
Assignment 9: Vectors, Curves, Surfaces, Vector Functions

1. (T) Consider the planes x−y+z = 1, x+ay−2z+10 = 0 and 2x−3y+z+b = 0,
where a and b are parameters. Determine the values of a and b such that the
three planes

(a) intersect at a single point,

(b) intersect in a line,

(c) intersect (taken two at a time) in three distinct parallel lines.

2. (D) Determine the equation of the cylinder generated by a line through the

curve (x− 2)2 + y2 = 4, z = 0 moving parallel to the vector ~i +~j + ~k.

3. (T) Determine the equation of a cone with vertex (0,−a, 0) generated by a line
passing through the curve x2 = 2y, z = h.

4. (T) The velocity of a particle moving in space is d
dt

c(t) = (cos t)~i− (sin t)~j +~k.

Find the particle’s position as a function of t if c(0) = 2~i+~k. Also find the angle
between its position vector and the velocity vector.

5. (T) Show that c(t) = sin t2~i+cos t2~j +5~k has constant length and is orthogonal
to its derivative. Is the velocity vector of constant magnitude?

6. (T) Find the point on the curve c(t) = (5 sin t)~i+(5 cos t)~j +12t~k at a distance
26π units along the curve from the origin in the direction of increasing arc
length.

7. (T) Reparametrize the curves

(a) c(t) = t2

2
~i + t3

3
~k, 0 ≤ t ≤ 2,

(b) c(t) = 2 cos t~i + 2 sin t~j, 0 ≤ t ≤ 2π

in terms of arc length.

8. (D) If a plane curve has the Cartesian equation y = f(x) where f is a twice
differentiable function, then show that the curvature at the point (x, f(x)) is

|f ′′(x)|
[1 + f ′(x)2]3/2

.

9. (D) For the curve c(t) = t~i + t2~j + 2
3
t3~k find the equations of the tangent,

principal normal and binormal. Also calculate the curvature of the curve.

10. (T) Show that the parabola y = ax2, a 6= 0 has its largest curvature at its
vertex and has no minimum curvature.
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Assignment 9 - Solutions

1. (a) If the three planes intersect at a single point then the determinant of the
coefficients will be nonzero and hence a 6= −4.

(b) If the three planes intersect in a line, then the plane P3 must pass through
the line of intersection of the planes P1 and P2.

Hence, clearly a = −4. There exists α, β ∈ R such that α(x− y + z− 1) +
β(x− 4y − 2z + 10) = 2x− 3y + z + b. Therefore, b = 5

3
.

(c) a = −4 and b 6= 5
3
.

2. Any point on the curve is of the form (x0, y0, 0). The equation of a line passing
through (x0, y0, 0) and parallel to (1, 1, 1) is
x−x0

1
= y−y0

1
= z−z0

1
. We get x0 = x− z and y0 = y − z.

Since (x0, y0, 0) lies on the curve, we get the equation of the cylinder to be
(x− z − 2)2 + (y − z)2 = 4.

3. Any point on the curve is of the form (x0, y0, h). The equation of a line passing
through (x0, y0, h) and (0,−a, 0) is

x−0
x0

= y+a
y0+a

= z−0
h−0

. We get x0 = hx
z

and y0 = h(y+a)
z

− a.

Since (x0, y0, h) lies on the curve, we get the equation of the cone to be h2x2 =
2z[h(y + a)− az].

4. c(t) = (sin t + 2)i + (cos t− 1)j + (t + 1)k. cos θ = c(t).c′(t)
‖c(t)‖‖c′(t)‖

5. ‖c(t)‖ =
√

sin2 t2 + cos2 t2 + 25 =
√

26. Easy to see c(t).c′(t) = 0. ‖c′(t)‖ = 2t,
thereby showing that the velocity vector is not of constant magnitude.

6. s(t) =
t∫

0

√
25 cos2 u + 25 sin2 u + 144 du = 13t.

Since the arc length is given to be 26π, we get t = 2π. The coordinates of the
required point are (0, 5, 24π).

7. (a) s(t) =
t∫

0

√
u2 + u4du = (1+t2)

3
2−1. Hence t =

√
(3s + 1)

2
3 − 1. Substitute

t in the equation.

(b) s(t) = 2t ⇒ t = s
2
.

8. The equation of the plane curve is R(t) = xi+f(x)j. Use the formula κ = ‖v×a‖
‖v‖3 .

(The detailed solution is given in the notes)

9. Note that c′(t) = i + 2tj + 2t2. Use the formulae T (t) = c′(t)
‖c′(t)‖ , N(t) = T ′(t)

‖T ′(t)‖
and B(t) = T (t)×N(t).

For the equations of tangent, principle normal and binormal at a point on the
curve, we have to fix a point on the curve.

The solution is given in the notes.

10. Let f(x) = ax2. Then f ′(x) = 2ax and f ′′(x) = 2a. Use Problem 8 to get the
result.
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