Assignment 14 : Green’s /Stoke’s /Gauss’s Theorems

. (T) Use Green’s Theorem to compute [(22? — y?) dx + (2* + y*) dy where C
c
is the boundary of the region {(x,y): z,y >0 & 2*+y* < 1}.

. (D) Show that the value of the line integral [ zy*dx + (2*y + 2x)dy around
any square depends only on the size of the square and not on its location in the
plane.

. (D) Evaluate [ wi’g;g‘jﬂﬁ along any simple closed curve in the zy plane not passing
c

through the origin. Distinguish the cases where the region R enclosed by C"

(a) includes the origin (b) does not include the origin.

. (T) Use Stoke’s Theorem to evaluate the line integral [ —y* dz+2* dy — 2* dz,

c
where C is the intersection of the cylinder 22 +4%? = 1 and the plane z+y+2z = 1
and the orientation of C' corresponds to counterclockwise motion in the xy-
plane.

. (D) Verify the Stoke’s Theorem where F = (y,z,2z) and S is the part of the
cylinder 22 + y? = 1 cut off by the planes z = 0 and z = z + 2, oriented with
7 pointing outward.

. (T) Let F = % where 7 = 2 i + y7 + 2k and let S be any surface that

. . ﬁ
surrounds the origin. Prove that [[ F.n do = 4.
5

. (T) Let D be the domain inside the cylinder z% + y? = 1 cut off by the planes
z=0and z = 2+ 2. If F = (2% + ye*,y* + ze®, z + we¥), use the divergence
theorem to evaluate [ [ F - n do.
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Assignment 14 - Solutions

1. M =22? —y? and N = 2% + 2. By Green’s Theorem

922 — 2)d 2 4y — [T (N — M)dyd
[(22% —y*)da + (2 +y¥)dy = [ [ (N, — M,)dydzx
C 0O 0

— 2

1
=[ [ 2@+y)dyde=3
0 0

>_A

2. Let R be a square with the boundary C. Then by Green’s theorem
[ xy?de + (2%y + 22)dy = [[ 2dzdy = 2 Area(R).
c R

y T
3. (a) Let M = oy and N = R Suppose (0,0) € R.

Since the function is not defined at (0,0), choose C, to be a circle of radius «
containing (0,0) and C' lies in the interior of R. Let D be the region bounded by
the simple closed curves C' and C,. In this region N, — M, = 0.

By Green’s Theorem, [ Mdx+ Ndy = ff(Nx — M,)dz dy = 0.
cUCa

Hence, fde—i—Ndy— i de—i—Ndy—QW
7004

(b) For a simple closed curve C' not containing (0,0), by Green’s theorem, we have
[ Mdz + Ndy = 0.
c

4. Let F = —y3 + 2%] — 23k. By Stoke’s Theorem, [ Fdr = [ [(curl F).iido.
oS s
Note that V x F = 3(z? + y?)k. Hence, [ F.dr = [[3(z* + y*)dwdy = =
os D
5. Let us first evaluate [[ curlF -ndo. Consider S :=r(f,z) where
s

r(0,z) = (cosf,sinf, z) where 0 <60 <27 and 0 <z <2+ cosb.

Note that
cwrlF = —i—j—k n= % — cos0i +sinfj + 0k and VEG — F? = 1.
To T2
Therefore,
7 2+cosf
// curl F' - ndo = / / (—cosf —sinf)dzdh = —
-7 0

Let C; and Cy be the boundary curves of the surface S which are lying in the plane
z =0 and z = x + 2 respectively. Consider the parameterizations

C1:= R(0) = cosbi+sinfj, 0<60<2rm

and
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Cy := R(0) = cosfi+sinfj + (24 cosf)k, 0<6 <2x.

Then
27
jl{F-dR: /—sin20d9: —T
Cq 0
and
0
j{F dR= | ...... =0
Co 21

(note that the direction of the integration over Cy is in the clockwise direction(see the
figure))).

. Note that div F' = 0. By divergence theorem

/S/F-nda:/S[F-nda

where S, is a sphere of (small) radius p with center at origin. On S,, n = %(:L‘i—i-yj—l—zk)
and hence F - n = . Therefore,

1 1
//F-ndcf:—Q//dcr:—247rp2:47r.
P P
Sp

5

S

. div F' = 2x 4 2y 4+ 2z. By the divergence theorem,
z+2

//Fﬁdff:///2(fv+y+2)dv=2/ / (/($+y+z)dz)dxdy=1?T7T
oD D
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