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Abstract

Recently Gupta and Kundu [9] introduced a new class of weighted exponential dis-
tributions, and it can be used quite effectively to model lifetime data. In this paper,
we introduce a new class of weighted Marshall-Olkin bivariate exponential distribu-
tions. This new singular distribution has univariate weighted exponential marginals.
We study different properties of the proposed model. There are four parameters in this
model and the maximum likelihood estimators (MLEs) of the unknown parameters
cannot be obtained in explicit forms. We need to solve a four dimensional optimiza-
tion problem to compute the MLEs. One data set has been analyzed for illustrative
purposes and finally we propose some generalization of the proposed model.
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1 INTRODUCTION

Recently Gupta and Kundu [9] introduced a shape parameter to an exponential distribution
using the idea of Azzalini [5] and study its different properties. This new class of distributions
turn out to be a weighted exponential distributions, and due to this reason it is named as
the weighted exponential (WE) distribution. Several interesting properties of this new WE
distribution have been established by Gupta and Kundu [9]. It is observed that the two-
parameter WE distribution distribution behaves very similarly, with the other well known
two-parameter distributions, like Weibull, gamma or generalized exponential distributions
and it has several desirable properties also. The WE distribution can be obtained as a
hidden truncation model. Moreover, it has been observed that in certain cases the two-
parameter WE distribution may provide a better fit than the two-parameter Weibull, gamma
or generalized exponential distributions. Since, its distribution function is in compact form,
it can be used very effectively to analyze censored data also. A brief review of the two-

parameter WE distribution is presented in section 2, for ready reference.

Recently, Al-Mutairi et al. [2] introduced an absolute continuous bivariate distribution
with weighted exponential marginals. The main aim of this paper is to introduce a weighted
Marshall-Olkin bivariate exponential (WMOBE) distribution, using the similar idea as of
Azzalini [5], and it is quite different than the method proposed by Al-Mutairi et al. [2].
This new singular WMOBE distribution has four parameters. It can also be obtained as a
hidden truncation model as of Arnold and Beaver [3]. Therefore, the interpretation of any
multivariate hidden truncation model as it was provided by Arnold and Beaver [4] is valid

for this proposed model also. This is one of the basic motivations of the proposed model.

Moreover, it may be mentioned that the most popular singular bivariate distribution is

the three-parameter Marshall-Olkin bivariate exponential (MOBE) distribution or the four-



parameter Marshall-Olkin bivariate Weibull (MOBW) distribution, see for example Kotz et
al. [12]. Since it has been observed that the univariate WE distribution may provide a better
fit than Weibull or exponential distribution in certain cases, it is expected that the proposed
four-parameter WMOBE model may also provide a better fit than the MOBE or MOBW
model in certain cases. It is mainly to provide another option to the practitioners to a new

bivariate four-parameter model for analyzing singular bivariate data.

Several properties of this new WMOBE distribution have been established. The joint
probability density function (PDF) and the joint cumulative distribution function (CDF)
can be expressed in explicit forms. The marginals of the WMOBE distribution are univari-
ate WE distributions. The MOBE distribution can be obtained as a limiting distribution of
the four-parameter WMOBE distribution. The joint moment generating function (MGF),
different moments and the product moments of WMOBE distribution can be obtained in
explicit forms. The correlation coefficient between the two variables is always non-negative,
and depending on the parameter values it can vary between 0 and 1. The expected Fisher in-
formation matrix also can be expressed in compact form. The generation from the WMOBE
distribution is quite straight forward, and therefore performing simulation experiments on

this particular model becomes quite easy.

As already mentioned, the proposed WMOBE model has four parameters. The maximum
likelihood estimators (MLESs) of the unknown parameters can be obtained by solving four
nonlinear equations. They do not have explicit solutions. For illustrative purposes we have
analyzed one real data set, which was originally analyzed by Csorgo and Welsch [7]. They
analyzed the bivariate singular data set using MOBE model and concluded that it does
not provide a very good fit. We have re-analyzed the data using the WMOBE model and
observe that WMOBE provides a better fit than the MOBW model. It justifies the use of

the proposed WMOBE model to analyze certain bivariate singular data sets.



Although, in this paper we have introduced and discussed a singular WMOBE model, sev-
eral other generalizations are also possible. For example; (a) weighted Marshall-Olkin mul-
tivariate exponential model, (b) singular weighted Marshall-Olkin bivariate Weibull model,
or (c) singular weighted Marshall-Olkin multivariate Weibull model, can also be obtained

along the same lines.

The rest of the paper is organized as follows. In section 2, we briefly review the univariate
WE model. In section 3, we introduce WMOBE model, and discuss its different properties.
In section 4, the statistical inferences of the unknown parameters are provided. The analysis
of a data set is provided in section 5. Finally we conclude the paper and provide some future

research in section 6.

2 WEIGHTED EXPONENTIAL DISTRIBUTION

DEFINITION: The random variable X is said to have a WE distribution with the shape and

scale parameters a > 0 and A > 0 respectively, if the PDF of X is

atl, —ax
. _ z (1 alx\ . 1
fx(wia ) = == (L-e™); x>0, (1)

and 0 otherwise. Form now on a WE distribution with the PDF (1) will be denoted by

WE(a, \).

The PDF of the WE distribution is always unimodal. The CDF and the hazard function
(HF) can be expressed in explicit forms. The HF of the WE is always an increasing function,
and WE family is a reverse rule of order two (RRj) family. For different shapes of the PDFs
of WE family, the readers are referred to the original work of Gupta and Kundu [9]. It
may be mentioned that the shapes of the PDFs of the WE distribution are very similar
with the shapes of the PDF's of the well known Weibull, gamma or generalized exponential

distributions. Moreover, in this model, A plays the role of a scale parameter, and « plays



the role of a shape parameter.

It is observed that the WE(a, A\) can be obtained as a hidden truncation model, as
introduced by Arnold and Beaver [3]. For example, if X; and X, are two independent

1
identically distributed (i.7.d.) exponential random variables with mean e then
X £ X i|aX, > X, (2)

here < means equal in distribution. The moment generating function (MGF) of X can be

written as

Mx(t) = E(e™X) = (1 - M) h (1 - i)_l . (3)

From (3) it is immediate that

X=U+V, (4)

. . . : 1 1

where U and V' are independent exponential random variables with means m and "
!

respectively. Using the representation (4) random samples from WE can be easily generated.

The mean and variance of X becomes

E(X):i(wlia), and V(X):;<1+(1+1a)2>,

respectively. The coefficient of variation (CV) and skewness are both functions of the shape
parameter only, as expected. The CV increases from \}5 to 1, and skewness increases from
V2 to 3. The mean residual lifetime is a decreasing function of time. The convolution of WE
distribution can be expressed as a weighted mixture of gamma distributions. For different
estimation procedures, different other properties and for comparison with other lifetime

distributions, like Weibull, gamma or generalized exponential distributions, the readers are

referred to Gupta and Kundu [9].



3 BIVARIATE WEIGHTED EXPONENTIAL DISTRIBUTION

The bivariate random vector (Y7, Y2) has the MOBE distribution, if it has the joint PDF

gy, ye) i 0<y <y
Iy, y2) = S g2(yr,y2)  if 0<y2 <y (5)

goly) if 0<ypi=wp =y,

where

Gy, 1) = Ae MU (g 4 Ag)e”Pathiz g g
G2 (Y1, y2) = (A + )\12)67()‘1“12)1”11)\26%”2, Yo < 1

go(y) = Appe” 1Rty

and it will be denoted by MOBE(A1, A2, A12). Note that if Uy, Uy and Uy are independent

exponential random variables with parameters Ay, Ay and A5 respectively, then
(Y1,Y2) £ (min{Uy, Uy }, min{Us, Us}). (6)
Now based on the MOBE distribution, we introduce the WMOBE distribution as follows:

DEFINITION: Let (Y7, Y5) ~ MOBE(A, Ao, A12) and Z ~ exp(1), and they are independently
distributed. A random vector (X7, X») is said to have a WMOBE distribution with parameter
0= (Oé, Al) A27 A12)a if

X1 £Y1|Z < amin{Yy,Ys} and X, £ Y3|Z < amin{Y;, Y5} (7)
and it will be denoted by WMOBE(av, A1, A2, A12).

Note that (7) can also be written as

X, LYW < min{Y1,Ys} and X, £ Vo|W < min{Y;, V> }. (8)



where W ~ exp(«a). It is immediate that as o — oo, (X7, X5) 4, (Y1,Y3), where < means
convergence in distribution. Therefore, MOBE is not a member of WMOBE family, but it

can be obtained as a limiting distribution of the WMOBE family.

Now based on the above definition, we provide the joint survival function and the joint

PDF of (X, X3) in the following theorems.

THEOREM 3.1: Let (X1, X5) ~ WMOBE(«, A\, A2, A12), then the joint survival function of

(Xl, XQ) is
51(171,.%2) if 0< 2 <29
S(Il,(L’g) = P(Xl > (L’l,Xg > Ig) = 52(131,.772) if 0< a9 <1y
So(x) if 0<z=a9=nr,
where
a—+ A o
S 7 _ { —(AMz1+A2z2+A1222) 1 — e %12 —(Aeza+Ai2za+ iz +zi@0)
1(1, 72) o e ( e )+a+/\16
_ a(Ag + Ai2) o~ Ota)e (9)
(a+ AN (a+ A1)
a—+ A o
S ’ _ { —(A2za+Aiz1+A1221) 1 — g~ %2 —(Mz1+Ai2z1+H A2zt 200)
2 (71, 72) T e ( e )+ PUTISW )\26
- Oz(x\1 + >\12) o~ o)z (10)
(v + N)(a+ Ag)
a—+ A «
So(e) = 2 {e_’\x(l _ ey 4 We—w“z)w] , (11)

and)\:>\1+)\2+)\12.

Proor: We will prove the result for the case 1 < xs, the other two cases will follow along

the same lines. For xy < x4, and for Uy, Uy, Uy same as defined in (6), we have

S(x1,29) = P(X7>x1,Xe > 1) = P(Y] > x1,Ys > 29| Z < amin{Y7, Ys})

1
P(Z < amin{Uy, Uy, Us}) (Uy > x1,Uy > 29, Uy > 9, Z < amin{Uy, Uy, Us})




Now if A= P(Uy > z1,Us > x9,Uy > 29, Z < amin{Uy, Uy, Us}), then
4 - /Ooo e_y—)\l max{xl,%}—()\g—i-/\lg)max{xz,%}dy

_ /:1:104 e—y—)\lx1—()\2+)\12)x2dy + /1204 6_(1+%)y_()‘2+)‘12)x2dy —+ /Oo 6_(1+%)ydy.
0 Tio T2¢

Now after simplification and using P(Z < amin{Uy, Uy, Us}) = %, the result immedi-
o

ately follows. ]

THEOREM 3.2: Let (X1, Xo) ~ WMOBE(q, \j, A2, \12), then the joint PDF of (X, X3) is

fi(ay, zo) if 0< <29
f(xr,22) = falzr, @2) if 0 <z <3 (12)

fo(z) if 0<x=ux0=nu1,

where
A
filer ) = RNy e Orthne (1 — o) (13)
A
Faenzs) = S0+ Apg)eOrbhden y o —ars(] _ gmma) (14)
a
-+ A -z —za
fo(l’) = o /\126 A (]. — € ) (15)
82
PROOF: The expressions of fi(-, ) and f5(, -) can be obtained by simply taking 9.0 S(z1,x2)
L10X2

for 1 < w9 and x; > x5 respectively. But naturally fy(-) cannot be obtained similarly. Using
the similar ideas as of Sarhan and Balakrishnan [15] or Kundu and Gupta [9], and also using
the fact

/OOO /;O f1(u, v)dvdu + /OOO /:o fa(u, v)dudv + /OOO fo(w)dw = 1,

the result can be easily obtained. |

We provide the surface plot of the absolute continuous part of the joint PDF of (12)
in Figure 1 for different values of a for fixed \;y = Ay = A;3 = 1. The joint PDF is always
unimodal, and it can take various shapes. It is clear that a plays the role of a shape parameter

also in this bivariate model.



COMMENTS: Note that the joint PDF of (X7, X5) as obtained in Theorem 3.2, can be written

as follows:

a+)\(1

F(ay, ) = — et fi v (@, 3), (16)

where fy, y,(, ) is same as defined in (5). Therefore, it is clear that the proposed bivariate

distribution is a weighted Marshall-Olkin bivariate exponential distribution, where the weight

A :
function is — (1 — e—amln{xwz})_

A

The following corollary provides explicitly the absolute continuous and singular parts

explicitly.

COROLLARY: The joint PDF of X; and X5 as provided in Theorem 3.2, can also be expressed
in the following form for x = max{z, x2}, and for fi(-,-), fo(-, ) same as defined in (13) and

(14) respectively;

A+ A A
flzy,20) = ! \ 2fa(%,ﬂ@) + %fs(x)a (17)
where
a —"_ >\ X —Qx
fs(z) = T}\GA (1 —e™),
and )
A fl(ﬂfl,l'g) if r1 < To
Falan ) = 5

fo(zy,xe) if my < 7.

Here clearly, f,(+,-) is the absolute continuous part and fs(-) is the singular part of f(,-).

THEOREM 3.3: Let (X17X2) ~ WMOBE(Oé, )\1, )\2, )\12), then

Oé+)\2

X, ~WE
() X (Al Mo

)\1 + )\12)
8} + )\1

(b) Xo ~ WE (/\2 Ny

(¢) min{Xy, Xs} ~ WE <‘; A) .
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PRrOOF: To prove (a), note that from the joint survival function, it can be observed

A1+ A
1T A2 (ot Nz

A
P(Xy > 2) = 2 O _

a+ Ao a+ Ay
d
Then the result can be easily obtained by observing the fact fx, (z) = _CTP(Xl > ). (b)
T
follows along the same line. The proof of (c) is trivial. n

The moment generating function of the WMOBE distribution can be expressed in explicit

form. It is provided in the following theorem.

THEOREM 3.4: Let (X7, X3) ~ WMOBE(a, A1, Ay, A12), then the moment generating func-
tion of (X, X») is

(Oé + )\) Ao ()\1 + )\12) A ()\2 + )\12)
M (t1,t9;0) = + Agp. (18
(81,123 9) A=ti—ty) Ata—ti—t) (M+A—t1  A+Aa—1 = (18)
PROOF: It is straight forward, therefore it is avoided. |

Note that the moment generating function of (X7, X5) can be written as

-1 —1 —1
Mty 12:0) = )\2<1_t1+t2> (1_t1+t2> (1 tq ) " (19)

A A o+ A DYDY
A1 t1+t2>1< t1+t2>1( to )1
— (11— 1-— 1-— 20
A < A a4+ A )\2"‘)\12 + ( )
)\12 t1 4+ 1o -1 t1 + 1o -1

1-— 1-— . 21
A < A ) ( a+)\) (21)

Suppose, V; ~ exp(A), Vo ~ exp(a+A), V3 ~ exp(A +A2), Vi ~ exp(A2+ A12), and they are

independently distributed. If we define V' = V; + V5, have the following corollary of Theorem

3.4;
COROLLARY: . N )
(V +V5,V)  with probability 52
(X1, Xo) = (V,V +V,) with probability % (22)
Ai2

(V,V) with probability

-
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Note that (22) can be used quite effectively to generate samples from the WMOBE distri-
bution. Moreover, the product moments of X; and X5 can also be easily computed using

the representation of (22) and exponential moments, which has not attempted here.

COROLLARY: From the cumulant generating function (logarithm of the moment generating
function), it can be easily seen that the correlation between X; and Xs, say px, x, can be

written as

,\2 + N2 T (A Al,\AQ A ,\2}
Xy Xy = ()\1 +)\12) )\2 +)\12 (a+ )? 1+A12)(A2+A12) . (23)
\/1+ >\1+>\12 \/1 >\2a-:/\)\12
From (23) it is clear that for all & > 0, Ay > 0, A2 > 0, A\;5 > 0, px, x, > 0. It can be easily

seen that as @ — oo and A\j2 — 0 then px, x, — 0. Moreover, when o« — 0o and A3 — o0

so that A\j2/a — 0, then px, x, — L.

THEOREM 3.5: Let (Xi,Xs) ~ WMOBE(a, A1, A2, A12), then if A\; = Ay, the absolute

continuous part of (X7, X5) has a total positivity of order two (TPs) property.

PrOOF: Note that an absolute continuous bivariate random vector, say (77,73) has TPy

property, if and only if for any #11, t12, to1, too, whenever t1; < t15 and to; < to9, we have

frym (tin, to1) fry oy (tha, ta) — fry 1 (ta2,s to1) fry 1 (B11, t22) > 0, (24)

where fr, 1,(+,-) is the joint PDF of (T3, 7). Note that by taking different ordered ¢11, t12, t21, a2,

such that t; < t12 and t9; < t99, the result can be proved very easily. [ |

4 INFERENCE

4.1 MAXIMUM LIKELIHOOD ESTIMATION:

In this section we propose to compute the MLEs of the unknown parameters a, Ai, Aa, Ao

based on a random sample of size n, {(x1;,x9;),7 = 1,...,n}. We will be using the following



notations.

I={1,.-

n}, Ip={i€lizy =vy=u}, I =

and ng, ny, ne denote the number of elements in [y, I; and I, respectively.

Based on the observed sample, the log-likelihood contribution becomes;

I, Ar, A2, Aig) = Zlnfo T, T +Zhlf1 T4, Ta;) —|—Zlnf2 T1i, To;)

- Zln< )—i—zm( ax“)—i—Zln(

i€lp i€l i€ls

12

{i € Iyx; < o}, Ir ={i € I;x1; > xy},

+ny In )\12 -+ Ny In )\1 -+ Nno In )\2 + nq ln()\g -+ )\12) -+ Nno 111()\1 -+ )\12)

—)\OZIZ-—)\I <le+ Z x1i>—)\2<2xi+.z To;

i€lp i€lp icl1Ulo i€lp

— A2 (Z X + qu + ngz) +nln(a+ ) —nlna.

i€y icls i€l

|

(25)

The MLEs of the unknown parameters can be obtained by solving the following four normal

equations simultaneously;

ol

o\

ol

s

ol

OAi2
ol

da

where

n1 N2 n
L T+ — 0,
A At A "ot
%) 1 n
e + - = U
Ay doFAn 0 atA
TLO nq ) n
‘|‘ + - T + =Y
)\12 )\2 + )\12 )\1 + )\12 12 a4+ A

— QT4 n

i€l i€l i€l

Ty = Zxﬂ— Z xli)

i€l i€l Ul

T, = Z%—i— Z £U2i)

i€l i€l Ul

Ty, = Z$i+2$1i+2$2i)-

i€lp i€ls S

T,e” AT Ty r To;€
2 iy T X e T & T — o) T g
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The MLEs of the unknown parameters cannot be obtained explicitly. They have to be ob-
tained by solving some numerical methods, like Newton-Raphson or Gauss-Newton methods
or their variants. Alternatively, some optimization algorithm for example genetic algorithm,
simulated annealing or down hill simplex method can be used directly to maximize the

function (25).
INITIAL GUESS VALUES

To solve the above normal equations, we need to use some iterative methods and for
that we need to provide some initial guesses of the unknown parameters. Theorem 3.3 can
be used quite effectively to obtain these initial guesses. For example first we can fit WE
to X1, to get initial guesses of a + Ay and Ay + Aj2. Similarly by fitting WE to X5 and to
min{ X1, X»}, we can obtain initial guesses of & + A1, A2 + A12, @ and A. From these initial

guesses we can obtain initial guesses of all the unknown parameters easily.
ASYMPTOTIC PROPERTIES

Although, the proposed WMOBE distribution is a singular distribution, but it can be
shown along the same line as the MOBE model that the asymptotic distribution of the MLEs

is multivariate normal. The result is given below without proof.

THEOREM 4.1 As n — oo, the MLEs of 6, say 6 = (@, 3\1, 5\2, 5\12) has the following asymp-
totic property;

\/ﬁ{(a’:\l’:\2):\12) - (O{, )\17 )\27)\12)} — N4(07-[_1)7

here I is the expected Fisher information matrix, and the exact expression of I is provided

in Appendix B.
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4.2 TESTING OF HYPOTHESIS

It is already mentioned that the MOBE distribution is a limiting member of the class of
WMOBE distributions. In this subsection only let us denote (§ = ;. With the abuse
of notation, let us denote the new parameter space also as 6 = ([, A1, A2, \12), where
G >0, > 0,A > 0,A\12 > 0. When g = 0, it corresponds to the MOBE model. So

one of the natural testing of hypothesis problem will be to test the following:
Ho:ﬁ:(), Vs Hlﬂ>0 (30)

In this case since 3 is in the boundary under the null hypothesis, the standard results do

not work. But using Theorem 3 of Self and Liang [16], it follows that

PPN ~ o~ o~ 1 1
2(lwmose (B, A1, A2, M2) — lose(A1, A2, M) — 5 + §X%

Here lyyope(+) and [yope(+) denote the log-likelihood functions at the maximum likelihood

values of WMOBE and MOBE models respectively.

5 DATA ANALYSIS

AMERICAN FOOTBALL DATA SET: This data set is obtained from the American Football
(National Football League) League from the matches on three consecutive weekends in 1986.
The data were first published in ‘Washington Post’, and they are available in Csorgo and
Welsch [7]. The ‘seconds’ in the data have been converted to the decimal points, as it has
been done by Csorgo and Welsch [7], and they are presented in Table 1. In this bivariate
data set (X1, Xs), the variable X represents the game time to the first points scored by
kicking the ball between goal posts and X, represents the ‘game time’ by moving the ball

into the end zone.
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X1 X X1 X X1 X

205 | 3.98 | 5.78 12598 | 10.40 | 14.25
9.05| 9.051 13.80 | 49.75 | 2.98 | 2.98
08| 08| 7.25| 7.25| 388 | 6.43
343 | 343\ 425 425 0.75| 0.75
708 | 778 | 1.65| 1.65 | 11.63 | 17.37
10.57 | 14.28 || 6.42 | 15.08 || 1.38 | 1.38
7.05 | 7.05 4.22] 948 | 10.35 | 10.35
258 | 2.58 || 15.53 | 15.53 || 12.13 | 12.13
7231 9.68 | 290 | 2.90 || 14.58 | 14.58
6.85 | 34.58 || 7.02| 7.02 | 11.82 | 11.82
32.45 | 4235 || 642 | 642 5.52 | 11.27
8.53 | 14.57 || 8.98 | 8.98 | 19.65 | 10.70
31.13 | 49.88 || 10.15 | 10.15 || 17.83 | 17.83
14.58 | 20.57 || 8.87 | 8.87 || 10.85 | 38.07

Table 1: American Football League (NFL) data

The data represent the time in minutes and seconds. The variables X; and X5, have the
following structure: (i) X; < X, means that the first score is a field goal, (ii) X; = X5 means
the first score is a converted touchdown, (iii) X; > X, means the first score is an unconverted
touchdown or safety. In this case the ties are exact because no ‘game time’ elapses between a
touchdown and a point-after conversion attempt. Therefore, here ties occur quite naturally

and they cannot be ignored.

The data set was analyzed by Csorgo and Welsch [7] by using the Marshall-Olkin bivari-
ate exponential model. Csorgo and Welsch [7] proposed a test procedure, where the null
hypothesis is that the data are coming from the Marshall-Olkin bivariate exponential model.
The test rejects the null hypothesis. They claimed that X; may be exponential but X5 is
not exponential. No further investigations were made. Preliminary data analysis from the
scaled TTT transform of Aarset [1] indicate that the hazard functions of X; and X, cannot
be constant. They are more likely to be increasing functions. It indicates that WMOBE

distribution may be used to analyze this data set.
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It should further be noted that the possible scoring times are restricted by the duration
of the game but it has been ignored similarly as in Csorgo and Welsh [7]. Here all the data
points are divided by 10 just for computational purposes. It should not make any difference

in the statistical inference.

The MLEs of a, A, Ay and A5 are obtained by maximizing the log-likelihood function
(25) with respect to the four unknown parameters and they are as follows A = 0.5996, Ao =
0.0346, A2 = 0.8639 and @ = 2.5302. The corresponding log-likelihood value is -85.4447. The
corresponding 95% confidence intervals are (0.3655, 0.8337), (0.0221,0.0471), (0.4652,1.2626)
and (1.4054,3.6550) respectively.

Now the natural question is how good is the fit. Unfortunately, we do not have any proper
bivariate goodness of fit test for general models like the univariate case. We examine the
marginals and the minimum of the marginals, definitely they provide some indication about
the goodness of fit of the proposed WMOB to the given data set. We fit WE(1.7525,1.4635),
WE(3.4834,0.8985) and WE(1.6889, 1.4981) to X;, X5 and min{X;, X5} respectively. The
parameters of the corresponding WE model are obtained from Theorem 3.3, by replacing

the true values with their estimates.

The Kolmogorov-Smirnov (KS) distance between the empirical distribution function and
the fitted distribution function and the associated p values reported in brackets in three cases
are 0.0958 (0.8351), 0.1040 (0.7536) and 0.1027 (0.7671) respectively. From the p values, we
cannot reject the hypotheses that X;, Xy and min{ X, X5} follow WE. We have fitted four-
parameter MOBW model also to this data set. Using the same notation as in Kundu and
Dey [10], we obtain the MLEs as & = 1.2889, X\g = 0.5761, A\; = 0.4297, Ay = 0.0244. The
corresponding log-likelihood value is -90.4169. Based on the log-likelihood value it is clear
that WMOBE provides a better fit to this data set than MOBW model.
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Now we want to perform the testing of hypothesis problem as defined in (30). We have
fitted three-parameter MOBE model to this data set, and obtain the estimates of Ay, A1
and A (using the same notations as in Kundu and Dey [10]) as 0.7145, 0.4562 and 0.0298
respectively. The log-likelihood value is -93.3058, and the p value of the test statistic is less
than 0.0001. Therefore, we reject the null hypothesis that the data are coming from a MOBE

distribution.

6 CONCLUSIONS

In this paper we have proposed a new singular bivariate distribution whose marginals are
weighted exponential distribution recently proposed by Gupta and Kundu [9]. This singular
distribution has been obtained as a hidden truncation model as of Azzalini [5]. This new four-
parameter bivariate exponential distribution has explicit probability density function and
the distribution function. We have derived several interesting properties of this distribution.
Marshall-Olkin bivariate exponential distribution can be obtained as a limiting distribution
of this model. It is observed that in some cases it may provide a better fit than the existing

well known MOBE or MOBW models.

It may be mentioned that although in this paper we have proposed bivariate weighted
exponential model, but similarly, weighted Marshall-Olkin multivariate exponential distri-
bution also can be defined. Moreover, along the same line the weighted Marshall-Olkin
bivariate or multivariate Weibull distribution also can be introduced. More work is needed

in these direction.
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APPENDIX: EXPECTED FISHER INFORMATION MATRICES

Let the Fisher information matrix be;
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(31)

Now we provide all the elements of the Fisher information matrix, and for that we need the

following results;
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moreover, we will be using the following notation;
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Note that the above elements can be obtained using routine calculation as in Kundu and

Gupta [11].
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