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Spatio-Temporal Modelsin Small Area Estimation

Bharat Bhushan Singh, Girja Kant Shukla and DebasisKundu *

Abstract

A spatial regression modd in a genera mixed effects modd framework has been proposd for the siell area estimation
problem. A common aitocorrelation paameter acoss the siell aress has resulted in theimprovenent of the smell aea
estimates It has bean found to bevery useful in thecases where thaeis little improvenent in thesmall area estimates dueto
the exogenous variables. A second oder goproximation to themean squaed aror (MSE) of the enpiricd best linear
unbiased predictor (EBLUP) has also been worked out. Using the Kalman filtering approach, a spatid tenpora modd has
been propogd. In this case dso, a second ode goproximation to the MSE of the EBLUP has been obtaned. As a case
study, the time series monthly per capita consuumption expenditure (MPCE) daa from the Nationd Sample Suwey
Organisation (NSSQ of the Ministry of Staistics and Programme Implementation, Government of India have been used

for thevalidation of themodels.

Key Words: Mixed dfects linear modd; Spetial autocorrelation; Weight matrix; Best linear unbiased predictor;
Empirical best linear unbiased predictor; Kadman filtering; NSSO rouds.

1. Introduction

Locd leve plaming requires reliade data & the appro-
priate level. The canplete erumeration or large sanple
surveys with adequate sample Sze is expensive and time
consuming. Tre cersuss ae usudly caried od oncein a
decade, While the smple surveys ae ofien planne to
provide esimates at much highe level. One such larg
sample survey is socio-economic survey of National Sample
Survey Organisation (NSSO). Here the drect survey
estmates are available & small area(district) level asmaost
of the dstricts ae gratum in the sanpling praedue
adoptedby the NSSQ However, the etimates ae exceed
ingly unrdiable due & unaceptbly large stardard erors.
This requiresstrergthering of swch edimaeswith the wse o
information from smilar small ares a with the telp of
same relatable exogemus vargbles, easily available ard
relaedto the variade under study.

Variousmodd bagd approahes hae been suggsedto
improve the drect estimators. The model-based goproach
facilitates its validation through the sample data. The simple
area speific modd suggsted s two dagemodd of Fay and
Herriot (1979.

y, =6, +g, E(g16,)=0, Var(g, |6,) =07, (L1.1)

0, =X/B+v.z,E(V)=0,Var(v)=062,i=12,...,m (1.2)

Here y,’s are direct survey edimaibors of 6,'s, the
charaderistic uncer study. 6,’s may be popudtion snall
area neans. X; = (X, ..., Xip)T 's are exwgenous/ariables
which ae avallable andasumedto be closdy related to
0,’s ard z 's are known postive constnts. B(px1) isthe
vector of regession paameters.

The first equdion (1.1) is the desgn nodd while the
second (1.Ris the linking nodel The ¢;’s are sanpling
erras. Etimators y,’s ae despn unbased and fe
sampling vaiance c?’s are kmown. Further the ¢, ’s and
v,’s are identicaly and ndep@&denty distributed ran@m
variables. Normality of the randon erors and randam
effeds are d@ten assmed. For this modd, bes linear
unbiasged predctor (BLUP) on te line d the bes linear
unbiased esimator (BLUE) has been uggesed. The
estmate is desgn corsistent and nodel unkiased (Ghosh
and Rao 1994). lis typicdly the weighted average bthe
direct suvey edimaor y, and he regresson g/nthetic
esimaor X;'B. The BLUP estmator depends owariance
componen 2 which is unknawn in praica appicaions.
Various methods of atimaing variane camponents in
generd mixed effect linea model areavailable (Cresie
1992). By replacing 62 with an asymptotically consistent
estimator &2, an enpiricd bes linear unesed predctor
(EBLUP) has &so0 lkeen oleined.

The main problem ascciated with the data in the Indian
context is the non-availability of adminigtrative or civic
regstration data at amall arealevel. Often, it is difficut to
find out the exogenos \ariables closdy rdated (multiple
corrdation codficiet R?>0.5) to the variade under
study.

In the pesent paper, the exploitation of spatial auto-
carelation amongst the snal areaunits in the form of
spaial modd, hasbeencorsidered for mproving thesmall
areaedimabrs. Besides this, for the time seres data, a
spatial temporal model on the line  Kaman filtering has
been ulisedto further improve the esimatas. Time seies
dat on monthly per @pitd corsumption expenture
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(MPCE) as etimated from alargesanple survey carried out
by the Nationd Sample Survey Organisdion (NSSO) has
been stded. In the pesen paper, v promse sitable
models in the framework of mixed effeds linear madel to
provide beter estimatas of the MPCE at snall arealevel.

Rest of the paper has la organzed as fdows. In
Secton 2, we consder a $aiad Modd on the line of
generamixed efeds linea model with the introdudion o
spalal auto®rrelaon among the snal area unis. The
BLUP and EBR.UP of the mixed dfecs hae bea
preserted. Asecond aler agproximation to the MSE ofthe
EBLUP and to the gimator of the MSE has ab been
obtained. Setion 3 dea with the ime seies exersion of
Spatial Modd in form of Spatial Temporal Model, using the
Kalman fltering appoach. he BLUP and the EBUP of
the mixed dfects dongwith a second orel appoximation
to the MSE of the BBLUP ard to the esimator of the MSE
have been dcissed. Sglion 4 preseas ard andyses
estmates of the MPCE fram a lage @ample suvey caried
out perodicdly in India. The condisons d the daa
anaysis arerepated n Sedion 5. Al the prods have be@
provided n the Appendlx.

2. Spatial Modd

The sndl area daraderisics usudy have the spaial
dependencén terms of neghbourhood Bnilarities. Cresie
(1990) sed condtional spdial depenénce aiong landam
effeds, in the coniext of agustmert for censis undecourts.
Here, ve u® simultareous patial dependene (Ciff and
Ord 1981) anong the randon effeds which ha cetain
advansge over condtional dependencéRipley 1981). We
have hus tried to exphin a porion of the randon eror
unaccouted for and Eft over by exdandory vaialdes
which makes it possble © improve the direct suvey
estmators. The propsedmodd is a thee sage ara spedic
model (Ghoshand Rao 199).

y=0+¢, e~N,(0,R), (2.1)
0=XB+u, (2.2)
u=pWu+v, v~N,(0,c2l), (2.3)
where 6 is a m-componen vedor (corespomling to

number of small area) for the chaaceristic unde study and
y is its drect suevy edimator ohtained through small
sanple data. In the atove modd, the first equation (2.1)
shows the dedgn (sampling) model, the second quaton
(2.2) fowns regesson model and he third ore (2.3 shavs
spatal model on the resduals, the laer two are linked in the
first equdion. Theabose model canbe expessedas

y=XB+2Zv+e, Z=(l-pW)™, (2.4)
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where X(mx p) is the design matrix of full cdumn rark p,
B(px1) is a cdumn vedor of regressbn paemeters and
Z(mxm) repreent the coficierts d randan effects v.
W(mxm) is a known spatial weight matrix which shows
the anount of interection betweenary par of small aress.
The elenerts & W =[W;] with W, =0 Vi may depend
on the détarce betveenthe enters of snall areas or onhe
lengh of common bounday betveen hem. As a simple
alternative, it may have binary values W, =1 (unseled) if
j" areais physically cortiguousto i" area andw, =0,
othewise. Thematrix hasbeen standarased soasto sdisfy
Z?levij =1fori=12,...,m The constanp is ameasue
of the overdl leve of spatia autocorreldion ard its
magnitude reflects the suitability of W for given y and X.
Further v and € are assmed to be ndepaderi of each
other. R is a dagon& matrix of order m which may be
expresed 8 R=diagc?,05,...,65) Wwhere ¢’s ae
known sampling \eriarces orrespondng © the i area.
The paranetr vecta y =[p, 52]" hastwo elemerts.

In this madel the strergth is borrowed from the similar
smdl areas tiroughtwo canmon paiameters viz. regesson
paraneter B and autocaelation paraneter p. Note tret the
preseth madel is a mae general model ard the nmodel of Fay
and Herriot (1979) can be olzined fran this by taking
p=0.

By adoping the mixed décts inea modd appoach
(Hendersa 1975), the best linea unbised pedictor
(BLUP) of 6=XB+2v and he mean squared mor
(MSE) of the BLUP may be oltained as

0(y) = X B(y) + A(y)[y - XB(w)]

=G, A (W)= (y)y + R (w) X B(w), (2.5)
MSF[é(w)] =

E[(B(w) - 0)(B(w) - 0)"]= g, (W) + 9, (W), (2.6)

o (v) = A(y)R=R-RZ ()R (2.7)

9,(¥) = REH WX (XTZH W) X) " XTZ (R (2.8)

Bw) =[XTZ W) X] ™ XT= (w)y,
() =ciAM (W) + R

AW) =0, AT (W (w), Aly) = (1 —pW) " (1 —pW).

Here B > andA, al are he fundions of y and usudy
have been expseed a f&(w),Z(w) and A(y) respet
ively. However, sometimesdue to brevity, the suffix y has
beenomitted. The first term, g,(v) in the expession for
the MSE, show the variablity of 6 when all the
paraneters ae knavn andis of ordr O(1). The second
tem, g,(y), due b edimaing the fixed effects B, is o
order O(m™) for large m. Further, with p =0, the abee
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model redues b the standard mixed dfects linea
regression nodd while for XB=u, we obtin a puedy
spatial scheme with only intercep term.

In pradice mrameter y is urknown and § egimated
from the dda. Themaximum likelihood etimator (MLE) of
the parameter, y is dotained by maximizing the fdlowing
log likelihood funtion of

| = const- % log[| Z(w) I

-y = XB = )y - XBw)] (2.9)
with resped to the parameter . The enpiricd beg linear
unbiased pedictor (EBLUP), é(w) and he nave esimator
of the MSE arenbtainedfrom the equdions (2.5) ard (2.9
respetively, by redadng the paraneter vecor y by its
estimator .

00p) =A™ ()T (§)y + RE(§) XB(P),
MSE[B(J)] = 9,(§) + 9, (),
where () =62A"()) +R
and A() = (1 —pW)" (I - pW).

This expession for the MSE of the ER.UP severely
undeestimates the true MSE asthe variability dueto the
estmation of the paraneters through the dda ha bea
ignored. Weobtain a seord orde appoximation to the
MSE[é(q‘f)] in caseV is the maximum likelihood egi-
mator (MLE) or the regricted maximum likelihood
edimator (REMLE) of v, with the assmption of large m
ard by negleding al the terms d the order o(m™), under
the folowing regulrity condtions The approkmation has
been verked ou dongthe lines of Pasal and Rao (290
and Datta and_ahiri (2000 which ae hauristic in naure.

(2.10)

(2.11)

Regularity Conditions 1

(a) The elenens of X are unformly bounde such tha
XTZH W) XHO(M)] ., Where E(y)= [0/ A™ (y)+
RI;

(b) mis finite;

© AWX =[0]mnp,  OLAW)X]/(OW4)=[OD)] e
@ [AMW)D/(OW0y,) =[OD)] ey Tor d, €=1 2

(d) ¢ is the esimaor of y which sdisfies -y =

O, (M%), Y(=y) = (y), ¥(y+xh) = (y) Vhe R?
and Vy.

These regiarity condtions ae saisfiedin this case. The
specal standadised fom of the weight matrix W sdisfies
the condtion (c) for |p|<1 ast hasonly afinite nunber d
nonzero Eemerts andits row sum is equal to 1 It may be
menfoned hee hatthe matrix 6ZA™E™" has finite rumber
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of nonzero kEmerts and he orde of W,(I —pW),

W(l —pW),X,=™* or ary sum or produd combination of
theseandtheir deaivaivesmentioned n condtion (c) donat
increase. TheMILE andthe REMLE, in addtion sdisfy the
condtion (d). A second ordeapproximation to the MSE of
the EBLUP has been shawin Theoren A.1 of the
Appendk as

MSE[8(§)] = EI(6(§) - 0)(6(§) —6)"]
=g, (W) + 9, (W) + 95 () + o(m™).(2.12)

Here the third term g,(y) comes from ediméing the
unknown paameter vedor fromthe sanple dda andf is of
the sane order O(m™) asthat of g,(y). Furthe g,(y)
may beexpressedas

9s(w) = L (W) [1,, (y) @ Z(y)] L(w), (2.13)
where
L(w) = Col[Ly (W] =[L, (w), L)',

ad

L =2 412 1 =€l o4

Wy oy
is the information matrix and ® represerts Kronecker
produd. Further g;(v) may alsobe written as

g:(W) =2 > Ly (W)L (W)l () (2.14)

d=1 e=1
where 1" () = (I & (¥))-

It is canmon padice © egimatethe MSEof the EB.UP
by redadng the unknavn parametersincluding mmponerts
of the varianceby their respecive esimators. THs proce
dure candal to severe unceresimation of the rue ME
(Prasad ad Rao 199, 9ngh, Stkel and Pfeffermam
1998). We oliain the egimator of the MSEof the EBLUP
in Theoren A.2 of the Appendix for large m negkcing al
terms of order o(m™). Asa reslt we have he expessions

E[9, (%) +95(9) — 9, (§) — 95 (¥)]= g, (y) + o(m ™), (2.15)

E[9,(¥)] = g,(w) + o(m™)

and E[g;(¥)] = gs(w)+o(m™), (2.16)
ard finally the egimator of the MSE of 6(\) as
mse{O({)]=
[0, (¥)+9, (¥)+295(§) -9, (§)-gs (¥)]+o(m™), (2.17)

where E[mse@({))]=MSE[B(§)] + o(m™).

Obvioudy the addtiond terms, g,(¥), 9,(¥) and
gs(y) arethe cortributions,dueto estmation d unknown
paraneter vector ¢ by . The eypresiors for g,(y) and
gs(V¥) up borde o(m™) aregiven by
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agl (\V)

9, (v) =[by (W) ® 1]

b@(W)=%|q71(W)C0| {Trac{ "(w) ‘“‘”ﬂ, (2.18)
1<d<2] l|!

d

[1,®(RZ™ (y))]

9 (\.,)_lnac 975
° N a(“?[l Ly)@E L (y)R)] |

(2.19)

Here b, () isthe Has ¢ \ i.e, E(y) -y up D order
o(m™) and (9g,(vy)) /(81|/) is a patitioned matix
[(99,(w))/(@p), (99, (w)) /(97)]"  of order (2mxm)
having 2matices @ order mxm in a cdumn. In the sane
way (9°Z(y))/(dyoy') is a matitioned matrix of order
(2mx 2m) having 2 patitions, row and column wise with
(0%Z(y)) /(0w 40v,) beng a gena stb matix of orde
mxm thereén. TracgB)=Y7_ B,,, where B is a squae
paritioned matrix with squaie submatrices & smilar oder.
In addtion g,(y) and g5(v) may also be witten as

94(y) =

3230 (w)Trac{ W) B("')}agis"’), (2.20)

Os(y) =

—ZZ{ 5 )iﬂ"” S (y)RI; (w)} (2.21)
d=1 e=1 d e

The expresion (2.17) gvesthe matrix of the estimator of
the MSE of EBLUP, é(fp) and he MSE ofthe individud
smal area eimators may be obtaired as the espetive
diagon& demert. In case d smple modd withou the
spata aubcorrelaton, $milar expresions can be oaned
In thisca® g5(v), however, becomes zep.

3. Spatial Temporal Model

In this section, Sate SaceModels via Kalman filtering
have been usdd teke the adartage @ thetime seies déa
along with the caommon regresson paameter and common
auocorrelation parameter to stergthen the dired survey
estmators at ary pant of time. Ths is egpedally
advantgeousin the cag where thepas sunvey edimatesare
more rdiade. The malels used in this caegory are the
following

ind
Yo = XB+2v, +&, 6 ~N,,(O,R), Z=(I _pW)il’ (3.1)
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ind
Vv, =kv,, +n, M, ~N,,(0,621) t=1,2,...,T and

g, and n, areindependenof each other. (3.2)

Here the parameters have usua mearing as explained in
the previous section. Weight matrix W(mxm) and dsign
matrices X,(mx p) are knowm, Z(mxm) is a matix of
coefficierts of ndan dfects and p is an unknow
autocarelation codficiert. R is a diagmal matrix of orcder
m which may be expessed & R = diag(c3, 65, ..., 0%)
where o7 ’s are known sampling variarces caoresponding
to the i™ small areaand t™ time point. B is unknown
vedor of fixed efeas and y =[p,c2,k]" is a vedor of
three  unknow paametrs. These pameters are
independnt of time t. It may be nded that the randan
effeds v, have been dowed to changein accadane with
(3.2) and k is temporal autoregressve parameer. For
sationarity |k|<1.

The edimators of fixed andrandam effects and he MSE
of these esimaors ae ddtained in stages, Sarting with
assunption d mixed dfects linea model appoachat time
t=1, and ly taking v, ~ N,,(0,621) (Salbes andHarville
1994). In he sardard fom wewrite the nodd as

Y, =V, +&, 0 =Tay , + &, T =diadl ,, Kl .],  (3.3)
Ct - Np+m(0' Q)! Q= diaqop' 65 lm]
U, =[X,,Z], o, :[Bt,vt]T, (3.9)

Here |, and 0, arethe unit andzero maticesof orde
mand ly diag[l ,, kl ] wemean te matix

{I pxp Opxm }

Omcp Kl

In casep is assumed fxed bu dependenbntime, there is
nochangen the nodd excepttha T =diag[0,,, kI, ].

The intial edimates ofthe efects o, and theivariances
(basecbn t =1) areoktained as

ﬁ (X H_lxl)_lx H1 yl'vl—cszTHl_l(yl_Xlﬁl)a
DI Y

le Rl('is Afl’ 21=|: 11 12:|,
221 222

Z,(pxp)= (X1TH1_1X1)_1:

TL(pxm) =X =—cZ(X; H* X)) X[ H;'Z

and X,,(mxm) =621, —c.Z2"H,;'Z

+00ZTH X (X HT X)) X H 'z

The recuring Kalmanfiltering equdions for updaion o
the etimatars at subseuert gages e
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DIV =T, T'+Q, O =T0, 4, H =R +Utzl|t—1UlT )
&t = dtlt—l + Ztlt—lutT Ht_l(yt _Utdtlt—l)'
= El|t—l - 21|t—1 UtT H ;1lJ 12t|t—1

where @, , arethe edimaors of the efeds o, giventhe
obsevations [y;, ¥,, ..., ;4] and he X, are the rean
squarederrors of &, ,. H, are the condtional vaiane
covaiance natrix of y, given [y, VY,,..., ¥,4]. With the
help d the abwe recuring filtering equaions, he best
linear unbasedpredctor (BLUP) of 6, = X,8+Zv,, and
the mean squeed eror (MSE) of the BLUP may be
obtained &

6,(w) =U, ()&, ()
= yt_R(Ht_l(W)[yt _Ut(\v)&tltfl(W)]

=U, (\lf)&tn—l(qf) + A (W& (W), (3.9)

MSEIB, (y)] =

U1z (W) =U, (W)Z (W)U (w), (3.6)

where A, (y)=U, (W)Ztn—l(W)UtT (v) Hfl(\lf)
~RH™ W)
and &(v) =Y, _Ut(\v)&tlt—l(\v)'

It may be notd that g, () isthespatid courterpart of
0,(v) + g,(y). As usualin pradice, he paameter vedor
vy is unknavn and is redricted maximum likelihood
estmators (REMLE) can be obined by maximizing the
following log likelihood function, basedon the sanple dda
coveing dl time pants

1 _ 13
| = const—logl| X Hy X, (12 X logl| H,]
t=1

_%(yl - Xlﬁl)T Hl_l(yl - XlBl)

1¢ N _ A
_Ez (yt _Ut(xtll—l)T Ht l(Yt _Utatlt—l) (3-7)
t=2
with respectto the parameter y. With the hédp of the abwe,
the eimator, \y is obinedandthe EB.UP of 6, and he
naive egimabr of the MSE @& the EB_UP are gvenby

0,(9) = U, (§)6, () = U, (¥)62 (§) + A, (§)& (§), (3.8)

MSE[®, ()] = g1 (F) = U, ($)Z, )V, (). (3.9)

Asexplaired edier in £cion 2, the MSE of the EBUP
undereimates the tue MSEas t does nbtake cae of the
variablity due  redadng parameters by thar etimatks. A
second aller appoximation o the MSE[él ()] for large
m and negicing al the temms of orde o(m™), has been
obteined h Theaem A.3 of he Appendx, underthe
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following regularity condtions siisfied ty our model.
These coniiions are aalogous  the reguarity condtions
1

Regularity Conditions 2

(@) The elenens of X,,t=12,..., T are umformaly
bounded schthat X[, *(y) X, =[O(m)],,,, where

Z (v) =[ciA7 () +R];
(b) mandT arefinite;

© AU (W)=[0D] ., (O[A (W)U, (w)])/(awd)—
[0(1)]mxp,([azA WD 10y 40w,) =[0D)] s t =1,
2,....,T andd,e=123

(d) W is the esimabr of y which sdisfies y—y =

O, (M%), W(=y)=0(y), Y(y+xh) =(y) Vhe R®
andV vy.

The second mle appoximation © the MSE of the
EBLUPis

MSE[®, (§)] = E[(8, (§) - ,)(6, (§) - 6,)"]
=01 (W) + 05 (W) + O(mfl)-

Here g, (y) is the bias due d the estmation of he
parameters from the sample data ard is of the ader O(m™)
and itis given by

0x (W) = LT W) 1, (W) K, (W H L )L (w) - (3.11)
where K, (y) = (Kg (4)

_, oH.
d K = T 1
and Ky =33 rac{ 2,

(3.10)

- oH,

}. (3.12)

e

Further
L (w) = Lgd0<|3[ Lqg (W)] and Ly (w) = (@A (v))/(dyy)
for d=123.

In a popea form, we may write g, () as

93 (V) =
ZBI ZBI 4t (W)
=1 g=1
3 3 _1 aH, 1 aHI T
leé Lo (W) Zl raC{ Sy H, awgJ Lie ().
X Hyl 5 (W)

The expression for the informaton netrix involved here
may be given as
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I(w)—E{— o }
de aWdaWe
T -1 T T
=12Trac{HllaHt Hllﬂ}z {—ae‘ Htla—e‘}
23 oYy . | T vy o,
[(XTHX) X H?
1
——Trace 2
2 x[ IH, oM, HllaHlJHllxl
Wy,  dy, Iy,
(XTHX) X HE
—lTrace MW
L OH, '
'—LH'X)

X (X;H X)X H

"oy,

Egtimator of the MSE of the BBLUP has alsobeenobtained
with the asumption of large m and negding dl terms of
ordero(m™) in Theoren A.4 o the Appendk as

M6, (§)] =[Gy () + oy (F) + Gay ()

= 94 (W) — 95 (P)] + o(m™), (3.13)
where g, (V). 9, (v) and gy (y) aregiven &
Oox (W) = L (WI1," (WO H (WL (y),  (3.14)
T 991 (V)
a (W) =[b; (V)& 1] ===,
9 (W) =[bg (W)@ 1] o)
1, 4, Ol (w)
by =21, (w) Lg(gs{ﬂac{% (v) an d ﬂ (3.15)
gSt(W)z
[1;®(RH™M)]
51Mace 9%H, - Ryl (3.16
2 awawT['“’("’m(H‘ R)I (3.16)

4. Analyssof the NSSO Data

Naiond Sample Suwey Organsaton (NSSQ of the
Ministry of Sttistics and Pogranme Implemenition (Gov-
errmernt of India) conduds quinquennal large sample
suveys (QS) a housebld consumption expediture ard
employment, aimog every five years in India. The surveys
covermore than hunded housand househds spead wer a
number d villages andrbbanblocks In order b fill the gajs
in dab betveenthe sucesive (Bs, the NSSO conducs
annualcorsumer expendture suivey (CES) h dmost every
round (egivalentto sx monthsor one ya duration). The
annual saies covers only 10-30 thousand houséolds
dependag on te number d villages and dban bbcks
surveyed al overthe coutry. Each round of S nomally
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hasmore tan one suled of enqury. The annuiaselies ha
a dfferent principal subgct of enqury. However schedle
1.0 of he annuh suveys is desgned b colled daa on
househtrl consmption exgnditure anong oher chaader-
istics an employment.

The NSSOadops wo dagestratified sanpling deggn,
the frat stage unts béng cersusvillagesin the rural secor
sekcted through drcular systematic sampling with probe-
bility proportiond to size (PPS) and the ultimate-stage units
being the households slected drcular systenaically with
independnt randon darts. India hasbeen divided nto
States andthe Digtricts ae the secondevel administrative
units in theStaes. There isnat muchdifference betieenthe
annualand ginqueniiel suveys excefing tha nomally in
annualseries, a mdl sanple of four howsehdds perfirst
stage uits ae suweyed while in the cae of qinquenid
suvey, ten to twelve housetolds per fird stage wits are
suveyed. Besdes tis, in NSSO surves, we have two
sanplesviz, the first one as entral sample suveyed by the
invedigators of he NSSQ and he secod one as ke
sanple suveyed by the Sate adhorities. Regarding the
estmation procedue, thefirst siage uiits ae sdectedin the
form of two independent sub-samples. The esimae d the
popuktion mean andts variance baed on lte wo sub
sanples ae sepeatly oltained. The po@d mean y, =
(9 +9,)/2 and R = (9, — ¥,,)*/4 for i=1,2,...,m,
where ¥,,, ¥, are tte sub-sample mears, edimae respct-
ively the population meanard its variane for a paticular
digtrict (small area) In cag ofround 55, ifrst Sage uims are
sekcted n the form of eight independnt subsanplesand
the esimate d the populaion mean andits vaiarce are
basedon thesesub-samples. In view of the problemsrelated
to the esimaes d R’s with 1 d.f,, the R for eachsmall
area vere angysed and copared oer time.In ca® of aty
abnoma R, it was snoothed out by taking the average of
R’s over neghboiing time ponts andin same cass, wer
neighbaing small areas &s0.The suvey edimates y, ’s are
the dred estmates, and the sioothed R 's are he diagol
elemens of the sanpling vaiiancecovaiiane matrix R, in
our modd equdions (2.1), (24) and 8.1), referred n this
paper.

In this paper, we hase useddai from ceriral sample
only. The etimates of monthly pe capta corsumption
expendiure MPCE) and ofthe sandad erors(SE of the
estmators hare been okrined undervarious mixed dfects
models for the rual 63 dstricts (@madl areas of a lage $ate
in India, namely, Uttar Prade$. We hae wsed dda from the
six rounds of the NSSO viz round 50 (dly 1993-June
1994), round 51 (duly 1994-June 1995),rourd 52 (July
1995-June 1996),round 53 (Januay-Decamber 199),
round 54(Januay-June 198) andround 55(July 1999-
June 2000) Out of these raunds50 and55 are basedn
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quinqueniial suveys. The seicted e&ogenos varades
used mn the models arei) number of hausehdds ii) gross
area swn andiii) pa capta net aea savn in the dstricts.
The agicultural dda ae available onannua basis while the
estmates of the househtds and the popuation were
obtained through the interpolaion tchniques baed onthe
1971, 1981 and1991 deennd cersus dta The®
exogenousvaliades hare been skeded from a hest of

variables rangng from 191 censugsto annua agicultural

dat through the covariae anaysis. Different weight

matricessuch alengh of common boundary betveena par

of districts, distan@ betveencentes oftwo dstricts and lhe
binaly weights were consered. Bhaty weights give large

estmate d spdial autocarelation ccefficiert, therdore they
(standadised ty making rav sum of the weight matrix as
one)have beenused for futher andysis in this pape. In the
whole exertse, maximization of log likelihood fundion and
the egtimation of the prameters have beencarried out by
using the Nelder andMeadsimplex method o1 the sdtware
MATLAB.

Various mixed dfects models, used for inding ou
improved efimates of MRCE are gien n Tabk 1. Tle
paraneters in the nodek have usud meaning as show in
sectons 2 and 3.Further, in case of eacimodel, sampling
varianceR or R (in case d tempord model) are asumed
to beknown.

Tablel
Mixed Effects Modds

Modd—-1 DirectEgtimates

Modd—2 RegressonModd y=XB+v+e
Modd-3 Spdial Modd y=XB+Zv+e

Modd —3A Spdial Modd (intercept) y=u+Zv+¢
Modd—-4 RegressonTenpord vy, =X B+V;+&;,V =kvi4+M;
Modd—-5 Spdial Tempord Vi =X B+2v; + &,V =kvi 1+,
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Table 2 pesets the rourd wise eimates of the mra-
metes for the smple mixed effeds regression ard spxtial
models. The value d the multiple correlation coefficients
R? between MPCE estinates anl the auiiary variales, in
case of each round $ialso ben showm here The figues in
brackeé shav the Sandad Errors (SE) of the paameter
esimates Note that A(=A,, 7,) is the likelihood rdio ted
(LRT) staistics dfined as —2logL ~xZ, wherel is the
raio of neged likelihoods & the hypothessed pamameter
values for two canpeting modelk unde differenthypotheses
andk is the diferencebetveen the number of paameters
under wo modds. Here A, camparesegession mode and
spatal modd, under H,:p=0 again$ H,:p#0 and &
ditributed as x> under H,, and A, compare spdial
model and spdal (interceg) model, under H,:f=0
agairst H, :B=0[B does rot include intercep term fB,]
and Bdistributed a8 5 underH,.

On conparison ofthe smple regresion modd (Model 2)
and spdial modd (Modd 3) through LRT, we find that
under H,(p = 0), the gatial autocorrelation p for Modd 3
has been foundighly significantfor the two rounds 52 and
55, obvously for theserounds, use of gatia modd results
in much improvement in the estmates d MPCE. On the
other hal, in case of round 50 and 53, and fohése oty,
the regession coeficierts B haw beenfound nedy
significart for the Maoddl 3 in camparison to Modd 3A
which shows thet the spatial model with intercef term may
improve the edimates for these roundswithout ary help of
the exgenousvariades

Table 3 preserts the parameter edimatesard their SE in
case of regesion empord modd and spaal tempora
model.

For Modd 4, uncorstained terative maximisation
proces corverged the dlue of k greder than 1, which is
inadmissible unde the assumption o sationarity. For this

Table2

Edimatesof Parameters for Snell Area Edimates of MPCE Unde Regression and Spatial Modds

Round R? Modd 2 Modd 3 LRT Modd 3A LRT

65 p 05 M p 05 Ao

Rd. 50 0.27 1,724.48 0.30 1635.70 1.80 0.59 1,724.68 6.64
(356.19) (0.18)  (346.45) (0.13)  (378.66)

Rd. 51 0.27 3,424.21 0.48 3,156.90 0.66 0.67  3,022.32 454
(820.89) (0.19)  (815.24) (0.13)  (824.54)

Rd. 52 0.17 2,150.54 0.87 714.96 13.46 0.86 768.11 0.90
(540.23) (0.07) (257.15) (0.07) (272.27)

Rd. 53 0.13 6,312.99 -0.39 5,822.99 1.56 0.09 7,141.60 7.66
(1,397.92) (0.27) (1,374.70) (0.23) (1,561.72)

Rd. 54 0.22 3,437.67 061 2,793.24 1.30 0.66 2,888.66 3.00
(806.87) (0.14) (742.35) (0.13) (768.84)

Rd. 55 0.31 2,989.73 0.87 1,060.21 20.30 0.86 1,186.58 1.56
(712.28) (0.06)  (362.40) (0.07) (394.27)

A, and A, compare modes 2,3 and models 3,3A respectively. 1 o5=3.841for A, and %3 o5 =7.815 for A,.
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case, diimates were obtinedby taking k =1 and Model4
was acordngly modified. Table 3 repats the reslts for
k=1 in case ¢ regression temporal modd. The spdial
temporal modd shawvs higher value of conmon auo-
corrdation coeficient andfar lower value ofthe etimate of
c2. A summay of the raund wise aerage esimaes d
MPCE (based on dl the 63 digtricts), their egimaed
standrd erors (SE) andhe coeficient d variation (CV)
under eah model has leen pesenedin Tale 4.

The resits d Tale 4have been sunmarizedbdow.

The Direct sirvey etimates are less pecise and k the
models involving mixed dfects improve it. The atimates
for the rounds 50and % (based onlarge sampleg are more
predse than the estimates tased oncther rourds. Spaial
model, depewling onthe value of p improves the gfmaies
consderally. In case d rounds 52 and & where the
aubcorrelation have beenfound sgnificant the redudion in
the average E of the edimates in comparison to the model
without spetial autocorrelation, is cansiderade. Moddl 3A
with sptial effect al without awiliary variadesis equdly

Singh, Shukla and Kundu: Spatio-temporal Models in Small Area Estimation

good. The spal temporal model further improves the
estmates taking into advantage of the state spae corsder-
atons. It may be nded that for the rond 52 gery high
spaial auocareation), the estmates based ontemporal
modek are worse tan the estmates tased onmodes
without temporal consderatons. Rrha due to fixed
regression and aucorrelation paraneters, the etimates
tendtowards the averageof the five rounds.

In orde to judge be peformance of the esimators
under \arious nodds visavis under te nost generd
model (spatial temporal moddl), data have beensmulated
under the gatd tempora model and true MSEs d the
repicaed etimates undeead of the assmed modds have
been oldined For this, we rave @wnduded he smulation
by taking the esimated parameters from the sgatial temporal
model, given in Tabke 2 anl obtined the true eplicated
small area meard(b) for b™ redication (b=12,..., B)
alongwith smulated olsewations y(b) for alarge number
of redicaions. On this simulated datsd, for each epli-
caion, differentmoddsincluding spaia temporal mode

Table3
Edimatesof Parameters for Small Area Egimation of MPCE Under Regression Temporal and
Spaial Tempord Modds

2
p Gy k
Modds Edimate S.E. Eimate S.E. Efimate S.E.
Modd 4 - - 4,715.64 431.00 - -
Modd 5 0.79 0.04 2,163.50 245,50 0.53 0.07
Table4

Average BBLUP for MPCE (Rs), their Estimated SE ard CV Under Regressh,
Spaial, Regression Temporal and Spdial Tempora Modds

NSSORounds
Modéds 50 51 52 53 54 55
Average Small Area Etimaes
Modd 1 276.10 32126 373.07 40852 411.25  482.00
Modd 2 27287 31253 35445 39752 400.87 471.99
Modd 3 27298 31314 35151 398.21  400.78 471.09
Modd 3A 27356 31419 352.01 39640 39991 47191
Modd 4 27413 305.62 34554 38353 39956  463.32
Modd 5 273.75 31221 35179 391.61 39950 473.57
Average Sardard Erors (SE)
Modd 1 25.09 66.06 64.18 74.19 53.87 45.45
Modd 2 17.10 33.65 29.09 39.85 32.68 30.59
Modd 3 16.88 32.84 21.51 39.98 30.87 24.84
Modd 3A 16.56 31.29 20.79 40.03 30.23 24.37
Modd 4 19.51 34.91 35.19 37.79 35.14 33.15
Modd 5 17.18 28.99 28.33 30.02 28.76 28.10
Average Coeffi ciert of Variation (CV) (%)
Modd 1 9.09 20.56 17.20 18.16 13.10 943
Modd 2 6.27 10.79 821 10.01 8.15 6.48
Modd 3 6.18 10.49 6.12 10.04 7.70 5.27
Modd 3A 6.05 9.96 5.91 10.10 7.56 5.17
Modd 4 7.12 11.42 10.18 9.85 8.79 7.15
Modd 5 6.28 9.29 8.05 7.67 7.20 5.93
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Table5
Percertage Redtive Eficiency [RMSE] of the Temporal Modelsin Comparison
to ather Modds for MPCE

NSSORounds
50 51 52 53 54 55
Spdial Tenporad Model [Modéd 5]
Modd 2 123.63 17054 193.68 20355 204.72 169.76
Modd 3 100.24 133.82 149.70 16546  165.85  154.23
Modd 4 12581 14150 14193 13755 139.11  129.88
Regresson Tenpora Model [Modé 4]
Modd 2 100.71 13450 156.35 16530 163.13 152.56

have been apigd andlte snall areamean atimators unde
each ofthem are oliained. While fitting theregession am
spatal temporad models on the simuated datasds, the
iterative maximisation proces hae te congrainedvalue of
k <=1. Here vwe hare aken B=5,000 repications. The
true MSEs d the esimators for i™ smdl area unde a
particularmodd (k =2-4) may bedefinedas

MSE(ei")zézB:[éi"(b)—ei(b)]z, i=12..,m
k=1

The redtive eficieng of the estmators unde spaid
temporal modd (Modd 5) agangt the estimators under
models 2-4 have beenydged by the rato of their mean
squareckrors (RMSE) as

m

" MSE(6
RMSE(k, Temp) =100 Zm.:1 ( )
>, MSE(6[°™)

where ‘Temp’ denotes tle gpatal temporal modd and k
denoes modds 2, 3 and 4Likewise the rdative eficiengy
of the regession empord model (Modd 4) aganst the
simple regesson nodel (Model 2) has been found ¥
simulating data with the estimated parametes given in
Tabke 3, undetthe regession temporal model The reslis
have beeshawn in Tabk 5.

The reslts corfirm the syeriority of the sgatial temporal
model in comparison © other modek for these paameters.
The regresion temporal model has &so keen foun beter
thanthe smple regression madel.

5. Conclusons

The Dired survey edimaes basedon the small sample
can be conderaldy improved by ushg the ar@ spedic
smal areamodels. The sptial auocorrelation amongst the
neighbaing areas nay be expoited forimproving the dred
suvey estimates. However, the nodel must be apged dter
studying the sgnificart comelaion anongg the small areas
by virtue d their neghbortood efeds. In case d poa
relation ketweenthe depenént andexogenasvariales,the
simple sptial model with interceg only, may equaly

improve the esimaes. This modd uses aly the sptia
auocorrelation to srergthenthe gnall areaesimaesard do
not requre the use of exagnous vdaldes. The spil
models, by usng the apprgriate weight matrix W, or a
combinaton o W matrices, canconsderably improve the
estmates. Weight matrix shoud be basd on obgcd
consteraions andtimay be used eficively for the case
where de © same reasos, ©iable exogenousariabes ae
notavailalle. THsaspetcanbe futher exploitedto find out
the snal area esmates fa the areas tich hae been
recerly crested/demarcated.

One has to & caeful abou the inaea® inthe MSE de
to the varialility calsedby repladng the parametes by their
estmates. This ges refleded through the second aler
approxmation b the MSE dealin the paperThatis why
mary times the smple smtid modd (with intercep)
performs better than the smtid mode involving more
paraneters. Use of time seies déa with fixed regression
paraneters acras the time, further improves the sndll area
estmates espedly for the time ponts where the direct
survey egimateshave larger MSE. Spatial temporal models
have advantage over temporal madels without spatial
consderaion dueto the incluson d fixed spdial aub-
carelation acress tie snall areas.However, for sane ime
points for which p may be very differert than the rest, this
may not hdd due b estmates tendng owards the average
of five rounds. Here the tempord condderdion @an be
gated from a suitable initial time point. Fndly the
exogenouvariades X ard the waght matix W suppement
each ther through the regresson paamete [ and the
auocorrelation parameter p and ajudicious u® of them
may resut in considerabe improvemert in the snal area
esimates
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Appendix
Theorem A.1: Unde Reguarity Corditions 1

9 (W) + 9, (W) + g5 (W) +o(m™). (5.1)

For prod of the Theoem, we usethe following well known
resuts (Sivagawa axd Tiwari 1976) Let U ~ N(O, X)
thenfor the symmetric matices A B and C

MSE[8()] =

E[U(U"AU)U "]=Tracd AX)X + 2> AS
E[U(UTAU)(U"BU)U "] =Tracd AZ) TracgBX)x

+ 2[Tracd AX)ZBX + Tracd BX)XAX + Tracd AZBX)X]
+ 4[Z AXBX + B AX].

Proof of Theorem A.1

Kacka and Hawille (1984 shoved that MSE[é(q‘f)] =
MSE[B(y)] + E[(B(F) - 6(w)) (B(H) -8(w)']. It s
straight forward to show that MSE[8(y)] = g, (v) + g, (W).
We need to pe that g,(y) = E[(B(3)—6(y)) (B(¥) -
O(y)) 1+ o(m™). Taylor Seies expasion of 6({) around

vy and usig (J-y)=0 (mf”z) and (9%0(y))/

(OWqgove) |, =Op (D when |1 ~Vlis -l we
get

[6(0) - 6(w)] =[(F - w)®1,1"VO(y) + O, (m™). (5.2)

Here  VO(y) = (086(w)) /(@) = [(38(y)) /(9p), (08(w))/
(062)]". Using

Bly) 5 9 (B w)|  3By) 96 B.y)
a\l] B=B(y) aWd a\ud
d=12

where 6" B, wv) = XB(w)+ A(w)[y— XB(y)], and be fad

that (9B, ())/(dw,) =0,(m™*'?) (Cox and Rel (19&)),
we ¢t from the atove

[6(§) - 6(w)] =[(F - )" ®1,]V6 (y) +0,(m™)

|B=f3(\u)

(5.3)

96" (B.v) 96'(B, w)} |
p aGV ﬁﬁ(‘l/)

=Ly - XB(w)].

where V6’ (y) = {
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Using the Reglarity Condtions 1 and the fact tha
Bw) -B=0,(m™'?) wehave

[6(F) - 8(w)]
=[(F =)@ 11" L)y~ X B(w)] + O, (m™)
=3 (Fy ~ o) Ls W)y~ X B+ O, ().

d=1

Further ugng the Taylor Seies expan®n d the Likelihood
S(M) =0 aroundy where

o
Cad
S ()= Ca p{ 2B, }
and he orthogondity of B and vy, it follow that
(F—w) =1, (y)S, (M) + O, (m™).

Writing
S, () = Ca[S, (W] =[S, (w). S (W)",

Sm) =[s; (), S, )",

SiW) = =2 Tra c{zl o } LB, (vl

Vg 2 Iy

4 0X 51
By(y) =X ,u=y-XB(y) and

aWd
| (W) = Trac{zla—zzl 2 }
a\ud aWe

we g

[60F) —6(w)] = L (W)[1, (W) @ 1,]IS, (w) ®u]
and thisthe expession
[6() —B(w)I[6(F) - 6(y)]" upt order o(m™)
=L" (W)[1,'(w) ®1,,] Cdl [uS, (w)] Concafs, (y)u']
[1,'(w) ® 1 ,]L(w)
=L"(W)[1,"(w)®1,] ColConcafus, (y)S.(w)u']
[1,5 W) ® 1 ]L(w).

Now we an write the likelihood andits deivative &

(5.4)

-1

=logL = const—%logn | —%UTZ u

Iy

2
E{— d¢ }lerac{Z‘l oz 2‘18—2}: | (W)
Yoy, | 2 vy 0y,

I de(W)-

where information matrix 1, (y) =
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The expectidon of a typicd elementof the imermog terms
in the expession (54) becanes

E[uS, (v)S.(y)u'] =
"U[u" B, (y)ul[u" B, (y)ulu"

- uTrac{Z‘1 882

d

}[uT B, (y)uJu’

B> } .
—u
IV,

0z }Trac{zla—z}uT
Yy e | |
andby applying the reslis of SrivastawaandTiwar (1976,
it becanes

E[uS, () S, (W)U ] =

1 Trac{zl 2 5 a_z}z + 2{8—2 z 8—2}.
2 Wy Ve Ny IV,

—u[u" B, (y)u] Trac{Z‘1

+U Trac{z1

Substtuting tese in the expresion (5.4) and aso the
second exyesson béng of ader O(m™), we canget the
following upb orde o(m™)

[603) — 6(w)IB(F) — B(w)]"
=L ()[1,' () ® I,,] Cd Concatl 4 ()2]
[1,)9) ® 1, 1L(y)
=L ()1, () @ 1,101, (W) @ Z][1, () © 1 1L(w)
=" ()1, (y) ® Z]L(y).
Theorem A.2: Unde Reguarity Corditions 1

E[9,(¥) + 95 (%) — 9, (§) - 95 (§)] = 9, (w) + o(m™), (5.5)

E[9,()] = g, () +o(m™),

E[95(§)] = g;(w) +o(m™) (5.6)

and E[gs ()] = g5 () +o(m™). (5.7)

Proof of Theorem A.2

Taylor Series expan®on o g,(y) around y and uing
§—y =0, (m™'?) when [|[§ —yl<=|[F—y]|, weget
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0,(9) = 0.(¥) +[(§) ~ (W) @ 1,1V, (¥)
T CEOMCII S A0 DI
+0,(m™)
Vo, (v) = {_agsgu) —a%léﬁ’)} ,

2
V2g,(w) = Cdl| Concatd 9LY)
1<d<2| 1<e<? a\lfdaWe

agl(W) — Rz—l ox Z_lR

Iy Iy
9%g,(v) :_Zszla_szla_szlR
W40y, Wy Iy,
2
+Rz? (a2 >R
aWdaWe

Using the fect tha X(y) and ts derivativesaresymmetric,
we have the seondtem of the expresion &

[(F - &1,V WIF-w) @1,
=-L"(y)[1,'(v) ® Z]L(v)

9’
oyoy'

+%Trgc{[lz @ (RE == [1,y) @ (= R

=—03(V) + s (¥)
where I\,‘,l(\p) =Var(y) is information matix, the
ag/mptotic variance of y. The first term in the expresson
[(F—y)" ®I1,]Vg,(y) reducesto g,(y) because fo
E(W—-vy) =D, (v) upto orde o(m™) (Peersand Igbal
1985).
The secondpat of the Treaem follows from the Taylor
seies exparisnof g,(\), g;(¥) and g;(\), each around
vy and wng Y-y=0,(m"?) and (9°g,())/
OV 0We) |5 = Op (M™), (9°G3(W)) / (W 4OWe) |y =
O,(m")  and  (9°gs(¥))/(OWudVe) |,-=Op(m™),
respetively where || —y||I< || W —w]|.
Theorem A.3: Unde Reguarity Corditions 2
MSE([6, ()] = g1z (W) + G5 (w) +0(m ™).

Proof of Theorem A.3

The proofis basically ontheline of Theoem A.1 and vith
the use of he resilts of (Sivadawa and Tivari (1976)
menionedtheran.

MSE([6, (§)]
= MSE([8, (w)] + E([6, (w) —6,)(6, (W)~ 6,)"]
= Gy (W) + EI(8, () - 8,)(8, (w) - 6,)"].

(5.8)

(5.9)
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Taylor seies expasion o ?[(\p) around y and ugg
(=) =0, (M%) and (°8(y)) [(OV 4OV, |, 5 =0, @)
when [~ ||< (1§ -y || wehave
[6,(§) — 6, ()]

=[(F~y) ®1,]" VO, () + O, (m™)

=" [(Fg - ve)Ly(WaW)]+0,(m™).  (5.10)
d=1

Further usng the Taylor saies expanin of the Likelihood
equaton S(f) =0 and he orhogondity of B and v, it
follows

(=) = 1,1(y) S(y) + Oy (m™). (5.12)
Subsituting the expresion far (y —vy) in equaion (510),
we hare upto order o(m ™)
[6,(§) -6, (W=l W1, (W) ® 1,1, (W) @]  (5.12)

and
[(6, (F) - 6, (w)) (B, (§) - 6, (w))"]
=L"(y)[I,'(y)®1 ] Col Concat

1<d<3 1<e<3
[&:Ss (W)Se (W)l 111, (W) ® 1, 1L (W)

where

(5.13)

5,0 =CalS ()], Si(w=si-

d
Usingthe expession far deivaiives d likelihood,we have

I oH
TracgCy, (W) - . Trac{Ht‘l —‘}
t=1 oy

1
S (W) ZE ’
.
+> [6' By (w)a]
t=1
{QTH‘_l % }Cm (w){(XJ Hyix,) T H 20 H;lxl}
Vg Iy
4 0H, _
By (W) = Htla : Htl-

d

By applying the corsiderdions ¢ ~ N(O, H,), Corr(e,
g)=0 for i # j,Cor(g, (dg)/(dy4))=0 and Corr(e,
(0%€) /(0w 40y,)) =0 due to the fad that (de)/(dy,) =
((y; =U, 04y 1)) [(0yy)  beng linea fundion of
(Yis Yo, ---» Yoq) IS uncorelated with e, we ¢t the
expechaton of the inna most terms of the expraesion (5.13
as

Statistics Canada, Catalogue No.12-001-XIE
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El6 S, (WS, (WET ] = K (WH, + 2{ o, Hai}

vy AP
oH. | Tracq B, (V)] o, }
. MWV
+ %Trace{ By (W)] Tracd B, (y)]H,
where
Kee(W) = %g TraC{Htl g\:'; Htlg_::j'

The middle three terms in the expesson teing of orde
O(@) which dong with I;l(\p) in the expresion given
below makes them of orde o(m™),

E[(6, (%) ~ 6, (w)) (6, (§) ~ 6, ()] = gay (W)
=L ()1, (W) @ 1LIIK, (W) ®H,]
[, () ® 1,]L(y) +o(m™)
= LT ()1, (WK, (W1, (W) ® H IL(w) +o(m™).
Theorem A.4: Unde Reguarity Corditions 2

E[ 910 (W) + 93 (W) + Gz (W) — 9 (W) — G5, (V)]
= Gy (W) +0(m™)

E[ga ()] = ga (W) +0(m™)

+§{Trace{ By (V)]

and
E[9s: (9)] = Gs; (W) +0o(m™).
Proof of Theorem A.4

The proof § esgnidly baed on he line sugedged n
proving Theoren A.2. Using Taylor seies expanson d
0, () aroundy, we get

Gix (§) = G (W) + (T~ W) ® 1,1 Vg, (W)
+ 1) @11V G WIF- WO 1,

+0, (m™)
0
VO, (y) = 1293 [VGyaq (W], VOyrg (W) = galzt (v)
B Yy

001 (V)
) B 12t
V20,5 (W) —ggs{czz‘éam

9912 (V) Ryt a_szlR

oy oy
a2g12[ (W) — _2 *18_22718_2271R
GATACITR Wy IV,
2
+Rz? gz >R
aWdaWe
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Using the fact tha X(y) and ts derivativesaresymmetric,
we hare the seondtem of the expresion &

[~ ¥)" @1,V 9 (WI(F-y) @1 ,]
= —L' (W[, (v) ®Z]L(W)

0°%
ooy’

+§Trgc{[|3 @ (RE =21, (y) @ (= 'R

= —9x(V)=9x (V)

where I“jl(\p)=Var(w) is the agmptotic varianceof .
The firgt term in the expession [(J—y)" ® 1 ,]Vd,x (W)
reducs to g, (y) because ofE(y—y)=Dby(y) up O
ordero(m™) (Peers andiqbd 1985.

The secongbat of the Theorem follows from the Taylor
seies expngon of g, (y) and g. (), each aroundy
and uing Y-y=0,(mY?) and (9%g,(V))/
(Vg W) lyeg = O (M™) and (0°gs (W) /
l(la}ydawﬁ) ly=y= 0, (M™), respedively where || — |

V-l
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