Assignment 5 : Series, Power Series, Taylor Series

1. (D) Let a, > 0. Then show that both the series }_ a, and }_ -*2 converge
n>1 n>1 "

or diverge together.

3. In each of the following cases, discuss the convergence/divergence of the series
3,51 an Where a,, equals:

(a)(D) 1—msin i (b)(D) Llog(1+1)

n

5. (D) Let {a,} be a decreasing sequence, a, > 0 and lim a, = 0. For each

n €N, let b, = “F2Etan Show that ) (—1)"b, converges.

n>1
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Assignment 5- Solutions

. an . an
(1) Suppose 2;1 a, converges. Since 0 < 92— < a, by comparison test 21 T converges.
n-= n-=

Suppose Y 72— converges. By the necessary condition, 132 — 0. Hence a, — 0 and
n>1 " "

therefore 1_§ 1+ a, < 2 eventually. Hence 0 < %an < li’gn. Apply the comparison
test.

(3) (a) Use Limit Comparison Test (LCT) with =5. Since 1 —nsin = < 75 < - one can
also use comparison test. (We will tell in the class, how to quess “b,” and apply
the LC'T. So, the students might feel that the LCT is easier to apply compared to

the comparison test).

(b) Use LCT or comparison test with .

(5) bpy1 —bn = —=5(a1 + a2+ .. an1) — (a1 + -+ + a,) = 25 — (a:(rnjl‘;") Since (ay)

is decreasing, a; + . ..a, > na,. Therefore, b, — b, < % < 0. Therefore, (b,) is
decreasing.

We now need to show that b, — 0. For a given ¢ > 0, since a,, — 0, there exists ng
such that a, < 5, V, n > ny.

a1+---+an, ang+1+-tan ai1+---+an —

Therefore, |ttt | — | 22200y Snotl | <| =" | 420 g, Choose N > ng
+otay,

large enough so that “———"¢ < £. Then, for all n > N, @£ < ¢ Hence, b, — 0.

Use the Leibniz test for convergence.
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