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Abstract

Progressive Type-II censoring scheme has become quite popular for the last few
years. One of the major drawbacks of the progressive censoring scheme is that the
length of the experiment can be very large if the items are highly reliable. Because
of that, recently Kundu and Joarder (Computational Statistics and Data Analysis,
50, 2509-2528, 2006) introduced the Type-II progressively hybrid censored scheme and
analyzed the data assuming that the lifetimes of the items are exponentially distributed.
This article presents the analysis of the Type-II progressively hybrid censored data
when the lifetime distributions of the items follow Weibull distributions. Maximum
likelihood estimators and approximate maximum likelihood estimators are developed
for estimating the unknown parameters. Asymptotic confidence intervals based on
maximum likelihood estimators and approximate maximum likelihood estimators are
proposed. Different methods have been compared using Monte Carlo simulations. One
real data set has been analyzed for illustrative purposes.
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1 INTRODUCTION

The Type-II progressive censoring scheme has become very popular recently. It can be
described as follows. Consider n units in a study and suppose m < n is fixed before the
experiment. Moreover, m other integers, Ri,..., R, are also fixed before hand so that
Ri+ ...+ R, +m = n. At the time of the first failure, say Yi.,., , 1 of the remaining
units are randomly removed. Similarly, at the time of the second failure, say Y5.,,.n, Ro of
the remaining units are randomly removed and so on. Finally, at the time of the m — th
failure, say Y,,.m.n, the rest of the R,, units are removed. Extensive work has been done on
this particular scheme during the last ten years. See for example the book by Balakrishnan
and Aggarwala [3] and also the review article by Balakrishnan [2] for an exhaustive list of

references on this particular topic.

Unfortunately the major problem about the Type-II progressive censoring scheme is that
the time length of the experiment can be very large. Because of that problem, Kundu and
Joarder [9] introduced a new censoring scheme named as Type-II progressively hybrid cen-
soring scheme, which ensures that the length of the experiment can not exceed a prespecified
time point 7. The detailed description and the advantages of the Type-II progressively hy-
brid censoring can be obtained in Kundu and Joarder [9], see also Childs, Chandrasekar and
Balakrishnan [5]. In Kundu and Joarder [9] and also in Childs, Chandrasekar and Balakr-

ishnan [5], the authors assumed the lifetime distributions of the items to be exponential.

Since the exponential distribution has its limitations, in this article we consider the
Type-II progressively hybrid censored lifetime data, when the lifetime follows two-parameter
Weibull distribution. We provide the maximum likelihood estimators (MLEs) of the un-
known parameters. It is observed that the MLEs can not be obtained in explicit forms.

They can be obtained by solving a non-linear equation and we propose a simple iterative



scheme to solve the non-linear equation. We also suggest approximate maximum likelihood
estimators (AMLEs), which have explicit expressions. It is not possible to compute the exact
distributions of the MLEs, and we use the asymptotic distribution to construct confidence
intervals. Monte Carlo simulations are used to compare different methods and one data

analysis is performed for illustrative purposes.

The rest of the paper is organized as follows. In Section 2, we describe the model.
The MLEs and AMLE of the unknown parameter are provided in Section 3 and Section
4 respectively. Numerical results are presented in Section 5. One real data set has been

analyzed in Section 6 and finally we conclude the paper in Section 7.

2 MODEL DESCRIPTION AND NOTATIONS

Suppose the lifetime random variable Y has a Weibull distribution with the shape and scale

parameters as a and A respectively, i.e., the probability density function (PDF) of Y is;

« a—1 -
fY(y;Oé7)‘) = )\(i) ei(x) ; Y > 07 (1)

where a > 0, A > 0 are the natural parameter space. If the random variable Y has the

density function (1), then X = In Y has the extreme value distribution with PDF;

1 (u_e a”)
fx(zip,0) = —e\ 7 ; -00 < & < 00, (2)
o

where = In\, 0 = i The density function as described by (2) is known as the density

function of an extreme value distribution with location and scale parameter as p and o
respectively. Models (1) and (2) are equivalent models in the sense, the procedure developed
under one model can be easily used for the other model. Although, they are equivalent
models, sometimes it is easier to work with the model (2) than the model (1), because in the

model (2), the two parameters p and o appear as location and scale parameters. For y =0



and o = 1, the model (2) is known as the standard extreme value distribution and it has the

following PDF;
fz2(20,1) = ¢ —00 < z < 00. (3)

Now we describe the data available under the Type-II progressively hybrid censoring scheme.
Note that under this Type-II progressively hybrid censoring scheme, it is assumed that n
identical items are put on a test and the lifetime distributions of the n items are denoted
by Yi,...,Y,. The integer m < n is pre-fixed and also Ry,..., R, are m pre-fixed integers
satisfying Ry + ...+ R,, + m = n. T is a pre-fixed time point. At the time of first failure
Yi.mm, Ry of the remaining units are randomly removed. Similarly at the time of the second
failure Y5.,.,, Ro of the remaining units are removed and so on. If the m — th failure
Y .mm Occurs before the time point 7', the experiment stops at the time point Y,,.,,..,. On
the other hand suppose the m — th failure does not occur before time point 7" and only J
failures occur before the time point T, where 0 < J < m, then at the time point 7" all the
remaining % units are removed and the experiment terminates at the time point 7'. Note
that Ry = n—(Ri+...+R;)—.J. We denote the two cases as Case I and Case II respectively
and call this censoring scheme as the Type-II progressively hybrid censoring scheme. See

Kundu and Joarder [9] for details.

Therefore, in presence of Type-II progressively hybrid censoring scheme, we have one of

the following types of observations;
Case I: {le:m:rw s 7Ym:m:n}; if Ym:m:n < T7 or (4)
Case II: {}/i:m:na s 7YJ:m:n}; if YJ:m:n <T< YJ+1:m:n- (’5>
For Case II, it may be mentioned that although we do not observe Y. 1., but Yy ., < T <

Y i1.m:n means that the J-th failure took place before T" and no failure took place between

Yimnand T ice. Yii1mm, -, Yiman are not observed.
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The conventional Type-I progressive censoring scheme needs the pre-specification of
Ry,..., R, and also T,...,T,,, see Cohen [6, 7] for details. The choices of Ty,...,T,,
are not trivial. For the conventional Type-II progressive censoring scheme the experimen-
tal time is unbounded. In our proposed censoring scheme, the choice of T' depends how
much maximum experimental time the experimenter can afford to continue. Moreover, the

experimental time is bounded.

3 MAXIMUM LIKELIHOOD ESTIMATOR

In this section we provide the maximum likelihood estimators of the unknown parameters.

Based on the observed data, the likelihood function for Case I is

(o, \) = Kl(iﬁ)mﬁ(yﬁ;my—le_[zm L(LR)(Yign )] ©)

and for Case II, it is

J a—1 J Yiimen \& « (T\<
o) = (%) II (y”””> et G i g0, (@)
— (3" i J=0, (8)
i—1 i—1
where K, = [n — > (1 + Rk)} and Ky =[] [n — > (1 + Rk)} both are constant.

The logarithm of (6) and (7), can be written (without the constant terms) as
d
1
L(a,\) =d(lnae —In\) + (a — 1) lz In Yimm — dIn )\1 - EW (9)
i=1

m J

Here d = m, W(a) = Y (1 + R)yfn, and d = J, W(a) = > (1 + Ry, + R5T for
i=1 =1

Case -1 and Case-II respectively. It is assumed that d > 0, otherwise the MLEs do not exist.

Taking derivatives with respect to a and A of (9) and equating them to zero we obtain;

OL(av, \) do a

O\ DY + o+l W(a) =0, (10)
OL(a, \) d & 1 1
O DS i —dIn A — — —W(a)ln\ = 0. 11
90 - + N Yiimen — d1n A )\aV(a) + o () lnA =0 (11)

i=1



m J

Here V(a) = > (14 Ri)ysmn I Vi and V(a) =D (14 Ry I Yimn + BT In T for
i=1 i=1

Case -1 and Case-II respectively. Note that

we= T ) fsay) (12)

and the MLE of o can be obtained by solving
a = h(a), (13)

where

d
- Z?:l hl Yi:mn + ﬁw .

We propose a simple iterative scheme to obtain the MLE of «v from (13). Start with an initial

h(a) =

guess of a, say a(?, obtain o) = h(a(®) and proceeding in this way obtain a/"*1) = h(a(™).
Stop the iterative procedure, when ‘a(”“) — a(”)‘ < €, some pre-assigned tolerance limit.
Once the MLE of « is obtained the MLE of A can be easily obtained from (12). Since the
MLE’s when they exist, are not in compact forms, we propose the following approximate

MLE’s and then have explicit expressions.

4 APPROXIMATE MAXIMUM LIKELIHOOD ESTIMATORS

Let us use the following notations; ;.;,., = In Y., and S = InT. Therefore, the likelihood

equation of the observed data z;.,,., for Case-I is

l(po) = — H [n - kz (14 Rk)] 9(Zismn) ((;(zim))Ri , (14)

and for Case II, it is

1 + Rk ‘| Zi: m:n) (G(zzmn)) (G( ))R* (15>



where 2., = 7(%:7”:” — M), V = %, g(z) = e, G(z) = e, p=In\and 0 = —
o a
Ignoring the constant term, we obtain the following log-likelihood from (15);
L(p,0) = [l(p,0)] = —mno+> I (g(zimn) + > Riln (G(zima)) . (16)
i=1 i=1
From (16) we obtain the following approximate MLE’s of 1 and o (see Appendix - 1),
(Cl — Cy — m)& + dl

. . —B+vB?-4AC
L= , 0= )
C1 2A

(17)

m m m m
where ¢; = E Die’“, Co = E Di,uie’“, dy = E DiXi:m:ne“', dy = E DiXi:mWGM, ds =
=1 i=1

=1 =1
m

Z Dipi Ximme"', A =mc,, B = Cl<d3 + m)?) - dl(Cz + m), C= d% — cidy, py = Gil(Pi) =
i=1

In(—Ing), p; = n%rl, ¢ =1—p;and D; =1+ R; fori=1,...,m. Now, for Case-II, ignoring
the constant term, we obtain the log-likelihood as

J J
L(p,0) =In[l(p,0)] = —=JIno + > In(9(zimn)) + Y Riln (C_T'(z,mn)) + R5InG(V). (18)

=1 i=1

/

In this case the approximate MLE’s are (see Appendix - 2),
(¢, —cy— J)o +d;

—B' +\/B?—4AC
i , Ca=t ¢ (19)

c 2A' ’

J J J
where ¢, = > Diet + Riets, Cy = > Dipie + Riutets, d, = > DiX;mne' + RSel,
i=1 i=1 i=1
J
2 el R5S%elT dy = > DipiXimne! + Ryp5Sets, A = Je, B =c)(dy+
i=1 i=1
JX) —d\(c,+ J), C" = d/12 — ¢,dy. Here p; and D; are same as before for i = 1,...,J,

dy =Y D;X?

ph =G (py) =In(—Ingy), py = (ps +ps+1)/2 and ¢ = 1 — p).

5 NUMERICAL RESULTS AND DISCUSSIONS

Since the performance of the different methods can not be compared theoretically, we present

Monte Carlo simulation in this section to compare the performances of the different methods
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proposed in the previous sections for different parameter values and for different sampling
schemes. The term different sampling schemes means different sets of R;’s and for different
T values. We mainly compare the performances of the MLEs and AMLESs estimators of the
unknown parameters, in terms of their biases and mean squared errors (MSEs) for different
censoring schemes. We also compare the average lengths of the asymptotic confidence inter-
vals and their coverage percentages. All the computations are performed in the Pentium IV
processor using FORTRAN-77 program. In all cases we use the random deviate generator
RAN2 proposed in Press et al. [13]. Since A is the scale parameter, we have taken in all
cases A = 1 with out loss of generality. For simulation purposes, we present the results when
T is of the form T'a. The reason to choose T in that form is the following: if & represents

the MLE or AMLE of «, then the distribution of

QI

becomes independent of « in that case
for A = 1. For that purpose we report the result only for @« = 1 without loss of generality.

But these results can be used for any other « also.

Before progressing further, first we describe how we generate Type-II progressively hybrid
censored data for a given set n, m, Ry,..., R, and T. We use the following transformation

for exponential distribution suggested in Balakrishnan and Aggarwala [3].

Zl = nEl:m:n

ZZ = (n - Rl - 1)(E2:m:n - El:m:n)

Zm = (TL - Rl ... Rmfl —m+ 1)<Emmn - Emflzm:n)- (20>

It is known that if E;’s are i.i.d standard exponential, then the spacings Z;’s are also i.i.d

standard exponential random variables. From (20) it follows that

1
El:m:n - *Zl
n
1 1
Fopn = —— Tyt~ 7
Zim n—R -1 2+n1



1 1
Ernn = L + ...+ —Z. 21
o n—R—...—Ryj,_1—m+1 * +n ! (21)

Using (21) and parameter o and A, Type-II progressively hybrid censored data for Weibull
distribution can be easily generated. For a given n, m, Ry, ..., R,,, we generate Y1, - - -y Yimen-
If Yiymn < T, then we have Case I and the corresponding sample is {(Yi.nm, R1),- .-,
(Yoemns Bn) b I Y > T, then we have Case 11 and we find J, such that Yj.,,., < T <
Y i 1:mm- The corresponding Type-IT hybrid censored sample is { (Y1, R1)s - -+ (Yiomn, Ry)}

and R%, where R} is same as defined before.

We consider different n, m and T. We have used two different sampling schemes, namely:
Scheme 1: Ry =...=R,,_.1 =0and R,, = n—m. Scheme 2: Ry =... = R,,,_1 = 1 and
R,, =n—2m+ 1. Note that Scheme 1 is the usual Type-II censoring scheme and Scheme 2,
is a typical progressive censoring scheme. In each case we compute the MLEs and AMLEs
estimates of the unknown parameters. We compute the 95% asymptotic condence intervals
based on MLEs and replacing the MLEs by AMLEs. We replicate the process 1000 times
and report the average estimates, the MSEs, the average confidence lengths and coverage

percentages. The results are reported in the following Tables 1 - 8.

From Table 1-4, the following observations are made for MLE and from Table 5-8 the
corresponding observations for AMLE. For fixed n as m increases the biases and the MSEs
decrease for both o and A as expected. But for fixed m as n increases it may not be true. It
shows that the effective sample size (m) plays an important role than the actual sample size
(n). It is also observed that the MLEs for schemes 1 and 2 behave quite similarly in terms
of biases and MSEs unless both n and m are small. The performances in terms of biases and

MSEs improve as T increases. Similar results are observed for AMLEs also.

Now we compare different confidence intervals in terms of their average lengths and



coverage probabilities. In general it is observed that both the methods work well even for
small n and m. For both the methods, it is observed that the average confidence lengths
decrease as n increases for fixed m or the other way. For both MLE and AMLE methods,
scheme 1 and scheme 2 behave very similarly although the confidence intervals for scheme 1

are usually slightly shorter than scheme 2.

6 DATA ANALYSIS

Kundu and Joarder [9] analyzed the following two data sets using exponential distribu-
tions. They were obtained from Lawless [11]. They are presented below.
EXAMPLE 1: In this case n = 36 and we take m = 10, T'= 2600, R = Ry = ... = Ry = 2,
Rip = 8. Thus the Type II progressively hybrid censored sample is : 11, 35, 49, 170,
329, 958, 1925, 2223, 2400, 2568. From the above sample data, we obtain D = m = 10
which yields & and A based on Maximum Likelihood Estimates (MLEs) and Approximate
Maximum Likelihood Estimates (AMLEs) are

(& =6.29773 x 10!, A = 8113.80176), (& = 6.33116 x 10", A = 6511.83036)

respectively. Using the above estimates we obtain the 95% asymptotic confidence interval
for @ and A based on Maximum Likelihood Estimates (MLEs) and Approximate Maximum

Likelihood Estimates (AMLEs) which are
(6.20773 x 107", 6.20882 x 1071), (8113.40869, 8114.19482)

and

(6.33116 x 107",6.33176 x 10~"), (6511.4344, 6512.2264)

respectively.
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EXAMPLE 2: Now consider m = 10 and 7" = 2000 and R;’s are same as before. In this case
the progressively hybrid censored sample obtained as : 11, 35, 49, 170, 329, 958, 1925, and
D =J =7. The MLE and AMLEs of o and \ are

(& =4.77441 x 107", A = 25148.8613) (& = 4.77589 x 10~ X = 23092.3759)

respectively. From the above estimates we obtain again the 95% asymptotic confidence

interval for a and \ based on MLEs and AMLEs and they are
(4.77383 x 107,4.77499 x 1071),  (25148.5078,25149.2148)

and

(4.77529 x 1071,4.77649 x 1071),  (23092.0219, 23092.7299)

respectively. In both the cases it is clear that if we want to test Hy : a = 1, then it
will be rejected. Therefore, it implies that Weibull distribution should be used rather than

exponential distribution, in this case.

7 CONCLUSIONS

In this paper we discuss the the Type-II progressively hybrid censored data for the two
parameters Weibull distribution. It is observed that the maximum likelihood estimator of the
shape parameter can be obtained by using an iterative procedure. The proposed approximate
maximum likelihood estimators of the shape and scale parameters can be obtained in explicit
forms. Although we could not construct the exact confidence intervals but it is observed that
the asymptotic confidence intervals work reasonably well at least for MLEs. Although we
have used the frequentest approach but Bayes estimates and credible intervals also can be
obtained under suitable priors along the same line as Kundu [10]. Work is in progress and

it will be reported elsewhere.
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APPENDIX - 1

For case-1, taking derivatives with respect to p and o of L(u, o) defined in (16), gives

M — l S gzzmn = / 1") _
OLp.o) 1 zzmn) . 9 Gma) T
9o p lZRzzmn (szn ;szng(zzmn) m| =0 (23>

Clearly, (22) and (23) do not have explicit analytical solutions. We consider a first-order
Taylor approximation to ¢ (Zimm)/g(Zimm) and g(Zimm)/G(Ziamm) by expanding around the

actual mean y; of the standardized order statistic Z.,.,, where u; = G=(p;) = In(—Ing;),

pi = nil, ¢ = 1—p; for i = 1,...,m, similar as Balakrishnan and Varadan [4], see for
reasoning David [8] or Arnold and Balakrishnan [1]. Otherwise, the necessary procedures for
obtaining y;, i = 1,...,m, were made available by Mann [12] and Thomas and Wilson [14].
Note that fori=1,...,m

g (zi:m:n)
~ ooy — ﬁizi:m:n 24
g(zzmn)
= ~ 1-— Q; + ﬁizi:m:n (25)
(Zi:m:n)
where
/ " ’ 2
g (1) g (1) (g (m))
i =l | = - =1+ Ing(1 —In(—Ing)),
9(ps) [g (i) \ gpm) ( (i)
" ’ 2
5 = |9 ) (g (m))  ng,
g (ki) g(1)
Using the approximation (24) and (25) in (22) and (23), we obtain
[Z Diet't — > Dypzet — m] 0+ DiXimme' —pY_ Diet =0 (26)
i—1 i—1 i=1 i—1

and

m m m m 2
|jn Z Dieui] 02 + [Z Diem (Z Di:uiXi:m:neui + mX)] o+ [Z DiXi:m:neui]

i=1 i=1 i=1 i=1
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- [Z DiXi:m:neui (Z l)’i,uieM =+ m)] 0 — [Z Dieui] [Z DZXEmneMZ] =0 (27)
i=1 1=1

i=1 i=1

The above two equations (26) and (27) can be written as

(c1—co—m)o+dy—pc; = 0 (28)

Aoc*+Bo+C = 0 (29)

_ m ; _ m ; _ m i _ m 2 i
where ¢; = Yoty Diett) ¢y = Doty Djpiet, dy = i1 Di Ximnet, dy = Doty DiXi:m:n(B“’,

d3 = Z:’ll Dl-,uiXZ-;m;ne“i, A = mcay, B = C1(d3 + mX) — dl(CQ + m), C = d% — C1d2 and

D; =1+R;, fori =1,...,m. The solution to the preceding equations yields the approximate

MLE’s are
—cy—m)o+d
Q= (cr — ¢y Clm)a + dy (30)
. —B+VB? - 4AC
6 = (31)

2A

Here we consider only positive root of . It is easily seen that these approximate estimators
are equivalent but not unbiased. Unfortunately, it is not possible to compute the exact bias

of fi and & theoretically because of intractability encountered in finding the expectation of

vV B? —4AC.

APPENDIX - 2

For case-II, taking derivatives with respect to u and o of L(u,o) defined in (18), gives

(similarly as Case-I)

M — l g(szn) o 4 g/(zi:m:n) *M
0 7 ; Fismn 4 / Zi:m:n « %4
M) LIS ) 0 en) g )]



Here we again consider the first-order Taylor approximation to ¢ (Zim:n)/g(Zim:m) and
9(Zizmn) /G (Ziamm) by expanding around the actual mean p; of the standardized order statistic
Zismen, Where p;’s are defined in Appendix - 1. Here we also expand g(V)/G(V) in Taylor
series around the point u%, where u% = G71(p%) = In(=Ing}), p% = (p; + pse1)/2 and
q7 =1 —p%. Note that

iV
9(?) ~ 1)+ BV (35)

where

2
) ] — 1+ Ing} (1 — In(—Ing3),
2
g (uf‘;)) .
+ » = —lIng
( g(u) !
Using the approximation (24), (25), (34) and (35) in (32) and (33), we obtain

J J
KZ Djeti + Rf}e"3) — (Z Djpzet + Rf}u}e“?) — J] o
=1

i=1

J J
+ [Z D X;mime + R’;Seﬂff} — 1 [Z Djet + R;e%} =0 (36)

i=1 =1

and

7 J J
lJ (Z D;et + Rj}e“f})] o’ + KZ D;eti + +R§e“3> (Z Dipti Xiomeme™ + R5p1%5Sets 4 Jf()] o

i i=1 i=1

=1
J * J * J * 2

_ [( Di X 4 R}Se“J> <Z Dipiet + Ryuhets + J)] o+ [Z D;i Ximme" + R}Seﬁul
i=1 i=1

=1

J m
— lz Djel + R’ge%} [Z D; X2 el 33526“’5] = (37)
i=1

=1

The above two equations (36) and (37) can be written as

/

(¢, —co—J)o+dy—pc, = 0 (38)
Ao+ Bo+C =0 (39)
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where ¢, = X7, Diets + Rbets, ¢y = S Dipiets + Ripsers, dy = Y7 DiXpmmets +
R%Sets, dy = L DiX?, et + R5S%ets ) dy = Y7 | Dipti Xiomeme! + RpSets, A = Jc,,
B =c\(dy+JX)—d(cy,+J), C =d>—cdyand D; = 1+ Ry, for i = 1,...,J. The

solution to the preceding equations yields the approximate MLE’s are

(c/l—c;—(])ff—kd/1

- / A
[ z (40)
R —B +/B?—4AC’

Here we consider only positive root of . It is easily seen that these approximate estimators
are equivalent but not unbiased. Unfortunately, it is not possible to compute the exact bias

of i and & theoretically because of intractability encountered in finding the expectation of

VB2 —4A'C'.
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Table 1: MLE Estimate for T = 0.75 .

N, M Scheme - 1 Scheme - 2
30,15 | « | 1.0968(0.0862),1.2913(94.5) | 1.0751(0.0838),1.1898(93.5)
A | 1.0358(0.1611),1.6019(89.1) | 1.0760(0.2937),1.6015(88.8)
40,20 | « | 1.0898(0.0623),1.0099(96.6) | 1.0750(0.0626),1.0167(94.9)
A | 1.0111(0.0934),1.2453(92.3) | 1.0413(0.1321),1.3662(90.7)
60,20 | « | 1.1046(0.0644),1.1701(92.3) | 1.0916(0.0554),1.0255(94.7)
A | 0.9777(0.0962),1.6693(88.5) | 0.9842(0.0902),1.4432(91.2)
60,30 | a | 1.0473(0.0342),0.7386(96.5) | 1.0385(0.0364),0.7681(95.1)
A | 1.0109(0.0653),0.9055(92.7) | 1.0350(0.0962),1.0315(90.9)
80,30 | « | 1.0566(0.0344),0.7918(95.6) | 1.0435(0.0302),0.7074(96.1)
A | 0.9913(0.0633),1.0782(92.5) | 1.0081(0.0731),0.9630(92.6)
80,40 | « | 1.0401(0.0252),0.6275(97.3) | 1.0301(0.0269),0.6501(95.6)
A | 1.0060(0.0449),0.7670(93.2) | 1.0261(0.0614),0.8732(91.7)
100,40 | « | 1.0471(0.0256),0.6620(97.4) | 1.0323(0.0219),0.5932(96.4)
A | 0.9904(0.0406),0.8781(93.4) | 1.0096(0.0465),0.7985(93.8)
100,50 | « | 1.0369(0.0209),0.5544(96.2) | 1.0281(0.0232),0.5811(95.6)
A | 0.9996(0.0292),0.6760(93.6) | 1.0185(0.0418),0.7800(93.0)

Table 2: MLE Estimate for T = 1.00.

N, M Scheme - 1 Scheme - 2
30,15 | a | 1.1102(0.0841),1.2367(96.0) | 1.0719(0.0730),1.0287(95.6)
A | 0.9982(0.1171),1.5080(92.1) | 1.0383(0.1397),1.3333(91.2)
40,20 | « | 1.0983(0.0600),0.9891(97.7) | 1.0704(0.0518),0.8833(96.4)
A | 0.9864(0.0629),1.2035(93.7) | 1.0179(0.0817),1.1445(92.1)
60,20 | « | 1.1046(0.0644),1.1701(92.3) | 1.0933(0.0550),1.0249(95.2)
A | 0.9781(0.0982),1.6692(88.5) | 0.9776(0.0793),1.4394(91.6)
60,30 | a | 1.0539(0.0329),0.7320(97.0) | 1.0358(0.0291),0.6855(95.9)
A | 0.9945(0.0510),0.8876(94.2) | 1.0157(0.0616),0.8892(92.3)
80,30 | « | 1.0567(0.0344),0.7918(95.7) | 1.0487(0.0291),0.7049(96.9)
A | 0.9906(0.0605),1.0781(92.5) | 0.9926(0.0553),0.9508(93.9)
80,40 | « | 1.0456(0.0246),0.6214(97.8) | 0.0313(0.0225),0.5879(97.0)
A | 0.9927(0.0331),0.7531(94.1) | 1.0110(0.0429),0.7624(92.2)
100,40 | « | 1.0473(0.0255),0.6621(97.4) | 1.0396(0.0211),0.5788(97.4)
A | 0.9895(0.0385),0.8781(93.4) | 0.9936(0.0364),0.7655(94.0)
100,50 | « | 1.0397(0.0205),0.5493(96.9) | 1.0252(0.0190),0.5216(94.7)
A | 0.9927(0.0243),0.6653(94.0) | 1.0120(0.0301),0.6773(93.5)
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Table 3: MLE Estimate for T = 1.50

N, M Scheme - 1 Scheme - 2
30,15 | o | 1.1130(0.0833),1.2367(96.3) | 1.0727(0.0630),0.9343(95.8)
A | 0.9857(0.0820),1.5075(92.7) | 1.0196(0.1079),1.2004(92.7)
40,20 | « | 1.0992(0.0599),0.9886(97.8) | 1.0682(0.0430),0.7962(97.5)
A | 0.9841(0.0600),1.2025(93.6) | 1.0025(0.0593),1.0237(94.4)
60,20 | « | 1.1046(0.0644),1.1701(92.3) | 1.0932(0.0550),1.0248(95.2)
A | 0.9781(0.0982),1.6692(88.5) | 0.9779(0.0807),1.4394(91.6)
60,30 | a | 1.0544(0.0327),0.7320(97.2) | 1.0366(0.0259),0.6251(94.9)
A | 0.9920(0.0451),0.8875(94.2) | 1.0054(0.0498),0.8042(93.0)
80,30 | « | 1.0567(0.0344),0.7918(95.7) | 1.0492(0.0288),0.7051(97.0)
A | 0.9906(0.0605),1.0781(92.5) | 0.9900(0.0503),0.9508(93.8)
80,40 | o | 1.0458(0.0245),0.6215(97.8) | 1.0308(0.0192),0.5357(96.8)
A | 0.9919(0.0312),0.7531(94.1) | 1.0031(0.0319),0.6896(93.6)
100,40 | « | 1.0473(0.0255),0.6621(97.4) | 1.0407(0.0209),0.5785(97.7)
A | 0.9895(0.0385),0.8781(93.4) | 0.9901(0.0322),0.7645(94.0)
100,50 | « | 1.0397(0.0205),0.5492(96.9) | 1.0277(0.0156),0.4768(94.7)
A | 0.9928(0.0243),0.6652(94.0) | 1.0008(0.0231),0.6138(94.7)

Table 4: MLE Estimate for T = 2.00

N, M Scheme - I Scheme - 11
30,15 | a | 1.1130(0.0833),1.2367(96.3) | 1.0754(0.0602),0.9106(96.1)
A | 0.9857(0.0820),1.5075(92.7) | 1.0045(0.0882),1.1750(92.6)
40,20 | « | 1.0992(0.0599),0.9885(97.8) | 1.0695(0.0423),0.7720(95.8)
A | 0.9841(0.0602),1.2025(93.6) | 0.9966(0.0538),0.9983(94.6)
60,20 | o | 1.1046(0.0644),1.1701(92.3) | 1.0932(0.0550),1.0248(95.2)
A | 0.9781(0.0982),1.6692(88.5) | 0.9779(0.0807),1.4394(91.6)
60,30 | a | 1.0544(0.0327),0.7320(97.2) | 1.0379(0.0248),0.6054(95.6)
A | 0.9920(0.0451),0.8875(94.2) | 1.0004(0.0433),0.7836(94.2)
80,30 | « | 1.0567(0.0344),0.7918(95.7) | 1.0492(0.0288),0.7051(97.0)
A | 0.9906(0.0605),1.0781(92.5) | 0.9900(0.0503),0.9508(93.8)
80,40 | o | 1.0458(0.0245),0.6215(97.8) | 1.0321(0.0176),0.5179(96.6)
A | 0.9919(0.0312),0.7531(94.1) | 0.9986(0.0283),0.6709(94.1)
100,40 | « | 1.0473(0.0255),0.6621(97.4) | 1.0407(0.0209),0.5785(97.7)
A | 0.9895(0.0385),0.8781(93.4) | 0.9901(0.0322),0.7645(94.0)
100,50 | « | 1.0397(0.0205),0.5492(96.9) | 1.0286(0.0149),0.4608(94.6)
A | 0.9928(0.0243),0.6652(94.0) | 0.9986(0.0219),0.5969(94.1)
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Table 5: Approximate MLE Estimate for T = 0.75

N, M Scheme - 1 Scheme - 2
30,15 | o | 1.0873(0.0847),1.2073(94.2) | 1.0814(0.0889),1.2070(93.3)
A | 1.0354(0.1640),1.4941(89.1) | 1.0104(0.3033),1.5970(88.6)
40,20 | a | 1.0832(0.0615),0.9924(96.2) | 1.0837(0.0659),1.0651(95.4)
A | 1.0103(0.0941),1.2224(92.2) | 0.9752(0.1333),1.4107(91.3)
60,20 | « | 1.0998(0.0638),1.1226(92.1) | 1.0915(0.0554),1.0236(94.5)
A | 0.9792(0.0968),1.6005(88.4) | 0.9435(0.0823),1.4270(92.8)
60,30 | o | 1.0432(0.0340),0.7349(96.5) | 1.0486(0.0386),0.7959(95.5)
A | 1.0102(0.0655),0.9005(92.7) | 0.9679(1.0962),1.0530(92.1)
80,30 | a | 1.0533(0.0342),0.7870(95.5) | 1.0492(0.0308),0.7288(96.4)
A | 0.9920(0.0635),1.0714(92.5) | 0.9520(0.0688),0.9797(94.7)
80,40 | « | 1.0372(0.0251),0.6253(97.1) | 1.0409(0.0284),0.6735(96.3)
A | 1.0054(0.0450),0.7640(93.2) | 0.9588(0.0620),0.8914(92.2)
100,40 | « | 1.0447(0.0255),0.6593(97.2) | 1.0417(0.0227),0.6140(97.4)
A | 0.9906(0.0407),0.8743(93.4) | 0.9463(0.0453),0.8151(94.8)
100,50 | « | 1.0346(0.0208),0.5529(96.2) | 1.0392(0.0243),0.6029(96.4)
A | 0.9991(0.0292),0.6739(93.6) | 0.9512(0.0421),0.7976(93.9)
Table 6: Approximate MLE Estimate for T = 1.00.
N, M Scheme - I Scheme - 11
30,15 | « | 1.1003(0.0827),1.1683(95.3) | 1.0921(0.0811),1.0824(96.1)
A | 0.9968(0.1177),1.4208(92.0) | 0.9378(0.1395),1.3736(92.3)
40,20 | « | 1.0916(0.0592),0.9731(97.4) | 1.0936(0.0582),0.9316(97.0)
A | 0.9851(0.0628),1.1827(93.8) | 0.9175(0.0809),1.1822(94.3)
60,20 | a | 1.0998(0.0638),1.1226(92.1) | 1.0933(0.0550),1.0232(94.9)
A | 0.9797(0.0989),1.6004(88.4) | 0.9359(0.0703),1.4234(93.4)
60,30 | « | 1.0497(0.0327),0.7283(97.0) | 1.0586(0.0326),0.7217(96.7)
A | 0.9936(0.0510),0.8827(94.2) | 0.9150(0.0608),0.9169(92.7)
80,30 | « | 1.0534(0.0342),0.7870(95.6) | 1.0555(0.0296),0.7275(97.0)
A | 0.9912(0.0607),1.0712(92.5) | 0.9309(0.0476),0.9685(96.6)
80,40 | o | 1.0426(0.0244),0.6193(97.7) | 1.0546(0.0251),0.6189(97.2)
A | 0.9921(0.0330),0.7502(94.2) | 0.9102(0.0429),0.7863(92.2)
100,40 | « | 1.0448(0.0254),0.6594(97.2) | 1.0518(0.0218),0.6009(98.0)
A | 0.9897(0.0385),0.8743(93.4) | 0.9183(0.0311),0.7825(95.7)
100,50 | « | 1.0374(0.0204),0.5478(96.8) | 1.0484(0.0211),0.5489(95.6)
A | 0.9922(0.0243),0.6633(94.0) | 0.9112(0.0299),0.6984(93.7)
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Table 7: Approximate MLE Estimate for T = 1.50

N, M Scheme - 1 Scheme - 2
30,15 | o | 1.1030(0.0819),1.1681(95.7) | 1.1153(0.0735),1.0048(96.1)
A | 0.9841(0.0820),1.4202(92.7) | 0.8709(0.0978),1.2553(93.6)
40,20 | a | 1.0925(0.0592),0.9726(97.6) | 1.1158(0.0519),0.8603(96.9)
A | 0.9827(0.0598),1.1818(93.7) | 0.8541(0.0524),1.0754(95.5)
60,20 | « | 1.0998(0.0638),1.1226(92.1) | 1.0932(0.0550),1.0231(94.9)
A | 0.9797(0.0989),1.6004(88.4) | 0.9361(0.0712),1.4233(93.4)
60,30 | « | 1.0502(0.0325),0.7284(97.1) | 1.0832(0.0313),0.6753(95.1)
A | 0.9910(0.0450),0.8826(94.2) | 0.8563(0.0443),0.8445(92.8)
80,30 | a | 1.0534(0.0342),0.7870(95.6) | 1.0560(0.0293),0.7277(97.2)
A | 0.9912(0.0607),1.0712(92.5) | 0.9280(0.0424),0.9684(96.6)
80,40 | « | 1.0428(0.0244),0.6193(97.7) | 1.0778(0.0232),0.5787(95.8)
A | 0.9912(0.0311),0.7502(94.2) | 0.8540(0.0287),0.7242(92.0)
100,40 | « | 1.0448(0.0254),0.6594(97.2) | 1.0532(0.0215),0.6009(98.3)
A | 0.9897(0.0385),0.8743(93.4) | 0.9136(0.0262),0.7816(96.8)
100,50 | « | 1.0374(0.0204),0.5477(96.8) | 1.0748(0.0188),0.5152(94.4)
A | 0.9922(0.0243),0.6632(94.0) | 0.8514(0.0205),0.6447(91.6)
Table 8: Approximate MLE Estimate for T = 2.00
N, M Scheme - 1 Scheme - 2
30,15 | « | 1.1030(0.0819),1.1681(95.7) | 1.1337(0.0710),0.9924(96.1)
A | 0.9841(0.0820),1.4202(92.7) | 0.8327(0.0690),1.2439(95.0)
40,20 | « | 1.0925(0.0592),0.9726(97.6) | 1.1326(0.0512),0.8454(96.0)
A | 0.9828(0.0601),1.1818(93.7) | 0.8245(0.0414),1.0610(96.1)
60,20 | a | 1.0998(0.0638),1.1226(92.1) | 1.0932(0.0550),1.0231(94.9)
A | 0.9797(0.0989),1.6004(88.4) | 0.9361(0.0712),1.4233(93.4)
60,30 | « | 1.0502(0.0325),0.7284(97.1) | 1.0990(0.0302),0.6630(94.8)
A | 0.9910(0.0450),0.8826(94.2) | 0.8269(0.0336),0.8319(92.5)
80,30 | « | 1.0534(0.0342),0.7870(95.6) | 1.0560(0.0293),0.7277(97.2)
A | 0.9912(0.0607),1.0712(92.5) | 0.9280(0.0424),0.9684(96.6)
80,40 | o | 1.0428(0.0244),0.6193(97.7) | 1.0946(0.0217),0.5678(94.6)
A | 0.9912(0.0311),0.7502(94.2) | 0.8247(0.0222),0.7129(90.8)
100,40 | « | 1.0448(0.0254),0.6594(97.2) | 1.0532(0.0215),0.6009(98.3)
A | 0.9897(0.0385),0.8743(93.4) | 0.9136(0.0262),0.7816(96.8)
100,50 | « | 1.0374(0.0204),0.5477(96.8) | 1.0916(0.0185),0.5053(92.4)
A | 0.9922(0.0243),0.6632(94.0) | 0.8245(0.0170),0.6346(89.4)
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