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a b s t r a c t
We study the ﬂow behavior of a model soft glassy material  an aqueous suspension of Laponite  when
it is squeezed between two circular parallel plates of different roughness. Aqueous suspension of Laponite shows a time dependent aging behavior as reﬂected in increased elastic modulus as well as yield
stress, both of which however also decrease with an increase in the strength of deformation ﬁeld thereby
demonstrating typical thixotropic character. In a squeeze ﬂow situation, under both force as well as
velocity controlled modes; we ﬁnd the behavior to be independent of the initial gap between the plates.
In a constant force mode, the gap between the plates decreases until it reaches a ﬁnite limiting value,
which is found to increase with an increase in age of the material as well as with a decrease in the applied
force. In constant velocity experiments, at large gaps between the plates, normal force varies inversely
with plate separation. The normal force is higher for a sample aged for a longer time as well as for a larger
velocity of the top plate. We observe that the experimental behavior follows prediction of Herschel–
Bulkley model solved for the squeeze ﬂow (with different friction coefﬁcients at the two plates)
reasonably well under weak deformation ﬁelds. However, under strong deformation ﬁelds, experimental
behavior deviates signiﬁcantly from the prediction of Herschel–Bulkley model. This deviation arises due
to melting or partial yielding of Laponite suspension under large deformation ﬁelds causing decrease in
the viscosity, elastic modulus and the yield stress.
Ó 2011 Elsevier B.V. All rights reserved.

1. Introduction
Many biologically and commercially important soft materials
undergo evolution of their structure and rheological properties as
a function of time. Typically such materials demonstrate increase
in viscosity and elastic modulus under quiescent conditions
[1–3]. Under application of deformation ﬁeld having sufﬁcient
strength, viscosity and elastic modulus decrease as a function of
time [4–7]. In rheology literature this behavior is represented by
a term: thixotropy [8,9]. Physically, the time dependent behavior
is usually attributed to kinetic infeasibility of these materials to
attain thermodynamic equilibrium over the experimental timescales. Consequently, the exploration of the available phase space
in search of lower energy states drives the thixotropic materials
to undergo evolution of their structure as a function of time. In
the recent literature, this phenomenon is termed as physical aging
[6,10–14], while decrease in viscosity and elastic modulus as a
function of time under application of deformation ﬁeld is termed
as rejuvenation. Owing to the behavioral similarity, which this
class of materials share with the structural glasses, these are represented as soft glassy materials [15]. The thixotropic behavior (or
aging and rejuvenation) imparts strong history dependence and
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inﬂuence any commercial processing of these materials necessary
to form a useful product. Therefore, better understanding of the
rheological behavior of these materials, particularly through more
realistic ﬂow ﬁelds, is desirable.
Squeeze ﬂow is an important ﬂow ﬁeld often encountered in
materials processing [16] and biology [17]. Material is compressed
between two parallel plates in a squeeze ﬂow, either by applying a
compressive force [18] or by maintaining a constant velocity
[19,20] so that a radial ﬂow is produced. Squeeze ﬂows of inelastic
and visco-elastic ﬂuids have been extensively studied by theory,
simulations and experiments [16]. This class of rheometry is cost
effective and can be particularly useful for materials which are
too stiff or viscous to be handled with conventional rheometer
geometries. Due to its commercial importance and academic interest, the study of yield stress ﬂuids under squeeze ﬂow conditions
has generated considerable interest. Though this rheological technique is operationally simple and convenient, the complexities of
wall slip [21–23], unsheared regions between the plates [24–26],
phase separation due to relative radial motion of various phases
[27], can make interpretations more difﬁcult than the conventional
methods. Much of work on squeeze ﬂow of yield stress ﬂuids is
associated with theoretically and experimentally analyzing the
ﬂow ﬁeld vis-à-vis yielding surface which determines the size
and shape of unyielded regions within the material which move
as a plug [24,26,28], effect of the boundary characteristics like
presence or absence of a slip between the plate–sample surface
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stress. The aging time was measured after the shear melting
was stopped. We have carried out most of the oscillatory as well
as squeeze ﬂow experiments using a rough sandblasted top
plate (roughness: 5.74 lm), unless otherwise mentioned where a
smooth polished top plate (roughness: 0.8 lm) was used. The bottom plate was a smooth polished plate (roughness: 0.8 lm) in all
the experiments. The free surface of the sample between the plates
was coated with low viscosity silicone oil to prevent evaporation
and/or contamination with CO2 [58]. All the experiments were
carried out at 25 °C.
3. Results
Aqueous suspension of Laponite is known to undergo enhancement in elastic modulus and characteristic relaxation time as a
function of time [7,48,59]. The suspension has paste like (soft solid)
consistency and it also demonstrates yield stress [60]. We measure
the yield stress of the suspension at various times elapsed after
shear melting (aging time) by carrying out stress sweep oscillatory
experiments at frequency f = 1 Hz. Fig. 1 shows that with increase
in shear stress (r0), elastic modulus (G0 ) decreases sharply over a
very narrow range of stress amplitudes thereby enabling measurement of yield stress. We do not rule out the presence of thixotropy
introducing an error in the determination of the yield stress but we
expect it to be small as the rate of change of shear stress was high
allowing completion of the whole experiment in a time span of the
order of seconds. As the time required to carry out each stress
sweep experiment was much smaller than the corresponding
elapsed time (aging time), structural evolution (aging) that takes
place during the course of experiment can be ignored. Interestingly, all the data obtained at different aging times show a superposition when elastic modulus is normalized by the elastic
modulus associated with the linear response regime (G0) and stress
amplitude is normalized by the yield stress (sy). In the inset of
Fig. 1, G0 and sy are plotted as a functions of aging time (tw). It
can be seen that material demonstrates enhancement of modulus
(G0), and yield stress (sy) with the same dependence on aging time,
sy ; G0 / t0:4
w (sy  G0).
It has been shown that many soft glassy materials with yield
stress can be satisfactorily modeled with Herschel–Bulkley constitutive relation given by [18,20,32,35]:

r ¼ sy þ kc_ n1 c_ ; if ðr : r =2 P s2y Þ and
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2. Material, sample preparation and viscometry

400
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LaponiteÒ is a synthetic hectorite clay and is composed of disk
like particles with a diameter of 25 nm and thickness of 1 nm
[44,57]. In this work, we have used a suspension of 3.5 wt.% Laponite RD (Southern Clay Products, Inc.) in water. The white powder
of Laponite was dried for 4 h at 120 °C before mixing with water.
The sample was prepared by mixing a calculated amount of Laponite RD with ultrapure water at pH 10 under continuous stirring.
The suspension was stirred vigorously for 30 min and left undisturbed for 1 month in a sealed polypropylene bottle. In this work,
we have carried out oscillatory shear experiments and both force
controlled and velocity controlled squeeze ﬂow experiments using
Anton Paar Physica MCR 501 rheometer (parallel plate geometry,
50 mm diameter). Before starting each experiment, Laponite suspension was shear melted by ﬁrst passing it through an injection
syringe having 0.5 mm diameter needle and 4 cm length several
times. Subsequently, after loading it in the parallel plate geometry
of the rheometer, suspension was further shear melted by applying
an oscillatory rotational shear stress which is higher than the yield
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[29–31] and as a means of an estimation of various rheological
properties of the material particularly the yield stress [28,32,33].
Most of the real ﬂuids that possess the yield stress are thixotropic
and show complicated rheological behavior for any simple mathematical model to work well. Nonetheless, in numerous studies it
has been shown that many soft materials with yield stress can be
satisfactorily modeled with Bingham or Herschel–Bulkley constitutive relation in which the material is modeled to possess an inﬁnite
viscosity until a threshold stress is reached beyond which it
behaves like a ‘power law’ viscous ﬂuid [18,20,32,34–37]. However, still in many cases these models prove to be rather simple
in nature due to some important inadequacies. The most important
one is that they are time independent in nature whereas yield
stress ﬂuids are more often than not thixotropic as well. The reason
is that the same underlying phenomenon of presence/destruction
of a microscopic structure gives rise to both [9]. Another difﬁculty
is determining the exact value of the yield stress of the material,
which has been a subject of much debate in the rheology community [38,39]. The reason for this is a strong dependence of the yield
stress on the experimental procedure followed in order to determine it. Many models for thixotropic ﬂuids have been proposed
which take into account the evolution of a structural parameter
with time which corresponds to the degree of ﬂocculation, jamming or the fraction of particles trapped in energy wells [8,40–42].
In this work, we study squeeze ﬂow with plates having different
roughness. In industry plates having dissimilar roughness are used
so that the material preferentially sticks to only one surface. Plates
having dissimilar characteristics have also been used to study
shear ﬂow behavior of soft glassy materials [43]. We use an aqueous suspension of Laponite in the squeeze ﬂow study. Laponite is
an important additive used in the chemical and the food industry
to control rheological behavior of the end product [44]. Aqueous
suspension of Laponite not only shows yield stress [45], but also
demonstrates various generic thixotropic characteristic features
of soft glassy materials like: deformation ﬁeld dependent and time
dependent viscosity and elasticity (and therefore, relaxation time)
[6,46], incomplete stress relaxation upon application of step strain
[47], weak frequency dependence of modulus [48], etc. It is thus
considered to be a model soft glassy material [7,14,45,49–56].
Apart from academic signiﬁcance, understanding squeeze ﬂow
behavior of soft glassy (thixotropic) materials is important from
an industrial point of view as well. Many commercial soft glassy
materials such as highly ﬁlled polymer melt and wheat dough do
undergo squeeze ﬂow while forming useful products.
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Fig. 1. Yielding behavior of Laponite suspension in a stress sweep oscillatory test at
frequency f = 1 Hz for various aging times [square: 5 min, circle: 15 min, triangle:
20 min, diamond: 30 min, star: 60 min and plus: 90 min]. Inset shows yield stress
(sy) and linear regime elastic modulus (G0) plotted as a function of aging time (tw).
Both sy and G0 follow the same dependence on tw given by sy ; G0 / t0:4
w .
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c_ ¼ 0; if ðr : r =2\s2y Þ:

ð1Þ
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Here r is the stress tensor, c_ is the rate of strain tensor, while c_


is a second invariant of the rate
of strain tensor, k is a model
parameter (consistency) and n is a ﬂow index. In order to test
rheological behavior of aqueous Laponite suspension from
Herschel–Bulkley constitutive relation point of view, we carry
out a simple shear rate ramp test and measure the shear stress
as shown in Fig. 2. We indeed ﬁnd that the behavior can be satisfactorily represented by a Herschel–Bulkley model with the values
of n and k equal to 0.28 and 8 Pa sn respectively for a sample aged
for 15 min. However, since the material is thixotropic, its behavior
is highly dependent on the ﬂow ﬁeld and the history (for example,
for 15 min old Laponite suspension yield stress obtained from
oscillatory experiment shown in Fig. 1 can be seen to be greater
than that observed in shear rate ramp test shown in Fig. 2). Consequently, Herschel–Bulkley model parameters are also expected to
be a function of the rate of change of shear rate and therefore
one might obtain a different set of values of these parameters for
a different rate of variation of the shear rate. In addition, since values of n and k are determined by using yield stress, these values are
expected to be less accurate than the yield stress itself.
It should be noted that for all the squeeze ﬂow experiments carried out in this study, the sample area remains constant throughout the experiment. The excess sample gets squeezed out from
between the plates due to the decreasing gap, which leads to an
accumulation of the sample outside the periphery of the plates.
This may lead to a small but unknown pressure build up [16,61].
Nonetheless this arrangement is preferred because it gives an
advantage of a known sample area at all the times.
In the ﬁrst part of this work, we discuss the results of constant
force mode experiments. In this mode, a constant compressive
force is applied to the top plate and the evolution of gap (d)
between the plates is recorded as a function of time (t). Fig. 3
shows d vs. t for two different arrangements: a rough top plate
and a smooth bottom plate (black symbols) and both smooth
plates (gray symbols). We ﬁnd that in both the types of top plates,
gap decreases rapidly in the beginning but eventually reaches a
plateau. Only ﬂuids with a yield stress are known to show a ﬁnite
long-time separation, which has been used to determine yield
stress of the material [28,32]. In addition the plateau associated
with smooth top plate is observed to be lower than that of the
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Fig. 2. Shear stress r plotted as a function of shear rate c_ . In the inset we plot the
difference between the shear stress and the yield stress (r  ry) as a function of c_ to
determine the value of Herschel–Bulkley model parameters: ﬂow index n and
consistency k. The solid gray line which is the best ﬁt for the data yields the value of
k = 8 Pa sn and n = 0.28. The top plate is rough while the bottom plate is smooth and
tw = 15 min. The time duration of the whole experiment is 84 s.
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Fig. 3. Variation of gap (d) between the plates with time (t) for rough (black
symbols) and smooth top plate (gray symbols) for two different compressive forces:
F = 2.5 N (circles) and F = 10 N (triangles). The bottom plate was smooth for all the
experiments and the aging time for all the cases shown is tw = 15 min. The limiting
gap dL subsequent to which deformation ceases is always higher for the rough plate.

rough top plate suggesting strong inﬂuence of boundary condition
on the result. We ﬁrst analyze this result from a point of view of
Herschel–Bulkley model. An important dimensionless group for
the ﬂow of yield stress ﬂuids is a plasticity number (S ¼
1=n
2
Vk R=ðs1=n
y d Þ), where R is radius of the plate and V is velocity of
the top plate. In the limit of small plasticity number, S  1, which
denotes a greater contribution of yield stress compared to viscous
stress, and under the no-slip boundary condition, limiting gap (plateau) associated with Herschel–Bulkley ﬂuid is given by [28]:

dL ¼

2p R3 sy
:
3F

ð2Þ

This limiting value of gap (dL) has been used in the literature to
predict the yield stress. The value of yield stress, calculated from
Eq. (2) by substituting the value of dL for the rough plate and
F = 2.5 N, is a factor of 0.74 smaller than the yield stress predicted
from the oscillatory shear stress ramp experiment shown in Fig. 1
for tw = 15 min. It can be seen from Fig. 3 that dL is much lower for a
smooth plate than for a rough plate and consequently yield stress
determined by the above method for a smooth plate for F = 2.5 N is
even smaller. This discrepancy between the values of yield stress
determined from the two squeeze experiments could be because
of the presence of slip between the sample and the plate surfaces
whose intensity increases when the top plate is changed from
rough to smooth.
For a Herschel–Bulkley ﬂuid, with a partial slip between the
plate and the sample, Sherwood and Durban [62] deﬁned a frictional stress at the interface to be a constant fraction of an effective
Mises stress, which they referred to as the friction coefﬁcient
mð6 1Þ. They developed an expression for normal force when the
friction coefﬁcient m is same for both the plates [62]. For d  R,
m2  1 and m  d/R, the limiting gap for the Herschel–Bulkley
ﬂuid for partial slip is given by [33]:

0
0

100

dL ¼

2pR3 msy
:
3F

ð3Þ

Therefore, when both the top and bottom plates are smooth,
assuming material to behave as a Herschel–Bulkley ﬂuid, friction
coefﬁcient can be estimated to be m = 0.53 for a compressive force
of F = 2.5 N.
In order to develop an expression when the top and bottom
plates have dissimilar roughnesses (or friction coefﬁcients), we
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pR3 ðm1 þ m2 Þsy
3F

:

ð4Þ

Substituting a value of m2 = 0.53 in Eq. (4), which we have
determined from the case in which both top and bottom plates
are smooth, and from the value of dL for rough top plate as shown
in Fig. 3, we get m1 = 0.94 (rough plate) for F = 2.5 N. Interestingly,
for F = 10 N, Eqs. (3) and (4) yield m2 = 0.14 for a smooth top plate
and m1 = 0.4 for a rough top plate. Since the friction coefﬁcients
should be independent of the applied force, the result of the analysis for the two normal forces that considers Herschel–Bulkley
constitutive equation demonstrates discrepancy. A plausible explanation for observation of a much smaller value of the limiting gap
and hence smaller friction coefﬁcients could be the inherent thixotropic character of aqueous suspension of Laponite, which leads to
partial shear melting (rejuvenation) at stronger deformation ﬁelds
(larger forces) reducing viscosity, elastic modulus and yield stress.
This time dependent behavior is beyond the scope of Herschel–
Bulkley constitutive equation, and therefore it fails to capture the
complete behavior for a Laponite suspension which is greatly affected by the strength of deformation ﬁeld. In addition it is possible
that partial shear melting is also playing a role for F = 2.5 N experiment. It should be noted that a squeeze ﬂow under no-slip boundary condition involves primarily shear ﬂow in the limit of d  R
(lubrication approximation) [36,64]. On the other hand, slip on
the surface of the plates introduces an elongational ﬂow in addition to the shear ﬂow [29]. As the elongational ﬂow involves a
much stronger deformation ﬁeld than a shear ﬂow, it has been
shown to cause a greater extent of deformation induced melting
in the sample [65] demonstrating more pronounced thixotropic
effect.
For all the subsequent constant force experiments, we have employed a rough top plate to reduce the wall slip. However, bottom
plate remains smooth in all our experiments. We ﬁrst investigate
variation of gap between the plates as a function of time under a
constant normal force F = 2.5 N for different initial gaps between
the plates. As shown in an inset of Fig. 4, we observe that even
though the constant value of normal force was set at 2.5 N, F ﬂuctuates between 2 and 3 N with mean around 2.5 N. This is because
the rheometer maintains the force at an assigned value via a feedback mechanism by controlling the velocity which causes deviations from the set value. Fig. 4 shows that, although the rate of
decrease of gap for each initial gap is different, the ﬁnal value of
limiting gap dL is the same irrespective of the initial gap. The difference in approach of the gap to the limiting value may be due to the
ﬂuctuations in the applied force. Interestingly, this observation is
in agreement with the prediction of Herschel–Bulkey model represented by Eq. (4), which does not show any dependence of the
limiting gap on the initial gap between the plates for constant
sample area experiments.
Next we determine the limiting gap dL at various aging times as
shown in Fig. 5. We have employed normal force of F = 2.5 N and
initial gap of 1000 lm for each aging time dependent experiment.
It can be seen that the limiting gap increases with an increase in
the sample age. This behavior can be expected to originate from
increased yield stress of the sample as a function of aging time
shown in Fig. 1. In an inset of Fig. 5, we plot dL vs. tw and ﬁnd that
dL varies as dL  t 0:42
w . Interestingly, this dependence is again very
close to the prediction by Eq. (4), which suggests dL  sy , since sy
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Fig. 4. Gap between the plates (d) as a function of time (t) for different initial gaps
[circle, red: 500 lm; square, black: 700 lm; diamond, green: 850 lm; triangle,
blue: 1000 lm] between the rough top and smooth bottom plates under the
application of a constant force F = 2.5 N. The aging time for the each case is
tw = 15 min. The limiting gap dL reached is the same for all the initial gaps. The inset
shows F ﬂuctuates around the set value of 2.5 N as a function of time. The colors
have the same meaning in both the inset and the main ﬁgure. (For interpretation of
the references to color in this ﬁgure legend, the reader is referred to the web version
of this article.)
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carried out an exercise on the same lines as that of Sherwood and
Durban [62,63] by considering different boundary conditions on
both the surfaces given by a friction coefﬁcient m1 at the top plate
and m2 at the bottom plate. The details of the analysis are given
in the Appendix. In the limit of d  R, m21 ; m22  1 and
m1, m2  d/R, the limiting gap is given by (by putting V = 0 in Eq.
(A.32)):
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Fig. 5. Gap between the plates (d) as a function of time (t) for different aging times
(tw) under the application of a constant force F = 2.5 N. The top and bottom plates
are rough and smooth respectively with an initial gap = 1000 lm for all the cases.
The inset shows the dependence of limiting gap on aging time (dL  t0:42
w ) as
determined from d vs. t plots shown in the main ﬁgure.

is observed to vary according to: sy  t0:4
w as shown in Fig. 1. Therefore, at a relatively smaller force of F = 2.5 N, both the initial gap
variation experiments as well as the aging time dependent experiments may not be causing pronounced deformation induced
liquefaction (or signiﬁcant decrease in viscosity as a function of
time over duration of experiment), which leads to reasonable
agreement with the Herschel–Bulkley constitutive equation.
We further study effect of magnitude of normal force on the
variation of gap as a function of time. Fig. 6 shows that limiting
gap follows a power law dependence on force given by dL  F 1:5
as shown in the inset. This dependence is stronger than given by
Eq. (4), according to which dL should vary inversely with F. A plausible reason for dL to be smaller than that predicted by the
Herschel–Bulkley model at higher normal forces is pronounced
thixotropic effect, which causes an increase in extent of shear
melting with an increase in the strength of the deformation ﬁeld.
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Fig. 6. Variation of gap (d) as a function of time (t) for different values of
compressive force (F). The aging time tw = 15 min, the initial gap is 500 lm. The top
plate is rough while the bottom plate is smooth for each force. An inset shows the
dependence of limiting gap determined from d vs. t plots shown in the main ﬁgure,
and is given by dL  F 1:5 .

Such enhanced ﬂuidity at stronger deformation ﬁeld reduces yield
stress and therefore leads to smaller value of dL.
In the second part of this work, we discuss the results of velocity
(of the top plate) controlled experiments. In this set of experiments
we move the top plate with a constant velocity V towards the bottom plate and record the variation of normal force as a function of
the gap between the plates. We ﬁrst study the effect of the nature
of the top plate surface by comparing the normal force–gap
dependence for rough top plate and smooth top plate as shown
in Fig. 7 for V = 10 lm/s and tw = 15 min. For both the type of plates
the normal force increases with a decrease in gap; however, the
force is signiﬁcantly larger at all gaps for a rough plate. In addition,
Fig. 7 shows that the slope of the F–d curve is smaller for a smooth
plate than for a rough plate. We believe that this behavior is caused
by thixotropic effect leading to enhanced deformation induced
melting of the sample when a smooth top plate is employed. As
discussed earlier, a slip on the surface of the plates introduces an
elongational ﬂow in addition to the shear ﬂow which leads to a
greater extent of melting or (rejuvenation) in the sample.
Consequently, a weaker dependence of the force on gap is observed
for smooth plates due to slip.
20

Fig. 8 shows normal force (F) as a function of distance between
the plates (d), when the top plate is moved with a constant velocity
of 10 lm/s, for various initial gaps between the plates. The age of
the sample is 15 min for all the initial gap dependent experiments.
It can be seen that over the range of initial gaps explored here (50–
700 lm), except for a few initial data points, the variation in normal force as a function of gap between the plates shows identical
dependence. Such unique dependence of normal force on plate
separation implies that the state of the system is identical for a given inter-plate separation irrespective of the initial gap, given that
other parameters like velocity and age remain the same. For Herschel–Bulkley model, normal force is independent of the initial
gap (Eq. (A.32)) for a constant sample area experiment. Further,
1
it can be seen that the normal force demonstrates F  d dependence in the limit of small normal forces (or greater gaps). However, the dependence progressively weakens with a decrease in d
as the normal stresses increase. In the limit of low plasticity number, the major resistance to the ﬂow results from yield stress rather
than the viscous effects. Therefore, a weak dependence of normal
force on gap in the limit of greater normal force appears to be
due to partial yielding of a greater portion of the sample that
causes decrease in yield stress of the suspension [26]. In an earlier
study on ﬁlled polydimethylsiloxane, a smaller normal force than
that predicted theoretically was also observed by Chan and Baird
[20] at smaller gaps for constant velocity experiments. They attributed this discrepancy to a change into a behavior deﬁned by a different set of model parameters at very high shear rates consistent
with very small gaps. It was thus concluded that no single set of
model parameters could ﬁt the whole range of normal force–gap
data. However, we suggest that the present behavior arises from
deformation induced melting of the material at smaller gaps when
greater extent of normal force acts on the same. This observation
also substantiates the behavior reported earlier that aqueous Laponite suspension closely follows Herschel–Bulkley model for small
normal forces, however deviates from the same due to thixotropic
effects under stronger deformation ﬁelds.
In Fig. 9, we plot the normal force as a function of d for experiments carried out at different aging times (tw). It can be seen that
for samples aged for a greater aging time, the normal force is
higher at all plate separations. This behavior is expected as increase in age causes enhancement in the yield stress of the
material, which offers greater resistance to the deformation. In
addition, as observed in Figs. 8 and 9 also shows that the
dependence of normal force on d gets weaker with decrease in d.
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Fig. 7. Variation of the normal force (F) with gap (d) between the plates for rough
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Fig. 8. Normal force (F) as a function of distance between the plates (d) for different
initial gaps for the squeeze velocity of 10 lm/s and waiting time of 15 min. The top
and bottom plates are rough and smooth respectively.
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Fig. 9. Normal force (F) plotted as a function of distance between the plates (d) for
different aging times (tw) decreasing from top to bottom. The squeeze velocity is
10 lm/s, initial gap is about 200 lm and the top plate is rough while the bottom
plate is smooth for all the tests shown in the ﬁgure.

shown in Fig. 10 strongly suggest a comprehensive superposition
of data obtained for different initial gaps and ages. It can be seen
in Fig. 11 that data shown in Figs. 8 and 10 indeed superpose very
well, thus further validating the arguments leading to the analysis
of the age dependent data. Recently self-similar force–deformation
curves were also reported by Rodts and coworkers [66] for a
bentonite suspension  also an aging thixotropic soft glassy
material  when squeezed at a constant velocity at different aging
times. However, contrary to the behavior observed in the present
study, their force–deformation curves need shifting on the force
axis in order to get the superposition. They attributed this selfsimilarity to a similar path of changes in the structure followed
under deformation irrespective of the aging time. On the other
hand, for an aqueous Laponite suspension, we clearly observe
different extent of rejuvenation for samples having different ages.
We next examine the results obtained by varying the intensity
of the deformation ﬁeld by varying the velocity of the top plate
over two orders of magnitude as shown in Fig. 12. The initial gap
and the aging time were kept the same in each experiment at
200 lm and 15 min, respectively. We observe that an increase in
30

10

F [N]

Interestingly, the slope of F–d curve decreases with increased age
(tw) of the sample. The weaker dependence of normal force on d
at smaller gaps can be attributed to greater extent of deformation
induced melting (decrease in yield stress), as discussed before. On
the other hand, the smaller slope of F–d curve at higher age may
originate from greater potential of an aged system to demonstrate
thixotropic behavior, which is expected to impart greater extent of
deformation induced melting in aged samples. Consequently, the
nature of the dependence of the data at small age and low gap between the plates closely matches with the same at larger gap and
greater age. Such a scenario suggests the possibility of a superposition of the age dependent squeeze ﬂow data by carrying out
horizontal shifting of the data as shown in Fig. 10. Inset of the same
ﬁgure shows that the shift factor a decreases with aging time
according to: a  t0:26
: The decrease in horizontal shift factor with
w
aging time suggests equivalence of the dependence of younger
sample at small d and older sample at greater d.
Overall, by the virtue of weaker dependence of the normal force
on the plate separation at higher age and lower plate separations,
self-similarity is observed in the squeeze ﬂow behavior of aqueous
suspension of Laponite. Observation of initial gap independent normal force shown in Fig. 8 and superposition of age dependent data

1
10

100

900

a'd [μm]
Fig. 11. A comprehensive superposition of initial gap dependent data shown in
Fig. 8 (blue symbols) and age dependent data shown in Fig. 10 (black symbols). All
the age dependent data curves are shifted onto 15 min data curve. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the
web version of this article.)
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Fig. 10. Superposition of the age dependent data shown in Fig. 9 by carrying out
horizontal shifting onto 5 min data curve. Inset shows variation of horizontal shift
factor a plotted as a function of aging time (a  t0:26
).
w

100

d [μm]
Fig. 12. Normal force (F) as a function of gap (d) obtained for different squeeze
velocities for initial gap of 200 lm and waiting time tw = 15 min. The top plate is
rough while the bottom plate is smooth in all the experiments shown here. The
magnitude of F is consistently greater at all gaps for larger velocities.
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velocity leads to a higher value of normal force at all the values of
plate separation. From a Herschel–Bulkley point of view, the yield
stress term in Eq. (A.32) does not have any dependence on velocity.
However, the second term does have a velocity dependence which
can take into account the observed increase in force with velocity.
Further, enhanced deformation induced melting at greater velocities, due to decrease in yield stress, might reduce dominance of
the ﬁrst term thereby enhancing viscous contribution.
Overall squeeze ﬂow behavior of a soft glassy material with
yield stress that also includes slip on the plate surface is a complex
problem due to presence of shear as well as elongational ﬂow on
one hand and strong thixotropic behavior (aging and rejuvenation)
demonstrated by the material on the other hand. Although, in the
limit of weak deformation ﬁelds, Herschel–Bulkley ﬂuid appears to
explain the rheological behavior, it fails in the limit of strong deformation ﬁelds due to thixotropy. Therefore, acknowledging commercial importance of the squeeze ﬂow ﬁeld and also the soft
glassy materials, more theoretical and experimental studies on this
system are required.

due to an increased contribution to the normal force from viscous
effects. Overall the present work points out the major complexities
and their analyses when a thixotropic material with a yield stress
is subjected to squeeze ﬂow ﬁeld. The Herschel–Bulkley model is
found to be satisfactory in explaining the squeeze ﬂow behavior
for weak deformation ﬁelds. On the other hand, for strong deformation ﬁelds (high normal stresses, small gaps, and when elongational ﬂow is induced because of partial slip), thixotropic effects
play dominating role. In this limit the behavior can be qualitatively
explained by accounting for the evolution of the structure with
time amidst a competition between the constructive aging and a
destructive rejuvenation. We hope that this study of aqueous Laponite suspension under squeeze ﬂow will also lead to new insights
into understanding of ﬂow, deformation, and aging and rejuvenation behavior of soft glassy materials in general.

4. Conclusions

Appendix A

An aqueous suspension of Laponite, which is an important and
typical thixotropic soft glassy material with a yield stress, is studied under application of squeeze ﬂow ﬁeld conﬁned between a
rough top plate and a smooth bottom plate. We also extend Sherwood and Durban’s [62,63] squeeze ﬂow analysis of Herschel–
Bulkley model for two plates having different friction coefﬁcients.
In a force controlled mode, gap between the plates decreases as a
function of time and eventually attains a plateau value. However,
this limiting gap is observed to be smaller when rough top plate
is replaced by a smooth top plate. This suggests presence of slip
at the plate–sample interface which is more pronounced for a
smoother plate. A comparison of the experimental data with the
Herschel–Bulkley model enables determination of the friction coefﬁcients at the top and the bottom plates. However, for different
normal forces, the model predicts a different set of values of the
friction coefﬁcients. We argue that this behavior arises due to
thixotropic character of the material wherein a deformation ﬁeld
induces melting (partial yielding or rejuvenation) of Laponite
suspension when subjected to strong deformation ﬁelds. Since
Herschel–Bulkley model does not account for thixotropy, it is
inadequate to explain the squeeze ﬂow behavior of soft glassy
materials. Nevertheless, for experiments carried out at a relatively
smaller force to minimize the effect of rejuvenation, the behavior
was found to be independent of the initial gap between the plates
while the limiting gap was found to have the same dependence on
aging time as that of the yield stress. Both of these observations are
in close agreement with the predictions of the Herschel–Bulkley
model.
The normal force in the velocity controlled experiments varies
inversely with the plate separation as is predicted by a Herschel–
Bulkley model. However, at small gaps, the dependence of normal
force is observed to deviate from the prediction, which can be
attributed to thixotropy causing greater melting of the material
with increase in the normal force. Interestingly, thixotropic effects
are observed to be pronounced when samples are aged longer and
when the gap distances are smaller (or normal force is greater).
Similarity of the nature of curves at small ages and at low gaps
(and at larger gaps and greater ages) leads to superposition of
the aging time dependent normal force vs. plate separation data.
An excellent collapse of data on a single master curve clearly demonstrates the self-similarity of the squeeze ﬂow of Laponite suspensions of different ages at different gaps. Furthermore, we
observe a higher normal force at all the gaps for larger velocities

Sherwood and Durban [62,63] derived an approximate expression for normal force required to bring the two plates together
sandwiching a Herschel–Bulkley ﬂuid. They assumed that the
shear stress at the sample-plate interface is a fraction m of an effective Mises stress given by
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r2e ¼ ðrzz  rrr Þ2 þ 3r2rz ;

ðA:1Þ

for the case of rrr = rhh – rzz (for d  R), where rij is a component of
stress tensor and r, h and z are radial, angular and vertical coordinates respectively. They developed the expression for the normal
force for the case of the same friction coefﬁcient at both the plates.
In this section we extend their analysis in order to derive an expression for the normal force for a different friction coefﬁcient at the top
and the bottom plate.
We assume that the two plates are at z = ±d/2 and the top plate
approaches the bottom plate with a velocity V while the bottom
plate remains ﬁxed. The equations of motion are given by:

@ rrr @ rrz rrr  rhh
þ
þ
¼ 0;
@r
@z
r

ðA:2Þ

@ rrz @ rzz rrz
þ
þ
¼ 0:
@r
@z
r

ðA:3Þ

Sherwood and Durban introduced a parameter w such that Eq.
(A.1) is identically satisﬁed:

rrz ¼ 

re sin w
31=2

ðA:4Þ

;

rrr  rzz ¼ re cos w:

ðA:5Þ

Substituting rrr = rhh and integrating Eq. (A.2), they obtained

rrr ¼ 
rzz ¼ 

rðre sin wÞ0
31=2
rðre sin wÞ0
31=2

þ sðzÞ;

ðA:6Þ

þ sðzÞ  re cos w;

ðA:7Þ

where prime represents a derivative with respect to z and s(z) is an
unknown function of integration. From Eq. (A.3):

rðre sin wÞ00
31=2

þ s0 ðzÞ  ðre cos wÞ0 

re sin w
31=2 r

¼ 0:

ðA:8Þ
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Considering the terms O(d/r) and O(d/r)0 separately and omitting the last term for large r, they obtained:

ðre sin wÞ00 ¼ 0;

ðA:9Þ

s0 ðzÞ  ðre cos wÞ0 ¼ 0:

ðA:10Þ

where C is a constant of integration. Considering outer boundary to
be stress free for m1, m2 > 0,
R d=2
0 ¼ d=2 rrr dz at r = R, which on substitution of Eq. (A.6)
becomes

0¼

Z

ðre sin wÞ0 ¼ A;

ðA:11Þ

re sin w ¼ Az þ B:

ðA:12Þ

They further derived an expression for re in terms of w given by:

re

where

rc ¼ 3ð1þnÞ=2 k:

 n
V
sin w
þ 31=2 sy sin w ¼ Az þ B;
d ðcos wÞn

re m1
31=2

at z ¼

d
d
which gives sin w ¼ m1 at z ¼
2
2

ðA:14Þ

re m2
31=2

at z ¼ 

d
d
which gives sin w ¼ m2 at z ¼  :
2
2
ðA:16Þ

Substituting the above boundary conditions in Eq. (A.14), we
obtain the following two equations:

rc

 n
V
m1
d
þ 31=2 sy m1 ¼ A þ B;
d ð1  m21 Þn=2
2

rc

 n
V
m2
d
 31=2 sy m2 ¼ A þ B;
d ð1  m22 Þn=2
2

Substituting the expression for re (Eq. (A.13)) and from Eq.
(A.11), we rewrite Eq. (A.23) as:

0¼

RAd
3

 n Z d=2
Z d=2
V
ðcos wÞ1n dz þ 31=2 sy
cos w dz þ Cd:
d
d=2
d=2

#
 n "
V
m1
m2
0 ¼ 1=2 rc
þ
þ Mðm1 þ m2 Þ
d
3
ð1  m21 Þn=2 ð1  m22 Þn=2
 n
V
d þ 31=2 sy I1 d;
þ Cd þ Ið1nÞ rc
d
ðA:25Þ
where Ia ¼ 1d

R d=2
d=2

a

ðcos wÞ dz which on simpliﬁcation gives


Ia ¼

1
m1
m2
þ
m
Þ
þ
þ
Mðm
1
2
ð1  m21 Þ ð1  m22 Þ
Z ð1m2 Þ1=2
1
Mc2þn þ ð1  nÞc2 þ n

dc:
c1þna ð1  c2 Þ1=2
ð1m22 Þ1=2

ðA:26Þ

From Eq. (A.25):

C ¼  rc

ðA:17Þ

!
 n "
V
R
m1
m2
þ
þ
Mðm
þ
m
Þ
1
2
d
31=2 d ð1  m21 Þn=2 ð1  m22 Þn=2
#

þ Ið1nÞ þ MI1 :

ðA:27Þ

The normal stress at z = d/2 from Eqs. (A.7) and (A.22):

ðA:18Þ

rzz ¼

which upon solving give,

A¼

þ rc
1=2

Substituting A in the above expression, we get

and
ðA:15Þ

rrz ¼ þ

ðA:23Þ

R

where A and B are constants of integration. Let the friction coefﬁcient at the top plate be m1 and the bottom plate be m2. Then the
boundary conditions are given by:

rrz ¼ 

31=2


þ re cos w þ C dz:

ðA:24Þ
ðA:13Þ

Using Eq. (A.13), (A.12) can be rewritten as

rc

Rðre sin wÞ0

d=2

Integration of Eq. (A.9) gives

 n
V
1
¼ rc
þ 31=2 sy
d ðcos wÞn



d=2

#
 n "
1
V
m1
m2
31=2 sy
rc
þ
þ
½m1 þ m1 ;
n=2
n=2
d
d
d
ð1  m21 Þ
ð1  m22 Þ

rzz ¼

ðA:19Þ
#
 n "
1
V
m1
m2
31=2 sy

½m1  m2 :
þ
B ¼ rc
2
d
2
ð1  m21 Þn=2 ð1  m22 Þn=2

rA
31=2

 n "

rc ðr  RÞ V

"
#
sin w
z
m1
m2
þ M sin w ¼
þ
þ Mðm1 þ m2 Þ
d ð1  m21 Þn=2 ð1  m22 Þn=2
ðcos wÞn
"
#
1
m1
m2

þ Mðm1  m2 Þ ;
þ
2 ð1  m21 Þn=2 ð1  m22 Þn=2

m1

d
31=2 d
ð1  m21 Þ
 n
V
½I1n þ MI1 :
 rc
d

þ
n=2

m2
ð1  m22 Þ

#
þ Mðm1 þ m2 Þ
n=2

ðA:28Þ
The force required to push the plates together,

ðA:20Þ
Substituting A and B in Eq. (A.14), we obtain the following relation between w and z:

þ C;

F ¼ 2p

Z

R

rzz r dr

0

(

#)
 n "
V
m1
m2
þ
þ Mðm1 þ m2 Þ
¼ 2p 1=2
3 d d
ð1  m21 Þn=2 ð1  m22 Þn=2
 n
Z R
Z R
V
ðr 2  rRÞdr  rc
½I1n þ MI1 
r dr;

d
0
0

rc

ðA:29Þ

ðA:21Þ
31=2 s  n
where M ¼ rc y Vd is a generalized Bingham number.
Integration of Eq. (A.10) gives:

which upon integration gives,

F¼

sðzÞ ¼ re cos w þ C;
sðzÞ ¼ rc

 n
V
ðcos wÞ1n þ 31=2 sy cos w þ C;
d

ðA:22Þ

 n "

p R3 r c V

1

33=2
#
I1n d MI1 d
:
þ
þ
R
R
d

d

(

m1

ð1  m21 Þ

þ
n=2

m2
ð1  m22 Þ

)
þ Mðm1 þ m2 Þ
n=2
ðA:30Þ

Author's personal copy

A. Shaukat et al. / Journal of Non-Newtonian Fluid Mechanics 167–168 (2012) 9–17

For m21 ; m22  1, I(1n), I1 ? 1, therefore,

(
)
  "
pR rc V n 1
m1
m2
F¼
þ
þ Mðm1 þ m2 Þ
d
d
33=2 ð1  m21 Þn=2 ð1  m22 Þn=2
#
d Md
:
ðA:31Þ
þ þ
R
R
3

Further for m1, m2  d/R (as shown for m  d/R by Meeten
[18]), the above expression can be written in the following simpliﬁed form:

F¼

psy ðm1 þ m2 ÞR3
3d

#
 n "
V
m1
m2
þ
þ 1n=2
:
3
d d
ð1  m21 Þn=2 ð1  m22 Þn=2

pkR3

ðA:32Þ
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