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Lecture 14
(11) Integrals of the form I f (x) dx.

The integral j f (x) dx is defined as

0

c b
j f (x) dx:aierJaf(x) dx+bli_)ngo_([f(x) dx.

If the limit on RHS does not exist, or gives an indeterminate

form oo—oo, j f (x) dx does not exist. In this case, we define

—00

Cauchy Principle Value of j f(x) dx as

00 r
p.v.j f(x) dx = lim

F—o0
_w J—

f (x) dx.

Example. For f(x) = x, the integral j f (x) dx does not exist but

2 r

o0 r 2
V.| xdx=Ilim | xdx=Ilim(—-—)=0.
P _'[O r—>oo_J‘r r—>oo( ? 2)

Note that if | f(x) dx exists, [ f(x) dx=puv. [ f(x) dx.

—00 —00
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Using the method of residues, the Principle Value of above type
of real integrals can be found. We need the following
Proposition for this purpose:

Proposition. Let
(i) f(z) be analytic in Im z > 0, except for having finitely many
singularities in Im z > 0

(i) | f (z)| < Zl\l/lg, for |z/>R,, for some M,R,,5>0.

Then, lim | f(w) dw=0, where Cg:|[w|=R, Imw>0.
R—0 Ca
Remarks.
(i) The conditions of the proposition are satisfied if
(a) f(z) is analytic in some neighbourhood of z = (i.e. outside
of some disk centered at origin) and, at z =, f(z) has a zero of

order > 2.

For, in this case, Laurent’s expansion of f(z) in the
neighbourhood of z = x, is of the form

f)=2+% 0 YD wnerely(2)]<M for 7> R,
Z Z Z

=>the conditions of the proposition \1‘(2)\<M2 for|z|> R, is
z

satisfied if f(z) has a zero of order >2 at z=oo.
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P(2)
b) f(z)=
(b) 1(2) = 0(2)’

degree of denominator - degree of numerator > 2.

, P(2), Q(z) polynomials, and

In this case, f(z)has a zero of order > 2 at 7 =, so that by (i),
the conditions of the proposition are satisfied

Proof of the Proposition. For R > R,

[ fwydw < “f(w)HdkaﬂR—R—l\g—)Oas R — 0.

CRr CRr
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Theorem. Let

(i) f(z) be analytic in Imz >0 except for having finitely many
Singularpoints Z,k=12,.,Ninlmz>0

(ii)

z|>R,, for some Ry,M,5>0

Then, p.v. j f (x) dx exists and

D.V. j f(x) dx = 27z|Zres[f(z)

klz Zy

Proof. Let|z,| <R, for k=1,..,N.For R>R,, let
Igi{z=x+iy:-R<x<R,y=0}u{z:|z|]=R,Imz >0}

By Cauchy Residue Theorem,

R
jf(z)dz— j f(x) dx+j f(z)dz—2eres[f(z)]
g "R Cr k=1%7%

where, Cj 1is the counterclockwise oriented semicircle
{z:]z]=R,Imz>0}.

Using the proposition, it follows that the limit of second
integral on LHS is 0 as R — .

. p.V. j f(x) dx = 27Z'IZ res[ f(z)]

k=1%="%
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o0

Example. Evaluate dx
P J;O x* +1
Solution. Since the above integral exists,
o0 o0 1
dx = p.v. dx. Let
_[O x* +1 P _[O x* +1
f(z) = 41 : It has singular points at
2" +1
27ik+7i

Z, = (—1)1/4 =e 4 k=0,12,3. Therefore,
7
. ild _ \3ril4 _ A brild . -3ril4 _AT#ild 4
z, ="z, =" 72, =" =¢ Zy=e"""=¢e 4,
Only z, and z; lie in Imz >0 and the conditions of the previous

theorem are satisfied.

sl =271 res 7+ res 7
7= 142" 7=e37414 7

| () e ()
:27Z'| 3 + 3
477 )oril4 477 ) 3il4

2| 1 1 T il —2xi —rild
=7 |:e37zi/4+ 97zi/4:|:?|:_e +€ .8 ]

€

_ ﬂ[—e””“ +e‘””4] = @(—Zisingj =7,

2 4 J2

o0

Note. If f(x) is an even function, then j f(x) dx can also be
0

evaluated by this method.
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(11I) Integrals of the form T gloX f (x) dx,a >0
(Fourier Integrals)

We need the following result:

Jordan’s Lemma: Let,

(i) f(z) be analytic in Imz>0 except for having finitely
many singular poits

(ii) f(z) > Ouniformly as z > win{z:0<argz < z}.

Then, for o >0, F!im jeiawf(w) dw=0, where Cj is the
—>00

CRr
semicircle \z\ =R, Imz>0.

Proof. We use the Jordan’s inequality

E<w<1 for0<@<rxl/2

T

(Proof of Jordan’s inequality: we first show that if f(t) is ¥ as
t

tT, thenF(t)zi[—Ljf(X) dx t>0, is also decreasing with tT.

0
Obviously, F(t) > f (t) for all t. Therefore,
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F’(t):—tiz!;f(x) dx+¥:—|:ft)+ fft) <0=F((t)JastT.

Applying this result to cos@ in 0< @<z /2 (since cosd is ¥ in
this interval), it follows that

, _ .
%Icosx dx =" 55 Lin OSHSZ:>2<W<1)

. 0 2 © 0
Now, by hypothesis,
f (z)| < u(R) on Cg, where x(R) —>0as R — oo.

[ e f (w) dw
Cr

< RIUR]T‘eiaW‘ d(D _ R/UR]{ e—aRSingo d(D
0 0

zl2

_ ZR,U e—aRSin(p d(D
(using  (p)=F (z-p) £

w2 _ p2¢

= SZR,uRJe Z de
0

(using Jordan's inequality)

[ e f (w) dw
Cr

:ZyR(l—e‘“R)—m as R — o
a
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Theorem. Let f(z) be analytic in Imz>0 except for having
finitely many singularities in Imz>0. Let f(z) satisfy the
conditions of Jordan’s Lemma. Then, the integral

p.V. j e'?* f (x) dx, a > 0, exists and is given by

—00

D.V. j e f (x) dx = 2mz res[ '“Zf(z)]

k 12 Zy
where z, are the singularities of f(z) in the upper half plane.

Proof. Let R, be such that |z,|<R, for all k = 1,2,.., N. By
Cauchy Residue Theorem,

j &' f (x) dx + j e f (w) dw = zynz res[ '“Zf(z)]

ZZk
R

Takmg limit R — o0 and using Jordan’s Lemma, the Theorem
follows.
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o0
CoSaX

Example 1. Evaluate | = j dx:a>0,a>0.

Y x*+a’
0 eiocx
Solution. | = Re j ,—— dx=Rel; (say).
Y x“+a
The function f(z)= 7, —>0as z—win the upper half

plane and it has a pole of order 1lat z=1a in the upper half
plane.

sy =2xires [e'“z f (z)] =27ires| e =
z=la z=ia - +a
—oa
— 27i.° ’ _ 7 gaa
2ia a

—oa

T
=l =Rel;,=—e
a
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0 eiozx
Example 2. Evaluate | =
j(x2+az)(x—ia)

1
(z2 +a’)(z-ia)
the upper half plane and it has a pole of order 2 at z=1a in the
upper half plane.

eiozz d eiozz
s =2zires| ——— — | =27 (——)
7-ia (z +a )(z—la) dz'z+ia"|

iae'“(z+ia)—e' 2| —2a%-1| _,21+2a?
~ > —e ~|=e —.
(z+ia) (2ia) 4a
Z=la

dx:a>0,a>0.

—00

Solution. The function f(z)= —>0asz—owin

(Note that the point z = -ia is in the lower half plane, so residue
at this point need not be computed for the evaluation of the
integral)
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Remarks.

(l) If f(x) is even,

j f (x)cosax dx——j f (x)cosax dX——Re_[ F(x)e* dx
0

;RG|:27Z’IZ res |: f (Z)e'az :|j| I |mz res |: f (Z)elazi|

k=12=7%k e

(ll) If f(x) is odd,

j f (x)sinax dx——j f (x)sinax dx——““j F(x)e'* dx
0

;|m|:272'|2 reS[f(z)e'az]:| ERGZ res[f(z)elaz:|

k=12=7%k 1=y
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(1V) Fourier Integrals having Singularities at Real Axis

We illustrate this case by considering the evaluation of the

o0

integral | = J'Slnax dx, a 0.
X
0
© . O jaX
Note that | :E j sax dx:llm j © dx .
27 X s X

Let contour of integration be as shown in the figure and
I, r=[-R—-p]uC u[p,R]UCE ,where R> p

laz

© dz=0
Z
Fp,R R {

R -p

Then, by Cauchy Theorem, I

plow
W

law
© dw=0. (¥

eiozx eiozX
= J- 7dx+ j de+j dw+.[ "

[-R, p] [p, R] C, Cr

The last integral tends to 0 as R — «(by Jordan’s Lemma).
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law 0 o
Further, je—dw = ije'“p(cos‘”'sm‘”) do.
(putting w=pe'?)

Cp
Since the integrand is continuous function of p in the interval
[0, 7], the above identity gives

lim j—dW—lId¢_

p—>0
p

ax
Therefore, by (*), p.v. I—dx 7l :jsmax X:%.




