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Non-equilibrium steady states (NESS): Examples
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Common characteristics of NESSs:
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H. Wang and G. Oster (1998). Nature 396:279-282.

Time-independent driving beyond linear response regime
Broken detailed-balance

Persistent \currents" with permanent dissipation
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Stationary (non-Boltzmann) distribution



Issues:

{ (How to calculate this non-Boltzmannian distribution?)
{ Is there universality in entropy production?

{ How does a NESS react to an additional perturbation:
Is there an FDT (and how does it look like) ?



Paradigm for a NESS:

{

{

x= [ @V(x)+ f]+

stat distribution

broken detailed balance

mean global velocity

mean local velocity

F(xX)+ ; h(t) (0i=2T (1)

p>(x) exp[ (x)] with (x) & V(x)=T
p(x2(1)jx1(0)) p>(x1) & p(x1(1)jx2(0)) p>(x2)
Vs = hs(X)1 = Js

s(x) hxjxi = js=p*(x)= F (x)+ D {x)



Stochastic thermodynamics
Review: U.S., Eur. Phys. J. B, 64 . 423-431, 2008.

{ Langevin dynamics _x= [ VO({9+ fl+

F(x)
{ First law (Sekimoto 1997) dw = du+ dg
applied work: dw = fdx
internal energy: du = dV

dissipated heat: dg= dw du= F(x)dx = Tdsm



Stochastic entropy in a NESS [U.S., PRL 95, 040602, 2005]

{ Fokker-Planck equation
@p(x; )=0=  @j(x )= @(F (x ) D@&)p>(x)

{ Comm%n non-eq ensemble entropy
S dx p3(x) In p3(x)

{ Stochastic entropy for an Individual trajectory X( )
s( ) Inp>(x( )) with hs( )i =S

in equilibrium:  p(x)=exp[ (E(x( ))+ F)=T]! s( )=[ E(x( )) FI=T

in a NESS: p(x) = exp[ (x)] ! s( )= (x())

{ total entropy change in time t:  Stot St _S8m
q=T



Fluctuation theorem P( Stot )=P(  Stot ) = exp(

Stot )

long-time limit: Evans et al (1993), Gallavotti & Cohen (199
Lebowitz & Spohn (1999) ... nite times:  U.S., PRL'05

{ experimental data (short times)
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[Speck, Blickle, Bechinger, U.S., EPL 79 30002 (2007)]
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Long time: Large deviation form

{ Rate function

h(s)

{ Scaled entropy production rate Sm=hsmit
{ \Large deviation" for t!l P( sm;t) exp[
h( )= h(C )
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{ mapping to asymm random walk
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[J. Mehl, T. Speck, U.S., Phys. Rev. E, 78 : 011123, 2008. ]
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Fluctuation-dissipation (response) theorem in equilibri um

{ system with energy E and observable A

{ perturbation with a eld f: E! E fB
hA (to)i .
TP g () B (ty)
f(t1)

{ true for any variable A

{ formalizes Onsager's regression hypothesis
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FDT in a NESS ?

{ plethora of exact (rather formal) expressions

Agarwal '72, ... Hanggi & Thomas, ... Vulpiani, ... Harada & S asa '05, ...
Baiesi, Maes & Wynants, Kuger & Fuchs, Prost, Joanny & Parrondo all '09
{ often (phenomenologically) modi ed by an e ective temp:

Culgiandolo, Kurchan & Peliti '97 ...

hA (to)i .
Te M= @A2)B ()]
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Paradigm for an extended FDT

[T. Speck and U.S., Europhys. Lett. 74 , 391, 2006]

{ FDT In eq:
T X(t2)!
f(t1) jf=0

= hx(t2)x(t1)leq

{ extended FDT Iin non-eq:
X (to)I
T X(t2)1

f (t1) jfeo

= hx(t2)x(t1)ineq h x(t2) s(x(t1))ineq

{ additive modi cation (rather than multiplicative)
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Measurement: Generalized Einstein relation " )
N V(X

[Blickle, Speck, Lutz, U.S., Bechinger, PRL 98, 210601 (2007)]
X (to)I . .
2L o i (tp)x(t)ineq B x(t2) s(x(12) ines
f(t1) jfeo .

1
e (1) = De (f)  dti() with 1(1) hx() s(x(©) i h s(x)i?

& violation integral
[ mobility
D

cf giant di usion [Reimann et al 2001]
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\Restoration" of equilibrium form Ve )

{ extended FDT in a NESS:

hx(t2)i
f (t1) jfso0

= hX(t2)x(t1)ineq h X(t2) s(x(t1)) Ineq

{ restoration of FDT in non-eq for renormalized velocity:
v(t) x(t)  s(x(1))
hv(to)i
f(t1) jf 80

= hv(t2)Vv(t1)Iineq
{ NESS version of Onsager's regr hypothesis
{ cf Chetrite and Gawedzki, J Stat Mech 2008, J Stat Phys 2009

{ cf experiment by Ciliberto's group, PRL 2009
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General FDT in a NESS

[U.S and T. Speck, EPL 89: 10007, 2010]

NEss: At M (to) @5s(tq)i
f(t1)
= hA(to) |@_§Tz(t_l)}ineq + PA(t2) @Sior (1) 1neq
eQ:  T2AUL A (L) @E(t)ie
f(ty)

{ stochastic entropy replaces energy
{ add to eq form the term conj to total entropy production

{ proof: (1) pert'theory of FPE + (2) use of det bal in equilibri um
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hA (t,)i

\Non-uniqueness" of the FDT in a NESS: Three canonical forms

@)

f(ty) = hA(tZ)B(tl)i
general: unigue property
(pS) 1LqpS Agarwal '72 F (X) state variable
only
@S = @Sm US &T.S. 10 @ (state var)
In PLx(1):f (1)] Baiesi et al F (x)) =2 | no knowledge
PRL '09 of p® required
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Flow-driven systems [T. Speck, J. Mehl and U.S., PRL 100 178302, 2008]

no ow ow u(r) 60

dw= @V + fdr dw DV + f[dr udt] |(Di @4+ ur)

dg=( r V+ f)dr|dg (r V+ f)(dr udi)
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Equilibrium vs. non-equilibrium for ow driven systems

system det bal | prob currents
Q /
4\ Ju==v
y. particle trapped in ow ful lled Zero non-eq
dumbbell in pure rot ow broken non-zero eq

better criterion for eq:

dw =0 =

DV + f[dr udt]
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Entropy production for dumbbell in shear ow

{ Scaled entropy production rate

[T. Speck, J. Mehl and U.S., PRL 100 178302, 2008]

Sm :me |t

{ \Large deviation"

P(

Sm; 1)

exp|

{ kink structure at

rate

'l

for

th( )]

0

t11 1
_ 0.8
g 0.6
E o4}
for shear 21\
.

[cf. Turitsyn et al, PRL 2007]
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Sheared colloidal suspension with 3d Brownian dynamics

T. Speck and U.S., PRE 79: 040102, 2009; B. Lander, U.S. and T. Speck, in prep.]
hxi(to)l _ -
T = = hx:X:i | -
fj(ty) ~ J

perturbation
{ . ! _+ . 0.4 R[;(‘;S’( )w:o;w T
. RO 4
{ force on tracer particle MRS
0.2 ]
T ——
. °0 o1 b7 b5 54 o
integrated: R S
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NESS in arbitrary networks

In Wnm =Wmn )

Wnm L N
T 4__
n( )
OEBCHENN
O W 27
Q Q Il I2 I3 4 }
F)
{ @on = m[Wmn( )pm Wnm( )pn]
{ s() In pﬁ( ) where pj is stat distribution
{ entropy change along t: S=  Siot Sm (
{ Detailed FT: P( Stot )=P(  Stot ) = exp( Stot )
{ Generalized FDT:
hA (tp)i : :
f ((tz)) M (to) @5s(t1)i with  Wmn = Wmn (f)
1

PA(t2) @sm(t1)1 + PA(t2) @Sior (t1)]
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lllustration: F 1-ATPase [U.S., Europhys. Lett. 70, 36, 2005]

{ @p1= (k™ + k )pp+ k"pa+ k p3 & cyc
{ st = nin(k"=k )= n[ aTp  ADP p]=T
{ | p( n)=p(n)=exp[ nin(k™ =k )]




Summary and Perspectives: Non-equilibrium steady states

{ detailed uctuation theorem for entropy production
speci ¢ form of pdf?

universality (kinks) in large deviation function?

{ generalized uctuation-dissipation theorem

additive structure (rather than Te )

. more (interacting) systems as examples

{ applications to stochastic eld theories like KPZ

{ periodically driven systems ?
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