
Assignment 6: Integration

1. (T) If f is a bounded function such that f(x) = 0 except at a point c ∈ [a, b],

then show that f is integrable on [a, b] and that
∫ b

a
f = 0.

2. (D) Let f : [0, 1]−→R such that f(x) =

{
1
n

if x = 1
n

0 otherwise
. Show that f is

integrable on [0, 1] and
1∫
0

f(x)dx = 0.

3. (T) If f and g are continuous functions on [a, b] and if g(x) ≥ 0 for a ≤ x ≤ b,

then show that there exists c ∈ [a, b] such that
b∫

a

f(x)g(x)dx = f(c)
b∫

a

g(x)dx.

(This result is sometimes called the second mean value theorem for integrals.
The special case g = 1 yields the first mean value theorem for integrals.)

4. (T) Does there exist a continuous function f on [0, 1] such that
1∫
0

xnf(x)dx =

1√
n

for all n ∈ N.

5. (D) Let gn(y) =

{
nyn−1

1+y
if 0 ≤ y < 1

0 if y = 1
. Then prove that lim

n−→∞

1∫
0

gn(y)dy = 1
2

whereas
1∫
0

lim
n−→∞

gn(y)dy = 0.

6. (T) Show that
x∫
0

(
u∫
0

f(t)dt)du =
x∫
0

f(u)(x− u)du, assuming f to be contiuous.
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Assignment 6 - Solutions

1. Using the definition: (see Example 1 in the lecture notes). Let f(c) > 0 and P be any
partition. Suppose c ∈ [xi, xi+1]. Then L(P, f) = 0 and U(P, f) ≤ 2maxi∆xi. (Note
that here ”2” appears, because c can be a boundary point of the interval [xi, xi+1].)
Since P is arbitrary, infP U(P, f) = 0 and supP L(P, f) = 0. Hence f is integrable and∫ b

a
f(x)dx = 0.

using the ε−P argument (essentially the same): Let ε > 0. Note that if P is a partition
such that maxi∆xi < δ then L(P, f) = 0 and U(P, f) ≤ 2f(c)δ. Choose δ < ε

2f(c)
.

Then U(P, f)−L(P, f) < ε and hence f is integrable by the Riemann criterion. Since

the lower integral is 0 and the function is integrable,
∫ b

a
f(x)dx = 0.

2. The solution is given in the lecture notes.

3. Let m = inf{f(x) : a ≤ x ≤ b} and M = sup{f(x) : a ≤ x ≤ b}. If
∫ b

a
g(x)dx = 0, the

result follows.

Let
∫ b

a
g(x)dx 6= 0. Now m

∫ b

a
g(x)dx ≤

∫ b

a
f(x)g(x)dx ≤ M

∫ b

a
g(x)dx i.e,

m ≤
R b

a f(x)g(x)dx
R b

a g(x)dx
≤ M . Since, f is continuous, by the intermediate value property, the

result follows.

4. Suppose there is such a function f . Then, by the previous problem, for every n there
exist cn ∈ [0, 1] such that f(cn)

∫ 1

0
xndx = 1√

n
. This implies that f(cn) = n+1√

n
→ ∞.

That is, f is not bounded on [0,1] which is a contradiction.

This problem can also done without using the previous problem. Suppose there is such
a function f and sup f = M. Then

1√
n

= |
∫ 1

0

f(x)xndx | ≤ M |
∫ 1

0

xndx | =
M

n + 1
.

This implies that 1 ≤
√

nM
n+1

→ 0 which is a contradiction.

5. From the ratio test for the sequence we can show that lim
n−→∞

nyn−1

1+y
= 0, for each 0 <

y < 1. Therefore
∫ 1

0
lim

n−→∞
gn(y)dy = 0.

For the other part, use integration by parts to see that
1∫
0

nyn−1

1+y
dy = 1

2
+

1∫
0

yn

(1+y)2
dy.

Note that
1∫
0

yn

(1+y)2
dy ≤

1∫
0

yn = 1
n+1

→ 0 as n →∞. Therefore, limn→∞

1∫
0

gn(y)dy = 1
2
.

6. Let F (x) = LHS and G(x) = RHS. Then G(x) = x
∫ x

0
f(u)du −

∫ x

0
uf(u)du. There-

fore G′(x) =
∫ x

0
f(u)du. Since F ′(x) =

∫ x

0
f(u)du, we have F ′(x) = G′(x) for all x.

Therefore, F = G + c, for some constant c. Since F (0) = G(0) = 0, c = 0.
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