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What are prime numbers? We all are familiar with prime numbers and have been using them
as a special set of numbers in various mathematical problems.

Let us recall them by firstly defining them.

Definition 0.1. Prime numbers are natural numbers which have exactly two divisors, that is ’1’
and the number itself. The set denotation for these numbers is P.

P = {2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47..}

Let us also recall that any composite number (N− P) can be represented as product of primes.
Example :

• 22 = 2 ∗ 11
• 48 = 2 ∗ 2 ∗ 2 ∗ 2 ∗ 3
• 45 = 3 ∗ 3 ∗ 5

How many such numbers? Now that we know what prime numbers are, it makes sense that we
think and discuss about the count of primes. Cardinality of natural numbers is infinite. Are the
prime numbers infinite too? There are infinite number of primes. We, kind of, have accepted
the fact that there are infinite primes, but in this lecture let us proceed to prove this fact with three
different approaches.

1 Euclid’s proof for infinite primes
Let us assume that there are finite number of prime numbers and that be n in count.

So, P′ = {P1, P2, P3, ...., Pn−1, Pn}
Take a natural number k such that k = P1.P2.P3...Pn + 1

Since Pn is the largest prime, k is a composite number, and there must exist a prime, Pi that
divides k.

That would mean that Pi must also divide 1, however there doesn’t exist such a prime. This
suggests us that there must exist another prime not in P′ that divides k.

Hence, our assumption that there are finite prime numbers is false.
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2 Proof using Lagrange’s Theorem
Lagrange’s Theorem

For any finite group G the order of any of its subgroup divides the order of G.

Let us assume that there are finite prime numbers, and the largest among them is p. Consider
a number 2p − 1 and its prime divisor q.

From Fermat’s Theorem, firstly, it can be deduced that the sub group generated by 2 has order
p, since there is no other smaller number that divides p. Also, since 2p will leave a remainder 1
when divided by q, p has to divide q − 1.

This will imply
p ≤ q − 1 =⇒ p < q.
Showing us that there exists a prime number q larger than p, which contradicts our assumption.

3 Erdos proof for infinite primes
Let P = {P1, P2.......Pn}

Now consider a sequence 1
2
+ 1

3
+ 1

5
+ .... 1

Pn
.

If this sequence (which is sum of reciprocals of primes) diverging, it is implied that the cardi-
nality of the set of primes is infinity.

Let us proceed by assuming that this sequence is converging.
So, by definition of a converging sequence sum, we can say

∃k s.t
∑

n≥k+1

1

Pn

≤ 1

2
(1)

Multiplying N both sides we get,

∀N ∈ N
∑

n≥k+1

N

Pn

≤ N

2
(2)

Let us now categorize the natural numbers into n as big and small.

Definition 3.1. A natural number n ≤ N is big, if ∃Pm,m ≥ k + 1 s.t Pm|n. Let these numbers
be Nbig in number.

Definition 3.2. A natural number n ≤ N is small, if all its factors are small. Let these numbers
be Nsmall in number.

This means a number which is not big, has to be small. i.e. these sets are complementary to
each other.

Nbig +Nsmall = N (3)
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Number of numbers in set A divisible by k is n
k

, where n is cardinality of set A.
Here, Nbig is the number of numbers divisible by Pm for m ≥ k + 1. So,

Nbig ≤
∑

m≥k+1

N

Pm

(4)

From (2) and (4),

Nbig ≤
N

2
(5)

For, numbers which are small, each of them can be represented as an.b2n, where an and bn are
taken from {P1, P2.....Pk}.

While bn represents the product of primes which taken as pairs (to make even power) an consti-
tutes the rest of it, meaning that a prime can either be present once or none in product representation
of an. Hence an can take 2k values. Whereas bn, at the most can take

√
N values.

So, for large N

Nsmall ≤ 2k.
√
N ≤ N

2
(6)

This brings us to
Nbig +Nsmall < N (7)

Contradiction.
Hence there are infinite primes.
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