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Defectformation due to quench

Changing a parameter rapidly can lead to the formation of a variety of defects

In the early universe, cooling may have led to formation of topological defects
(like domains, strings or magnetic monopoles) due to spontaneous
symmetry breaking of some scalar �eld

Zel'dovich, Kobzarev and Okun, JETP 40 (1974) 1; Kibble, J. Phys. A 9 (1976) 1387

A quench across the normal-super�uid transition in 4H e can lead to domains
with different phases of the Bose condensate, or to the production of vortices

Zurek, Nature 317 (1985) 505

Review: Zurek, Phys. Rep. 276 (1996) 177

The density of defects depends on the rate of quenching

In the case of 4H e; Zurek predicted that the density of defects will scale with
the quenching time as 1=

p
�
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Defectformation due to quench � � �

The formation of defects (vortices) was detected by the degree of attenuation
of second sound, but the scaling law was not measured

Hendry et al., Nature 368 (1994) 315
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A more recentexample

Spin-1 bosonic atomic gas 87 Rb

Sadler et al., Nature 443 (2006) 312

87 Rb is a bosonic atom with spin-1. In a Bose-Einstein condensate in a magnetic
�eld B ; the energy per particle is given by c2n2h ~J i 2 + qhJ 2

z i ; where n is the
particle density, c2 depends on the scattering phase shifts for a pair of particles
with total spin 0 and 2; and q � B 2 denotes the quadratic Zeeman shift

If c2 < 0 and q is small, the atoms lie in a ferromagnetic state with n̂ � ~J = 1
for some direction n̂: But if q is large, the atoms lie in the state with Jz = 0

The system undergoes a transition between the two when the magnetic �eld is
varied. If the �eld is quenched across the transition very quickly and the system
is then allowed to relax for some time, ferromagnetic domains form and grow
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Quenchin the atomic gas 87Rb

The brightness and hue denote the magnitude and orientation of hFx x̂ + Fy ŷ i
at different times after the quench (shown at the top in milliseconds)

Sadler et al., Nature 443 (2006) 312
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Quantum critical point

A quantum system at zero temperature, i.e., in its ground state, may undergo
a phase transition as some parameter in the Hamiltonian is varied

Example: the Ising model in a transverse �eld in one dimension

H = �
X

n

[ � z
n � z

n +1 + 
 � x
n ]; where � a

n are Pauli matrices

There is a quantum critical point at 
 c = 1 related to the �nite temperature
critical point of the classical Ising model in two dimensions (solved by Onsager)

For 
 = 0; the ground state of the system has ferromagnetic order with
all spins having � z = 1 or � 1

The order parameter O = j h � z
n i j goes from 1 to 0 as 
 goes from

0 to 
 c ; and is 0 for 
 � 
 c

For 
 = 1 ; all spins have � x = 1 in the ground state of the system
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TransverseIsing model � � �

The two-spin correlation function h� z
0 � z

n i � h� z
0 i 2 goes to zero exponentially as

exp(�j nj=� ) as jnj ! 1 ; where the correlation length � diverges near the
critical point as j 
 � 
 c j � �

Consider the spectrum of the low-lying excitations ! (k)

At the critical point 
 = 
 c ; ! (k) vanishes at some momentum kc as j k � kc jz

Near the critical point, the gap � E = ! (kc) between the ground state and
the �rst excited state vanishes as � E � j 
 � 
 c jz �

These relations de�ne two critical exponents � and z
(there are other critical exponents, but we don't need them here)

For the transverse Ising model, ! (k) = 2
p

(
 � 1)2 + 4
 cos2(k=2); so that

 c = 1; kc = � ; and the critical exponents are z = � = 1
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TransverseIsing model � � �

What happens if we change 
 from 1 to 0 ?

For 
 ! 1 ; the ground state is

For 
 ! 0; the ground states are

" " " " " " " " " " " " " " "

and

# # # # # # # # # # # # # # #

Due to quenching at a �nite rate, the state actually observed as 
 ! 0 will have
some defects

" " " " " # " " " " " # # # #

Some of the defects are topological (i.e., domain walls), while others are not
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Defectscalinglaw

How does the defect density depend on the quenching time � ?

Consider a linear quench with 
 = � t=� ; where � 1 < t < 0

Main result: For the transverse Ising model, if � is much larger than the
inverse of the band width of the low-energy excitations, then the density
of defects n scales as 1=

p
�

Reason: When one quenches across a quantum critical point, there are
necessarily a large number of low-energy modes (with energies . 1=

p
� )

for which the quenching is not adiabatic. These modes give rise to defects

Polkovnikov and Gritsev, Nature Physics 4 (2008) 477
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Solution of transverseIsing model

The model can be solved exactly by mapping spin-1/2's to fermions using the
Jordan-Wigner transformation

Kogut, Rev. Mod. Phys. 51 (1979) 659

We de�ne

an =

2

4
n � 1Y

m = �1

� z
m

3

5 � +
n ;

ay
n =

2

4
n � 1Y

m = �1

� z
m

3

5 � �
n ;

so that f am ; an g = 0 and f am ; ay
n g = � mn : The Hamiltonian becomes

H = 2
X

0<k <�

[� (
 + cosk) (ay
k ak + ay

� k a� k ) + sin k (ak a� k + ay
� k ay

k )]

Thus the system decouples into non-interacting fermions with momenta � k
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Solution � � �

H = 2
X

0<k <�

[� (
 + cosk) (ay
k ak + ay

� k a� k ) + sin k (ak a� k + ay
� k ay

k )]

For each pair of momenta � k; there are four states:
j � > (empty state), j k >; j � k > (one-fermion states), and
j k; � k > (two-fermion state)

The structure of the Hamiltonian implies that as 
 varies with time, only the
states j � > and j k; � k > can mix with each other

Thus, we only have to deal with a two-level system for each value of � k

Damski, Phys. Rev. Lett. 95 (2005) 035701
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Landau-Zener transition

Given a two-level system with a time-dependent Hamiltonian

H =

0

@ t=� b

b � t=�

1

A ;

the instantaneous eigenvalues are given by �
p

b2 + t2=� 2
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Landau-Zener transition � � �
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If we start in the ground state at t ! �1 ; the probability of ending in
the excited state at t ! 1 is given by p = exp [ � � b2� ]

Landau and Zener, 1932

This value of p is attained if we begin and end at points which lie on opposite
sides of the point of nearest approach and at times which are >> b�
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Scalingargument for p

The probability of ending in the excited state is p = exp [ � � b2� ]

Note that p ! 0 or 1 as � ! 1 (adiabatic) or 0 (sudden quench)

A simple scaling argument shows that p must be a function of b
p

� :
The Schrödinger equation is

i
@
@t

0

@  1

 2

1

A =

0

@ t=� b

b � t=�

1

A

0

@  1

 2

1

A

Multiplying throughout by
p

� and re-de�ning t0 = t=
p

� ; we obtain

i
@

@t0

0

@  1

 2

1

A =

0

@ t0 b
p

�

b
p

� � t 0

1

A

0

@  1

 2

1

A

Hence, if we start with  1(t0 = �1 ) = 1; then p =  1(t0 = 1 )
must be a function of the dimensionless parameter b

p
�

Quenching across quantum critical points and lines – p.15/43



Defectscalinglaw

Returning to the Hamiltonian for the transverse Ising model

H = 2
X

0<k <�

[� (
 + cosk) (ay
k ak + ay

� k a� k ) + sin k (ak a� k + ay
� k ay

k )] ;

the total defect density is

n =
Z �

0

dk

2�
pk =

Z �

0

dk

2�
exp [ � 2� � sin2 k ]

For large � ; the integral is dominated by the contributions from k = 0 and �

We then get n �
R1

0 dk exp [ � 2� � k2 ] � 1p
�

The power law for n versus � arises because the quench takes the system
across a quantum critical point where the energy vanishes at some values of k
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Generaldefectscalinglaw

A `hand waving' derivation for the defect scaling for quenching across a quantum
critical point for a system in d dimensions, with critical exponents � and z :

By analogy with the two-level analysis for the transverse Ising model, we assume
a Hamiltonian of the form

H =

0

@ � E sign(t ) jkjz

jkjz � � E sign(t )

1

A ;

where � E � j
 � 
 c jz � ; and we assume a quench of the form 
 � 
 c � t=�

We now try a scaling argument as before. Multiplying the Schrödinger equation
i@ =@t = H  by � z � =( z � +1) and re-de�ning t0 = t=� z � =( z � +1) ; we see that
the probability of ending in the excited state is given by a function pk (k� � =( z � +1) )

Hence the defect density is given by n �
R1

0 dd k pk � 1
� d� = ( z � +1)

For d = � = z = 1; we recover n = 1=
p

� Quenching across quantum critical points and lines – p.17/43



Generaldefectscalinglaw � � �

The relation

n �
1

� d� =( z � +1)

has been derived rigorously by Polkovnikov, Phys. Rev. B 72 (2005) 161201(R)
using �rst-order perturbation theory and scaling arguments for the dispersion of
the low-lying excitations ! (k) and the derivative hk j @

@
 j 0 i : The existence

of two-level systems is not necessary. For d � 2(z + 1=� ); we get n � 1=� 2

We now discuss some generalisations of this scaling relation:

(i) quenching across a gapless surface in momentum space

(ii) quenching along a critical line in parameter space

(iii) non-linear quenching
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Gaplesssurfacein momentumspace

Suppose that at the point 
 = 
 c ; the energy vanishes on a surface of d � m
dimensions in momentum space, rather than at an isolated point

Then the momentum integration which appears in the expression for the defect
density will be over m dimensions instead of d dimensions

Hence, we will get

n �
Z 1

0
dm k pk (k� � =( z � +1) ) �

1

� m� =( z � +1)

There is actually a model where this happens: the Kitaev model which has
d = 2; m = 1; � = z = 1: Thus n � 1=

p
� instead of 1=� as it should

have been for a two-dimensional model with � = z = 1
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Kitaev model

This is the only known spin model in two dimensions which is exactly solvable
Kitaev, Ann. Phys. 321 (2006) 2

The model has spin-1/2's on a honeycomb lattice, with highly anisotropic
couplings between nearest neighbors. The Hamiltonian is

H =
X

j + l =ev en

(J1 � x
j ;l � x

j +1 ;l + J2 � y
j � 1;l � y

j ;l + J3 � z
j ;l � z

j ;l +1 )

x y
z

1
2

3

4

5
6

Wp

The model has a conserved quantity Wp associated with each hexagon:
Wp = � y

1 � z
2 � x

3 � y
4 � z

5 � x
6 Quenching across quantum critical points and lines – p.20/43



Kitaev model � � �

As a result of the large number of conserved quantities, the model can be solved
exactly by mapping it to fermions using a Jordan-Wigner transformation, even
though it is a model in two dimensions

an =

2

4
n � 1Y

m = �1

� z
m

3

5 � +
n ;

bn =

2

4
n � 1Y

m = �1

� z
m

3

5 � +
n ;

depending on whether n lies on the A or B sub-lattice.

The string of � z
m 's can be chosen in many different ways. For instance, we can

choose it to go back and forth the honeycomb lattice along the x and y bonds

The Hamiltonian remains local and only couples fermions on nearest neighbor sites
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Kitaev model � � �

The Hamiltonian in momentum space is

H =
X

~k

�
ay

~k
by
~k

�
H~k

0

@ a~k

b~k

1

A ;

H~k = 2 [J3 + J1 cos(~k � ~M 1) + J2 cos(~k � ~M 2)] � 2

+ 2 [J1 sin(~k � ~M 1) � J2 sin(~k � ~M 2)] � 1 ;

where ~M 1 =
p

3
2 î + 3

2 ĵ and ~M 2 =
p

3
2 î � 3

2 ĵ

We thus get a model of non-interacting fermions, just as in the transverse Ising
model in one dimension

The fermions are Majorana, not Dirac, i.e., ~k runs over only half the Brillouin zone
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Phasediagram of Kitaev model

In terms of the three couplings J1; J2; J3; the phase diagram is as follows.
If jJ3 j < jJ1 j + jJ2 j; and similarly for the other combinations, the system is
gapless. Otherwise, it is gapped

GAP LE SS

J1J2

J3

If we hold J1; J2 �x ed, and vary J3 in time as J t=� ; from t = �1 to t = 1
(as shown by the red dotted line), it passes through a gapless region for some time
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Quenchingin the Kitaev model

In the gapless region, the energy of the low-lying excitations typically vanishes
on some lines in half the Brillouin zone as indicated in red below

kx

ky

Thus the Kitaev model has d = 2 but m = 1:

Also, � = z = 1

Hence the defect density scales as n � 1=
p

� instead of 1=�
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Plot of defectdensity

n versus J � and � = tan � 1(J2=J1)

The defect density is maximum when � = � =4; i.e., when J1 = J2 because
this is when the system stays in the gapless phase for the longest time
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Defectcorrelation function

We can compute the correlation function hO~r i ; where O~r = ib~0a~0+ ~r and

~r =
p

3(n1 + n2=2) x̂ + (3n2=2) ŷ

This gives an idea of the `shape' and `size' of the defects

Plot of hO~r i versus ~r for several values of J2=J; for J1 = J and J � = 5

The `shape' of the correlation function changes with J2=J1: The `size' is of
the order of

p
�
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Generationof entropy

The �nal density matrix is effectively diagonal, with entries p~k and 1 � p~k for

modes with momentum ~k: The von Neumann entropy density of the system is

s = �
Z

d2~k [ (1 � p~k ) ln(1 � p~k ) + p~k ln p~k ];

This is small both for small � (sudden quench) and large � (adiabatic quench),
since the �nal state in these cases is a pure state in real space. So we expect a
maximum in s as a function of �

s versus J � and � = tan � 1(J2=J1)
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Quenchingalonga critical line

A different situation arises if one quenches along a critical line in parameter space.
In terms of a two-level system, suppose that the Hamiltonian for the modes with
momenta � k is

H =

0

@ jkja t=� jkjz

jkjz �j kja t=�

1

A

A scaling argument then shows, for a system in d dimensions, that the
defect density scales as n � 1

� d= (2 z � a )

Example: the spin-1/2 anisotropic X Y model with a transverse magnetic
�eld with the Hamiltonian

H = �
X

n

[� x
n � x

n +1 + � y
n � y

n +1 + 
 (� x
n � x

n +1 � � y
n � y

n +1 ) + h� z
n ]
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Quenchingalonga critical line � � �

H = �
X

n

[� x
n � x

n +1 + � y
n � y

n +1 + 
 (� x
n � x

n +1 � � y
n � y

n +1 ) + h� z
n ]




h-1 1

The critical lines are given by h = � 1; h = 1 and � 1 � h � 1; 
 = 0

If we quench along the red line h = 1; we get d = 1; z = 2; a = 1

Hence the defect density scales as n � 1=� d= (2 z � a ) � 1=� 1=3
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Differ ent quenchingpossibilities



h-1 1

Quenching along one of the blue vertical lines h = � 1 gives n � 1=� 1=3

The quenching procedure discussed earlier was to keep 
 �x ed at a
non-zero value and cross one of the lines h = � 1: This gives n � 1=� 1=2

Finally, quenching through one of the multicritical points at h = � 1; 
 = 0
gives n � 1=� 1=6
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Non-linear quenching

We can change the quenching parameter 
 through a quantum critical point
in a non-linear way. A `hand waving' way of doing this is to take

H =

0

@ � E sign(t ) jkjz

jkjz � � E sign(t )

1

A ;

where � E � j
 � 
 c jz � ; and we set j
 � 
 c j = jt=� j �

Then a scaling argument will show, for a system in d dimensions, that the
defect density goes as n � 1

� d� �= ( z � � +1) : A more rigorous argument for
this can again be given

For d = � = z = 1; we obtain n � 1
� �= ( � +1)
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Non-linear quenching � � �

Plots of ln( n) versus ln( � ) for the one-dimensional Kitaev model
(with J1 + J2 held �x ed and J1 � J2 varied as jt=� j � sign(t ) ) for
� = 2 (black line), � = 4 (red), � = 6 (blue) and � = 8 (green)

The slopes of these lines agree reasonably with the theoretical values
of � �= (� + 1) as shown in the table
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Non-linear quenching � � �

The analysis above assumed that the diagonal terms in H vanish at t = 0:
If this is not true, we have do a different analysis. We assume a Hamiltonian like

H =

0

@ jt=� jz � � sign(t ) � b jkjz

jkjz �j t=� jz � � sign(t ) + b

1

A

In this case, one can introduce a parameter t0 such that b = jt0=� jz � � ;
and expand the diagonal terms of H around t = t0 to �rst order in t � t 0

This gives a linear quench problem with an effective quenching time

� ef f =
�

z� � b( z � � � 1) =( z � � )

We therefore expect a defect scaling law of the usual form n � 1

� d� = ( z � +1)
ef f

For d = � = z = 1 and a �x ed value of � ; we see that n scales as
p

�
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Non-linear quenching � � �

Plots of n versus the quench exponent � for the one-dimensional Kitaev model
for � = 10 (black line), � = 15 (red) and � = 20 (blue)

A �t of the form n = c� d yields exponents which are very close to the theoretical
result 1=2 for all values of �
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Experimental systems

All our analysis has been at zero temperature with the assumption that there is
no relaxation during the quenching process. With this assumption, there are
several systems to which our analysis can be applied

I. Spin dimer compound B aCuSi 2O6

Jaime et al., Phys. Rev. Lett. 93 (2004) 087203

Pairs of Cu2+ ions form dimers. The intra-dimer and inter-dimer couplings
are J = 4:45 meV and J 0 = 0:58 meV respectively
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Experimental systems � � �

The dimers undergo a transition from singlets with S = 0; Sz = 0 to triplets
with S = 1; Sz = 1 when an applied magnetic �eld exceeds B c � 23 T:
Above this �eld, the triplets form a Bose-Einstein condensate, with the
magnetic �eld playing the role of the chemical potential of the bosons

The transition is described by the critical exponents z = 2 and � = 2=d
appropriate to a BEC transition in d dimensions. Experimentally, � appears
to be 2=3 above a temperature window of 0:65 � 0:9 K and 1 below
that window due to a dimensional reduction from d = 3 to d = 2

Hence a quench of the form B = B c � B 0t=� from a high �eld to a low �eld
should produce a density of defects (measured by the magnetization
immediately after the quench) which scales as 1=� 6=7 or 1=� 2=3

depending on the temperature

Sebastian et al., Phys. Rev. B 72 (2005) 100404(R) and Nature 441 (2006) 617
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Experimental systems � � �

II. Spin-1 atomic gas 87 Rb

Sadler et al., Nature 443 (2006) 312

A slow quench of the magnetic �eld across the transition from the state with
Jz = 0 to a ferromagnetic state followed immediately by a measurement of the
magnetization should give a result which varies as a power of the quenching time
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Entanglement

The defect density is a measure of the one-spin density matrix.
The two-spin density matrix carries information about quantum entanglement

Entanglement is one of the most interesting features of quantum mechanics.
This is what distinguishes a many-particle quantum system from waves in water !

Two spin-1/2's can be in a variety of states, such as j ""i or j "#i � j #"i

The �rst state is not entangled (it is given by a product of the states of two spins),
while the second state is entangled (it is not a product state)
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Entanglement � � �

For two spin-1/2's, two commonly used measures of entanglement are concurrence
and negativity. Suppose the density matrix of spins i and j takes the form

� =

0

B
B
B
B
B
@

a+ 0 0 b1

0 a0 b2 0

0 b2 a0 0

b1 0 0 a�

1

C
C
C
C
C
A

;

where

a� = h
1
4

(1 � � z
i )(1 � � z

j ) i ; a0 = h
1
4

(1 � � z
i )(1 � � z

j ) i ;

b1 = h� �
i � �

j i ; b2 = h� �
i � +

j i

All other matrix elements are assumed to be zero due to a Z2 symmetry,
for instance, � x

i ! � � x
i ; � y

i ! � � y
i ; � z

i ! � z
i for the X Y model in

a transverse magnetic �eld
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Entanglement � � �

If � 1 � � 2 � � 3 � � 4 are the eigenvalues of � n (� y 
 � y � � � y 
 � y ); the
concurrence is de�ned to be

C = maxf 0;
p

� 1 �
p

� 2 �
p

� 3 �
p

� 4 g

If we interchange the labels corresponding to spin j in �; we get a matrix ~�:
If ~� n are the negative eigenvalues of ~�; the negativity is de�ned to be

N = max

(

0;
X

n

j~� n j

)

For the transverse Ising model in one dimension, if the magnetic �eld is varied
from � 1 to 1 as h = t=� ; we �nd that

(i) C and N are zero if i � j is odd, and

(ii) if i � j is even, C and N are non-zero only if � is larger than a
certain value which increases as ji � j j2
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Production of entanglement

Plots of Cn (n = ji � j j) versus � for n = 2 (black), n = 4 (red)
and n = 6 (blue). The inset shows analogous plots for N n

For � <
� 1:96; the entanglement between any two spins is zero
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Summary

Slow quenching across a quantum critical point or line produces
defects whose density varies as a power of the quenching time �

The power depends on the dimensionality of space d and the exponents
� and z in the case of quenching across a quantum critical point

For quenching across a critical line in momentum space, or along a
gapless line or through a multicritical point in parameter space, the
power also depends on other parameters of the system

Quenching generates entropy and entanglement

We have suggested experiments where these predictions can be tested

We are currently studying what happens after a quench, sometimes
called the problem of thermalization. Is the �nal state described by
an effective temperature ? Quenching across quantum critical points and lines – p.42/43
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