Lecture 11

Singularities of a Complex Function

A point a is called a singularity of a function f(z) if f(z) is
not analytic at the point a .

A singularity a is called an isolated singularity of f(z), if
f(z) is analytic in some punctured disk 0<|z—a|<§, ie. if
f (z) does not have any singularity in 0<|z—a|<J, except at
the point a.

Examples: (i) Every point on negative real axis is a non-isolated
singularity of Logz (ii) The points 0 and 1 are isolated

singularities of the function

7% —7

We are interested here in studying the nature of a
function f (z), in a punctured disk centered at an isolated

singularity a of f(z).

(for example, (i) existence or nonexistence of lim f (z)
Z—a

(ii) boundedness or unboundedness of f(z), etc.)

For this purpose, we need the following result:
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Laurent’ Theorem

Let f be analytic in the closed annulus 1, <|z—a|<r,. Then, for
each point ze{n <|z-a|<n}, it can be expanded as the
Laurent’s series

f(z)= %cn(z—a)”% Oy ~ ()
n=0 nzl(Z—a)

where,
1 ; f (w)

o 2 i S, (W_a)l’H-l
C,:lw—a|=r, is oriented counterclockwise,
1 f(w)

" 2 é(w_a)”“

C, :\w—a|=r, is oriented counterclockwise.

dw; n=0,12,...(ii)

n

dw; n=1,2,...(iii)

Notes.

1.Iffis analyticin 0<|z—a|<1,, (i) isvalid in 0<|z—a|<1,. If fis
f(w)

analytic in |z—a| <, the function z
(w-a)

is analytic inside
n+1

and on C, .. (iii) = 0

= The Laurent’s expansion (i) reduces to Taylor’s expansion
(. —n+1<0) in this case.
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2. The Laurent’s expansion (i) can also be written as

f(2)= ¥ a(z-a)",

f (w)
)n+l

where, o, = 1_g5 dw, n=0,£1,%2,...

2ric(w-a

C being any closed p.w. smooth curve oriented anticlockwise,
lying inside the annulus 1, <|z—a| <, and surrounding the point

a (follows by using the corollary to Cauchy Theorem for Multiply
Connected Domains because the integrands on RHS integrals in (ii) and
(iii) are analytic on curves C,C; & C, and in the domains lying

between the curves C,,C and C,C; ).
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Proof of Laurent’s Theorem:

Letz be any pointin r, <|z—a|<T,.

By Cauchy Theorem for Multiply Connected Domains and
Cauchy Integral Formula,

W gy g TW gy, TW gy, g
c, W—12 c, W—12 K W—2Z ‘
:f(z):zl_gsf("")dw— L T4y ()
7l c, W—1 27wl c, W—12
For we(C,,
%: 1:(W)[w—a—l(z—a)]
=m[l+ z—a +__+(ﬂ)n_1+((z—a)/(w—a))”]
Ww-—a w—a wW—a 1_z—a
wW-—a

n

9

(since, (1-q) t=1+qg+g° +...+

, for q=1)



_fw), T(w) f(w)
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= wea (W-a) (z—a)+...+

1_35 f(w)dW:
271 C, W—Z

L fWy,

+( L § f(w) dwW)(z=a) +.oenn..

27ic, (w—a)? )
~_ - C1
e f(w) dmgg (z-a)" f(wW) 4,

zic, (w—a)" 2ric, (w—a)"(w-2)

—

) @

where, for M = max|f (w)],
W€C2

— n n
R < 1 Sﬁ\z a‘n“(w)‘\dw\g r I\:I.27rr2
27 &, lw—af"|w—z| 27ty (i =)
(clw-z|>jw-a|-|z—a|]=r,-T1)

LM (r " r
=2 (—j —>0asn—>wo (—<1).
rL—rin r,

(1oayty (23 T

(w-a)" (w-a)"(w-z)



For weC,,

f(w) 1
w—z WL (z- a)]
— f(W)[l_ ]—l
Z—a
:>_1°(W):1‘(W)[+W_61Jr UL SN (w-a)/(z- a))]
W—z z-a z—a = z-a L
Z—a
_ T(w) _ a1
_Z_a+f(w)(w a)(z_a)2+...+f(w)(w a) (Z—ay
N f(w)(w-a)"
(z—a)"(z—w)
ot T Wy, —(—gﬁf(w)dw)—+

27l cgW—12 |C1 _a
Cugt .

\4 _ )

o P fW)w—a)tdw)

27l C /J (z— a)

27l C, (za)n(ZWi

14
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)

where, for M~ = max | f (w)

WEC]_
| L f(w)(w—a)" < L M”27z, iy
2ric, (z—-a)"(z—w) 2 (r-rp) r

—>0asn— oo,('.'%<l).

(clz—-w/2z-a]-la-w| =r—n)

Therefore, the equation (*)

f(2) = 1_(]5 f(w)dW_ 1-95 f(W)dw,
27l c, W—12 27l e, W—12

together with (1) and (2) gives the desired Laurent’s
expansion.
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Proposition. If 5 a,(z—-a)" converges to the function f(z) for

N=—o0

all the points in 1, <|z—a|<T, then it is Laurent’s series
expansion of f(z) in this annulus.

Proof. Let C be any simple, closed, p.w. smooth anticlockwise
oriented curve lying in 1, <|z—a|<r, and enclosing the point a.

Then, for all w e C,
fw)= 3 a,(w-a)".

N=—o0

1 f(w) © g 1
— : dw= Y 0.
27 i(\/\/_a)m+1 N=—o0 27ZI£(W—a)

=a,, mMm=0z11+2,...

m+1-—n

(o 1 = 0, If m#n
' ml-n T 240 if m=n
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Example:

Find Laurent series expansion of 1 for
(z-2)(z-1)
(a)lé\z\SZ (b) |z] > 2 (c)|z] <1 (d)0<][z-1]<]1.
Solution.
(a) 1<|z/<2:
Write 1 1 —1(1—5)_1 —}(1—1)_l and expand RHS as
z2-2 1z-1 2 2 Z Z
a binomial expansion.
(b) |z] > 2:
Write 1 1 E(l—g)_1 — E(l—l)_1 and expand RHS as a
-2 1-1 z Z Z 4
binomial expansion.
(c) |z] < 1:
. 1 1 1 Z, 1 1
Write - =——(1-=)"+(1-2z)" and expand RHS as a
z-2 z1-1 2 2

binomial expansion. Note that the Laurent’s expansion in this
case is nothing but the Taylor’s expansion since the function is
analyticin [z[ < 1.

(d)0</[z-1]<1:

11 1
z—-2 z-1 z-1-1 z-
expand RHS as a binomial expansion.

(1 (z-1)t-_ 1
1= (1-(z-1) — and

Write
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Classification of Singularities.

Let the point a be an isolated singularity of a function f(z) and
let

f(z)= 3¢, (z-a)"+ ¥ d,(z-a)
n=0

n=1

n

be the Laurent’s expansion of f{z)in 0< \z — a\ <R.

The second series on RHS (containing negative powers of
(z — a)) is called the Principal Part of the Laurent’s expansion).

(i) If d,=0 VvV n=12,.., the point a is called a removable
singularity of f.

(ii) If d, =0 V n>n, butd, #0, the point a is called a pole
of order n, of f.

(iii) If d, #0 for infinitely many n’s, the point a is called an
essential singularity of f.
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Behaviour of f(z) in the neighbourhood of Removable
Singularity:

Proposition. The point a is removable singularity of a
function f iff f is bounded in 0<|z—a|< & for some § > 0.

Proof.

(i) Let fbe bounded in 0<|z—a|< § for some § > 0. Let,
f(z)= ¢, (z-a)"+ % d,(z-a)
n=0 n=1

be the Laurent’s expansion of £ Then, for some r with 0<r < g,

-Nn

1 f(w
== ¢ ( 2n+1 dw.
27 w—al=r (w—a)
1 2#r
:>\dn\£2 ——=M,
7T r

whereM is the upper bound of | f (z)| in 0<|f (z)|<S.

—Mr"—=0asr—0.

-.d, =0V n>1= aisaremovable singularity of f.
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(ii) Let a be a removable singularity of f Then,
d,=0 VvV n=12,... Therefore,

f(z)= %Cn(z—a)n, O<\z—a\<5 for some o .

n=0
Define,
f(z), iIf O<|z—al<o
9(2)={ . -4
C,, Ifz=a

Then, g(z) is bounded in |z—a|< &, for some &, < 6.

(o g(z) = 5 c,(z—a)" in|z-a|< g, henceis analytic )
n=0

= f(z) isbounded in 0<|z—a|<&;.



21
Corollary. The point a is a removable singularity of f iff
lim(z—-a)f(z)=0.

Z—a

Proof.

(i) a is removable singularity of f

— f is bounded in 0<|z—a|< &, for some & .
— lim(z—a) f (z) = 0.

Z—a

(ii) Suppose lim(z-a) f(z)=0.

Z—a
= for every g >0, there exists a 0 > 0 such that
f(2)<

for 0<|z-a|< 4.
z- a\

1 ; f (w)

Therefore, d, S|
"2 w-a=r (W—a)

dw,),0<r < ¢ . This gives,

&

— an—i_—mas r—-0,if n>1
272. r n+2 ° r1

dy|<

and, since by using the above estimate again with n=1,

and ¢ is arbitrary, di1 =0

= f(z) has aremovable singularity at the point a.



