x1, -+, xm}.
e Y, is a proper closed subspace of X, and hence Y, has
empty interior (if B,(x) C Yy, then for any nonzero y € X,
X+ guj’—” € Ym and hence y € Yp,).
e The complement of Y, is open and dense. By the Baire Cate-
gory Theorem, the intersection (-, (X \ Ym) is dense in X.
If linspan {xn}n>1 = X, then any element in (- (X \ Yin) (which
exists) belongs to Yy for large N, and hence it belongs to Y}y and
its complement X \ Yj simultaneously, a contradiction. 0



Problem
If (X, d) is a complete metric space such that every x € X is a
cluster point of X \ {x}, then show that X is not countable.

Solution.
If possible, assume that X is countable. So one can enumerate X
as a sequence {x,}n>1. Note that for every integer n > 1, X \ {x,}
is open and dense in X. By the Baire Category Theorem,

[ee] H H o) —

> 1 (X'\ {xn}) is dense in X. However, N>, (X \ {x,}) =0, and
hence X must be uncoutable. O
e (Z,dp) is a complete metric space even if Z is countable ({n} is

open for every n € Z). Also, the above problem is applicable to
(R, di) providing indirect verification of uncountability of R.

Theorem (Nested Set Theorem)

Let X be a complete metric space and let {J,},>1 be a decreasing
sequence of nonempty closed sets in X such that diam(J,) — 0 as
n — co. Then Ny>1J, contains exactly one point.



Uniform continuity

Definition

Let (X, d) and (Y, p) be two metric spaces. Let f : X — Y be a
function. We say that f is uniformly continuous if for every ¢ > 0,
there exists § > 0 such that

<x,y € X, d(x,y) < 8§ = p(f(x), f(y)) < e).

e Every uniformly continuous function is continuous at every
point in X. The major difference is that unlike the definition
of continuity at a point, single § works for all points in X.

e f(x) =1/x, x € (0,1) is continuous but not uniformly
continuous. Indeed, if m,n > 1 are integers such that
m>n>J3/2 then |[1/n—1/m| <6 & |f(1/n)—f(1/m)| > 1.

e For any subset A of a normed linear space X, the function
f(x) = dist(x, A), x € X is uniformly continuous. Indeed,
since |f(x) — f(y)| < ||[x — y||, x,y € X, one may take § = e.



Problem
Let (R, dy) and let f : R — R be uniformly continuous. Then

1. f maps bounded sets to bounded sets.

2. f maps Cauchy sequences to Cauchy sequences.

Hint.

To see 1, let A be a bounded subset of R. Thus A C [a, b] for some
a, b € R such that a < b. We must check that f([a, b]) is bounded.
Note that [a, b] can be covered by finitely many open intervals of
length less than § (the one obtained from the definition of uniform
continuity with e = 1). Part 2 follows from definition. O]

Problem

Let X, Y be normed linear spaces and let T : X — Y be such that
is, T(x+ay)=T(x)+aT(y) for every x,y € X and a € R.
Show that T is continuous at 0 iff T is uniformly continuous.

Hint.
For0#x e X, let X' = %% Now use the continuity at 0. Ol

Ix]]



Theorem
Let a,b € R be such that a < b. If f : [a, b] — R is continuous,
then f is uniformly continuous.

Proof.
Let € > 0 and let x € [a, b]. Then, by the continuity of f, there
exists d, such that

(v € [l Ix =yl < 6 = 1F(x) = F(y)| < ¢/2).

However, we want single 4, which will work for every x € [a, b].
Note that [a, b] C Uyl p](X — 0x/2, x + 6x/2). It turns out that
there are finitely many xi,...,xx € [a, b] such that

[a7 b] g UﬁZl(Xn - 5Xn/27 Xn + 5Xn/2)
(to be seen later). Let 6 = mink_; 5, /2. If [x — y| < §, then

X € (Xn — 0x,/2, Xn + 0x,/2) for some n, and hence |y — x,| < Jx,.

It follows that |f(x) — f(y)| < e.

O



Definition

Let (X, d) be a metric space. We say that X is compact if for any
collection {U, : « € I} of open subsets of X such that

X = Uqer Uy, there exists finitely many indices {ag, ..., ax} in [

such that X = Uj’le Uy, -

o {U,: a € 1}: open cover of X
o {Usy,---,Us}: open subcover of X

Remark If f : X — Y is a continuous surjection and X is compact,
then Y is also compact. Indeed, if {V,, : a € I} is an open cover
of Y, then {f"}(V,): a € I} is an open cover of X, and since X
is compact, {f~1(V,) : @ € I'} admits a finite subcover

{f (Vay)s -+, F 1 (Vay)} of X. It follows that Y = U, V.



Problem

Show that none of the following metric spaces (X, d) is compact.
1. X =(0,1], d = relative metric induced by dq
2. X=7,d=dy
3. X=Rd, d=d,

4. X = normed linear space, d(x,y) = ||x — y||

Solution.

For 1, consider the open cover {(1/n,1] : n > 2} of (0, 1]. For 2,
consider the open cover {{n} : n € Z}. Part 3 follows from 4, and
for 4, consider the open cover {B,(0) : n > 1}. Verify that none of
above open covers admits a finite subcover. []

Problem
Let X be an arbitrary set endowed with a discrete metric dy. Then
X is compact if and only if - -- .



Example

We claim that the finite interval [a, b] with relative metric d is
compact. If this is false, then there exists an open cover

U=

{Uqy : a € I} of [a, b], which has no finite subcover.

Note that U is also an open cover for [a, (a + b)/2] and
[(a+ b)/2, b], and U does not admits finite subcover for at

least one of subintervals, say, [a1, b1]. Clearly, by — a; = %.

Note that U is also an open cover for [a, (a1 + b1)/2] and
[(a1 + b1)/2, b1], and U does not admits finite subcover for at

least one of subintervals, say, [a2, b]. Clearly, by — a, = %.

By induction, for every integer n > 1, U does not admits finite
subcover for [an, by| C [an—1, bn—1] and b, — a, = %.

By the nested interval theorem, there exists ¢ € N2, [ak, by].
Since U is an open cover for [a1, by], ¢ € U, for some a € I.

c is an interior point of Uy, ax T ¢ and by | c, for large k,
[ak, bk] € U,, that is, [ak, bk] admits a finite subcover. =<«



Theorem (Heine-Borel Theorem)
Any closed and bounded subset A of (R, d1) is compact.

Proof.

We claim that any closed subset A of a compact metric space
(X, d) is compact. Let i = {U, : a € I} be an open cover of A.

o UU{X\ A} is an open cover of X.

e There exists a finite subcover {Uy,, ..., Ua, } U X \ A of X
(since X is compact).

e {Uny,..., Uy} is an open subcover of A.

Since A is bounded, A C [a, b] (finite interval). Since [a, b] is
compact and A is a closed subset of [a, b], A is also compact. [

e Every closed subset of a compact metric space is compact.

Question Does there exist a closed and bounded set which is not
compact ?



Compactness in relative metric

Question Let (X, d) be a metric space and Y C X endowed with
the relative metric d¥ (x,y) = d(x,y), x,y € X. If K C Y, then
whether or not

(K, d) compact < (K,d") compact ?

o If {U,:a €} is an open cover of K in X then
{UsNY € l}is an open cover of K in Y.

o If {V,,:a € l}is an open cover of K in Y, then for every
a€el, V,=U,NK for some open set U, in X. Note that
{Uy : « € I} is an open cover of K in X.

Conclude that (K, d) is compact < (K,dY) is compact.



Theorem
A compact subset K of a metric space (X, d) is closed & bounded.

Proof.
To see that K is closed, it suffices to check that X \ K is open.

e Let xe€ X\ K and let r, = d(x,y)/2 > 0 for every y € K.
e {B,(y):y € K} is an open cover of K. So it admits a finite
subcover {Bryj(yj) :j=1,...,N} (since K is compact).
o If r=min{r,,...,r,}, then B,(x) € X \ K. Indeed, if
y € KN By(x), then y € B, (yj) N By(x) for some j, and
hence d(y,y;) < d(x,y;)/2, d(x,y) < r < d(x,y})/2, =<«.
Thus x is an interior point of X \ K, and hence K is closed.

To see that K is bounded, let x € X. Consider the open cover
{B/(x)NK :r >0} of K. Since K is compact, there exists r > 0
such that K C B,(x), and hence it is bounded. O



Example

Consider X = {r € Q : 1 < r? < 2} with d being the relative
metric induced by d; is not compact. Then
X={reQ:1<|r]<v2}= ((1,ﬁ)m@) U ((—ﬁ,—l)ﬂ@),

which is not closed in (Q, d1).

Problem

Assume that n > 2. Show that M,(R) \ GL,(R) is not compact as
a metric space endowed with the (relative) metric

d: My(R) x Mp(R) — R by d(A,B) =37, |aj — byl.

Hint.

M, (R) \ GL,(R) is closed in M,(R) but not bounded. Indeed,
there are diagonal matrices B in M,(R) \ GL,(R) for which

d(0, B) is of arbitrarily large magnitude provided n > 1. O



Problem
Consider C? endowed with the metric

d((z,w),(Z,w')) = (|Z—Z/|2Jr|W—W’|2)1/27 (z,w),(Z,w') € C2.

Show that {(z,w) € C? : z2 + w? = 1} is not compact.

Hint.
Find w € C such that w? = 1+ n?. Thus, for « = /—1, we have
(tn,vV1+ n?) € {(z,w) € C?: 22 + w? = 1}. O

Question What if z2 + w? — 1 is replaced by any nonconstant
polynomial in z,w ?

The answer is yes (this can be deduced from the Fundamental
theorem of algebra).



Theorem
If (X, d) is compact, then every sequence in X has a convergent
subsequence.

Proof.
We claim that an infinite subset A of X has a cluster point in X.

e Suppose A has no cluster point in X, that is, for every x € X,
there exists r, > 0 such that B, (x) N A C {x}.

e {B, (x):x € X} is an open cover for X, and hence X has
finite subcover {Brxj(xj) j=1,...,N}

e A= UJ-NZI(B

Applying the above fact to A = {x,},>1, we conclude that A has a
cluster point in X. However, for every cluster point, there exists a
sequence in A converging to this cluster point (see slide 62). 0J

(x;)) MA) C {x1,...,xn} is a finite set.

rx;



Let Y be a proper, closed subspace of a normed linear space X.
e Choose x; € X\ Y, and note that d(xq, Y) > 0.
e There exists xg € Y such that ||x; — xp|| < 2d(x1, Y).
e Note that ||x; — xo|ly + xo belongs to Y for any y € Y.

o If x= ngg” (unit vector), then for any y € Y,
X1 —x0 + [Ix1 — xollyll _ 1
Ix Il = >3

[ = ol T2
Thus there exists a unit vector x € X such that d(x, Y) > 1/2.

Theorem

If X is infinite dimensional, then unit sphere in X is not compact.
Proof.

e Let x; € X be a unit vector in X and let Xj := span{x;}.

e There exists xo € X such that ||x|| =1 and d(x2, X1) > 1/2.
e Note that xp ¢ Xi. Let X5 := span{xy, x2}.

e There exists x3 € Xa such that ||x3|| = 1 and d(x3, X2) > 1/2.

Continuing this, we get {x,}n>1 with no cgt subsequence. O



Definition
A metric space X is sequentially compact if every sequence in X
has a subsequence convergent in X.

e A compact metric space is sequentially compact (slide 117).

e If X is sequentially compact and f : X — Y is a continuous
surjection, then Y is sequentially compact (if {y, = f(xn)}n>1
is given, then {x,},>1 has a convergent subsequence, and
hence {f(xn)}n>1 has a convergent subsequence).

e Every sequentially compact metric space is complete. Indeed,
if {xn}n>1 is a Cauchy sequence, then since {x,},>1 has a
convergent subsequence, {x,}n>1 is convergent (slide 67).

e A complete metric space is not necessarily sequentially compact.
For example, {n}pen in (R, d1) has no convergent subsequence.

Question What are all complete metric spaces which are also
sequentially compact 7



Problem

Consider the vector space M,(R) of n x n matrices

A = (aj j)1<ij<n with real entries. For X = (x1,...,xp) € R" (seen
as a column vector), note that AX € R". Define

[Al = sup  [[AX[l2, A€ Ma(R).
XER",”XHQ:I
Verify the following:
1. (Mp(R), || -||) is a complete normed linear space.
2. 1SO={A e M,(R) : |[AX||2 = || X||2 for every X € R"} is
sequentially compact.

Hint.

Since || - |2 is a norm on R”, || - || defines a norm on M,(R"). To
see that M,(R) is complete, note that £ : Ma(R) — (R™, ]| - |2)
given by f(A) = (a11,---,31ny- -5 anls-- -, ann) is a linear

homeomorphism (since ||[An — A|| — 0 if and only if (i,)th entry
of Ap, converges to (i, j)th entry of A for every 1 < i,j < n). To
see 2, note that ISO is closed and bounded in M,(R). O



Theorem

Let (X, d) be a metric space and let A C X be sequentially
compact. Then, for every € > 0, there exist finitely many points
X1,...,xy € X such that A C UJ-NZIBG()g).

Proof.
Let € > 0 and let x; € A.

e If AC B.(x1), then we are done.

e Otherwise, there exists xp € A\ Be(x1). Thus d(x1,x2) > €.

o If AC B.(x1)U Be(x2), then we are done.

e Otherwise, there exists x3 € A\ (Be(x1) U Be(x2)). Thus
d(x1,x3) > € and d(x2,x3) > €.

Continuing this, we either have A C UJ-’Vlee(xJ-) for some integer
N > 1 or there exists a sequence {xp}n>1 such that d(x,,xm) = €
for all positive integers m # n. The latter case does not arise since
A is sequentially compact. []



Totally bounded spaces

Definition
A metric space X is said to be totally bounded if for every € > 0,
there exist finitely many points xi,...,xy € X such that

X UJ'N=lBe(XJ')-

e Unlike compactness and sequential compactness, total
boundedness is not preserved under homeomorphism. To see
this, note that (0, 1) is totally bounded. Indeed, if choose an
integer N > 1 such that Ne > 1, then

(0,1) C (—e€,e) U(€/2,3¢/2) U (€,3€) U --- U (Ne, (N + 2)e).

On the other hand, R is homeomorphic to (0,1), but it is not
totally bounded.



Compact ——— Sequentially compact

|

Complete and totally bounded

(see slides 117, 119, 121)
Question Whether Sequentially Compact = Compact ?
Question Whether Complete and Totally bounded = Compact ?

e This will give complete the diagram!



Problem
Every totally bounded set is bounded.

Hint.

Note that union of finitely many open balls is contained in a single
open ball of sufficiently large radius. O
Problem

Show that a subset of a totally bounded metric space is again
totally bounded.

Solution.

Suppose X is totally bounded and A C X. Then, for every ¢ > 0,
there exist x1,...,xy € X such that A C UjN:]_Be/2(Xj)~ For each j,
choose a; € AN B, />(x;), and note that by the triangle inequality,
A C UY, B(a). O



Problem
Show that union of finitely many totally bounded sets is totally

bounded.

Solution.
This follows from the definition. O

Problem
Show that every totally bounded metric space is separable.

Solution.
For every integer k > 1, there exist xfk), . ,x,(\,i) € X such that
X C UM By (M), Clearly, ¥ = U1 {6, ... x{V} is

countable. Verify that Y is dense in X, that is, every ball of radius
€ in X intersects Y non-trivially. O



Theorem

Let (X, d) be a metric space. Let {x,}n>1 be a sequence in X and

let A= {x € X : x = x, for some n > 1}. Then

(1) If{xn}n=1 is Cauchy, then A is totally bounded.

(2) If A is totally bounded, then {x,},>1 has a Cauchy
subsequence.

Proof.
To see (1), let € > 0. Since {xn}n=1 is Cauchy, there exists N > 1
such that d(x,, xm) < € for all m;n > N. Thus

A= {x1}U- - -U{xn_1}U{xn : n = N} C Bc(x1)U- - -UBe(xn—1)UBc(xn)-
To see (2), we may assume that A is infinite (otherwise, {x,}n>1 is
eventually constant, and hence it has a convergent sequence).
e Cover A by finitely many balls of radius 1, and at least one of
these balls, say, A; contains infinitely many points in A.

e Cover A; by finitely many balls of radius 1/2, and at least one
of these balls, say, A, contains infinitely many points in A.



Proof continued ...
Continuing this, we obtain a decreasing sequnece {A,},>1 of balls
A, of radius 1/n, where each A, contains infinitely many points of
A. Choose now a sequence {xp, }x>1 such that x, € Ay and check
that {x,, }k>1 is a Cauchy sequence. O

Corollary

Let (X, d) be a metric space. Then X is totally bounded and
complete if and only if it is sequentially compact.

Proof.
We have already seen < (see slides 119 and 121). To see =, let
{Xn}n>1 be given and and let

A={x€ X :x=x, for some n> 1}.

Since X is totally bounded, so is A (see slide 124). By the last
theorem, {x,}n>1 has a Cauchy subsequence, say, {xp, }k>1.
However, X is complete, so that {xp, }x>1 is convergent in X, and
hence X is sequentially compact. []



Hilbert cube

Example
Let H denote the space of all sequences in [0,1]. Thus

H={x={xn}n>1:0<x, <1 forevery n>1}.

One may think of H as the infinite product []> [0, 1]. Define
d:HxH—[0,00) by

d(x,y) = sup ('X";,,y"’) X,y € H.

n>1
e dis a metric. Indeed, 0 < d(x,y) <1/2,d(x,y) =0 <
x =y, and d(x,z) < d(x,y) + d(y, z) for every x,y,z € H.
e d(x(" . x) 5 0asn—o00e \x,((") — xx| = 0 as n — oo for
every k > 1. The part = is clear. To see <=, choose N > 2
such that 27N < ¢/4, and choose Ny > 1 such that
X" — x| < e/2forall k=1,...,N —1 and for all n > No.



Example (Continued ...)
e Let r >0 and x € H. Let N > 2 be such that 2Vr > 2. Then

Br(x) ={y € H3d(Xa}/)<r}:{y6H:sup(M> <r)
n>1 2n

C{y € H:|xn— yn| <2"r for every n > 1}
={yeH:|xp—yn| <2"rforn=1,...,N—1}.
= B/(x)={yeH:|xn—yn| <2"rforn=1,...,N—1}.

Thus the open ball B.(x) in H is of the form
Bgr(Xl) X oo X BzN—lr(XNfl) X [0, ].] X,

We claim that H is sequentially compact. It suffices to check that
H is complete and totally bounded.



Example (Continued ...)
e The Hilbert cube H is totally bounded.

Let € > 0. Find an integer N > 1 such that 2Ne > 2. Then, by the
discussion on the previous slide, the ball B(x) is of the form

Bae(x1) x -+ x Byw-1(xn—1) X [0,1] x - - .

Since [0, 1] is totally bounded, for every j =1,..., N —1, it can be
covered by finitely many balls (intervals) of the form B,; (x;;) (with
finitely choices of i =1,..., N;). If one takes the product

B2G(X,'1]_) X oo X B2N*15(XI'N_1N—1) X [0, 1] X,

then H can be covered by finitely many balls of radius e.



Example (Continued ...)
e The Hilbert cube H is complete.

To see that H is complete, let {x("},>; be Cauchy in H.
e Note that d(x(", x(m) — 0 as m, n — oo if and only if
|x£n) - x,((m)| — 0 as n — oo for every k > 1.
e Since R is complete, {Xlgn}ngl converges to some xi in R for
every k > 1.

e Note that x = {xx}x>1 belongs to H. It follows from the
discussion on slide 128 that d(x("),x) — 0 as n — oc.

Since complete and totally bounded metric space is sequentially
compact, the discussion above shows that the Hilbert cube H is
indeed sequentially compact.



Problem
Show that {x = {xp}n>1: -1 < x, <1 foreveryn>1} asa
subset of I°° is not compact.

Problem
Give an example of infinite sequentially compact subset of [*°.

Solution.
Let K={x={xn}n>1:0 < 1/2" for every n > 1} and note
that f : H — [ given by

f({Xl,Xz,X;),,...,}) = {X1/2,X2/4,X3/8...,}

satisfies ||f(x) — f(¥)||lco = d(x,y). Thus f is continuous, and
since H is sequentially compact, so is f(H). However, f(H) = K is
a subset of /°°. O

The above example provides an infinite compact subset of /°°.



Theorem
A sequentially compact metric space is compact.

Proof.
Let {U, : o € I} be an open cover of X. For x € X, let r, =

sup{r € R: B,(x) C U, for some a} (< oo since X is bounded).

For € = inf{r, : x € X}, there is {x,}n>1 such that r,, — €.
By sequential compactness, {xp, }x>1 converges to x € X.

x € U, for some «, and hence B,(x) C U, for some r > 0.
If d(xpn,,x) < r/2 for all large k, then r,, > r/2. Thus € > 0.
Let x; € X. Either X = Bg/z(xl) C U, for some « or there
exists xp € X\ Bjo(x1)-

Either X = B,/»(x1) U B.j2(x2) € Ua U Ug for some a, 3 or
there exists x3 € X'\ (B,/2(x1) U B j2(x2)).

One may continue this. However, this process ends in finitely many
steps (otherwise we will get a sequence without a convergent

subsequence contradicting sequential compactness). O



Problem
Let (X,d), (Y,p) be two metric spaces. For (xj,y;) € X x Y

define D((x1,y1), (x2, y2)) = max{d(x1, x2), p(y1, y2)}, Verify:
1. D defines a metricon X x Y.
2. If X and Y are compact, then sois X x Y.

Hint.
For 2, it suffices to check that X x Y is sequentially compact.

o Let {(xn,¥n)}n>1 be a sequence in X X Y, Then {x,}n>1 C X
and {yn}n>1 C Y.
e Since X is sequential compact, {xy, }«x>1 is convergent.
e Now {yn, }k=1 C Y, so by the sequential compactness of Y,
{¥n,, }i>1 is convergent.
Thus {xn, }>1 and {yn, }>1 are convergent. Then {(xp, ,¥n, )}i>1
is convergent in X x Y. So X x Y is sequentially compact. O

Question Can you say that X and Y are compact ifsois X x Y ?



One may define sum of two subsets A and B of R” as
A+B={a+b:acAbe B}

Problem

Let A be closed, B be compact in R". Show that A+ B is closed.

Solution.
Let {xn}n>1 be a sequence in A+ B such that x, — x in R".
e Thus x, = a, + b, for some {ap}p>1 € A and {b,}n>1 C B.
o {bp, }k>1 converges to b € B (B is sequentially compact).
o {Xn, }k>1 converges to x, and {ap, }x>1 converges to a € A
(difference of cgt sequences is cgt and A is closed).

Thus x =a-+ b forac Aand b € B. Hence A + B contains all its
limit points showing that it is closed. O

Problem
Let A and B be compact in R". Show that A+ B is compact.

Problem
Give an example of two closed sets whose sum is not closed.



Corollary (Lebesgue covering lemma)

Let (X, d) be a compact metric space. Let {U, : o € |} be an
open cover of X. Then there is a 6 > 0 such that if A C X with
diameter diam(A) < §, then there is o € | such that A C U,.

Proof.
Suppose there is no § > 0 with the above property.

e For a positive integer n, letting 6 = 1/n, there exists A, C X
with diameter diam(A,) < 1/n, then A, Z U, for every o € I.

e Choose any x, € A, and note that {x,},>1 has a subsequence
{Xn, } k=1 converging to some x € X (by compactness of X).

e x € U, for some a € I (since {U, : @ € I}: open cover of X).
e Since U, is open, B,(x) C U, for some r > 0.
e Find k > 1 such that ngr > 2 and x,, € B, /5(x).
e Now if a € Ay, then d(x, a) < d(x,x,,) + d(xn,,a) <.
This shows that A, is contained in B,(x) C U,, =<« . O



Lebesgue number

Definition

Let Y = {U, : o € I} be an open cover of (X, d). A real number
0 > 0 is said to be Lebesgue number for U if A C X with diameter
diam(A) < 6, then there is a € | such that A C U,,.

Example
Consider the metric space [0, 1] with relative metric induced by dj.
Let § > 0 be given. We claim that the Lebesgue number for the
open covering U = {[0,6)} U{(1/n,1] : n > 1} of [0,1] equals 4. *
e If N is a positive integer such that 1/N < ¢ (which exists by
AP), then {[0,6),(1/N,1]} is a finite open subcover of [0, 1].
e Let A be such that diam(A) < 4. Then either A C [0,0) or
AN4,1] # 0. Let a € A be such that a > 0.
o If AZ (1/n,1] for any n > 1, (so a > §) then there is ay € A
such that ayy < 1/M < a—§ < a. Thus diam(A) > § =<«

7 . . . R
| thought for a moment that there is a glitch but this calculation is fine.



Continuous functions on compact metric spaces

Theorem
If f is a continuous function from a compact metric space (X, d)
to any other metric space (Y, p), then f(X) is bounded.

Proof.
Fix yo € Y and write Y = U,>1B5 ().

o f~1(BA(y0)) is open for every n > 1 (since f is continuous).
o X =Un1f(Bh(¥0))-
e Since X is compact, there exist positive integers ny, ..., ng
such that X = Uj’le f=1(Bh,(y0))-
Let N = max{ni,...,nx} and note that X = f~1(B(y)). Thus
f(X) € Bi(yo) is bounded. O

e Let f : X — R be a continuous function. Then sup,cx f(x) and
infyex f(x) exist. Can we find xp and x; in X such that
sup,ex f(x) = f(xo) and infyex f(x) = f(x1) ?



Suppose that there is no xp € X such that M = f(xp), where
M = sup,cx f(x). Thus f(x") < sup,cx f(x) for every x’ € X.
e {x' € X:f(x') <M—1/n} is an open subset of X.
e X =Up1{xX' e X:f(xX') <M—=1/n}.

e There exist positive integers ny, ..., ng such that
X =U_{x' e X:f(x)y<M-1/n;}.

e X={xXeX: f(xX)<M-=1/N} with N =max{ny,...,ng}.
This would imply that f(x) < M —1/N for every x € X, and
hence M < M —1/N =<«

e Similarly, one can see that there exists x; € X such that
infyex f(x) = f(x1) (Exercise).

Problem
Let X be a compact metric space. Then there exists no continuous
map from X onto (0, 1).



Theorem (Criterion for homeomorphism)

Let X, Y be metric spaces and let f : X — Y be a bijective
continuous map. If X is compact, then f is a homeomorphism.

Proof.

To check that f~1 is continuous, let A be a closed subset of X.
e Ais compact (being closed subset of a compact space X).
e f(A) is compact (continuous image of a compact space).
e f(A) is closed (compact subset of a metric space is closed).

Thus continuous image of a closed set is closed. Hence f~1 is

continuous. L]
Problem
Let X be a normed linear space with two norms || - || and || - ||’. Let

Y be a compact subset of X. If there exists M > 0 such that
Ix|| < M||x||" for every x € Y, then show that (Y| -|) and
(Y, -||") are homeomorphic.



Theorem
Any continuous function f from a compact metric space (X, d) to
any other metric space (Y, p) is uniformly continuous.

Proof.
Since f is continuous at x, given € > 0, there exists dx > 0 such
that p(f(x), f(x’)) < €/2 whenever x" € X and d(x, x’) < dx.
e {B;.(x):x € X} is an open cover of X.
e Thereis a d > 0 (Lebesgue number) such that if A C X with
diameter diam(A) < ¢, then there is x € X such that
A C B; (x) (by Lebesgue covering lemma).

e If x1,x2 € X are such that d(x1, x2) < 0, then apply the above
to A= {xq,x2}, we get x € X such that {xi,x2} C Bs, (x).
Thus d(x1,x) < dx and d(x2, x) < dx. Hence, by continuity at x,

p(f(x), f(x2)) < p(f(xa), £(x)) + p(f(x2), F(x)) <. 0



Example
Let f:(0,1) — R be a bounded, continuous function, which is
monotonically increasing.

e infye(0,1) f(x) and sup,cp 1) f(x) exist (since f is bounded).
e Define g : [0,1] — R by
f(x) if x € (0,1),
g(x) = qinfcy f(x) ifx=0,
SUPyepo,1) F(x) if x=1.

Note that g : [0,1] — R is a continuous function (since f is
increasing), and hence it is uniformly continuous.

e One can not drop the assumption of boundedness in the above
example (e.g. f(x) =1/x, x € (0,1)).



Problem

Given (X,d), (Y,p), such that X is compact, verify:

(1) supgex A(f(x),y) < oo for any y € Y.

(2) Consider C(X,Y)={f: X — Y :f is continuous}. Define

D(f,g) = Sg;p(f(X),g(X)), f,g € C(X,Y).

Then (C(X,Y), D) is a metric space.

Hint.

For a positive integer k, define Uy = {x € X : p(f(x),y) < k}.
Verify that {Ux : k > 1} is an open cover of X. Now (1) follows
from the compactness of X.

By (1) and the triangle inequality, D(f, g) < oo for every
f,g € C(X,Y). Since p is a metric, so is D.



Theorem
Let (X,d), (Y, p) be metric spaces and X be compact. If Y is
complete, then C(X,Y) is complete.

Proof.
Let {f,}n>1 be a Cauchy sequence in C(X, Y), that is, given € > 0,
there exists N > 1 such that D(f,, fm) < €/3 for every m,n > N.

e For every x € X, {fo(x)}n>1 is a Cauchy sequence in Y.

e For every x € X, {fo(x)}n>1 converges to some f(x) € Y.

o p(EX), Fn(X)) < & 1> N = p(F(0), fn(x)) < 55 m > N
To see that f € C(X, Y), note that for any x,x" € X,

p(f(x), £(x)) < p(f(x), fu(x)) +p(fu(x), i (X)) + p(fn (x'), F (X)),

which is < 2¢/3 + p(fn(x), fn(x")). However, fy is continuous and

X is compact, so that for some § > 0,
p(fn(x), fn(x)) < €/3 whenever d(x, x’) < 6.

Thus p(f(x), f(x")) < € whenever d(x, x") < é. O



Corollary
Let (X, d) be a compact metric space and consider

C(X)=A{f: X —R:fis continuous}.
If |flloc = supyex |f(X)], f € C(X), then C(X) is a complete
normed linear space with || - ||so-
The rest of the notes is devoted to the study of this metric space.
e What are compact subsets of C(X) ? (Arzela-Ascoli Theorem)
e Whether C(X) is separable ? (Weierstrass Theorem)
e s there any proper clopen subset of C(X) ?

Answer to the last question is No (Why ?7)



Totally bounded subsets of C(X)

Theorem

Let (X, d) be a compact metric space and let F be a totally
bounded subset of C(X). Then for each € > 0, there exists § > 0
such that supsc 7 |f(x) — f(y)| < € whenever x,y € X and
d(x,y) <.

Proof.
Let € > 0. Then
e there exist fi,..., fy € F such that F C U-:-VZIBE/?,(G).
e there exists §; > 0 such that |fj(x) — fi(y)| < €/3 whenever
d(x,y) < 6; (since each f; is uniformly continuous; slide 141).
If § = min{d1,...,dn} and d(x,y) < 6, then any f € F lies in
some ball B.(f;), and hence

[F)=FWI < IFO) =G HG) =+ () = F(y) <e T



Definition

Let (X, d) be a compact metric space and let F be a subset of
C(X). We say that F is equicontinuous if for each € > 0, there
exists 0 > 0 such that supsc 7 |f(x) — f(y)| < € whenever x,y € X
and d(x,y) < 0.

e Every compact subset of C(X) is equicontinuous (since compact
metric space is totally bounded; see slides 121 and 133).

Question What are all compact subsets of C(X) ?
e A compact subset of C(X) is closed and bounded (see slide 114).

Question Are equicontinuous, closed and bounded subsets of
C(X) all compact subsets of C(X) ?



Theorem (Generalized Arzela-Ascoli Theorem)

Suppose that (X, d) is a compact metric space and let {f,},>1 be
a sequence in C(X) such that

(A) sup,s1 |fa(x)| < 0o for every x € X,

(B) for each € > 0 and x € X, there exists dx > 0 such that
supp>1 | fa(x) — fu(y)| < € whenever y € X and d(x,y) < éx.

Then there exist a subsequence {fy, }k>1 of {fa}n=1 and f € C(X)
such that ||f,, — f|loc — 0 as k — oo.
Remark Let F be a subset of C(X).
e If F is bounded, then any sequence {f,},>1 in F satisfies (A).
e Condition (B) is the "equicontinuity” of {f,},>1 at x.
e If all sequences in F satisfy (A) and (B), then F is compact.

Corollary (Arzela-Ascoli Theorem)

A subset F of C(X) is (sequentially) compact if and only if it is
closed, bounded and equicontinuous.



Proof of Generalized Arzela-Ascoli Theorem.
The proof is divided into two steps:

Step 1

e Let {xp}n>1 be a countable dense subset of X (a compact
metric space is separable; see slide 125).

e There exists a convergent subsequence {f,, (x1)}k>1 of the
bounded sequence {f,(x1)}n>1 (use (A) and H-B Theorem)
e There exists a convergent subsequence {f;, (x2)}/>1 of the
bounded sequence {f,, (x2)}«k>1 (use (A) and H-B Theorem)
o {fn, (x1)}i>1 is convergent (subsequence of a convegent
sequence is convergent)
Continuing this, we obtain a subsequence {f,, }«>1 such that
{fa.(xj) }k=1 is convergent for every j > 1 (form the set {ny}x>1
by picking up first element in first subsequence, second element in
second subsequence and so on). O



Proof of Generalized Arzela-Ascoli Theorem continued ...

Step 2 Let dx be as given in (B).
e There exist a1,...,am € X such that X = UL, B;, (ax)
(since X = U,exBs,(a) and X is compact)
e Choose yx € By, (ak) N {Xxn}n>1 and let N > 1 be such that
o (vk) — fo, (i)l < efori,j > Nand k=1,...,m (Step 1)
e If x € X. then x € By, (ax) for some k =1,....m.
Note that for i,j > N, (use (B) four times)

[ i ()= o, ()| < [ () = s (@) [ iy (i) = F (v ) [ - oy (i) — oy ()|

"anj(_)/k) - fn-(ak)‘ + ‘fnj(ak) - fnj(X)‘ < De.

J
Thus the sequence {f, };>1 is Cauchy in C(X). Since C(X) is
complete, {fy };>1 is convergent. O



Problem

Let (X, d) be a compact metric space and let F : X x X — R be a
continuous function. Fory € X, define f,(x) = F(x,y). Show that
the family {f,},cx is bounded and equicontinuous.

Solution.

Note that ||f,||c = supyex |F(x,¥)| < ||F|lsc < o0 (since F is
continuous and X x X is compact; see slide 134). Thus
supyex |Ifylloc < 00, and hence {f, } cx is bounded.

Since F is continuous on a compact metric space, F is uniformly
continuous. Thus, for given € > 0, there exists § > 0 such that
Ify(x) — f,1(x")] < € whenever x,x",y,y" € X, d(x,x") <6 and
d(y,y') <d. Let y = y. O

e By (Generalized) Arzela-Ascoli Theorem, any sequence in
{f,}yex has a subsequence convergent in C(X).



Connected metric spaces

Definition
Let (X, d) be a metric space. We say that X is connected if the
only subsets of X, which are both open and closed are () and X.

Example

We check that R is connected. Write R = A LI B (disjoint union)
for nonempty, open sets A and B. Let a€ A, b € B with a < b.

e [a,b] = Ao LUl By, where Ag = AN |[a, b] and By = BN [a, b].

e Let c =supAp € [a, b]. Thus either ¢ € A or ¢ € By.

o If c € Ap then either c = aor a < ¢ < b (since A is closed).

e Since A is open, there is r > 0 such that [c,c + r) C A.
This contradicts that ¢ = sup Ag. Similarly, prove that ¢ ¢ By.

Problem
Show that for any a € R, R\ {a} is not connected.



Example

Any normed linear space X over R is connected. To see this,
assume that X = AU B such that A and B are open subsets of X.
We claim that one of the A and B is empty. If not, then for a € A
and b € B, consider f : R — X given by

f(t)y=(1—t)a+tb, teR.

Then f(0) = a and f(1) = b. Since f is continuous, f~1(A) and
f~1(B) are open subsets of R. Since these are proper and disjoint,
we arrive at the conclusion that R is not connected =<«

Example
The space Q is not connected. In fact, for any irrational x € R,
the set [—x,x] N Q = (—x,x) N Q is both open and closed in Q.



Theorem
Let f : X — Y be continuous. If X is connected, then so is f(X).

Proof.

Suppose f(X) has a nonempty open and closed subset, say, U.
Then f~1(U) is an open and closed subset of X. However, X is
connected, so f~1(U) = 0 or f~1(U) = X. Since f~1(U) # 0, we

conclude that f~1(U) = X, and hence U = f(X). O

e A path connecting points x, y is a continuous function
f :[a, b] = X such that f(a) = x and f(b) = y. Since [a, b] is
connected, so is f([a, b]).

Problem
Show that union of line segments Ly, ..., L, in a normed linear
space is connected if Ly N Ly # 0, LoNLs #0, ..., Ly N Ly # 0.



Example

Let us see that R" \ {0} is connected. Suppose there exists a
proper set U which is both open and closed in R" \ {0}.

e Let xe Uandy e (R"\ {0})\ U.

e x and y can be connected by union L of line segments.

e [ contains open and closed proper subset L N U.
However, L being connected, LN U =Lor LNU =0 =«

Example

The unit sphere S” = {x € R" : ||x||2 = 1} in R" is connected.
Indeed, R”\ {0} is connected and g : R" \ {0} — S" given by

g(x) = x/lIxll2,  x € R"\ {0}

is a continuous surjection.



Theorem

Let (X, d) be a metric space and let A C X. If A is connected and
B is a set such that AC B C A, then B is also connected.

Proof.
Let B = C U D for open sets C and D.

A=(ANC)U (AN D) for open sets AN C and AN D.
Since A is connected, either ANC =0 or AC C.
Thus either AC Cor AC D.

Since C and D are closed in B, we obtain ANB C C or
ANBCD

It follows that either C = B or D = B. However, in this case,
either C = () or D = (), which shows that B is connected. O

Corollary

The closure of a connected set is connected.



Example (Topologist’s sine curve)
Consider the continuous function s : (0,1] — [0, 1] given by

s(x) =sin(1/x), x € (0,1].
Let S denote the graph of s given by
S ={(x,s(x)) € R?: x € (0,1]}.

Note that S = f((0, 1]), where f(x) = (x, s(x)) is a continuous
function. Thus S is connected, and hence S is also connected.

The metric space S (with relative metric induced by db) is
commonly known as the topologist’s sine curve.




Path-connected metric spaces

Definition

Let (X, d) be a metric space. We say that X is path-connected if
for any two points x, y € X, there exists a continuous function

f :0,1] — X such that f(0) = x and f(1) = y.

Remark If U is path-connected then for open sets V, W of U such
that U = V U W and for any path f in U, the range of f being the
continuous image of the connected set [0, 1] is connected, and
hence lies entirely either in V or W. This shows that one of V, W
must be empty, that is, U is connected.

Problem
Show that the complement of any countable subset C in R? is
path-connected.

Hint.
Given p, g € R?\ C, consider the uncountable set F given by
{f : f is a path connecting p and g}. O



Example (Comb space)
Let K denote the set {1/n: n > 1} and consider

E =([0,1] x {0}) U (K x [0,1]) C R2.

e E is path-connected (see diagram).
The comb space C is defined to be the space E U ({0} x [0, 1]).
e C is also connected (since E is connected and E = C)

The deleted comb space Cy is defined as E U {(0,1)}.

e Cp is connected (since E C Cy C E)

e Cp is not path-connected (since there is no path which connects
the points p = (0,1) and g = (1,0))



Theorem
The deleted comb space is not path-connected.

Proof.
Suppose, contrary to this, that there is a path 7 : [0,1] — Cp such

that v(0) = p and 7(1) = g.
e v 1({p}) is a closed subset of [0,1]. and hence it is compact.
Let to € [0, 1] be its maximum.

e Consider the projection Pi(x,y) = x of R? onto the X-axis.

e Let {tp}n>1 C (to,1] be a sequence converging to ty.
If, for every n > 1, there exists ty < s, < t, such that
v(sn) = (xn, 0) for some x, € [0,1] \ K, then {s,},>1 converges to
to, by the continuity, (x,,0) = v(sp) = v(to) = p=(0,1) =<«

e There exists t; € (tp, 1] such that (P1 o ~)(to, t1) C K.

e (P1o~)(to, t1) is a connected subset of K containing 1 (wlog)

Thus (P1 o vy)(to, t1) = {1}. By continuity, (P1 o y)[to, t1) = {1},
which is impossible since (P1 o )(tp) = 0. O



Theorem
Let f : X — Y be a continuous surjection. If X is path-connected,
thensois Y.

Proof.

Let yo,y1 € Y. Let xp, x1 € X be such that f(xp) = yo and

f(x1) = y1. If v is a path connecting xo and xi, then f o~y is a
path connecting yp and y;. O

If p is a polynomial in the real variables xi,- -, x, and
Z(p) = {x=(x1,...,xn) €R?: p(x) = 0}, then R"\ Z(p) is not
necessarily path-connected.

o If p(x,y) = x>+ y? — 1, then Z(p) is equal to
{(x,y) eR?: x*> +y? =1}.

Clearly, R2\ Z(p) is not connected.



Corollary

If p is a polynomial in the complex variables zy,- - - , z, and
Z(p) ={(z1,...,2n) € C": p(z) = 0}, then C"\ Z(p) is
path-connected.

Proof.
Let z,w € C"\ Z(p). Consider the straight-line path

y(t)=1—-t)z+tw, teC.

o Z={teC:~(t) € Z(p)} is the set of zeros of p oy

e Z is a finite subset of C (p o~ is a polynomial in one variable)
e C\ Z is path-connected (see slide 158)

e v maps C\ Z continuously into C"\ Z(p)

In particular, z and w belong to the path-connected subset
V(C\ Z) of C"\ Z(p). O



Example
The general linear group GL,(C) of all invertible n x n matrices
with complex entries is path-connected.

o Define f : GL,(C) — C™ by
f(A) = (311, ey, @lny -5 dnly ...y a,,,,), Ae GLn((C)

e f is a (linear) homeomorphism
e f maps GL,(C) onto C™ \ Z(det), where det is the complex
polynomial in the variables a; ;, 1 < i,j < n, which sends f(A)
to the determinant of A
Thus GL,(C) is path-connected (since so is C™ \ Z(det)).

Problem
Show that GLp(R) is not connected.



Problem
For an open subset U of R", show that U is connected if and only

if U is path-connected.

Solution.
We have already seen that path-connected space is connected. To

see the converse, consider for any p € U, the set
S = {x € U : there is a path connecting p and x}.

We claim that S is the whole of U.
e S is nonempty (since p € U)
e Sisopen (if x € S and B,(x) C U for some r > 0, then any
y € By(x) can be connected to x and x can be connected to
p, so y can be connected to p = B,(x) C S)
e Sis closed (let {x,}n>1 be a sequence in S converging to x,
connect x and xy (for large N) and xy to p)

Since U is connected, S = U. O



Pointwise convergence

Example

For n > 1, consider the function f,(x) = x" for x € [0, 1]. Note
that {f,},>1 converges pointwise to f, where f(x) = 0 for

x €[0,1) and (1) = 1. Thus the pointwise limit of a sequence of
continuous functions is not necessarily continuous.

Problem
For m > 1, consider the function fp(x) = limp_ oo (cos(mlmx))" for
x € R. Verify the following:
(1) {fm}m>1 converges pointwise to f, where f(x) =0 if

x €R\Q, and f(x) =1 for x € Q.
(2) f is discontinuous everywhere.
Hint.
If x=p/q € (0,1), g # 0 then limp_,o(cos(m!mx))” =1 for every
m > q, and hence f(p/q) = 1. If x ¢ Q, then cos(m!7x) < 1, and
hence lim,_,oo(cos(m!mx))” = 0 and f(x) = 0. O



For a metric space (X, d), consider the vector space problem of all
bounded functions f : X — R.
e B(X) is a normed linear space with norm ||f||o = sup,cx |f(x)]
Theorem
B(X) is a complete normed linear space.
Proof.
Let {f,}n>1 be a Cauchy sequence in B(X).
® sup,~1 [|[fallec < o0 (every Cauchy sequence is bounded)
e For any x € X, {fy(x)}n=>1 is Cauchy. Indeed,

[fm(x) = fa(X)| < [fn — falloo, myn>1

e Define f(x) = limp_00 fo(x), x € X
o € B(X) (since [[flloc < [[fm = falloo + [Ifalloo)
Given € > 0, there exists N > 1 such that ||f,, — f,|| < € for all

m,n > N. Thus for every x € X, |fin(x) — fo(x)| < € for every
m,n > N. Now let n — oo and take supremum over X. O



Problem
Let (X, d) be a metric space and fix z € X. For every x € X,

define f(y) = d(x,y) — d(y, z). Verify the following:

(1) For each x € X, f, € B(X).

(2) F: X — B(X) by F(x) = fy satisfies || F(x)||co < d(x,2).
(3) Forevery x,y € X, ||[F(x) — F(y)|loo = d(x, ).

Conclude that X is homeomorphic to (F(X),| - ||co)-

Solution.
(1) follows from |f(y)| < d(x, z), while (2) follows from (1). To
see (3), note that for any x, y € X, by the triangle inequality,

[F(x) = F(Y)lloo = sup [d(x, w) —d(y,w)| < d(x,y).

Since |f(x) — £, (x)| = | = d(x,2) = d(y, x) + d(x, 2)| = d(x,y),
(3) follows. O

e The subspace F(X) of B(X) is said to be the completion of X.



Uniform convergence

Let (X, d) be a metric space. For n > 1, let f,,f : X — R be such
that f, — f € B(X). The sequence {f,},>1 converges uniformly to
fif
|fa — flloo = sup |fa(x) — f(x)| = 0 as n — oo.
xeX
Theorem
Let (X, d) be a compact metric space. Let {f,},>1 be a sequence

of continuous functions on X. If {f,}n>1 converges uniformly to f
on X, then f is continuous.

Proof.
This follows from the fact that C(X) is complete metric space. [

e In general, pointwise convergence = uniform convergence



Theorem
Let {fa}n>1 be a sequence of continuous functions. If {fp},>1
converges uniformly to f on [a, b] then

n'L”;o/ab fn(x)dx:/ab F(x)dx.

Proof.

Notethat\f f(x dx—f f(x)dx| = ]f( n(x) = f(x))dx| <
JP1fa(x) = F(x)]dx < [|foy — Flloo(b — a). O
Problem

For n > 1, consider the function f,(x) = nx(1 — x?)" for x € [0, 1].
Verify that {f,},>1 converges pointwise to f, where f(x) = 0 for
all x € [0,1], but {f,}n>1 does not converge uniformly to f.

Hint.
For second part, use lim,_o fol fo(x)dx # fol f(x)dx. O



Sometimes pointwise convergence = uniform convergence.

Theorem

Let (X, d) be a compact metric space. Let {fo}n>1 be a sequence
in C(X) converging pointwise to a continuous function f. If
{fa(x)}n>1 is decreasing for all x € X, then {f,},>1 converges
uniformly to f.

Proof.

Let g =1 —f >0.Fore>0,let K, ={x € X :gn(x) > e€}.
e K, is compact and K11 C K, (since K, is closed, g, > gn+1)
e If each K, # 0, then so is finitely many sets from {Kj},>1

e If each K, # (), then by the finite intersection property (see
[Assignment 7, Exercise 2]), N>, K,, # ()

However, if x € X, then since g,(x) — 0, x ¢ K, for sufficiently
large n. Hence Ky is empty for some N, that is, 0 < gn(x) < € for
every x € X and for every n > N. O



Example
Define a sequence {p,}n>0 of polynomials by po(x) =0, and

Pria(x) = palx) + (2 — pu(x)2)/2, n>0.
A routine calculation shows that
x| = Pnia(x) = (Ix] = Pa(x))(1 = (Ix[ + Pn(x))/2), n=0.
One may now verify inductively that
0 < pa(x) < posa(x) <Ix|, xe[-1,1], n>0.

In particular, {pn(x)}n>0 converges pointwise to |x|. Now apply
Dini's Theorem to f, = —p,, n > 0 to conclude that {p,}n=0
converges uniformly to f(x) = |x| on [—1,1].



Problem
Show that the function g : R — R given by

(x) 0 ifx<0,
X) =
g x ifx>0.

Show that for any o > 0, g can be uniformly approximated by
polynomials on [—a, a.

Hint.
Note that g(x) = 3(x + |x|). O

Problem

Let {pn}n=1 be a sequence of polynomials of degree d,. Suppose
that ||pn — fllcc — 0 as n — oo for some f € C([a, b]). If f is not
a polynomial, then show that d, — 0o as n — o0.

Hint.
The subspace of polynomials of degree less than or equal to d is
finite-dimensional, and hence it is closed in C([a, b]). O



Theorem

o P ={f € B(X):3 {pn}n>1 such that ||pn— f|lc — 0} C C(X).
e There are compact metric spaces X with P C C(X).

The first part follows from the completeness of C(X).

Example (Failure of polynomial approximation)
Let X ={z € C:|z| =1} with d(z,w) = |z —w|, z,w € C.
e X is a compact metric space (X C C is closed and bounded)
e Consider the continuous function f(z ) Z (C-conjugate)
o If y(t) =€, 0 < 27r then fo (t))Y'(t)dt = 0 for any
polynomial p and fo y(E)Y (¢ )dt =1

o If {pn}n>1 is a sequence of complex polynomials p,, in z such
that ||pn — fllcc — 0, then

2w 2
/ pn(( dt—>/ t)dt as n — 00 =<«
0

Thus f € C(X)\ P.



Lemma
Let (X, d) be a compact metric space. The following are true:

(1) P is a complete normed linear space.

(2) Given f € C(X), if, for every € > 0, there exists g. € P such
that ||f — ge||oo < €, then f € P.

Proof.

(1): Clearly, linear combination of functions approximated
uniformly by polynomials are again in P. Since P is a closed subset
of C(X) and C(X) is complete, P is complete.

(2): Every ball B.(f) intersects P, and hence f is a limit point of
P. Thus f € P. O

Theorem (Weierstrass' approximation theorem)
Any f € C([a, b]) can be approximated uniformly by polynomials.



Lebesgue's Proof of Weierstrass' Theorem*&,

Since f is uniformly continuous on [a, b], there exists an integer
N > 1 such that |f(x) — f(y)| < € whenever [x — y| < 1/N. For

=a+(b—a)(i/N) (i=0,---,N), consider the function h(x)
W|th graph equal to a polygon (see diagram) of vertices at

(av f(a))7 (le f(Xl))7 T (Xn—17 f(Xn—l))7 (b7 f(b))
o ||f — h|lo < €. Indeed, if x € (x;, x;+1) then

F(x) = h(x) = £(x) = (1 = O)f (%) + tF(xi41))
= (L=t)(F(x) = () + t(F(x) = F(xi+1)) = [F(x) = h(x)| <€
o If h(x) = f(a) + SN cig(x — x;) (x € [a, b]) for some
scalars ¢p, -+, cy—1 and g(x) = %(X + |x])

Since g can be approximated uniformly by polynomials (see slide
172), h € P, and hence f € P (see the lemma on last slide). O

8J. Burkill, Lectures on Approximation by Polynomials, Lecture Notes, TIFR, Bombay, 1959



Problem
Use Weierstrass' Theorem to show that C([a, b]) is separable.

Hint.
Polynomials with rational coefficients are countable and dense. [

Problem
Let f € Cla, b] be such that fab t"f(t)dt = 0 for all non-negative
integers n. Show that f(t) = 0 for every t € |a, b].

Solution.

Note that fab p(t)f(t)dt = 0 for any polynomial p. If {p,} is a
sequence converging uniformly to f, then fab f(t)?>dt =0, and
hence f = 0. O



Problem
Let f : [a, b] — R be a continuous function. Show that there exists
a sequence {pp}n>1 of polynomials such that

b
/ |pn(x) — f(x)|Pdx — 0 as n — oo.
a

Recall that x4 is 1 on A and 0 outside A.

Problem
For 0 < x <y <1, consider x|, : [0,1] — R. Show that there
exists a sequence {p,} of polynomials such that

1
/ |Pn(X) = X[x,y)(x)|dx — 0 as n — oo.
0

Conclude that finite linear combination of indicator functions of
subintervals of [0, 1] can be approximated by polynomials.

Hint.
Approximate X[ ,] by continuous functions. O



Problem
Let f : [a, b] — R be a continuouly differentiable function. Show
that there exists a sequence {r,},>1 of polynomials such that

lrn — flloo = 0 and ||r, — f'||coc — 0 as n — oo.

Conclude that C'[a, b] (the space of continuously differentiable
functions on |[a, b)) is a separable normed linear space with norm
1= M lloo + [[]]co-

Solution.

Let g(x) = f(x) — f(a) and note that g’ = f’. Find a sequence
{gn}n>1 of polynomials such that ||g, — g’|lcc — 0. Set

pn(x) := [ qn(t)dt. Note that p, = g,, and hence

llph, — &'lloc — 0. Also,

/ax qn(t)dt — /ax g'(t)dt

Let ry(x) := pn(x) + f(a). O

lpa(x) — g(x)| = < (b—a)llgn — &'llco-




Pointwise limit of a sequence of continuous functions

e We have seen that the pointwise limit of sequence of functions
can be discontinuous at every point (see slide 165)

Question Can the pointwise limit of sequence of continuous
functions be discontinuous at every point ?

Answer No
A subset A of a metric space (X, d) is said to be nowhere dense if

the interior of the closure of A is empty, that is, (A)° = ().

Theorem (Baire-Osgood Theorem)

If f : [a,b] — R is a pointwise limit of a sequence of continuous
functions on [a, b], then the set D(f) of discontinuities of f is a
countable union of closed nowhere dense sets.

For a proof of this theorem, we need some preliminaries.



Oscillation

Let f:[a,b] = R and let I(c,r) =(c—r,c+r) for c € [a, b] and
r > 0. Define the oscillation of f on /(c, r) by

osc(f,c,r) = sup [f(x) —f(y)|
x,y€[a,b]NI(c,r)

e osc(f,c, r) exists if f is bounded
e osc(f,c,r) > 0 and osc(f, ¢, r) is decreasing in r

Define the oscillation of f at ¢ by

lim,_0o0sc(f,c,r) if fis bounded near ¢

osc(f,c) = {

00 otherwise.
Problem
Show that f is continuous at c if and only if osc(f,c) = 0.
Hint.

The delta in the definition of continuity plays here the role of r. [J



For € > 0, consider the set
Ac = {c € [a, b] : osc(f,c) > €}.

e The set D(f) of discontinuities of f is equal to UcsoA..

Lemma
For every € > 0, Ac is a compact subset of [a, b].

Proof.
Let {cn}n>1 be a sequence in A, converging to ¢ € [a, b].
o If c ¢ A, then 6 = ¢ —osc(f,c) > 0 and hence
osc(f,c,r) < e—d/2 for some r
o If |cp —c| < r/2, then I(cp,r/2) C I(c,r), and hence

osc(f,cp, r/2) = sup |f(x) — f(y)| <€ (for c ¢ Ac)
x,y€[a,b]Nl(cn,r/2)

Since osc(f, ¢p) < osc(f, cn, r/2), osc(f, cp) < € =< (for ¢, € Ac)

Thus Ac is closed and hence it is compact. O



Proof of Baire-Osgood Theorem.
Note that D(f) = Un>1A1/p- Since A is closed for every € > 0, it
suffices to check that A2 = ).

Claim For any closed interval J C [a, b], J € A.
o E,=nNjjzn{x € [a,b] : |fi(x) — fi(x)| < €/5} is closed (since
fi — f; is continuous for every i, > n)
e Up>1E, = [a, b] (since lim,_so0 fa(x) = f(x), x € [a, b])
o J=UX (E,NJ)
e There exists N > 1 such that Ey N J has nonempty interior
(since J is complete, BCT is applicable, see slide 103)

Thus there exists an open interval K contained in Ey N J.

SubClaim: K C [a,b] \ Ac (= J € A, and Claim follows)

o |fi(x)—fi(x)] <e/5forall x e Kandi,j > N (since K C Ey)
o |fu(x) —f(x)| <e/bforall x e K (leti= N, fi(x) = f(x))



Proof of Baire-Osgood Theorem continued ...
e For xg € K, there exists § > 0 such that
|fn(x) — fn(x0)| < €/5 whenever x € K and |x — xp| < ¢ (by
the continuity of fy at xg)
o |f(x) — fn(xo)| < 2¢/5 for every x € K such that |x — xg| < ¢
o |f(x)— f(y)| < 4e/5 for every x,y € K such that |x — y| < ¢

This shows that osc(f, xp,d) < 4¢/5, and hence osc(f, xp) < €.
Thus the claim K C [a, b] \ Ac stands verified. O

Corollary

If f : [a, b] — R is a pointwise limit of a sequence of continuous
functions on |[a, b], then the set of continuities of f (that is,
[a, b] \ D(f)) is a dense subset of [a, b].

Proof.
Since [a, b] \ D(f) = Nnx>1([a, b] \ A1/,) and each [a, b] \ Ay, is
dense in [a, b], BCT yields the desired conclusion. O



Example

Consider the function f : [a, b] — R such that f =1 on rationals
and f = 0 on irrationals. Note that D(f) = [a, b]. It follows from
the Baire-Osgood Theorem that f can not be a pointwise limit of a
sequence of continuous functions.

Problem
If f : [a, b] — R is continuous and f : (a, b) — R is differentiable,
then show that the set of continuities of ' is dense in (a, b).

Solution.
For any x € (a, b), note that f/(x) = limp_ 00 w Thus

' is a pointwise limit of continuous functions. By Baire-Osgood
Theorem, the set of continuities of f’ is dense in any closed
interval [c, d] contained in (a, b). Hence it is dense in (a, b). O



Convergence of series of functions

Let (X, d) be a metric space. Let {f,},>1 be a sequence of
bounded functions and let f : X — R be a bounded function. We
say that the series )77, f, converges uniformly to f if the

sequence {Zﬁzl fn}k>1 converges uniformly to f, that is,

k k
| an — flloc = sup |an(x) — f(x)| = 0 as k — <.
n=1 xeX n=1

In this case, we write f = Y7 f,.

Theorem

Let (X, d) be compact. Let {f,}n>1 be a sequence of functions in
C(X). If 302, fy converges uniformly to f, then f € C(X).

Proof.
If each f, is continuous, then so is Zﬁ:l f,. Now use the fact that
uniform limit of continuous functions is continuous. O



Problem

Let (X, d) be a compact metric space and let {f,}n>1 be a
sequence in C(X). Assume that ) -, f,(x) converges pointwise to
some f € C(X) for every x € X. If f,(x) = 0 for every x € X and
every n > 1, then Zn>1 fn is uniformly convergent.

Hint.
Use Dini's Theorem. ]

Problem

Let (X, d) be a compact metric space and let A be a closed subset
of X. Assume that X \ A = U5, X, (disjoint union), where each
Xp is a clopen set in X. Let f € C(X) be such that f(a) =0 for
every a € A. Show that > > | fxx, converges uniformly to f.

Hint.
Note that each xx, is continuous. Now use the last problem. [



Weierstrass M-test

Theorem

Let (X, d) be a metric space and let {f,}n>1 be a sequence of
bounded functions f, : X — R. If 3 1 [|fallcc < 00 (convergence
in R), then ) - fn is uniformly convergent. Moreover,

1> falloe <D Ifalloo-
n>1 n>1
Proof.
Forn>1, let g, => ;4 f, and go = 0. For a positive integers
m < n, note that by triangle inequality,
n

n
lgn = gmlloo =11 D filloo < D Ilfilloos (1)
k=m+1 k=m+1
and hence {gn}n>1 is Cauchy in B(X). Since B(X) is complete
(see slide 166), {gn}n>1 is uniformly convergent. Let m =0,
n — oo in (1) to get the remaining part. O



Power Series

Definition
A power series is an expansion of the form

(o)
E anx", where a, € R.
n=0

> e anx™ converges absolutely if Y °7° o |an|[x]" < oo.

Definition (Domain of Convergence)
D= {weR: Y5, |anlw]” < oo}
Note that
e wg € D= +wp €D forany 6 € R
e wp € D= w e D for any w € R with |w| < |wp|
Conclude that D is either R, (—R, R) or [-R, R] for some R > 0.



Definition
The radius of convergence (for short, RoC) of > 77 anx" is
defined as

oo
R = sup{|x| : 3 JanllxI" < oo}
n=0
Remark The series " ; a,x" converges uniformly on [—r, r] for
any 0 < r <R.

Example (Geometric series)
Consider the series 72/ x", x € R.

e This series converges absolutely to 1= for any [x| < 1.
Indeed,
1 — XN n+1
E xK BEa x5 0as n— oo
— X

e Thus R > ]x\ for every |x| < 1, and hence R >
e R=1 (since > ;2 x" diverges at x = 1)



Theorem (Cauchy-Hadamard Formula)
The RoC of 31 5 anx" is given by

- 1
~ limsup|a,|1/n’
where we use the convention that 1/0 = oo and 1/00 = 0.

Proof.

Assume R < oo. If r > R, then limsup|a,|*/" > 1/r, and hence
liMk—s00 SUPpsk |an|/" > 1/r. Thus there exists a subsequence

{n k=1 such that |ap, [¥/™ > 1/r, that is, r™|ap, | - 0, and hence
S ;anr™ is divergent. Thus RoC # R = limsup |a,|'/".

If r < R, then |ap|r™ < 1 for all integers n > N. Thus, for x| < r,

Z anllxl” < Z () < s <o

Thus RoC > r for any r < R or RoC > R = limsup |a,|*/". O



o Zﬁzoanx", ap=0forn>k, R=o00

© Yrlo an = R=00

e > ox" ap=1R=1

o > onx" a,=n!l, R=0
The coefficients of a power series may not be given by a single
formula.
Example

Consider the power series > x™ . Then
ax = 1 if k = n?, and 0 otherwise.

Clearly, limsup |a,|*/" = 1, and hence R = 1.



Sometimes RoC can be computed without knowing the coefficients
explicitly.
Example

Consider the power series Ziio anx", where a, is number of
divisors of n'!l Note that

1< a, <l

Note that 1 < limsup |a,|'/" < lim sup(n*11)Y/" = 1, and hence
the RoC of > 77 anx” equals 1.

Theorem
If the RoC of 377 anx" is R then the RoC of the power series
S0 L napx"1 s also R.

Proof.
1 1

. . 1/n _ - _ 0
Since limp—o0 =1 R= limsup [nas|/" — limsup |an|t/""




Power series is infinitely differentiable

Theorem

If f(x) = >"72anx" is a power series of radius R > 0, then f is
infinitely differentiable with f'(x) = g(x) = >.°2 | na,x"~1.

Proof.

Let xo € (—R,R), h € R, r > 0 with max{|xo|,|x0 + h|} < r < R.
* Sk(x) = Zﬁ:o anx", Ex(x) = 2202 ki1 anx”
o fLoth)=H00) _ g(xg) = A+ (S(x0) — g(x0)) + B, where

A <5k(X0 -+ h) — Sk(Xo)

—SL(X0)> B <Ek(xo +h) — Ek(x0)>
h ;

h

c 1Bl Y [T 5 e

n=k+1 n=k+1
Since f’ is a power series, f is infinitely differentiable on (—R, R).
L]



A nowhere differentiable continuous function

e Any continuous function on [0, 1] is a uniform limit of infinitely
differentiable functions (Weierstrass’ Theorem).

It is quite striking that uniform limit of infinitely real differentiable
functions could be nowhere differentiable.

o Let ¢(x) = |x| for x € [-1,1], which is extended periodically
(with period 2) to R by setting ¢(x +2) = ¢(x), x € R
e ¢ is a continuous function such that 0 < ¢(x) <1, x € R
e Plot graphs of ¢(x), ¢(4x) (period 1/2), ¢(16x) (period 1/8)
o Define the function f : R — R by f(x) = 307 (3)" ¢(4"x)
Note that f is continuous. Indeed,

f(x)— nio <z>n¢(4nx) < ,,:il;l <z>n¢(4"x) < n:il;l <i>n — 0.

Since ¢ is continuous, so is f.



Theorem
For any x € R, there exists {Om}m>1 converging to 0 such that

[(f(x 4+ dm) — F(x))/0m| — 00 as m — oc.

In particular, f is not differentiable at any point in R.

Proof.
For an integer m > 1, set §,, = j:%4*’”, where the sign is so
chosen that no integer lies between 4™x and 4™(x + ). Define
Vn = (¢(4"(x + m)) — ¢(4"x))/m.

o If n> m, then ¢(4"(x + Im)) = P(4"x £4"7™/2) = $(4"x),

and hence vy, = 0.
® |ym| = 4™ (since 4"(x 4+ dmm) and 4"x are both > 0 or < 0)
e When 0 < n < m,
[|47(x + 0m)| — [4"X[| _ [4"0m| _

— —4n
el 5 < o]

Now we complete the argument.



Proof continued ...
Since v, =0 for n > m, |ym| =4™ and |y,| < 4™, 0<n< m,
oo 3 n m 3 n
(7 dm) = 100521 = 3 (3) el = |22 (3) %‘

n=0 n=0

Z3m Z:))n_ 3m )

where we used Y7137 = (3™ — 1)/2.
Thus (f(x + dm) — f(x))/dm blows up to oo as m — co. O

m—1 3 n
> (5) e

n=0

Geometrically, a continuous nowhere differentiable function has a
continous graph with "corner” at every point!

e The set of nowhere differentiable continuous functions turns out
to be dense in C[0, 1] (this may be deduced from BCT).



Riemann integral

Let / =[a,b] and f : | — R be a bounded function.
e P={xp=a,...,x, = b} (partition)
o I =[x, xi+1, [a, b] = UlZg i, £(1;) (length of 1))
|P| :Ogrpga;(_lﬁ(l;) (width of P)

e m; = inf f(x), M; = sup f(x)
x€El; x€El;
n—1
o L(P,f)= Z m; £(1;) (lower Riemann sum)
i=0
n—1
o U(P,f)= Z M; £(1;) (upper Riemann sum)
i=0

o [ f(x)dx = SLIJDp L(P,f) (lower Riemann integral)

o [“f(x)dx = ir;f U(P, f) (upper Riemann integral)




Definition
A bounded function f : | — R is Riemann integrable (or
Darboux integrable) if [ f(x)dx = [~ f(x)dx, say [, f(x)dx.

Interpretation Area of the region R enclosed by the lines x = a,
x = b, and the curve y = f(x) > 0.

Example
For xo € I, consider the function f : /| — R defined by
1 if
)= g0 X7
0 if x=xp.

For € > 0, let P be a partition with ||P|| = max ¢(/;) < e.
0<i<n—-1

e If xp € I}, is an interior point, then U(P,f) — L(P,f) ={(l;,) <€
o If xo € [;, is an end point, then U(P,f) — L(P,f) < 2

o L(P,f) < [ f(x)dx < [~ f(x)dx < U(P, f) (Exercise)

Conclude that f is Riemann integrable.



Theorem
If f : [a,b] — R is a bounded function, then f is Riemann
integrable if and only if for every ¢ > 0, there exists a partition P

of [a, b] such that U(P,f) — L(P,f) < e.
Proof.
The sufficiency part < follows from

L(P,f) < /f(x)dx < / f(x)dx < U(P, f).

To see the necessity part =, find partitions P and Q of [a, b] such
that U(P,f) — [~ f(x)dx < ¢/2 and | f(x)dx — L(Q,f) < ¢/2.
Let R be a partition obtained from P U Q, and note that

L(Q.,f) < L(R,f) < U(R, f) < U(P, f).

Then U(R,f) — L(R,f) < U(P,f) — L(Q,f) =
— [Tf(x)dx + [ f(x)dx — L(Q,f) <e.

O



Corollary

Every continuous function f : | — R is Riemann integrable.

Proof.
Given € > 0, there exists 6 > 0 such that |f(x) — f(X')] < e
whenever x € [, |x — x| <. Thus for partition P with [|P|| < 4,

U(P,f)— L(P,f) < Z|M m;|e(1;).

However, M; = f(a ) and m; = f(b;) for some aj, b; € I;. Thus
U(P, ) Z £ (ai) — F(b;)|€(1;) < el(]). Hence f is
Riemann integrable. Ul

Problem
Show that the indicator function x[o,1/2] : [0,1] — R (which is 1 on
[0,1/2] and 0 outside) is Riemann integrable.



Problem
Show that a bounded function, which is continuous except at a
finite subset F of [a, b], is Riemann integrable.

Hint.

Consider first the case in which F = {xp}. Assuming f # 0, let

le =(x0 — 4HfEHoo’XO + 4Hf6||oo)' Apply the last corollary to

I =[a, b]\ I to find a partition P of | such that

U(P,f) — L(P,f) < €/2. Let P be the partition formed by taking
union of P and the interval /.. Check that U(P, f) — L(P,f) < e.
Extend this argument to any finite set F. O

Question Does there exist a Riemann integrable function, which is
discontinuous at countably infinite points ?

Answer There are plenty of such functions!



Theorem
Every bounded monotone function f : [a, b] — R is integrable.

Proof.
Let f be increasing, P be a partition with ¢(/;) = 22 for all i.
o UP,f)y=S""IMiel) = z;’;—ql f(xi+1) £(1;) and
L(P,f) = S0 mib(l) = X1 £() £(1)
U(P, f) — L(P,f) = (f(xm) — f(xp)) 22 = fBOZF@ L, ¢

m m

Problem
Consider the Zeno's staircase function Z : [0,1] — R given by

( .

% /f0§x<%,

% if%gx<%,

7 3 7
Z(X): g If1§X<§,

2k—1 o2kl 2k—1
| 55 if S <x< %5, k=L

Then Z is integrable with countably infinite discontinuites.




Sets of measure 0

Question Does there exist a Riemann integrable function with
uncountably many discontinuities ?

Question Does there exist a Riemann integrable function with
discontinuities containing an open interval 7

Definition

Let E be a subset of R. We say that E is a set of measure 0 if for

every € > 0, there exists a countable family of open intervals
{/k}k>1 such that £ C Uiozllk and 220:1 é(/k) < €.

e In case E is compact, there exists a finite family of open intervals
{I}N_, satisfying the conditions above.

o If Ais of measure 0 and B C A, then B is of measure 0.
Problem

Show that the Cantor set is of measure 0.

Hint.

C = Np>1GC, (see slide 28) and ¢(C,) — 0 as n — oo. O



Problem
Show that a countable union of sets of measure Q is of measure 0.

Solution.
Let £, Ep, ..., be countably many sets of measure 0. Let € > 0.

o Let {I,El)}k>1 be a sequence of open intervals such that
Er U2 Y and S5 0(1Y) < ¢/2.
o Let {I,£2)}k>1 be a sequence of open intervals such that
E, €U 1 and S5 0(11Y) < ¢/4.
Continue like this to get for every j > 1, {I,Ej)};@l such that
£ C U Y and 3350 6(19) < ¢/, Thus Uz, € Uy 1Y)
(countable union) and > 7% _, E(l,gj)) <> €/2 =e. O

Problem
Show that any countable subset of R is of measure 0.

Proof.

Any finite set (and hence single-ton) is of measure 0.

O



Let f : [a, b] — R be bounded with M = sup,c[, 5 |f(x)| < occ.

o A. ={ce€[a, b]:osc(f,c) > e} is compact (see slide 181)
Lemma
If Ac is a set of measure 0, then there exists a partition P of [a, b]
such that U(P,f) — L(P,f) < (2M + b — a)e.

Proof.
Since A, is a compact set of measure 0, there exists open intervals
{I}N_, such that A. € UN_J, and STN_ 4(1) < e.

o K =[a,b]\ (UN_;l) is a compact subset of [a, b]

e For any c € K, there exists an interval, open in J. C [a, b] \ Ac

such that ¢ € Je (= supy ey [f(x) = f(y)] <¢)

e There exists Ji,..., Jy such that K C UJ’-V:'IJJ- (K is compact)
If P : partition formed byNend—points of h,...,In,J1,..., s, then
U(P,f) — L(P,f)<2M> ((l;) + e(b—a)<(2M + b— a)e. [

j=1



e A.is a subset of D(f) (the set of discontinuities of f)
o If D(f) is of measure 0, then so is Ac for every € > 0
e If D(f) is of measure 0, then f € RJ[a, b] (apply Lemma)

Theorem (Lebesgue'’s criterion for Riemann integrability)

If f : [a, b] — R is bounded, then f € R[a, b] if and only if D(f) is
of measure 0.

Proof.

To see (D(f) is of measure 0 < f € RJ[a, b]), let f € R|a, b].

e Countable union of sets of measure zero is of measure 0 (see
slide 204) and D(f) = Up>1Ay/, Claim Each Ay, is of measure 0

e Let ¢ > 0 and choose a partition P = {xg, ..., xy} such that
U(P,f) — L(P,f) < €/n (since f is Riemann integrable)

o i =(x-1,%) and I;,..., l; , be sets intersecting with A1/n

e sup f(x)— inf f(x) > sup f(x)— inf f(x)=>1/n
x€lj, x€lj, x€l;, NA/p xelj NAy/n

Finally, %ZLV;I 0(h,) < U(P,f) = L(P,f) < 1. Choose I, D I; so
that S0 £(1;,) < 2¢ and Ay, C UYL I 0



Example
Consider the function g : [0,1] — R given by

g(x) = {3, if x € QN (0,1) and x = £ in reduced form

0 otherwise.
Then g € R[0,1] since D(g) = QN (0,1] is of measure 0.

Problem
Show by an example that composition of Riemann integrable
functions need not be Riemann integrable.

Hint.
Take f = x(0,1) and g as above.

Problem

Let f : [a, b] — [c,d] be Riemann integrable. If ¢ : [c,d] — R is
continuous, then ¢ o f is Riemann integrable.

Hint.

D(¢ o f) C D(f) is of measure 0.



Problem

Show that sum and product of Riemann integrable functions is
Riemann integrable.

Hint.

D(f + g) € D(f)U D(g) and D(fg) C D(f)U D(g). O

Theorem
The set R|a, b] of Riemann integrable functions f : [a,b] — R is a
vector space over R. Morever, for every f,g € R[a, b] and a € R,

fab(f(x) + ag(x))dx = fab f(x)dx + « fab g(x)dx.
For f € R[a, b], define ||f|j1 = [ |f(x)|dx.
Question Is || - ||; a norm on RJa, b] 7

o Clearly, ||f[[1 20, [[afls = |af||f][1 and [|f + g1 < If]1 +[lg]l1
for every f,g € R[a, b] and o € R

o If ||f|l1 = 0 for f € R[a, b], then f need not be 0

® X[0,1/2] — X[0,1/2) is Riemann integrable, ||x[0,1/2] — X[0,1/2)ll1 = 0
but Xj0.1/21 # X[0.1/2)



Discontinuities of positive measure

Example

Let € denote the Cantor-like set obtained by removing 2¢~1
centrally situated open subintervals i, -+, bk-1; of | =[0,1]
each of length 1/4% at the kth stage, where k =1,2,--- .

« (O =135 B =1 2 g = 1/2

e Let Fy: | — | be a continuous function such that F, =1 on
/\u,?fll/,-k and Fx = 0 at the mid-points of ik, -+, bi-1y

o If f, =171 Fi, then f,11(x) < fp(x) forevery x e [, n >1

e Let f: ] — | be the pointwise limit of {f,},>1

e For x € C, there exists a sequence {x,}n>1 converging to x
such that f(x,) =0

e fis discontinuous on € (since f(x) = 1 for every x € C)

Conclude that f is not Riemann integrable.

e It turns out that ||f, — f|l1 — 0 as n — oo!



Problem
For f,g € R|a, b], define f ~ g if f = g outside a set of measure

0. Verify the following:
(1) ~ defines an equivalence relation.
(2) If [f] denotes the equivalence relation containing f and
Il = fab |f(x)|dx, then ||[f]|l1 = O if and only if f ~ 0.
(3) R=A{[f]: f € R[a, b]} is a normed linear space endowed with
the norm || - ||1.
(4) (R, -|l1) is incomplete.
Problem
Consider the intervals h = [0,1],h =1[0,1/2], 5 = [1/2,1], 14 =
[0,1/4],1s =[1/4,1/2],ls = [1/2,3/4], Iz = [3/4,1] and so on. For
fn = x1, and f = 0, show that f,(x) - f(x) for any x € [0, 1].

Hint.
Any x € I lies in infinitely many I, & infinitely many [0,1]\ /,. [

* f[o,1] |fa(x) — f(x)|dx = €(I,) — 0 as n — oo.



Problem (Integrable function with uncountable discontinuities)

Consider the indicator function x ¢ of the Cantor set, that is,

(x) 1 ifxeC,
X) =
xe 0 ifxel0,1]\C.

Show that x ¢ is discontinuous precisely at every x € C. Conclude
that xc € R|[0,1].

Hint.

Note that C is closed and nowhere dense, and hence [0,1] \ C is
dense. Thus for every x € C, there exists a sequence of points
xp € [0,1] \ C such that x, — x. Clearly, xc(xn) = 0 does not
converge to xc(x) =1, and hence C C D(xc¢).

Let x € [0,1] \ C. Then, some neighborhood of x does not
intersect C (otherwise, x is a limit point of C), and hence xc is
sequentially continuous at x. Thus D(x¢) = C. Finally, since C is
of measure 0, by Lebesgue's criterion, x¢ € R[0, 1]. O



Theorem
The uniform limit f of a sequence of Riemann integrable functions
f, is Riemann integrable and lim,_, fab fo(x)dx = fab f(x)dx.
Proof.
Let {fa}n=1 € R[a, b], f : [a,b] — R be such that ||f, — f|lcc — 0.
e f is bounded (since [|f|loo < ||fa — flloo + SUpP,>1 [[falloo)
e Given € > 0, there exists N > 1 such that for every n > N and
for every x € [a, b], fo(x) — € < f(x) < fu(x) + €
e For partitions P, Q of [a, b], L(f, — €, P) < L(f,P) <
[ f(x)dx < [~ f(x)dx < U(Q,f) < U(fy +¢€ Q)
Now take supremum over LHS and infinimum over RHS to get

b - b
/a (fa(x) — €)dx < /_f(x)dx </ f(x)dx </a (fa(x) + €)dx.
Thus 0 < [~ f(x)dx — | f(x)dx < 2¢, or f € R[a, b] and
fab fn(x)dx — fab f(x)dx‘ < (b — a)e for every n > N. O




e A power series can be integrated termwise

Problem
Let f(x) = >, anx" be a power series of radius of convergence
R > 0. Show that for any —R < a < b < R,

b oo bn+1 n+1
/a Fx)ee = Zoa<n+1 B :+ 1)'
n=

Hint.
The partial sum of power series is continuous and it converges to
f(x) uniformly on [a, b]. Now apply last problem. O

e One may use the last problem to compute fab %dx for every
1 <a<b<2 Indeed, L =37 (1— x)" converges uniformly on
|1 — x| < 1— € for every e >0, and hence on [a, b]. Thus

b 1 & (1 _ b)n+1 (1 _ a)n—i—l
,d — — = b—| .
/a ~ Ix ;( ) og oga

n+1 n+1



Let f : [a, b] — R be Riemann integrable and let xg € [a, b] \ D(f).

e Given € > 0, there exists § > 0 such that |f(x) — f(x0)| < €
whenever |x — xp| < ¢

e Let J be an interval of Iength oJ ) < 5/2 that contains xg
e f(xp) J) [, f(x)dx = E(J fJ — f(x))dx

J)fJ ‘ z(J)fJ]fxo—f( x)|dx < € (see °)
This proves the following:

Theorem (Fundamental Theorem of Calculus-1)
For every f € R[a, b] and every xy € [a, b] \ D(f),

1
im /J Fx)dx = £(x0).

xg€J

Remark The quantity Tlﬂ [, f(x)dx is the “average of f over J".
*We used |fab g(x)dx| < fab lg(x)|dx, g € R[a, b] (Exercise)




Corollary

Let f € R[a, b]. Define F : [a, b] — R by F(xo) = [.° f(x)dx
xo € [a, b]. Then

(1) F is continuous at every point in [a, b],
(2) F is differentiable at every xo € [a, b]\D(f) & F'(x0) = f(x0)-

Proof.

The first part follows from the estimate

[F(x)=F(xo)l =

/Xxo f(t)dt‘ < ( sup If(t)\)|x—x0|, x € [a, b].

te[a,b]
To see the second part, let J = [xo, xo + h] in FTC-I to obtain

F h)y—F 1 [oth
(o + /)7 (0) _ h/ F(x)dx — F(x0) as h — 0.

X0

OJ

This also shows that F'(xp) = f(xo).



Corollary

Let f € R[a, b]. Define F : [a,b] — R by F(xo) = [.° f(x)dx,

xo € [a, b]. If D(f) denotes the set of points of discontinuities of f
and Diff F) denotes the set of points at which F is differentiable,
then [a, b]\ D(f) C Diff( F).

Problem

Give an example of a continuous function on [0, 1], which is
differentiable at irrationals in [0, 1] (we are not asking for a
function differentiable precisely at irrationals in [0, 1]).

Hint.
Use the last corollary. O

e There exist functions differentiable precisely at rationals 1°

A Continuous Function That Is Differentiable Only at the Rationals, Mark
Lynch, Mathematics Magazine , Vol. 86, No. 2 (April 2013), pp. 132-135



Definition
Given a partition P = {a=xp < x1--- < x, = b} of [a, b] and
g : [a, b] — R, the variation of g over P is given by

P) = le(x) —g(x-1)l-
j=1

e g is of bounded variation on [a, b] if the total variation
VPg = supp V(g, P) of g over [a, b] is finite.

Theorem
Let f € R[a, b]. Define F : [a,b] — R by F(xo) = [.° f(x)dx
xo € [a, b]. Then F is of bounded variation.

Proof.
Since V(F,P) =311 |F(x) — F(xi-1)| < 2/- lij Fx)ldx,
VPF is at most (b — a) SUPye[a,b] (X )‘



Theorem (Fundamental Theorem of Calculus-Il)

Let f € R[a, b]. If there is a continuous function F : [a, b] — R
differentiable on (a, b) such that F'(x) = f(x), x € (a, b), then

[P f(x)dx = F(b) — F(a).
Proof.
Lete>0and P={a=x9 < xy--- < x, = b} be a partition of
[a, b] such that U(P,f) — L(P,f) < e.
e Fori=1,...,n, there exists ¢; € [x;, x;_1] such that
F(X,') — F(X,'_]_) = f(C,')(X,' — X,'_]_) (Mean Value Theorem)
i)

o 2ty fa)(xi—xim1) = 22, (FO6) = F(xi1)) = F(b)—F(a)
o (P <YL 1f( )(Xi—Xi—l) S U(P,f) (mi < f(c) < M;)
.LPfgff < U(P, )
Thus fa f(x)dx and F(b) — F(a) lie in interval [L(U, f), U(P, f)]
of length less than €. Hence |F(b) — F(a) — fab f(x)dx| < e. O



The Fundamental Theorem of Calculus-1l can be used to compute
integrals provided derivatives are known.
n+1 . . .
o [, thdt = % (since the derivative of F(x) =

° flx %dt = log x (since (log x)’ = 1/x)

xn+1 n
1 equals x")

Definition

We say that a function G : [a, b] — R is an anti-derivative of
g € Rla, b] if G is differentiable on [a, b] and G'(x) = g(x) at
every x € [a, b].

Example

The jump function g = x(g,1] does not have an anti-derivative G.
Indeed, if there exists a differentiable function G such that G’ = g,
then by the Fundamental Theorem of Calculus-II,

1—-x= 1g(x)dx:G(1)—G(X), 0<x<1.

X

This shows that G(x) = G(1) — 1 + x for every x € (0, 1], and
hence by continuity, G(x) = G(1) — 1 + x for every x € [0, 1].
However, G'(0) =1 # g(0) =<«



Corollary (Integration by parts)

Suppose that f, g : [a, b] — R are continuous on [a, b] and
differentiable in [a, b], and f', g’ are integrable on [a, b]. Then

b b
/ F(x)g' (x)dx = F(b)g(b) — F(a)g(a) - / (x)g(x)dx.

Proof.
Define F(x) = f(x)g(x), x € [0,1]. Then F is continuous on [a, b],
F is differentiable and

F'(x) = f'(x)g(x) + f(x)g'(x), x € (a,b).
By the Fundamental Theorem of Calculus-II,

b
| (FR0£00 £/ ()) o = F(b)~F(2) = F(b)e(6)-F()e(a)

This completes the proof. []



e There exists f € RJ[a, b] such that F/ = f outside a set of
measure 0, yet, fab f(x)dx # F(b) — F(a).
Example (Cantor Function)

Let C denote the Cantor set obtained by removing 2! centrally
situated disjoint open subintervals Uy, -+, Usn-1 , of [0, 1] each
of length 1/3" at the nth stage, where n =1,2,--- . Thus

C=Np>1Cs, where C, =[0,1]\ (Uﬂzl Uf:ll Uk,j).
e F1:[0,1] — R a continuous increasing function so that
F1(0) =0, F1 =1/20n[1/3,2/3], F1(1) =1, F; linear on G
e f,:[0,1] — R a continuous increasing function so that
F2(0) =0, F, =1/40n[1/9,2/9], F, =1/2 on [1/3,2/3],
F, =3/4 0n [7/9,8/9], F1(1) =1, F, linear on G,
Continuing this, we obtain a sequence of continuous increasing
functions {F,},>1 such that |F,11(x) — Fa(x)] <2771,



Example (Example continued ...)
Check that {F,},>1 is Cauchy in CJ[0, 1]. Indeed, for m > n,

m
|Fm(x) — Fn(x)] Z |Fj(x )l Y 2,
J=n+1 j=n+1

and hence {Fp},>1 converges uniformly to F € C[0, 1].
o We refer to F as Cantor function or devil's staircase function.

e F is increasing (since so is F, for every n > 1)

e F/=00n[0,1]\ C (since F is constant on each interval of
the complement of C)

e F' =0 outside a set of measure 0 (since C is of measure 0)
This shows that fo F'(x)dx = 0 (why?) and F(1) — F(0) =1, so

1
/0 F'(x)dx # F(1) — F(0).

e F is non-constant, yet, F’ = 0 outside a set of measure 0!



Let us summarize the discussion above:
o If f € R[a, b], then F(x) = [ f(x)dx is differentiable outside
the set D(f) of measure O

e In general, f F'(x)dx # F(b) — F(a).
This raises the following question:

Question What conditions on a function F on [a, b] guarantee that
F'(x) exists (outside a set of measure 0), that this function is

integrable, and that moreover fab F'(x)dx = F(b) — F(a) ?
This problem is closely related to the "averaging problem”:

Question What are conditions on a function f on [a, b] for which

1

g(ll)rlo 0 /J f(x)dx = f(xo)

x0€J
holds for xg € [a, b] outside a set of measure 0 7

To answer these questions, one needs to venture into the theory of
Lebesgue integration!



