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ABSTRACT. Chirp signals play an important role in the statistical signal processing.
Recently Kundu and Nandi [8] derived the asymptotic properties of the least squares
estimators of the unknown parameters of the chirp signals model in presence of
stationary noise. Unfortunately they did not discuss any estimation procedures. In
this article we propose a computationally efficient algorithm for estimating different
parameters of a chirp signal in presence of stationary noise. From proper initial
guesses, the proposed algorithm produces efficient estimators in a fixed number of
iterations. We suggest how to obtain the proper initial guesses also. The proposed
estimators are consistent and asymptotically equivalent to least squares estimators
of the corresponding parameters. We perform some simulation experiments to see
the effectiveness of the proposed method, and it is observed that the proposed
estimators perform very well. For illustrative purposes, we have performed the data
analysis of a simulated data set. Finally, we propose some generalization in the
conclusions.
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1. INTRODUCTION

In this paper we consider the following chirp signal model in presence of additive

noise:
(1) y(n) = Agcos(agn + Bon?) + Bysin(agn + fon?) + X(n); n=1,---, N,

where Ay, By are non zero amplitudes, with restriction A2 + B2 < M, for some con-
stant M. The frequency and frequency rate, ayg, 3y, respectively, lie strictly between

0 and 7. X (n) is a stationary noise sequence, and it has the following form;

[e.e]

§) Xmy= 3 al)etn-7) . Y la() < oo

j:—oo jzfoo

Here, {e(n)} is a sequence of independent and identically distributed (i.i.d.) random
variables with zero mean, variance o2 and with finite fourth moment. Given a sample
of size N, the problem is to estimate the unknown amplitudes Ay, By, the frequency

ap and the frequency rate f3.

A chirp signal occurs quite naturally in different areas of science and technology.
It is a signal where frequency changes over time and this property of the signal has
been exploited quite effectively, to measure the distance of an object from a source.
This model can be found in different sonar, radar, communications problems, see for
example Abatzoglou [1], Kumaresan and Verma [6], Djuric and Kay [3], Gini et al.

[5], Nandi and Kundu [9], Kundu and Nandi [8] and the references cited therein.

In practice, the parameters like amplitudes, frequency, frequency rate are unknown,
and one tries to find efficient estimators of these unknown parameters, having some
desired statistical properties. Recently, Kundu and Nandi [8] derived the asymptotic
properties of the least squares estimators (LSEs), and it is observed that the LSEs
are consistent and asymptotically normally distributed. It is further observed that
the LSEs are efficient, with the convergence rates of the amplitude, frequency and

frequency rate are O,(N~Y2), O,(N~*?) and O,(N~%/?) respectively. Here O,(N~°)
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means N°O,(N %) is bounded in probability. Note that a sequence of random vari-
ables {X,,} is said to be bounded in probability, if for any € > 0, there exists m, M,
such that P(m < X,, < M) > 1 —e.

Unfortunately, Kundu and Nandi [8] did not discuss any estimation procedure of
the LSEs. It is clear that they have to be obtained by some iterative procedure like
Newton-Raphson method or its variant, see for example Tjalling [14]. Although, the
initial guesses and convergence of the iterative procedure seem to be important issues.
It is well known, see Rice and Rosenblatt [11], that even in the simple sinusoidal
model, finding the LSEs is not an trivial issue. The problem is due to the fact
that the least squares surface has several local minima, and therefore, if the initial
estimators are not properly chosen, any iterative procedure will converge to a local
minimum rather than the global minimum. Several methods have been suggested in
the literature to find the efficient frequency estimators, see for example a very recent

article by Kundu et al. [7] in this respect.

The main aim of this paper is to find estimators of the amplitudes, frequency and
frequency rate efficiently, which have the same rates of convergence as the corre-
sponding LSEs. It may be observed that the model (1) can be seen as a non-linear
regression model, with Ag, By as linear parameters, and ag, 3y as non-linear param-
eters. If we can find efficient estimators of the non-linear parameters o and (3, then
efficient estimators of the linear parameters can be obtained by simple linear regres-
sion technique, see for example Richards [12]. Because of this reason, in this paper

we mainly concentrate on estimating the non-linear parameters efficiently.

We propose an iterative procedure which has been applied to find efficient estima-
tors of the frequency and frequency rate. It is observed that if we start the initial
guesses of ag and 3 with convergence rates O,(N~1) and O,(N~?) respectively, then
after four iterations the algorithm produces an estimate of oy with convergence rate

O,(N73/2), and an estimate of 3y with convergence rate O,(N~°/2). Therefore, it is
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clear that the proposed algorithm produces estimates which have the same rates of
convergence as the LSEs. Moreover, it is known that the algorithm stops after finite

number of iterations.

We perform some simulation experiments, to see the effectiveness of the proposed
method for different sample sizes and for different error variances. It is observed that
the algorithm works very well. The mean squared errors (MSEs) of the proposed
estimators are very close to the corresponding MSEs of the LSEs, and both are very
close to the corresponding asymptotic variance of the LSEs. Therefore, the proposed
method can be used very effectively instead of the LSEs. For illustrative purposes,

we have analyzed one simulated data, and the performance is very satisfactory.

The rest of the paper is organized as follows. We provide the properties of the
LSEs in Section 2. In Section 3, we present the proposed algorithm and provide the
theoretical justification of the algorithm. The simulation results and the analysis of
a simulated data have been presented in Section 4. Conclusions appear in Section 5.

All the proofs are presented in the Appendix.

2. EXisTING RESULTS

In this section we present briefly the properties of the LSEs for ready reference.
The LSEs of the unknown parameters of the model (1) can be obtained by minimizing

S(O®) with respect to ® = (A, B, a, ), where
N
S(O) = Z (y(n) — Acos(an + fn®) — Bsin(an + ﬂnQ))2

n=1

- frowen g fr-wes 4]
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Here Y = (y(1),--- ,y(N))T, is the N x 1 data vector and W (@) is the N x 2 matrix

of the following form:;

cos(a + 3) §in(a + )
3) W(0) cos(?oz‘ +405) SIH(QCY' +405)

cos(Na'—i— N2p3) sin(Na'—i- N2(3)

Note that, if a and 3 are known the LSEs of Ay and B, can be obtained as E(G)

and B (0) respectively, where 8 = («, 3),
() (40). B(0))" = (W' (0)W(9)) ' W' (0)Y,

Therefore, the LSEs of ag and 3y can be obtained first by minimizing Q(«, 3) with

respect to a and 3, where

~

(5)  Q(a,f) = S(A(8), B(6),a, ) = Y'W(6) (WT(0)W(6)) " WT(0)Y.

Once the LSEs of ag and 3y, say a and B are obtained the LSEs of Ag and By can
be easily obtained as E(a, B\) and B (v, B) respectively, see for example Richards [12].
Kundu and Nandi [8] derived the properties of the LSEs and it is as follows. The
LSEs of the unknown parameters of the model (1) are consistent to the corresponding

parameters and they have the following asymptotic distribution
(NY2(A = Ag), NY2(B = Bo), N¥2(@ = aq), N*(F — i) ) = Ny(0, 4co”%)),

where ¢ = Z;’;_Oo a(j)®. The symbol ‘4, means convergence in distribution,

N4(0,4co*Y) means a 4-variate normal distribution with mean vector 0, the dis-

persion matrix 4co?¥ and

H(AZ+9BY) —4AB 18By —15By

(©) s | —4A0By (943 + B}) —184, 154,
Azt B? 18B, —184, 96 —90
—15B, 154, —90 90

In the next section we provide the algorithm which produces consistent estimators of

o and [y which have the same rates of convergence as the LSEs.
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3. PROPOSED ALGORITHM

The aim of this algorithm is to find the estimates of the frequency and frequency
rate with the same rates of convergence as the LSEs. We will first deduce a method
for improving the speed of convergence of general consistent estimators of agy and fy:
this method is the crucial tool for implementing the main algorithm devloped in this
paper. If & is an estimator of ag, such that a — ay = Op(N(*I*‘;l)), for some 9; > 0,
and B is an estimator of 3y, such that B— By = O,(N=27%2)) for some dy > 0, then

an improved estimator of oy can be obtained as

i n ()

with
o N —i(an+p3n2) —7, (Gn+pn? )
(8) PN—Zy n— e and QN—Z?J

Here Im(-) denotes the imaginary part of the complex argument. Similarly, an im-

proved estimator of 3y can be obtained as

(2
(9) =G+ —m (QN) |
with
N A )
(10) Pﬁ/ = Z y(n) <n2 _ ?> e*i(dn+ﬂn2)

The following two theorems provide the justification for the improved estimators,

whose proofs will be provided in the appendix.

THEOREM 1: If & — ag = O,(N179)) for §; > 0 then

~ 1

(a) @ —ag =0, (NCI2) if 5, < i
3~ 1

(b) N2(a — o) -% N(0,02) if & > i

384co?

A2 B2 the asymptotic variance of the LSE of ay.

where o? =
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THEOREM 2: If 3 — B, = O, (N(27%2)) for 6, > 0 then

= 1
(a) B o = Op (NTZ7) - if - 0, < ¢
= 1
(b) N3(5 — o) == N0.03)  if 8> 7
360
where o2 = co” the asymptotic variance of the LSE of ;.

A2+ BY
_ 1
THEOREM 3: If & — ag = O,(N"!'7%)) and 8 — By = O, (N27%)), then for &, > i

~ 5 360cc?
(&= 0), N33~ ) —

Njw

1
and for dy > 7 Cov(N

Now we will show that starting from initial guesses a, B, with convergence rates
a—ag=0,(N7") and B — Bo = O,(N?) respectively, how the above procedure can
be used to obtain efficient estimators. It may be noted that finding initial guesses
with the above convergence rates are not very difficult. From Rice and Rosenblatt
[11] it follows that if one can show, «, 6, the minimizer of Q(«,3) are such that,
N(a—ag) — 0 a.s., N2(3— ) — 0 a.s., then one has the existence of such an initial

7k
guess when searched over the grids <ﬂ 7T—>, j=1,---,N,andk=1,--- N2 Let

N’ N2
©y = (Ao, Bo, ap, fo) be the true parameter value and D is a diagonal matrix, such
1 1 1 1
that D = dia , , , , |. Note that, see Kundu and Nandi [§],
(v v v ) ¥
(11) ~5'(©y)D = (6 — ©,)D"![DS"(©)D],

where S’(-) and S”(-) are the derivative vector and the Hessian matrix of S(-), re-
spectively, and © is a point on line joining © and By. It has been shown in Kundu

and Nandi [8] that

(12) DS"(®)D — lim DS"(®\)D a.s.,

N—oo

which is a positive definite matrix. Then (11) gives

(13) (6~ ©)(VND) ™! = [—\/LNS’(@O)D} [DS"(©)D] "
Also —5()D — 0 a.s. implies (é — 0y)(vVND)™' = 0 a.s. which means

VN
N(@ - ag) — 0 a.s., N*(8 = o) — 0 a.s.
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The main idea of the proposed algorithm is not to use the whole sample size at the
beginning, as it was first suggested by Bai et al. [2]. We will use part of the sample
at the beginning and gradually proceed towards the complete sample. The algorithm
can be described as follows. We will denote the estimates of ay and (3 obtained at

the i-th iteration as a” and B@ respectively.
ALGORITHM:

Step 1: Choose N; = N¥9. Therefore, @» — oy = O,(N7!) = Op(Nl_l_l/S), and
BO — gy = O,(N7?%) = Op(Nl_Q_lM). Perform step (7) and (9). Therefore, after the
1-st iteration we have

91

a —ap = 0,(N; VN = 0,(NT199), and B =8y = O,(N, "~ 2) = O,(N"2/).

Step 2: Choose Ny = N80/8L Therefore, &M —ay = Op(Nz_l_l/g), and BV—g, =

O,(Ny 2=/ ). Perform step (7) and (9). Therefore, after the 2-nd iteration we have

a(2>—a0 _ Op(N;klM) _ Op(N7100/81)7 and 5(2)_60 _ Op(N;%l/Q) _ Op(N7200/81).

Step 3: Choose N3 = N. Therefore, &% — oy = Op(NS_l_lg/Sl), and 3(2) — By =

O,(N4 2738/81) Perform step (7) and (9). Therefore, after the 3-rd iteration we have

a® _ ap = Op<N71738/81)’ and g(:«z) — By = Op(N72776/81>.

Step 4: Choose Ny = N, and perform step (7) and (9). Now we obtain the required

convergence rates, i.e.

aW —ap=0,(N?), and (W — g, = 0,(N/?).
4. SIMULATION AND DATA ANALYSIS

4.1. SIMULATION RESULTS: In this section we present some simulation results for

different sample sizes and for different error variances to show how the proposed
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TABLE 1. Result for model with i.i.d. error

sample size 02=0.05 02 =0.5
N=50 PARA 1.75 1.05 1.75 1.05
ASYV (10.1920000E-04) | ( 0.7200000E-08) | ( 0.1920000E-03) | ( 0.7200000E-07)
MEAN (Algo) 1.749280 1.050021 1.754682 1.049943
MSE (Algo) | ( 0.3999998E-03) | ( 0.1587378E-06) | ( 0.6944025E-03) | ( 0.1154047E-06)
MEAN (LSE) 1.749617 1.050007 1.748845 1.050022
MSE (LSE) (10.1766448E-04) | ( 0.6171723E-08) | ( 0.1816612E-03) | ( 0.6310458E-07)
N=100 PARA 1.75 1.05 1.75 1.05
ASYV (10.2400000E-05) | ( 0.2250000E-09) | ( 0.2400000E-04) | ( 0.2250000E-08)
MEAN (Algo) 1.751141 1.050000 1.750380 1.050003
MSE (Algo) | ( 0.1595991E-03) | ( 0.9806420E-08) | ( 0.1851986E-03) | ( 0.9809600E-08)
MEAN (LSE) 1.750060 1.049997 1.750345 1.049996
MSE (LSE) (10.2423173E-05) | ( 0.2181697E-09) | ( 0.2432559E-04) | ( 0.2156012E-08)
N=200 PARA 1.75 1.05 1.75 1.05
ASYV (10.3000000E-06) | ( 0.7031250E-11) | ( 0.3000000E-05) | ( 0.7031250E-10)
MEAN (Algo) 1.750400 1.050000 1.750630 1.050005
MSE (Algo) | ( 0.3999993E-05) | ( 0.5969992E-09) | ( 0.2389996E-04) | ( 0.5991395E-09)
MEAN (LSE) 1.750051 1.049993 1.750236 1.049993
MSE (LSE) (10.1248708E-05) | ( 0.2637675E-10) | ( 0.1766828E-04) | ( 0.3679320E-09)

method behaves in practice. We consider the following model

(14)

y(n) = 2.0cos(1.75n + 1.05n%) + 2.0sin(1.75n + 1.05n%) + X (n).

We have considered (i) X(n) = e(n) (i.i.d. errors) and (ii) X (n) = e(n) +0.5e(n — 1)

(stationary errors), where £(n) ’s are i.i.d. normal random variables with mean 0
and variance o2. We have taken N = 50, 100 and 200, 0? = 0.05 and 0.5. In each
case we have obtained the initial guesses as has been suggested in Section 3. For
each N and 0%, we compute the average estimates of oy and 3y, and the associate
MSEs based on 1000 replications. The results are reported in Table 1 and Table 2.
For comparison purposes we have also computed the LSEs and the corresponding

asymptotic variances.

From the results presented in Tables 1 and 2, it is clear that the performances of the
estimators obtained by the proposed algorithm are quite satisfactory in comparison
to the corresponding performances of the LSEs. The average MSEs of the proposed
estimators are very close to the asymptotic variance of the corresponding LSEs. The
performances are quite good even with moderate sample sizes. It is clear that even

with the four steps of iterations, we are able to achieve the same accuracy of the

LSEs.
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TABLE 2. Result for model with Stationary error

sample size 02=0.05 02 =0.5
N=50 PARA 1.75 1.05 1.75 1.05
ASYV (10.2400000E-04) | ( 0.9000000E-08) | ( 0.2400000E-03) | ( 0.9000000E-07)
MEAN (Algo) 1.755243 1.049993 1.754883 1.049946
MSE (Algo) | ( 0.3999998E-03) | ( 0.4903598E-07) | ( 0.7968027E-03) | ( 0.1484981E-06)
MEAN (LSE) 1.749538 1.050008 1.748546 1.050027
MSE (LSE) (10.2336846E-04) | ( 0.8118942E-08) | ( 0.2410938E-03) | ( 0.8371937E-07)
N=100 PARA 1.75 1.05 1.75 1.05
ASYV (10.3000000E-05) | ( 0.2812500E-09) | ( 0.3000000E-04) | ( 0.2812500E-08)
MEAN (Algo) 1.750381 1.050007 1.749740 1.050009
MSE (Algo) | ( 0.1699989E-03) | ( 0.9807608E-08) | ( 0.1931984E-03) | ( 0.9812850E-08)
MEAN (LSE) 1.750003 1.049998 1.750168 1.049998
MSE (LSE) (10.2838691E-05) | ( 0.2514815E-09) | ( 0.3133409E-04) | ( 0.2738235E-08)
N=200 PARA 1.75 1.05 1.75 1.05
ASYV (10.3750000E-06) | ( 0.8789063E-11) | ( 0.3750000E-05) | ( 0.8789063E-10)
MEAN (Algo) 1.750420 1.050001 1.750710 1.050004
MSE (Algo) | ( 0.4999991E-05) | ( 0.5993741E-09) | ( 0.2749995E-04) | ( 0.5977831E-09)
MEAN (LSE) 1.750030 1.049993 1.750358 1.049993
MSE (LSE) (10.1477499E-05) | ( 0.3188963E-10) | ( 0.2170591E-04) | ( 0.4467878E-09)

4.2. DATA ANALYSIS. In this subsection we present the analysis of a simulated data
set mainly for illustrative purposes. We have generated a sample of size 100 from the

following chirp model

(15) y(n) = 1.5 cos(1.0n + 1.0n?%) + 1.5 sin(1.0n + 1.0n*) + X (n)

here X (n) is a sequence of i.i.d. Gaussian random variables with mean zero and
variance 0.5. It is presented in Figure 1. We also present the least squares surface
Q(0) in Figure 2 as defined in (5). Since Q(0) has only one trough, the initial guesses

can be obtained as suggested in Section 3.

Using the algorithm, we obtained the estimates of Ag, By, g, By as 0.9386, 1.7922,
1.000000 and 1.000009 respectively. The associated 95% confidence intervals are
obtained using bootstrap approach, and they are (0.0372, 1.8402), (1.2369, 2.3475),
(0.9998, 1.0002) and (0.9999, 1.0001) respectively.

The residuals are reported in

Figure 3. From the run test it follows that the residuals are random, as expected.

5. CONCLUSION

In this paper we propose an efficient algorithm to estimate the nonlinear parameters

of one dimensional chirp signal in presence of stationary noise. The main advantage
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FIGURE 1. Simulated data from the Chirp Model (15) of size 100

FIGURE 2. Least squares surface plot

of the proposed algorithm is that starting from a reasonable starting values for both
the frequency and frequency rate, in four steps only, it produces estimates which
are asymptotically equivalent to the LSEs. We have also proposed how to obtain
the reasonable initial guesses from the least squares surfaces. We have performed an
extensive simulation experiments and it is observed that the proposed algorithm is

working very well, and it is producing estimates which are quite close to the LSEs.

Although, in this paper we have considered the estimation procedure of the ordi-

nary chirp model in presence of stationary noise, the method may be extended for



12 ANANYA LAHIRI*? & DEBASIS KUNDU'?* & AMIT MITRA3

FiGUurE 3. Residuals plot

generalized chirp signal model also as it was proposed by Djuric and Kay [3]. The

work is in progress, it will be reported later.
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APPENDIX

We need the following lemma for proving the theorems. Using Vinogradov’s [15]

result one can prove it.

Lemma 1. If (61,65) in (0,7) x (0,7), t = 0,1,2 then except for countable number

of points the followings are true.
()

N N
. 1 2 . 1 . 2
(16) J\}E?)O N El cos(f1n + Oan”) = J&l_rgo i El sin(f1n + 6an°) = 0.
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(i)

N
1
~ t 2 2y _
(17) ]\}1_{%0 N Zln cos”(0in + On”) = S+ 1)
1
(18) ]\}1—>H<1>o NHlZn sin?(0yn + 0,n?) = ST
N
(19) A}im N Z n'sin(01n + 0,n?) cos(f1n + Oyn?) = 0.
> n=1
N—|h| t ) , 0 for n0
(20) Nh_rgO e Z n' cos(6yn+0sn) cos(01(n+h) +6x(n+h)°) = 1 and K
n=1 2(t+1) fOT’ h=0
PROOF OF THEOREM 1:
Note that,
N
Qn = Z y(t)efz(atJrﬁtQ)
t=1
Y. Ay—iB M. Ay +iB
0 ™ “P0 i[(ao—a —B)2 0 0\ —il(ao+a 342
(21) - Z(T)e (ao—a)t+(Bo—F)e?] Z(T)e [(ao+a)t+(Bo+B)t?]
t=1 t=1
N
+ ZX(t)e—z(ozt-l-ﬂtQ)
t=1
and
N ~
_ Z y(t —z(dt+ﬁt2)
t=1
N N
2) A() - ZBO N_ . ~ 3\42
(22) Z X(t i@t Z _ 2 illao=a)t+ (o= )

Ay + 1B N, _; . 5
+ Z(%)(t _ 3)6—1[(a0+a)t+(ﬁo+ﬁ)tz]
t=1

To get 2nd term in equation (21) we use the lemma 1 and get

N
Z o~ illao+a)t+(Bo+5)t%] _ 0,(N)

t=1

Using lemma 1 and bivariate Taylor series expansion the 1st term in equation (21)
becomes
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N

Zei[(ao—&)t+(ﬂo —B)t?]

t=1
N ~
Z |: i[t(ao—a) +t2 (Bo—PBo)] + Z(a() — Oé)t + Z(ﬁ() - ﬂ)tQ
t=1
N Mei[t(ao—a*)"rﬁ(ﬁ(ﬁﬁ*)} + Mez[ (ao—a*)+t2(Bo—B%)]
o1 2!
L 2%(00 = @) = B i(an—aty+i2(50-57)
2l ’

1 o 1 o
:O(N)+OP(N ! 61)0(N2>+OP(N ? 62>O(N3)+§OP(N ? 251)017(]\73)
1 o 1 4
+OP(N ! 61)010(]\[ ? 62)OP(N4)+§OP(N ! 262)OP<N5)
_ _ 1 _ s 1 3
= Oy(N) + Op(N'=) £+ Op(N'52) £ SO,(N'72%) + O, (N'-7%2) 4 ZO,(N' %)

= Op(N) + Op(Nl—min(51,52)) + Op(Nl—Qmin(61,62))

where (o, 3*) is a point on the line joining (v, 5y) and (d,B)

To calculate the 3rd term in equation (21) we need the following two observations.

N”+ Zt sin(agt + Bot?)] X () & N”+ Zt cos(apt + Bot?)| X (1)
satisty Condltlons for Central Limit Theorem (CLT), see Fuller [4], when «y, [y are

the true value as in the model.

1 : Z tnX z[at—l—,ﬁ’t ]
N7+

Kundu and Nandl 8].

(ii) sup — 0 a.s.. It can be proved along the same line as

Now we choose L large such that 1 — L min(dq,d2) < 0. Then using again bivariate

Taylor series expansion the 3rd term in equation (21) becomes

ZX —1 (at+6t2) _ ZX [ —i(tao+t2Bo)

n — (—Z(CNY — Oéo)t) i(tan+t200) 4 Z ﬁ 50 ) i(tao+t260)
[!

~
—

N
Il
—

~
—_

!
Z a - ao ( (ﬁ ﬁo)tQ)l ke—i(tao+t2ﬂo)
k(1 —k)!

_|_

=1 k=1

(i(a - >Vw3—%WV*gmwww1
KI(L— k)]

+

Mh

B
Il
o
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oLy = 1
— Op(Ni) +Z l|OP(N_l lél)Op(NH‘g) +Z l|Op(N 20— l62)0p(N21+§)

=1 =1

+ —'OP(N—k—kxh )Op(N_2(l_k)_(l_k)52)Op(]\/'k""?(l_k)"‘%)

L
1
+ Z fOp(kafkél)OP<N72(L7k)7(L7k)62)Op<Nk+2(L7k)+1)

— kWL —k)!
e | L—1 1 ] 1
=0,(N2) + ﬁ[o (Nf—zal) +0,( 7—z52 ) + Z m[Op(Ng—kal—(l—k)az)]
=1 =1 k=1 " ‘
- 1
1—kdy —(L—k)d2
2 O )
k=0
L-1 1 1 I '
—O,(N2 O (NER—(k)s O ( N1k —(L—F)52
L—1 ] .
= Op(N2) + D L Op(NZ) 7 (N 4+ N72)! + Op(N) £ (N7 + N7)"
=1 :
) L1
= OP(N§) + ﬁOp(Ng—lmm(lSl 02 ) + 10) (Nl L min(§1 62))
=1
) L1
= O,(N}) +0,(NV) 3 JO,(N-m6259) 1. 0,(1) = 0,(N¥)
=1

Then equation (21) becomes

Aoy + 1By
2

D=
~—

Qx = (5 P)[0,(N) + O,(N' ) 4 0, (V5] +
AO — ’LBO

= Op(N)(T)

Bivariate Taylor series gives 1st term in equation (22) as

)Jop(N) + Op(N

N N
> X0 Fe = 3 e ) [en
t=1 2

L—1

+ ( (Cl{—ao)t) —Z(toco-f—t BO)_’_Z ﬁ 60 ) —i(tao'f‘tQﬁO)
|
=1 t
L—1

_I_

i (i(a — ao)t)( (l(ﬂ — Bo)t?)!* o~ iltao+t?5o)

~ kI — k)|

=1

] =

k
4 3 (8@ = o)) (i(5 - ﬂo>t2>L—’f€_i<m*+tzﬁ*)]

KL — k)]

b
Il
o
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N ,
=D X()(t - e o)

=1

~+

L—-1 L—-1

1 1
+ ﬁOp(N_l_wl)Op(N”%) + Z ﬂOp(N—zl—wz)Op(NzHg)
=1 =1
L-1 1 1
+ Z mOP(N—k—kél)OP(N—2(l—k)—(l—k)52)Op(Nk+2(l—k)+g)
=1 k=1 (I = k)!
- 1
+ Z mOp(JV—k—kdl)Op<N—2(L—k)—(L—k)62)Op(Nk+2(L_k)+2)
k=0 (L = k)!
N N L—-1 1
4 ) s ,
= ZX<t> (t _ E)sz(tam% Bo) + Z ﬁ[Op(Néflél) + Op(Nifl‘;Q)]
=1 =1 "
L-1 1 1 , I X
— O Néfk&*(lfk)(sg - [0 NQ*klsl*(Lfk)(Sg
+l:1;k!(l—k)![ (N2 >]+kzzol<:!(L—k)![ X 1
N N L1 1 . 3
—i(tog+t2 3 psy (-
=D X()(t- 3)6 Gooth) 4 §™§° S (0, (N 30—k )
=1 I=1 k=0
- 1
+ Z k(L — k)] [OP(N27]€51*(L7’€)52)]
N ) N L—1 1 )
. ) s
= XMt~ g)e_z(mﬁt o)+ Op(NE)l—,(N_él + N7 4 Op(N2>E(N_§1 LN
t=1 I=1 : !
N L1y ) .
= Z X(t) (t _ 5 )e—i(tozo-i-t?ﬁo) + ﬁOp(N5_lmin(6l’52)) + EOP(NQ_L min(61,52)>
=1 =1
N N L-1 4
4 ) 5 .
= ZX(t) (t _ E)efz(tao+t Bo) + Op<N5) ﬂop(Nflmm((sl,(SQ)) + Op(N)
t=1 — U

njw

al N
= DXt = F)e ) o (N

Again using Taylor series we get 2nd term in equation (22) as

N N

Z(t — _)ei[(OtO*d)tJr(ﬁO*B)tQ]
t=1 2

N

4 , . o i
=> -3 [el[t(aofao)ﬂ (Bo=50) 4 (g — @)t + (8o — B)t2
t=1
2 ~)242 2 3)244
L+ P00 = O ipao-aryira-pn o EWB0 = B ipao-an)eir(a-p7)
2! 2

+2i2(040 —a)(fo — 5)t3 eilt(ao—a™)+t2(Bo—6")]
21
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= O(N) +i(ap — @)O(N?) +i(ag — @)O,(N"' )0, (N*)

+i(a0 — @)(fo — BO(N®)
+ (B0 — BIO(N') +i(By = B)Op(N~22)0,(N°)

= O,(N) +i(ag = @)[O(N?) + Op(N*~7) + O, (N*~%))
+0p(N?72) + 0, (N*722)

— OP(N2> + 2'(040 — &)[OP(NB) + Op<N3—51) + OP(N3—52>]
For 3rd term in equation (22) we calculate

N N

N, _. < 342 N
_ e l(ao+@)t+(Bo+6)t7] _ 0 _
St = e oo = S 20,1) = 0,(N)
t=1 t=1
Then equation (22) becomes
. Ay—iB . ) Ay +iB
Py = (5 —)ilan = D)[0p(N?) + Op(N*~7) + Op(N*2)] + (———)O,(N)
+0,(N?) 4 0,(N?) + ZX g (a0t +5ot?)
~ Ay —iB
= ZX(t)(t - —)eﬂ(o‘“t%t )+ (%)i(ao — @)[Op(N?) + Op(N*~)]
.48 PR
= at opIm
a=at g,
& = a+
N
(40518820 — Op(N) + O(N*5)] + 3 X (2)(t = ) osr )
48 t=1
—Im
N? Op(N)(4052)

N
N A
DX ()t - e o)

—=14m -
N2 0,(N)(2552)

Now using Lemma 1 the variance of
N

S Xt~ st
48 2

74 = Im | &=L :
LN O,(N)(AeiBe)
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is asymptotically same as asymptotic variance of LSE of ag . So &—a = O, (N(=1=91))

where 0; € (0,1) then & — ap = O,(NC120) if §, < & N3 (& — ag) — N(0,0?) if

6 > & by CLT of stochastic process in Fuller [4] where o7 = j%‘fBg is asymptotic
variance of LSE of o where ¢ = Z a(j)? |
j=—00
PROOF OF THEOREM 2:
(23)
B - 2 N? (Gt+p6t2)
Py = H(t"— —)e ¢
N ;Z/( ) 3 )
N N :
N2 o a0 Ag—iB NZ 5 312
— 2 2V —i(at+pt?) 20 T BP0 2 Y if(ao—@)t+(Bo—B)tY]
t=1 t=1
Z AO _'_ ZBO E)e—i[(aoﬁ-d)”(ﬁo-l-ﬁ)ﬁ]
3

Taylor series expansion gives 2nd term in equation (23) as

2 -
SO - N\ illeo-a)et(50-5)1
3

N N2
Z [ i[t(ao—ao)+t2(Bo—50)] + i(Oéo _ ONz)t + Z(ﬁO . B)tQ

t=1
.2 2,92 ] 2\244
L 00 = & iag—arysrao-p) 4 000 = BT iprag-at) (80—
2! 2!
+2’i2(a0 —a) (6 — P)t° pilt(ao—a®)+£2(B—5")]
21

= O(N?) +i(fo — B)O(N®) + (g — B)Op(N~27*)O0,(N7) + i — @)(fo — B)O(N°)
+i(a =" @)O(N*) +i(ag — @)O, (N0, (N?)
= O0,(N?) +i(By — B)[Op(N®) + Op(N°7%2) 4+ O, (N>~)]
+ O, (N*791) 4 O, (N3~21)

= Op(N3> -+ ’l(ﬁo - B>[OP<N5) + Op(NE)sz) + OP<N5761)]
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Expanding using bivariate Taylor series 1st term in equation (23) becomes

N N2
ZX(t)(t2 _ 71 (Gt+62) ZX [ —i(tap+t2Bo)
t=1
L—1 . L-1
(—i(a — ao)t)l i(tao+£250) 5 ﬁo ) o i(taott?
N (tao o) + Z i(tap+t2Bo)
=1 a =1
L-1 1 2\I—k
" Z 04 - 040) ) ( (5 ﬁO)t ) —i(tao+t2Bo)
I=1 k=1 R = R)!
L .- 7
(i(a — ap)t)*(i(B — Bo)t?)L* —i(ta* +128%)
2 (L — k) ‘
k=0
N 2
_ ZX<t _ i)e—i(tao—l-tgﬁo)
t=1
L-14 L1y
B o 5
" ﬁOp(N IO, (N + IZEOP(N A0 (NFR)
—1 =1
L—1 1
n Z . (N~ k— kél)OP(N*Z(l*k)*(l*k)tSz)Op(NkJr?(l*ng)
=1 k=1

L
1
+ Z —OP<N—k—k61)OP(N—Q(L—k)—(L—k)ég)Op(Nk+2(L—k)+3)

(L — k).

N N2 L-1 1
= DXt = 5 )e ot 1 N TS0, (NE) + O, (NET®)

t=1 =1

L—1 1 1 . L 1
Ni_k51_(l_k)62 N3—/€51—(L—k)(52

N L—1 1

_ ZX<t> (t N? 7Z(t0{0+t2/80 + Z Z N§7k61 = k)ég)]
3 EY( l —
t=1 =1 k=0
+ ZL: 1 [O (N3—k51—(L—k)(52)]
2L — k)
N N2 L—1 1 1
—i(tog+t2 3 —01 —02 1 2

= 3 KO~ e 50, (NN N 4 O, LN N

t=1 1= '

- 2 N2 —z(ta0+t2,80 1 5 _Imin (61,02) 1 2— L min(d1,02)
= Xt -5 +Zl—,op (N> )+ﬁOP(N 92))

t=1 =1 ’

N —1
o X (t t2 . E —i(ta0+t2ﬂo O g 10 —lmin(d1,02) O.(N
= DX — ) ) 0, (NE) Y L0, (NI 4 0, (N)

t=1 =1

a N?
: 5
_ 2 :X(Zf) (t2 . ?>e—z(tao+t2ﬁo) + Op(N5)
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To get 3rd term in equation (23) we calculate

N N2 N

Z(tZ _ ?)efi[(aw&)tﬂﬁow)tz} — Z(ﬁ _ ?)Op(l) = 0,(N?)
t=1 t=1
Then equation (23) becomes
Ph = (P20, — DO + 0,(N) + 0,872 4 (2100, ()
N
+0p(N?) + 0,(N3) + 3 X ()(* — N;)Maot%tz)
t=1
N 2 o ~
= X0 - N?)e_i(a°t+ﬁot2) + (_AO 2 ZB—O)i(ﬂo = B)Op(N?) + Op(N=)]
t=1
= - 45 Py
B=8+ 3l [Q_];]
B=p+
N
e (20522)i(Bo — B)[Op(N®) + Op(N*=2)] + 3 X(1)(t* — N?z)e_i(a“%ﬁ)
t=1
vt O, (N (B52%)
N
\ Z X(t) (t2 _ N?Q)e—i(aot-i-ﬂoﬁ)

27 _ A —8 _5 t=1
ﬁ - ﬁ (60 6) (60 B)OP(N ) + N4Im Op(N)(AOEiBO)

2
X (O - et

Op(N)(A5H2)

2

is asymptotically same as asymptotic variance of LSE of (3y. . So (8 N(72702))

where 5, € (0,1) then § — By = O,(NC222)) if §, < L N3(3 — ) — N(o,a%> if

d2 > 1 by CLT of stochastic process in Fuller [4] where o3 = f‘%(féé is the asymptotic

variance of the LSE of f3,. |
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PROOF OF THEOREM 3: For covariance of 7, Z5 it is enough to find the quantities

g;, or g2 which are given below.

N—|k| )
1 90 x 96 N N
1 2
(B° cos(agn + Bon?) — A%sin(agn + Bon?))
x (B° cos(ag(n + k) + Bo(n + k)?) — A% sin(ao(n + k) + Bo(n + k)?))
N—|k|

IS o0
NI N 2o (AT 1 BP)

x (B cos(ag(n + k) + Bo(n + k)?) — Asin(ag(n + k) + Bo(n + k)?))

(B cos(agn + Bon?) — A”sin(agn + Bon?))

N N2 N3 N2k‘
3 2
_  _k v B
[n n(2 )+ n( 3)+(—6 3)]
and
N—Ik|
1 90 x 96 N N2

2 _ 1 _90x9 N -

n=1

(B° cos(agn + Byn?) — A%sin(agn + Bon?))

x (B cos(ag(n + k) + Bo(n + k)?) — Asin(ag(n + k) + Bo(n + k)?))
= 902
- ]\}lj»noo o ; W(B0 cos(agn + fon?) — A%sin(agn + Bon?))

x (B cos(ag(n + k) + Bo(n + k)?) — A%sin(ap(n + k) + Bo(n + k)?))

N N? N3  Nk?
S _n*(=+k kE*+ Nk — — —_— -
[* = n?(5 4+ k) +n(k* + )+ (5 5]
and both are % for k = 0 using (20) and 0 otherwise. So, the asymptotic

covariance of 71, Zs has the same order as the asymptotic covariance of the LSEs, see

Kundu and Nandi [8]. |
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