Department of Mathematics and Statistics
Indian Institute of Technology Kanpur
MS0202A/MS0202 Assignment 5 Solutions
Introduction To Complex Analysis

The problems marked (T) need an explicit discussion in the tutorial class. Other problems are for enhanced
practice.

1. Expand each of the following functions in Laurent series in the neighbourhood of the indicated points
Zo and, in each case, determine the largest domain where the resulting Laurent series converges:

0] z0=0,1and o  (T)(ii) z° eV’ z0=0and o (iii)%,zo:-i,oo.
2(1— z)’ 7% +1
Solution:
(i) For zp = 0: ! =—( -7t =—+Zz is the desired Laurent series. The largest annulus of
z1-2) z z

convergence for this Laurent series is 0<|z|<1.
1

For zp=1: :—[ -a-2)7% :—+Z(1 )" is the desired Laurent series. The largest annulus
z1-2z) 1-z 1-z '3
of convergence for this Laurent series is 0 < |z —1| <1.
For zp = oo: ! :—%(1——)_1:—2 12 is the desired Laurent series. The largest annulus of
z1-z) z z Al

convergence for this Laurent series is 1< |z| <0,

(ii) For zp = 0: f(z) = 7%eY? = 72 E 1n =72 4+z7+= +Z —— is the desired Laurent series. The largest
n=0

annulus of convergence for this Laurent series is 0 < |z| < 00,

For zp = o: Expand f(1/z) in the neighbourhood of zo = 0 and replace z by 1/z in the resulting Laurent
series. Observe that the Laurent series of f(z) in the neighbourhood of zp = « is the same as its Laurent
series in the neighbourhood of zo = 0. Both have the same annulus of convergence 0 < |z| < 0.

(iii) Forzo = - i 21 = .1 - [1—Z+.I]_ Z(ZH)

z°+1 =2 (z+1) 2i 2(z+|) 24 (@2)"
is the desired Laurent series. The largest annulus of convergence for this Laurent series is
0<%<1, or 0<|z+i|<2.

i
H o0 N
Forzp= o _t o Z( )——— I—
22 +1 2 (z+|) (z—|) 22 " 22:37"

is the desired Laurent series. The largest annulus of convergence for this Laurent series is

i <1, or 1<|z| <.
z




2
2. For each of the following functions, determine the nature of its isolated singularities by considering
the relevant Laurent series
1-coshz sinz

(M) (i) ——— (i) —  (iii)e* (iv) 1+2z+ 7z3+ 327
z z
Solution:
(i) Around z = 0, Laurent series of ﬁ otz = simple pole at z=0
z 2z |4
For nature of singularity at z = o, Laurent series of 1-coshil/z) (Ztl)jh%/ 2) around z =0
z
= 9[- L 5= L i ! 5 ] = z =0is an essential singularity of M
22 [4z2" |6z 1/2)
. 1 : 1-coshz
= z = o is an essential singularity of ———.
z

3 _ sinz 22 7f . . .

(ii) Around z = 0, Laurent series of ——=1-—+——.... =2z =0 is a removable singularity

: BB

. : . 1
For nature of singularity at z = «, Laurent series of zsin— around z=0
z

1 1
= 1——2+—5—
3z° |5z

. o . 1 . L . sinz
= z =0 is an essential singularity of zsin— = z = o is an essential singularity of ——
z
(iii) For nature of singularity at z = o, Laurent series of eV around z = 0
1 1
=1+ —+ 5
zZ |2z
= z =0 is an essential singularity of e? = z = w is an essential singularity of ez.
. . : . 2 7 3 o
(iv) For nature of singularity atz = «, observe that Laurent series of 1+ —+—+— around z = 0 is this
Z 7 z
o : 2 7 3
expression itself = z=0isapole oforder 7 of 1 + —+—+—.
Z 7z z

= z = oo isapole of order 7 of 1+ 2z + 7z3 + 3z7.

3. For the following functions, determine the residues at each of their isolated singularities in the
extended complex plane:

1 ZZn
() 5 (ii) - (T) (iii) e% &2
AR (1+2)
Solution:
. 1 1 1 . 1 1
i) Res =lim(z-1 =——, Res = lim(z+1 =—=
M) 71 73— 7° z—>1( )23—25 2 72=173_7° z—>—1( )23—25 2



= coefficient of (1/z) in the Laurent’s expansion of the function aroundz =0

Res 3
=0 7° -7

= coefficient of (1/z) in is(l+ 22+7%+.)=1.
z

1 1 1
Res =—(1-———)=0.
7= 7% — 7° ( 2 2)

(i) R 7% im 11 dnt (L 2)" %"
1 eS——— = IIm +Zz
z=1(1+2)" z->-1[n-1|n-1dz"* 1+2)"

_L B i . n+1
=g @M@ -D...(2n~(n-2) lim 2

2n
Sy 2 o) (say). = Res—E—=—p(n).

n-1|n+1 z=oo(1+z)”_
(iii) Res[eZ eﬂz} = coefficient of (1/z) in the Laurent’s expansion of ez el/zaround z = 0
z=0
22 2" 11 1
= coefficientof (1/z) in (Q+z+—+...+—+..)l+—+——+...+ +...)

2 [n z |22 [nz"

S |
= = q(n) (say) = Res[e?eV*]1=—q(n
> i - 9 ()= Resle'e”*]=—q(n)
4. Find residues of the following functions at all its poles:
3
. oy Z ... (27 +5)
1) cot z 1 T) (1) ——=~
(i) () 5y M)
Solution:
(i) The poles of cot z are at z = nz, n=0,£1,£2,..., all of which are simple = Res cotz = cosnxz =1, for
z=nx cosnz
all n.
(ii) The poles of 1 are at z, =e¥kin "y =0, 1, .., (n - 1), all of which are simple =
2 -
Res nz :{ Zn—l} _Zc 1 azikm
z=77" -1 nz 2=, n n
3
2(z° +5) .
(iii)  The poles of W are atz =1 (pole of order 3) and oo (simple).
Z_
3 2
es 22 Jr§)=l dz(z(z3+5)) SET IS
z=1 (z-1° [2|dz L 12
and
2(z3 +5) _

2=w (z-1)°



5. Evaluate

(i) jtanz dz (ii)

|z =2 2| =2

1 z/3

d T) (iii
sin2z ‘ (T) (iif) ‘Z‘zssinhz

The integration in each case being in anticlockwise direction.

Solution:
(i) By Cauchy Residue Theorem, I tanz dz =27zi[ Res tanz+ Res tanz]=—4ri
‘z‘:Z z=7xl2 z=-7/2
(ii) By Cauchy Residue Theorem,
1 .

- dz = 2ri[Res + Res — + Res — |=27i[=—-=-= = —7i
M:zsm 22 2=08IiN2z z=x/28IN2Z z=-z/2 Sin2z
(iii) By Cauchy Residue Theorem,

ez/3 ez/3 z/3 z/3 z/3 ez/3

- dz = 2rzi[Res + Res — + Res — + Res — + Res —
M:gslnhz z=08inhz z=zisinhz z=-zisinhz z=2zisinhz z=-2zisinhz

= 27i[L+ (—e'73) 1 (—e 173 4 g27/3 | g2inl3y :1—2005%+ 2cos%”

6. (T) Show that the functions that are analytic in the whole complex plane and have a non-essential

isolated singularity at coare polynomials.

Solution: Let f(z) be analytic in whole complex plane and has a nonessential singularity ato. Let the

00 0 n
Taylor expansion of f(z) around 0 be f(z)= Zan z". Then, f(1/2)= Zan (1] will have only finitely
z

n=0 n=0

many nonzero terms (since, at z = 0, f(1/z) has a nonessential singularity, i.e. either a pole or a

removable singularity) =a, =0 for all n>m = f(z) is a polynomial.

7. Evaluate the following integrals using Cauchy Residue Theorem:

1+sin@ L F 2n
T)(ii cos™ 6@ do
) -[3+cos¢9 (M) -([
Solution:
(i) Putting z=e'9,dé)=£,cosezz+z sing =2 2 )

iz 2 2i

ZJZ[].-I-Sing - J» zz+2iz—1d

. -1
(ii) Putting z =e'9,d9=£,co39: Z+22 '
1Z

) i
——————dz=-JRes f(z2)+ Res f(2)] = 2xi[-1+——
o 3+cosd ‘Z‘zlz(zz+6z+1) [z:O (@) z=-3+2\2 @] [ 22

+1] = l

5



2n+l

z.fcoszne do = j @7

I (z° +1)2n 27 ~on . (P D)™ & on_omekya
__WZﬂ-I RESWZZWC“( szcknz n )

k=0
8. Use Cauchy Residue Theorem to evaluate (i) J. (:203 X ~dx  (T)(ii) Ismz ;( d
o (X*+1) 0 1+X
Solution:
()f k= Tﬂ =1RETde:1Re 1, (say)
(¢ +1)? 2 (X*+))? 2

> on the semicircle Cy :|z| =R, Im(z) > 0.

Let f(z)=%.Then,
(z°+1 -

iz
=ForzonCqg, f(z) >0asR—-> o= je—zdz—>0 as R — oo..

(z +1)
o0 ix iz iz
= 1=PV.[ ———dx=27iRes— = 27ilim L (&) =27 L =T
S (x7+D) z=i(z°+1) i dz " (z +1) 2ei e
]9 COS X _z
o (X2 +1) 2e
sin“x 1 T s 1-cos2x o 1
ii = — =— dx==1, (sa
()I1+x 2'[01+x I 1+x° 4 (52)
Now, I = _[ 1 dx — I Coszzxdx:ll—lz, (say).

Jlex® 2 14x

11=I L dx =271 Res L —27r|1 =7
J1ex® 2=11+ 7° 2i

(since the degree of the denominator is 2 greater than degree of the numerator in the integrand).

C0S 2X g2 . g2 e? r
I = dx =Re dx:Re 271 (Res = Re 27i—) ==
_J;ol+x I + X ( (Z=Il+22)) i e?
1
since, for|z|=R, Im(z) >0, < —>0as R—w
since, forl| =R, m(2)>0, o]« - )
Therefore, IS"]—X = —(7[——)

01+x



0

1
9. (T)Evaluate | ——————dx by indenting the singularity on real axis.
(T) _L(X_l)(xz+4) y g gularity
Solution.
Let f(2)= _ and C=[-R,1-p]UC, U[1l+p, R]UCg be the simple closed curve as indicated

(z-1)(z% +4)

in the figure.

1
i (z-1)(z% +4) oz

[-R1-p]

1 1
- | (x=1)(x? +4) dX+CI_ (2-1)(z +4) .

1 1 R . | .
+ — X+ | —————dz *) Y R A
[1+p.R] (x=1)(x* +4) CJ; (z-1)(z2 +4) P

On Cg, _[ 1 dz| < 7R —~>0asR—> o

cr (2-D)(2% +4) (R-1)(R* - 4)
R

Further, I dz+ j g(z) dz,

(- 1)(z +4) _I

where g(z) is analyticatz =1, and so is bounded by M (say) on C, if p is sufficiently small.

0. 6 :
ipe —7i
Now, = — d0 = . Further, z) dzl|<Mzp — 0 as p — 0. Therefore,
V4 Cp
I ;2 dz _)—_m as p — 0. (Alternatively, put z - 1 = peia in the integral on C , and take
o= (z-1(z°+4) 5
0
limit p — 0 inside the integral). Since,
I;Z dz = 27ziRes 1 5 = ”
¢ (z-1(z°+4) 2=2i (z-1)(z°+4) 2(2i-1)
making p — 0 and R —» win (*) gives, P.V. I ! dx T, A

L (x=D)(x* +4) 2(2i—1) 5



