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Abstract

Log-normal and Weibull distributions are the two most popular distributions for
analyzing lifetime data. In this paper we consider the problem of discriminating be-
tween the two distribution functions. It is assumed that the data are coming either
from log-normal or Weibull distributions and they are Type-II censored. We use the
difference of the maximized log-likelihood functions, in discriminating between the two
distribution functions. We obtain the asymptotic distribution of the discrimination
statistic. It is used to determine the probability of correct selection in this discrimi-
nation process. We perform some simulation studies to observe how the asymptotic
results work for different sample sizes and for different censoring proportions. It is ob-
served that the asymptotic results work quite well even for small sizes if the censoring
proportions are not very low. We further suggest a modified discrimination procedure.
Two real data sets are analyzed for illustrative purpose.
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1 INTRODUCTION

Log-normal and Weibull are the two most popular distributions for analyzing skewed lifetime
data. The two distributions have several interesting properties and their probability density
functions (PDF's) can take different shapes. Although, most of the times the two distribution
functions may provide a similar data fit, but still it is desirable to select the correct or more
nearly correct model, since the inferences based on the model will often involve the tail
probabilities, where the affect of model assumptions are very crucial. The problem becomes
more severe if the data are censored. Therefore, it is important to make the best possible

choice based on the observed data.

Before progressing further we introduce the following notations. It is assumed that the
density function of a log-normal random variable with scale parameter n > 0 and shape

parameter o > 0 is

]_ 1/lnz—Inn\2
e 2T x>0,

xr;o, - )
f LN ( 77) \/%‘%0'
and it will be denoted by LN (o,n). Similarly, the density function of a Weibull distribution,

with shape parameter § > 0 and scale parameter 6 > 0 is
fwe(@:8,0) = 0720 Dem 0w >0,
and it will be denoted by W E(/3,6).

Now we briefly discuss the necessity of choosing the correct model, if both the models
fit the data reasonably well. Cox (8] first discussed the effect of choosing the wrong model.
Wiens [22] discussed it nicely by a real data example, and recently Pascual [20] also provided
the effect of mis-specification on the maximum likelihood estimates (MLEs) between two
distribution functions. The problem due to mis-specification may be observed in other cases
also, for example in variable sampling plans, see Schneider [21] or in the construction of

confidence bounds, see for example Keats et al. [14].
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Consider the cumulative distribution function (CDF) of WE(1.67, 0.48) and LN(0.45,

1.50) in Figure 1. From the Figure 1, the closeness of the two distribution functions can be
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Figure 1: The cumulative distribution functions of WE(1.67, 0.48) and LN(0.45, 1.50)

easily visualized. Therefore, if the data are coming from any one of them, it can be easily
modeled by the other one. The problem of choosing the correct distribution becomes more
difficult if the sample size is not very large or it is censored. Let us look at the hazard
functions and the mean residual life functions of these two distribution functions in Figure
2 and Figure 3 respectively. It is clear that even if the two CDFs are very close to each
other, but some of the other characteristics can be quite different. Therefore, even if we have
a small or moderate samples, it is still very important to make the best possible decision

based on whatever data are available at hand.

In this paper we consider the following problem. Let Xi,..., X, be a random sample
from a log-normal or Weibull distribution and the experimenter observes only the first r of

these, namely Xy < ... < X(). Based on the observed sample the experimenter wants
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Figure 2: The hazard functions of WE(1.67, 0.48) and LN(0.45, 1.50)

to decide which one is preferable. The problem of testing whether some given observations
follow one of the two probability distributions is quite an old problem. See for example the
work of Cox [8, 9], Chambers and Cox [6], Atkinson [2, 3|, Dyer [11], Bain and Engelhardt
[4], Chen [7], Kappeman [13], Fearn and Nebenzahl [12], Kundu, Gupta and Manglick [16],

Kundu and Manglick [17], Kim and Yum [15] and the references cited therein.

In this paper we use the difference of the maximized log-likelihood functions in discrim-
inating between the two distribution functions. Suppose, (3,0) and (5,7) are the MLEs
of the Weibull parameters (/3,0) and the log-normal parameters (o,7) respectively, based
on the censored sample X(;) < --- < X(,). Then we choose Weibull or log-normal as the

preferred model if

~

Tn = LWE(B; ) - LLN(5-7 ﬁ)’ (1>

is greater than zero or less than zero respectively. Here Ly g(-,-) and Lyn(-,-) denote the

log-likelihood functions of the Weibull and log-normal distributions, i.e. without the additive
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Figure 3: The mean residual life functions of WE(1.67, 0.48) and LN(0.45, 1.50)

constant they can be written as follows;

LWE(ﬁ, 9) = iln fWE(X(i);B; 9) + (n — 7‘) 111(1 — FWE<X(7");B; 9)),
=1

and
LLN<U7 77) = ZlnfLN(X(z); g, 77) + (n - T) 111(]- - FLN(X(r)a g, 77))7
=1

respectively.

We obtain the asymptotic distribution of 7}, using the approach of Bhattacharyya [5]. It is
observed that the asymptotic distributions are normally distributed and they are independent
of the unknown parameters. The asymptotic distributions can be used to compute the
probability of correct selection (PCS) in selecting the correct model. Moreover, the PCS can
be used to discriminate between the two distribution functions for a given PCS. We have
performed some simulation experiments to see the behavior of the asymptotic results for

different sample sized and also for different censoring proportions and the results are quite



satisfactory.

We further propose some modification of the above discrimination procedure. Since the
asymptotic distributions are normal and they are independent of the unknown parameters,
we suggest to choose Weibull distribution if 7;, > ¢ and log-normal otherwise. Here the con-
stant c is chosen such that the total probability of mis-classifications is minimum. Simulation

results suggest that for moderate sample sizes the optimal ¢ # 0.

The rest of the paper is organized as follows. In section 2 we provide the asymptotic
distributions of 7},. Sample size determination has been discussed in section 3. The modified
method is proposed in section 4. In section 5 and section 6 we present the simulation results

and the analysis of two data sets respectively. Finally we conclude the paper in section 7.

2 ASsyMPTOTIC RESULTS

In this section we derive the asymptotic distribution of the logarithm of RML (ratio of
maximized likelihood) when the data are coming from Weibull or from the log-normal dis-
tribution. The asymptotic distribution can be used to compute the approximate PCS for
different sample sizes. Moreover, for a given user-specified PCS, the minimum sample size
needed to discriminate between the Weibull and log-normal distributions also can be ob-

tained. It will be explained in details later.

We use the following notation. Almost sure convergence will be denoted by a.s.. For
any Borel measurable function, fi(-), Ern(f1(U)) and Vin(f1(U)) will denote the mean
and variance of fi(U) under the assumption that U follows LN (o,n). Similarly, we define,
Ewg(fi(U)) and Viyg(fi(U)) as mean and variance of fi(U) under the assumption that U

follows W E(3,0). Moreover, if f5(-) and fi(-), are two Borel measurable functions, we define

Covrn(f2(U), f1(U)) = ELn(fo(U) f1(U)) — ELn(f2(U)) Ern(f1(U))
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and

Covwe(fo(U), f1(U)) = Ewe(f2(U)f1(U)) — Ewe(f2(U))Ewe(f1(U)),

where U follows LN (o,n) and WE((, 0) respectively.

2.1 CASE 1: THE DATA FoLLOW LOG-NORMAL DISTRIBUTION:

First we present the main result.

THEOREM 1 Under the assumption that the data are from LN (o,7n), the distribution of 77,
is approximately normally distributed with mean Eyy(7},) and variance Vi (T,,) for large n

and fixed censoring proportion p.

To prove Theorem 1, and for other development we need Lemma 1. The proof of Lemma 1

is provided in the Appendix-A.

LEMMA 1 Suppose the data follow LN (o, n) and ( is the p-th percentile point of the LN (o, ),

r
i.e., im — =p = Fyn((;0,n); then as n — oo, we have:
n—oo n

~

()6 -0 a.s., 7n—n a.s., where
I1y(o,n) = max I (u, v)

and

I1,(5,0) = max s (u, v), (2)

and

My (u,v) = /OC In fwe(z;u,v) fin(z;0,n)de + (1 —p) In(1 — Fye((u,v)).



(3) Let us define

T* = LWE(B? 5) - LLN(O—a 77)

n~Y2[T, — Epn(Ty)] is asymptotically equivalent to n™ 2T, — E_n(T%)].
PROOF OF THEOREM 1 Using the Theorem 1 of [5] and Lemma 1, the result follows. |

It should be mentioned that E and @ as obtained in (2) will depend on o, n and p, but
we do not make it explicit for brevity. Moreover, they cannot be obtained explicitly. Both
of them can be obtained numerically only. We call B and 6 as the misspecified Weibull

parameters when the data are coming from the log-normal distribution.

Ein(T, Vin(T,) . . Ern(T,
Note that lim Eun(Tn) and lim Vin(Tn) exist. We denote AMn(p) = lim En(Tn)
Vin(Th) . e -
and AVpn(p) = lim M Since the distribution of T is independent of o and 1 ( proof
n—oo n

shown in the Appendix-B ), without loss of generality we assume 0 = n = 1. Now using

Theorem 1 of Bhattacharyya [5] we obtain

o fwe(@B,0) , (1 — Fwg(¢;6,0))
AMpn(p) = /0 [ln —fLN(C; D) 1 fin(z; 1, 1)dz + (1 —p)In 1= Fn(C L 1)
= <%1n o +1In 3+ Blng) p+ BEn((InZ) - lz<c) + %ELN((IH 7)) 1z<¢)
~Eun(27 - 12<0) = (L= ) (Q). (3)

Here Z follows LN(1,1), 1z<, is an indicator random variable. It takes the value 1, if Z < (

and 0 otherwise, @ is the distribution function of the standard normal random variable and

P(¢) = [In(1 = B(In(0)) + (60)7) . (4)
Similarly we obtain
- p(l—p)
AVin(p) =7+ 7]%\1({; . 1>b (5)

where

2
= /0C gin (@) fin(2;1,1) do — % VOC g () fon(z; 1, 1)(195]
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and

’

b= —fn((;1,1)gon(C) + fLN(E;Ll) /OC gun () fon (251, 1) dz — (1 = p)hy(€).

Here

fWE<x;ﬁ,5>]
fLN(fl?; 1, 1) ’

¢
and h}(() is the derivative of hq(() as defined in (4). Note that / g2 n (@) frn(z;1,1) do can
0

gLN(ZL‘) = ln [

be written as,

¢ ~ 1
/0 gin(@) fin(z;1,1)de = paj+ (62 —a)En((InZ)? - 1z<¢) + ZELN«IH ) 1g<0)
0P BN (2% 1<) + BELN (I 2)? - 15<¢)
—ggELN(ZE(ln Z)2 . 1ZSC> — QBQNEELN(ZL?IHZ . 1Z§C)

—QB(IQELN(IDZ . 1ZSC) + QéBGQELN(Zﬂ . 1Z§§)'

1 L
Here as = —=In2nr +1In 3+ (3, Z and 1<, are same as defined above.
2 <¢

2.2 CASE 2: THE DATA FoLLow WEIBULL DISTRIBUTION:

In this case also first we present the main result.

THEOREM 2 Under the assumption that the data follow W E(/3, 6), the distribution of T}, is
approximately normally distributed with mean Eyw g(7),) and variance Viy g (7)) for large n

and fixed censoring proportion p.

Similarly as Lemma 1, we need Lemma 2 to prove Theorem 2 and also for some other

developments.

LEMMA 2 Suppose the data follow W E(f3,6) and ¢ denotes the p-th percentile point of the

WE(S,0) distribution, i.e. lim T p = Fwe((, 5,0), then as n — oo, we have

n—0oo 7



(1) B—8 as., 0—0 as. where
II5(5,60) = max 5(u, v)

and

¢ _
Mo, v) = [ (n fivn(wu, ) fws(e: 6.0) de + (1= p) In Fp(C. w.v).
(2) 6 — 6 a.s., 7 —1n a.s., where
y(6,7) = rrqi%xl_[4(u,v).

and
y(u,v) = /Oc(ln fon(@;u, ) fwe(r;u,v) de + (1 — p)In Fry (¢, u,v).
(3) If we define

T, = LWE(ﬂaQ) - LLN(é-aﬁ)’

n~Y2[T, — BEwg(T,)] is asymptotically equivalent to n~'2[T, — Eyg(T})]
Proor or LEMMA 2 It follows along the same line as Lemma 1. |
PrOOF OF THEOREM 2 It follows along the same line as Theorem 1. n

In this case also it should be mentioned that ¢ and 77 depend on 3, 6 and p. Moreover &
and 7 have to be obtained numerically only. We call ¢ and 7 as the misspecified log-normal

parameters when the data are coming from the Weibull distribution.

1 1
Now lim —FEwg(T,) and lim —Viyg(T,) exist and we denote them as AMwg(p) and
n—oo n

n—oo n
AViyg(p) respectively. Without loss of generality we assume § = 6 = 1. Similarly as AMx
and AVpy, AMwyg and AViyg can be obtained using Theorem 2 of Bhattacharyya [5] and
they are as follows;

frn(w;6,1)
1

fWE(iC; 1, )‘| fWE(-T7 1, 1)d1‘ — (1 _p) In —

AMwg(p) = - /0 C [m
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1 In 7)? In
_ —<§ln27r+ln6+ (In) >p— (1— nf) Ewe(In(W) - <)
= <

262
2,
+Ewrp(W - lw<c) — EWE((IHQI/;) lzso) (1 —p)ha(C).
Here hy(¢) = [—( —1In(1 — @(M))] and W follows WE(1,1). Similarly,
B pq
AV =78 i) o
where
—/C 2 () frm(z:1, 1) do — © /< ) frn(ei 1) dz| (1)
T—OQWE welT; L, pOgWE WEZ; 1,
and
b= fwe(G:1,D)gwe() — W /0C gwe(®) fwe(z;1,1) dz + (1 - p)ha'(¢).  (8)

Here () is the derivative of hy(() and

fin(z; 0, ?7)]
fWE(ﬂC; L, 1) .

¢
Note that / G (®) fwe(x;1,1) do can be written as
0

¢
/0 g%VE(x)fWE(x; L,1)de = pa% + 20" Ewp(nW - 1<) =201 Ewp(W - lw<¢)
a
F 8 B ()2 L) + (3 Bwe(n W)? - livec)

1

_26*EWE(W InW - 1W§C) + %EWE((IH W)3 . 1WSC)

1
— = Bws(W(InW)?- 1<),
g

1 In7)? In 77)?
where a; = <§ln27r+ln5+ (I 7) ), g = <1— (In77) ) and W is same as before.

252 252
3 DETERMINATION OF SAMPLE SIZE

In the previous section we obtain the asymptotic distributions of the ratio of the maxi-

mized likelihood functions. It can be used to compute PCS for different sample sizes and
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for different censoring proportions. In this section we propose a method to determine the
minimum sample size needed to discriminate between the two distribution functions for a
given user specified probability of correct selection and when the censoring proportion is

known. Moreover the asymptotic distributions can be used for testing purposes also.

Suppose it is assumed that the data are coming from LN (o,n) and the censoring propor-
tion is p. Since T,, is asymptotically normally distributed with mean Ex(7},) and variance
Vin(Ty), therefore, PCSpy = P(T, < 0). Similarly, if it is assumed that the data are
coming from WE(f,0), then for the censoring proportion p, the PCS can be written as
PCSwg = P(T, > 0). Therefore, for a given p, to determine the minimum sample size
required to achieve at least a* protection level, we equate

q)(_nXAMLN(p)) o' and (I)(HXAMWE(Z?)> o 9)
n X AVLN(p) ’ n X AVWE(p) ’

and obtain n; and n, from the above two equations as

2’2* AVLN (p) . Zi* AVWE (p)
—2 and No = 27

ny =

here z, is the a-th percentile point of a standard normal distribution. Therefore, we can
take n = max{nj,ny} the minimum sample size required to achieve at least a* protection

level for a given p.

We are providing AMn(p), AVin(p), AMwg(p) and AViyg(p) for different values of
p for practical use in Table 1 and we also provide the minimum sample size required to
discriminate between the two distribution functions for different o* and for different p values

in Table 2.

Suppose one wants a 0.99 protection level and it is known that approximately 10% ob-
servations will be censored at the end (Type-II), in that case one needs at least n = 294, to

meet that criterion. On the other hand if it is known that only first 20% observations will be

12



Table 1: The values of AMn(p), AVin(p), AMwg(p) and AViyg(p) for different p.

p — 0.9 0.8 0.7 0.6 0.5 0.4 0.3
AMpn(p) | -0.0448 | -0.0319 | -0.0233 | -0.0169 | -0.0120 | -0.0081 | -0.0050
AVin(p) | 0.0737 | 0.0498 | 0.0356 | 0.0256 | 0.0181 | 0.0123 | 0.0077
AMwg(p) | 0.0617 | 0.0454 | 0.0336 | 0.0244 | 0.0172 | 0.0115 | 0.0071
AViyge(p) | 0.2066 | 0.1533 | 0.1128 | 0.0812 | 0.0563 | 0.0368 | 0.0219

Table 2: Minimum Sample Size to achieve a level of significance level a* for different p.

p— 10910807 |06]| 05| 04 | 03
o |
0.99 | 294 | 403 | 543 | 736 | 1026 | 1500 | 2385
0.95 | 147 | 202 | 272 | 368 | 513 | 750 | 1192

0.9 90 | 123 | 164 | 224 | 312 | 456 | 724

available, i.e. approximately 80% observations will be censored towards the right tail, then
to meet 0.99 protection level one needs at least n = 4450. Interestingly, in the first case the
effective sample size is only 265, where as in the second case the effective sample size is 890
for the same protection level. It may not be very surprising, because the effective discrimi-
nation between log-normal and Weibull is possible if we have more observations toward the
right tail. Hence if p is small we need larger n. Therefore, if the experimenter has the option

to choose p, the best possible choice of p is 1, 7.e. the complete sample.

4 MODIFIED METHOD

So far we have discussed about the discrimination procedure based on 7;,, > 0 or T}, < 0,
and most of the work in the literature based on this method. But it is observed that the
asymptotic distribution of 7}, is normal, whether the null distribution is log-normal or Weibull
and moreover the asymptotic distributions are independent of the unknown parameters.

They only depend on the censoring proportion.

13



The mean and variances of the asymptotic distributions for both the cases are provided in
Table 3. Based on that we propose the following discrimination procedure. Choose Weibull
distribution if 7}, > ¢ and log-normal otherwise. The constant c is chosen such that the total

probability of mis-classification is minimum, i.e.

1—@(0_“2>+<1><C_“1), (10)

02 01

is minimum. Here ; and 0% denote the mean and variance correspond to Weibull distribution
and similarly, s and o3 denote the mean and variance correspond to log-normal distribution
as provided in Table 1. The constant ¢ can be easily obtained by solving a quadratic equation
involving py, pe, o1 and oy. For practical users, we provide the optimum c for different

censoring proportion.

Table 3: The optimum values of ¢ for different p.

p—| 0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2
c | 0.2537 | 0.2262 | 0.1998 | 0.1746 | 0.1499 | 0.1253 | 0.1004 | 0.0739

5 NUMERICAL RESULTS

In this section we perform some simulation experiments mainly to observe how the PCSs
based on the asymptotic distributions derived in Section 3, work for different sample sizes
and for different censoring proportions. All the computations are performed at the Indian
Institute of Technology Kanpur using S-PLUS or R in a Pentium IV machine. The programs

can be obtained from the authors on request.

We consider different sample sizes, namely n = 20, 40, 60, 80, 100, 200, and different
censoring proportions, for example p = 0.9, 0.8, 0.7, 0.6, 0.5, 0.4, 0.3. We compute the PCS

based on simulation and also based on the asymptotic results obtained in Section 3. Since

14



the distribution of 7}, is independent of the shape and scale parameters, we consider the
shape and scale parameters to be one in all cases. For a given n and p, we generate a sample
of size n either from a WE(1,1) or from a LN(1,1) and compute T;, based on the Type-II
censored sample of size r = [np], here [z], means the largest integer less than or equal to x.
We check whether T, < 0 or T,, > 0. We replicate the process 10,000 times and obtain the
PCS. We also compute the PCS based on the asymptotic results obtained in section 3. The

results are reported in Table 4 and Table 5.

We also computed the PCS based on the modified method suggested in section 4 and
using the ¢ values reported in Table 3. It is also based on 10,000 replications and the results

are reported in Tables 6 and 7.

It is quite clear from the tables that for fixed n as p increases the PCS increases and
similarly for fixed p as n increases the PCS increases, as expected. In all the cases if p is
large and n is also large then the asymptotic results match quite well with the simulated
results. Comparing Tables 4 and Table 5 with Tables 6 and 7, it is clear that the modified
method performs slightly better than the classical one. For the modified method the total
PCS (PCS under WE + PCS under LN) is slightly larger than the classical method.

6 DATA ANALYSIS

In this section we analyze two real data sets for illustrative purpose. In both the cases the
sample size is not very large. It is observed that for one case the choice is quite clear but for

the other case it is not very easy to make a decision about the model choice.

DATA SET 1: The first data set is obtained from Linhardt and Zucchini [19] (page 69) and
it represents the failure times of the air conditioning system of an airplane. They are as

follows: 1, 3,5, 7, 11, 11, 11, 12, 14, 14, 14, 16, 16, 20, 21, 23, 42, 47, 52, 62, 71, 71, 87, 90,
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Table 4: The probability of correct selection(PCS) based on Monte Carlo simulations(MC)
and also based on asymptotic results(AS) when the data are from Weibull distribution for
different p

n 20 40 60 80 100 200
p=0.9 | MC | 0.708 0.789 0.866 0.898 0.926 0.986
AS | 0.728 0.805 0.853 0.888 0.913 0.973
p=0.8 | MC | 0.662 0.746 0.826 0.846 0.888 0.970
AS ] 0.698 0.768 0.815 0.850 0.877 0.949
p=0.7 | MC | 0.631 0.718 0.739 0.821 0.851 0.940
AS | 0.673 0.737 0.781 0.816 0.841 0.921
p=0.6 | MC | 0.642 0.659 0.751 0.767 0.812 0.901
AS | 0.649 0.706 0.747 0.778 0.804 0.887
p=0.5 | MC | 0.579 0.609 0.709 0.733 0.761 0.856
AS | 0.627 0.677 0.713 0.742 0.766 0.848
p=0.4 | MC | 0.593 0.608 0.686 0.707 0.736 0.805
AS | 0.606 0.648 0.679 0.704 0.726 0.802
p=0.3 | MC | 0.513 0.559 0.595 0.619 0.648 0.739
AS | 0.585 0.619 0.645 0.666 0.684 0.751

95, 120, 120, 225, 246, 261.

For the complete data set the MLEs of the unknown parameters are ¢ = 1.3192, 5 =
28.7343, B — 0.8554, 6 = 0.0183. The log-likelihood values correspond to log-normal and
Weibull distributions are -151.706 and -152.007. It indicates that for complete sample the
preferred model is the log-normal one. Interestingly, although not very surprisingly the
Kolmogorov Smirnov (K-S) distances between the empirical distribution function and the
fitted log-normal (0.1047) and fitted Weibull (0.1540) also suggest the log-normal as the

preferred model.

Note that the log-normal has always unimodal hazard function where as the Weibull
distribution can have both increasing (5 > 1) as well as decreasing (5 < 1) hazard functions.
In this case the fitted Weibull has a decreasing hazard function whereas the fitted log-
normal has the unimodal hazard function. From the observed data we try to obtain an

estimate of the shape of the hazard function. A device called scaled TTT transform and
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Table 5: The probability of correct selection(PCS) based on Monte Carlo simulations(MC)
and also based on asymptotic results(AS) when the data are from log-normal distribution
for different values of p

n 20 40 60 80 100 200
p=0.9 | MC | 0.731 0.814 0.869 0.913 0.931 0.987
AS | 0.770 0.852 0.900 0.930 0.951 0.990
p=0.8 | MC | 0.693 0.782 0.846 0.877 0.923 0.974
AS | 0.739 0.817 0.866 0.899 0.923 0.978
p=0.7 | MC | 0.689 0.761 0.810 0.848 0.878 0.948
AS | 0.710 0.783 0.831 0.865 0.892 0.960
p=0.6 | MC | 0.662 0.728 0.749 0.784 0.826 0.911
AS | 0.682 0.748 0.793 0.828 0.829 0.932
p=0.5 | MC | 0.617 0.665 0.686 0.749 0.750 0.842
AS | 0.655 0.713 0.755 0.787 0.813 0.896
p=0.4 | MC | 0.568 0.666 0.663 0.690 0.715 0.786
AS ] 0.628 0.678 0.714 0.743 0.768 0.849
p=0.3 | MC | 0.598 0.647 0.676 0.683 0.717 0.785
AS | 0.601 0.641 0.671 0.695 0.716 0.789

its empirical version are relevant in this context. For a family with the survival function
F1(u)

S(y) = 1 — F(y), the scaled TTT transform, with H,'(u) = / S(y)dy defined for
0

0<u<1lisopr(u) =Hp'(u)/Hp'(1). The empirical version of the scaled TTT transform

is given by
J n
On(j/n) = H,'(i/n)/H, ' (1) = (Z @)+ (n - j>flf(j>> /O wam),
i=1 i=1
here j = 1,...,n and z(; for i« = 1,...,n represent the order statistics of the sample.

Aarset [1] showed that the scaled TTT transform is convex (concave) if the hazard rate is
decreasing (increasing), and for bathtub (unimodal) hazard rates, the scaled TTT transform
is first convex (concave) and then concave (convex). We have plotted the empirical version

of the scaled TTT transform of the data set 1 in Figure 4.

From the Figure 4 it is at least quite clear that the scaled T'TT transform is not concave
or convex in the entire range. Therefore the empirical hazard function is not a monotone

function. Therefore, between the two models based on the scaled TTT transform clearly,
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Table 6: The probability of correct selection(PCS) based on Monte Carlo simulations(MC)
and also based on asymptotic results(AS) when the data are from Weibull distribution for
different p

n 20 40 60 80 100 200
p=0.9 | MC | 0.643 0.776 0.844 0.894 0.922 0.983
AS | 0.685 0.779 0.836 0.875 0.903 0.970
p=0.8 | MC | 0.591 0.717 0.790 0.844 0.878 0.960
AS ] 0.652 0.740 0.795 0.834 0.865 0.945
p=0.7 | MC | 0.547 0.668 0.739 0.794 0.831 0.932
AS | 0.623 0.705 0.757 0.796 0.827 0.915
p=0.6 | MC | 0.511 0.627 0.694 0.749 0.787 0.898
AS | 0.597 0.672 0.720 0.757 0.787 0.879
p=0.5 | MC | 0.479 0.590 0.653 0.701 0.744 0.852
AS | 0573 0.640 0.684 0.718 0.746 0.837
p=0.4 | MC | 0.445 0.538 0.595 0.637 0.679 0.785
AS | 0.549 0.609 0.648 0.678 0.703 0.789
p=0.3 | MC | 0.405 0.492 0.542 0.574 0.609 0.717
AS ] 0.525 0.578 0.612 0.638 0.660 0.736

log-normal is preferable.

Now instead of the complete sample suppose we had observed only the first r < n
observations, then what would have been the preferred model? We have reported the results

for different values of r, namely 27, 24, 21, 18, 15, 12, 9 and 6 in Table 8.

Interestingly, for all r, the preferred model is log-normal. It is also observed that in all
cases the plot never shows the concavity. Therefore, from the scaled TTT transform also it

is clear that log-normal is preferable for all r.

DATA SET 2: The second data set represents the number of revolution before failure of the
23 ball bearings in the life-test. It was originally reported in Lawless [18] (page 228). It is
as follows: 17.88, 28.92, 33.00, 41.52, 42.12, 45.60, 48.80, 51.84, 51.96, 54.12, 55.56, 67.80,
68.44, 68.64, 68.88. 84.12, 93.12, 98.64, 105.12, 105.84, 127.92, 128.04, 173.40.

For Data Set 2, the MLEs of the unknown parameters are 6 = 0.5215, i = 63.4890, B =
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Table 7: The probability of correct selection(PCS) based on Monte Carlo simulations(MC)
and also based on asymptotic results(AS) when the data are from Log-normal distribution
for different p

n 20 40 60 80 100 200
p=0.9 | MC | 0.799 0.861 0.905 0.928 0.951 0.988
AS | 0.828 0.883 0.919 0.943 0.959 0.992
p=0.8 | MC | 0.788 0.832 0.873 0.900 0.927 0.974
AS | 0.807 0.856 0.892 0.918 0.937 0.982
p=0.7 | MC | 0.768 0.803 0.845 0.871 0.897 0.954
AS | 0.799 0.845 0.880 0.906 0.926 0.976
p=0.6 | MC | 0.747 0.782 0.813 0.841 0.861 0.926
AS | 0.763 0.780 0.831 0.857 0.878 0.942
p=0.5 | MC | 0.726 0.754 0.780 0.799 0.819 0.884
AS | 0742 0.770 0.798 0.822 0.842 0.910
p=0.4 | MC | 0.719 0.730 0.760 0.774 0.793 0.858
AS | 0.735 0.750 0.770 0.789 0.807 0.870
p=0.3 | MC | 0.701 0.713 0.726 0.738 0.752 0.809
AS ] 0.695 0.706 0.722 0.738 0.753 0.812

2.1050, 6 = 0.0122. The log-likelihood values for log-normal and Weibull distributions are
-113.1017 and -113.6887 respectively. Therefore, for complete sample the log-normal is the
preferred model. The K-S distances for log-normal and for Weibull are 0.0901 and 0.1521
respectively. We have reported the results for different values of r = 20, 17, 14, 11, 8 in

Table 9 and the scaled TTT transform is plotted in Figure 5.

In this case also from the scaled TTT transform of the complete sample, it is clear that
the hazard function is not monotone. Therefore it is not surprising that for complete sample
the log-normal is preferred than Weibull. But as r decreases, for example when r < 11, the
scaled TTT transform is convex and therefore the based on the censored observations for
(r < 11) clearly Weibull is the preferred model and that is the choice using log-likelihood

functions also.
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Figure 4: The empirical scaled TTT transform of the data set 1

Table 8: The performance of likelihoods for different choices of 7.

P r | Weibull Log-normal Preferred
log-likelihood | log-likelihood | model

0.9 27 | -144.82 -143.31 Log-normal
0.8 24 | -136.79 -134.69 Log-normal
0.76 | 21 | -133.79 -131.94 Log-normal
0.6 18 | -114.86 -113.79 Log-normal
0.5 15 | -100.48 -99.79 Log-normal
0.4 12 | -85.32 -85.09 Log-normal
0.266 | 9 | -59.72 -59.36 Log-normal
0.166 | 6 | -40.70 -40.59 Log-normal

7 (CONCLUSIONS

In this paper we consider the problem of discriminating between the log-normal and Weibull
families when the data are Type-II censored. We consider the ratio of maximized likelihoods
and make the decision based on that ratio. We also obtain the asymptotic distributions of
the RML statistics. It is observed the asymptotic distributions are asymptotically normal

and they are independent of the parameters of the corresponding parent distribution. We
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Table 9: The performance of likelihoods for different choices of r.

D r | Weibull Log-normal Preferred
log-likelihood | log-likelihood | Model
0.9 | 20| -99.43 -99.23 Log-normal
0.74 | 17 | -87.20 -86.50 Log-normal
0.61 | 14 | -70.34 -70.70 Weibull
0.48 | 11 | -55.00 -56.28 Weibull
0.35 |8 |-43.14 -43.64 Weibull
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Figure 5: The empirical scaled TTT transform of the data set 2

compare the probability of correct selection using Monte Carlo simulations and using the
proposed asymptotic results for different sample sizes and for different censoring proportions.
It is observed that the asymptotic results work quite well even for small sample sizes when
Weibull is parent distribution, for log-normal as the parent distribution asymptotic results
match with simulated result for moderate or large sample sizes. We have also used these
asymptotic results to calculate the minimum sample size required to discriminate between the
two probability distributions for given a PCS. Although we have considered discriminating
between the Weibull and log-normal distributions, but the results can be extended for any
two members of the location and scale families or for more than two families also. Work is

in progress it will be reported elsewhere.

21



ACKNOWLEDGEMENTS:

The authors would like to thank two referees and the associate for their valuable comments.

APPENDIX - A

PROOF OF LEMMA 1: The proof of (1) and (2) mainly follow using Theorem 1 and Theorem
2 of Bhattacharyya [5]. It can be easily shown that the log-normal distribution satisfies all
the regularity conditions mentioned in Theorem 1 and Theorem 2 of Bhattacharyya [5]. The

proof of (3) is given below. Note that

T, 1 ~ ~
== [Lwe(B.0) - Lin(5,7)] = [Zg Xy, 7) + (n —'f)h(Xma’V)]
and
T, 1] o5 WX 7
— = z;g( @,7) + (n = r)h(X@),7)
~ ~ ~ 5 AT i f (Xl 7678) .
where, 7 = (¢, 5, 0", 7 = (@.1.8.9)  9(Xwi) = 1“<fVLV§(X<(¢>), a,n>>’ M) =
Fwie(Xa;5,0) - > 7T
ln(FLN(X( - 77)>’ and 7 = (0,77,6,5) . We need to show
L g oo L B B o 11
%[n_ LN( n)]_ﬁ[*_ LN( *)]—> ) ( )

here ‘—2- means converges in probability. To prove (11) it is enough to prove

J=m-T) L0 12
and ELN l% [Tn - T*]] =
Ein {% iil [(g(X(i); ﬁ)) — (g(X(i);’?))] + \/E (n 7”) [h<X(T);:>\/) - h(X(T); ’7)}} — 0

(13)
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1
Note that [T, —T.] is
\/7

n—r

Jn %Z [g(X(i)ﬂ) —g(X(z‘)ﬁ)} B <

) (X 9) = h<X(T)ﬁ)H _

n
n—r
n

Vn _n Z (Xi:7) — 9(Xi9)] - 1X1'SX(T‘) - ( ) {h(X(T);y) WX ry; 7)]] ae.

n—r

Vit S 100X 7) - X7 s -
2 [t Eaosimm (*

7j=1

) (a5 ~ (X7 | =

—T

) X3 VA = )+ ) (14)

here = means asymptotically equivalent, o,(1) means converges to zero in probability, where

) 0 , 0 . .
=-—9(), h; = a—h() , 7, is the j-th component of the 4 and 7; is the j-th component
Vj

of the 4 for j = 1,...,4. Note that the second equality follows from Theorem-2 of [5], as
> 9(Xis-) - 1x,<c and ) g(Xi;-) - 1x,<x,,, are asymptotically equivalent. Now, using weak

i=1
law of large number and the fact that h/(') is a continuous function we can say

1 n / - n—r.., . ’ ’
[nzgﬂxm-lxigw - hj<X<r>;vj>]L[ELN@J»(Xi;vj)-1Xig<>+<1—p>hj<<;w>]
=1

Again using a similar argument as in Fearn and Nebenzahl [12], it follows that

n—rmTr._,

h (X;75)

is asymptotically bounded. (15)

1 &

=Y g (Xi;7%) - Ixi<c +
n =

Therefore using dominated convergence theorem we can express

{ELN(Q;(Xi; Vi) lxi<e) + (1= p>h;’(CWJ‘>} ‘7:;
p

_ 0 Cn fwe(z; 3,0) o e B nF_WE<C7579>
= [ (PR o + (1 - pyEEE D)

=0, (16)

Now, using (16) and \/n (§; — 7;) converges to a normal distribution with mean zero and

finite variance, (12) follows.
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Now to prove (13), observe that

1 C . ~ n—r ~ ~
B | 7 > 19X 9) = 9(Xw: )] + Vi < > (X093 9) = (X 7)]’ <
i=1
- 1, ~ n—r., ~ L
D Ein || =3 65(XisAs) - Lxise + ——h (X %) | Vn(3; = )| +0(1) <
=1 i=1
’ 1
4 R . 2 1 n , . n—r._, . 212
> | B {\/ﬁ (%5 — ’Vjﬂ B |- 29 (X)) - Ixi<c + h(Xe; )| |+ o(L).
= i=1
Therefore, using (15) and (16), it is observed that
n 2
1 ’ . n—rTr.., —
By |~ 9(X7) - Ixisc + h (X 75)| — 0.
i=1

Since lim By [V (3, — 7)] < oo for all j = 1,.....,4, (13) follows.

APPENDIX - B

T, 1S INDEPENDENT OF PARAMETERS OF THE PARENT DISTRIBUTION

We can maximize I15(/3,60) to get B and 6. It may be observed that equivalently we can

maximize

A(B,0) = /OglanE(xSﬂ>e)fLN(33§U>77)d~T+qln(l_FWE<C§ﬁa9))

— [ ot e - g - FuGon), (17

g = 1 — p. From definition of {, we have
In¢ —1
) (n(nn) =p=In(=Inn+cd '(p)
o
= P =y’ + 0507 (p) = Inc? =7 + HO(p). (18)

where, 71 = In nﬁ and T = O'B. Now,

IAN(B,0)
00

= Bp—po° [/()<$ﬂfLN($§J>77)d$+QC6 =0
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T
q(ﬁ-i-foc l’ﬁfLN<iU,0', 77)d37
b
_ - D 19
(gm0 + 3 (0(01(p) — 7)) "

Now, substituting 7, and 7 in the expression of T, we get,

T, = rIn+rnp—rln {qe;ﬁ;ﬁ_l(”) + et (@(@’l(p) — ?2))}

o B zt e;l‘l'zi;Z

+ TQZZi+TTl_ ~ = pzil i~ .

P q [67'14-72‘1) (P)} 4+ eMtaT2 [(I)((I)_l(p) — 7'2)]
pezr;z-l—?l 1< 2

_ _ — _ + - z._n—rlnq)z?«

quﬁ_q)_l(p)TQ + en-i—%‘rg [(I)((I)—l(p) _ 772)] 2 ; ( ( ) ( )

+ (n—r)

= rlnT,+rlnp—rln [qe%q)_l(p) 13T {Cb(q)*l(p) — ?Q)H

pzzzl 6;227; 1 T 9
= = +=> zi—(n—1r)nd(z). 20
S 1 B (b ) ) |2 M @0

+ 7~'2 Z Zi —
i=1 q
Where z; = (222001) follows N(0,1). Clearly from (20), 7. is independent of 7 i.e. it is

independent of 7. Therefore without loss of generality we can choose n =1 or 7, = 0. Now

we have to show T is independent of ¢ i.e. 75 is a function of p only.

For given (3, maximizing A(f3,0) w.r.t. 6, we can get

=

] _ p
Q q¢P + foc 2P fon(z;0,m)dw
p

gem 0 + 5 (B (87 (p) — 7))

where 75 = ¢5. Now we get 3 by maximizing A(B, g(ﬁ)) w.r.t. 3. Therefore for given [,

we call express

AB,0(B) = plnm+plhn 5 + T ze 2dz
(6,8(5)) i qra®~1(p) + €37 ((d71(p) — 7)) e Vor
>~ (p) 1 22 1
_ 7—2p / p ez7-2—€77d2 + (\/—_ ln 27T)p
gen 0+ e [B(01(p) — 7)) T o o
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1 (27w 1 22 _
+ 5/ 22\/2_e’7dz—q Tgp en® (@) —qlngqg
—00 m qugtbfl(p) + 67[@(@—1(]9) _ 7—2>]

Therefore maximizing w.r.t. [ is equivalent to maximizing w.r.t. 7. Clearly the function
has maximum at some 7, (say 72) depending only on p. Therefore, 75 is a constant for fixed

p. Now, T, is independent of parameters of the parent distribution.

Similarly, we can show T} is independent of parameters of the parent distribution when

Weibull is the parent distribution.
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