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1 Higher products

For a cardinal κ ≥ 1, let Cohenκ (resp. Randomκ) denote the forcing for adding κ Cohen (resp.
random) reals. In [1], Gitik and Shelah proved that forcing with a sigma ideal cannot be
isomorphic to Random1×Cohen1. In [2] (Section 546), Fremlin asked if the result generalizes
to a product that adds more of these reals. We show that this is the case.

Theorem 1.1. Let θ, λ > 0. Let I be a sigma ideal on X. Then forcing with P(X)/I is
not isomorphic to P = Cohenθ × Randomλ.

Proof : Suppose not. Since P is homogeneous, by restricting I, we can assume that for
some κ ≥ ℵ1, for every A ∈ I+, the additivity of I � A is κ. Let G be P(X)/I-generic
over V . In V [G], let M be the transitive collapse of the well founded G-ultrapower of V
and j : V → M ⊆ V [G] the generic ultrapower embedding with critical point κ. Note that
V [G] |= Cov(Null) = ℵ1 because adding a Cohen real makes the covering of the null ideal ℵ1
- See Theorem 3.3.14 in [3]. Since M is closed under κ-sequences in V [G], M and therefore
V satisfy Cov(Null) = ℵ1. Let 〈Ni : i < ω1〉 be a sequence of null Gδ sets coded in V such
that V |=

⋃
i<ω1

Ni = R. As j is elementary, M |=
⋃
i<ω1

Ni = R. But this is impossible as
M contains a random real over V .
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