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1 Introduction

The Weibull distribution plays an important role in the analysis of reliability
and survival data (see, Johnson et al. 1994, for a detailed review), and mix-
tures of Weibull distributions have also been used widely to model lifetime
data, since they exhibit a wide range of shapes for the failure rate function.
Their great �exibility makes them suitable in numerous applications (see, for
example, Sinha 1987; Xie and Lai 1995; Patra and Dey 1999; Kundu and Basu
2000; Tsionas 2002; Wondmagegnehu 2004; Marín et al. 2005; Attardi et al.
2005; Carta and Ramírez 2007; Mosler and Scheicher 2008; Farcomeni and
Nardi 2010; Ebden et al. 2010; Qin et al. 2012 and Elmahdy and Aboutahoun
2013). These mixture forms have been further generalized by allowing negative
mixing weights, as such models arise naturally under the formation of some
structures of reliability systems (see Jiang et al. 1999; Bučar et al. 2004 and
Navarro et al. 2009). They also provide suitable distributions for modelling
dependent lifetimes from heterogeneous populations, as mixtures of defective
devices with shorter lifetimes and standard devices with longer lifetimes. In
this setting, Bučar et al. (2004) pointed out that it is crucial to be able to
guarantee that these mixtures are valid probability models. Thus, it seems
reasonable to use generalized mixtures of Weibull components as underlying
distributions to model heterogeneous survival data and the reliability of a sys-
tem when its structure is unknown or only partially known. In both these
cases, the sub-populations and components may often have the same distri-
butional type, but it is important to know what parametric constraints are
necessary to have a legitimate probability distribution.

Many authors have studied generalized mixture distributions and their
distributional and structural properties. For instance, conditions in terms of
the mixing weights and the parameters to guarantee that generalized mixtures
of exponential components are valid models have been analyzed by Steutel
(1967), Bartholomew (1969), Baggs and Nagaraja (1996), and Franco and
Vivo (2006). Franco and Vivo (2007) further studied generalized mixtures of
a gamma and one or two exponential components. Recently, Franco and Vivo
(2009a) discussed constraints for generalized mixtures of Weibull distributions
having a common shape parameter.

It is well-known that log-concavity and log-convexity are useful aging prop-
erties in many applied areas (see Bagnoli and Bergstrom 2005 and Kokonendji
et al. 2008). Since it is reasonable to use generalized mixtures of Weibull as
underlying distributions in many situations as described above, it will natu-
rally be of interest to study aging properties of such generalized mixtures of
Weibull components.

In this regard, aging classi�cations of generalized mixtures of exponential
distributions have been discussed earlier by Baggs and Nagaraja (1996) and
Franco and Vivo (2002, 2006), while Franco and Vivo (2007, 2009b) have exam-
ined generalized mixtures of gamma and exponential components in a similar
vein. Related results for ordinary mixtures of exponential and Weibull com-
ponents were given by Wondmagegnehu et al. (2005), and Block et al. (2010,
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2012) for exponential and gamma components. Recently, Franco et al. (2011)
studied log-concavity properties of generalized mixtures of Weibull compo-
nents with a common shape parameter, i.e., the monotonicity of its failure
rate function.

Analytical and graphical methods have been used to �t Weibull mixture
models. For instance, moments, maximum likelihood, least-squares and WPP
plot methods, and di�erent numerical algorithms have been used to �t the
model and also to examine the probabilistic behavior. Inferential methods
based on quasi-Newton, Newton-Raphson, conjugate gradient and EM algo-
rithms have been developed in this regards. A brief review of these estimation
methods and their applications to Weibull mixtures can be found in Bučar et
al. (2004) and Carta and Ramírez (2007). Some of them may also be used to
�t Weibull mixture models with negative mixing weights for getting a more
�exible model; for example, Franco and Vivo (2009a) revisited the method of
moments, the least-squares method and the maximum likelihood method in
the context of generalized mixtures of two Weibull components with a com-
mon shape parameter. Negative estimated weights of generalized mixtures of
Weibull components have also been obtained by Jiang et al. (1999) and Bučar
et al. (2004).

The main aim of this paper is to establish conditions for the mixing weights
and the shape and scale parameters of the Weibull components to guarantee
that their generalized mixtures are valid probability models. This would answer
the question posed by Bučar et al. (2004) and also extend the previously known
results for the generalized mixtures of exponential or Rayleigh components, as
well as mixtures of Weibull components with a common shape parameter. The
work also has the motivation for providing more �exible Weibull mixture dis-
tributions for modelling dependent lifetimes from heterogeneous populations,
as mentioned earlier.

The rest of this paper is organized as follows. In Section 2, we recall some
concepts of aging and de�ne the generalized mixtures of Weibull distributions,
which are studied in the sequel. Some necessary conditions for these mixtures
are also obtained in this section. In Section 3, some su�cient conditions are
established for a Weibull mixture with negative mixing weights to be a valid
probability model. In Section 4, we discuss the characterization of a generalized
mixture of two Weibull components. In Section 5, we present some reliability
results for the generalized two-component Weibull mixture model. Finally, in
Section 6, we analyze one real data set illustrating the usefulness and �exibility
of Weibull mixtures, allowing negative mixing weights.

2 Generalized �nite mixtures of Weibull distributions

First, we recall some reliability properties or aging concepts that are pertinent
to the developments in this paper.

Let X be a non-negative random variable with reliability or survival func-
tion S(x) = P (X > x). Then, the conditional survival function of a unit of
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age x is de�ned by S(t|x) = S(t + x)/S(x) for all x, t ≥ 0, and it represents
the survival probability for an additional period of duration t of a unit of age
x.

Note that the log-concavity of the survival function is determined by the
monotonicity of its conditional survival function. X is said to have a log-
concave (log-convex) survival function if logS(x) is concave (convex), i.e.,
S(t|x) is decreasing (increasing) in x for all t ≥ 0. In the absolutely continuous
case, this log-concavity property can be determined by the monotonicity of its
failure rate function de�ned by r(x) = − d

dx logS(x) = −S′(x)/S(x), which
represents the probability of instantaneous failure or death at a time x. So,
the log-concave (log-convex) survival function also corresponds to increasing
(decreasing) failure rate, i.e., IFR (DFR) class (see Barlow and Proschan
1981 and Shaked and Shanthikumar 2006, for further details.

It is well-known that the DFR class of distributions is closed under mix-
tures (Barlow and Proschan (1981)), but that closure is not preserved under
generalized mixtures (see for example Navarro et al. 2009 and Franco et al.
2011). In the case of two components, Navarro et al. (2009) obtain that gener-
alized mixtures of an IFR distribution with a positive coe�cient and a DFR
distribution with a negative coe�cient are IFR.

We now introduce the concept of generalized mixture of Weibull distribu-
tions, and present some necessary conditions on the mixing weights and shape
and scale parameters of the Weibull components in order for the mixture to
be a valid probability model.

De�nition 2.1 Let (X1, X2, ..., Xn) be a random vector formed by Weibull
components with survival functions Si(x) = exp(−bixci) for all x > 0, and
bi > 0 and ci > 0, i = 1, ..., n. Then, S(x) is said to be a generalized mixture
of Weibull survival functions, if it is given by

S(x) =

n∑
i=1

ai exp(−bixci), for x > 0, (2.1)

where ai ∈ R, i = 1, ..., n, such that
∑n
i=1 ai = 1.

Evidently, this generalized mixture may be de�ned by its distribution and
density functions (cdf and pdf)

F (x) = 1−
n∑
i=1

ai exp(−bixci) and f(x) =

n∑
i=1

aifi(x), for x > 0. (2.2)

Note that ai 6= 0 can be assumed, i = 1, ..., n. Likewise, we can assume
that (bi, ci) are di�erent, i = 1, ..., n, i.e., bi = bj and ci = cj cannot be
simultaneously satis�ed for i 6= j. Otherwise, the two terms i and j can be
merged to form a single term. Therefore, without loss of generality, we may
assume that 0 < c1 ≤ c2 ≤ ... ≤ cn and bi < bj for each ci = cj with i < j.

Moreover, taking into account that fi(x) = cibix
ci−1 exp(−bixci) is the pdf

of each component of the generalized mixture, it is obvious that
∫
R f(x)dx =
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i=1 ai = 1, and consequently, f(x) is a pdf if and only if f(x) ≥ 0 for all

x > 0, i.e., a generalized mixture of Weibull distributions is a valid probability
model if and only if f(x) is everywhere positive. Besides, if some of the ai's
are negative, f(x) could be negative for some values of x and so may not be a
valid pdf.

Let us now consider necessary conditions for S(x) in (2.1) to be a valid
survival function.

Theorem 2.1 Let S(x) =
∑n
i=1 aiSi(x) be a generalized mixture of Weibull

survival functions. If S(x) is a survival function, then a1 > 0 and

n∑
i=1

aibiI(ci = c1) ≥ 0, (2.3)

where I(ci = c1) denotes the indicator function indicating whether or not the
equality holds.

Proof First, in order to check f(x) ≥ 0 for all x > 0, where f(x) = − d
dxS(x)

is as given in (2.2), the function f(x) can be written as

f(x) = b1c1x
c1−1 exp(−b1xc1)g(x),

where

g(x) =

n∑
i=1

ai
bici
b1c1

xci−c1 exp(−(bix
ci − b1xc1));

thus, f(x) and g(x) have the same sign, and limx→∞ g(x) = a1.

If we suppose that a1 < 0, then there exits a x0 such that g(x) < 0 for
all x > x0, which contradicts that f(x) is a pdf. Therefore, a1 > 0 becomes a
necessary condition for f(x) to be positive.

Moreover, it is required that f(0) ≥ 0, and according to the lowest shape
parameter, we have

lim
x→0

g(x) =

n∑
i=1

ai
bi
b1
I(ci = c1)

and now using a similar argument, its positivity becomes a necessary condition,
which is equivalent to (2.3). Hence, the theorem.

Remark 2.1 From Theorem 2.1, when c1 = c2 = ... = cn = c, we obtain the
necessary conditions for a generalized �nite mixture of Weibull distributions
with a common shape parameter given by Franco and Vivo (2009a), which
includes as special cases the generalized mixtures of exponential components
(for c = 1) given by Steutel (1967), and of Rayleigh components (for c = 2).
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3 Su�cient conditions for a �nite Weibull mixture

The conditions of Theorem 2.1 are not su�cient for a generalized �nite mixture
of Weibull distributions. For example, S(x) = 2.5 exp(−x0.5)− 1.5 exp(−2x2)
is not a valid survival function but (2.3) holds. The following result presents
some su�cient conditions for f(x) to be a valid pdf.

Theorem 3.1 Let f(x) in (2.2) be a generalized mixture of Weibull density
functions. If

i∑
k=1

akbkI(ck = ci) ≥ 0, for i = 1, ..., n, (3.1)

then f(x) is a pdf.

Proof Under the stated conditions, f(x) can be rewritten as

f(x) = cnx
cn−1 exp(−bnxcn)

n∑
i=1

aibiI(ci = cn) +

n−1∑
i=1

Ai(x),

where

Ai(x) =cix
ci−1 exp(−bixci)

i∑
k=1

akbkI(ck = ci)

− ci+1x
ci+1−1 exp(−bi+1x

ci+1)

i∑
k=1

akbkI(ck = ci+1).

Clearly, if
∑i
k=1 akbkI(ck = ci) ≥ 0, then Ai(x) ≥ 0 when ci < ci+1 and

also when ci = ci+1, since bi < bi+1. Consequently, f(x) is positive if (3.1) is
satis�ed, i.e., f(x) is a pdf. Hence, the theorem.

Remark 3.1 The su�cient condition for a generalized �nite mixture of expo-
nential distributions given by Bartholomew (1969) are deduced from Theorem
3.1 when c1 = c2 = ... = cn = 1.

4 Characterization of a generalized mixture of two Weibull
components

In this section, we give the necessary and su�cient conditions on the mixing
weights and parameters for a generalized mixture of two Weibull distributions
to be a valid probability model.

Theorem 4.1 Let f(x) = a1b1c1x
c1−1 exp(−b1xc1)+a2b2c2x

c2−1 exp(−b2xc2)
be a generalized mixture of two Weibull density functions with b1 > 0, b2 > 0,
c1 > 0, c2 > 0, a1 > 0 and a2 ∈ R, such that a1 + a2 = 1, 0 < c1 ≤ c2 and
b1 < b2 when c1 = c2. Then, the following statements hold:
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(i) If c1 = c2, then f(x) is a pdf if and only if

a1 ≤
b2

b2 − b1
; (4.1)

(ii) If c1 < c2, then f(x) is a pdf if and only if

a1 ≤
b1c1x

c1
0 + c2 − c1

b1c1x
c1
0 (1− exp((1− b1xc10 )(c2 − c1)/c2)) + c2 − c1

(4.2)

where x0 ∈ (0,∞) is the unique positive solution of the equation

b2c2x
c2 − b1c1xc1 = c2 − c1. (4.3)

Proof Firstly, Part (i) is given by Theorem 3.1 of Franco and Vivo (2009a).
Also note that (4.1) is easily obtained from Equation (7) of Navarro et al.
(2009).

On the other hand, to prove Part (ii), when c1 < c2, the su�cient con-
dition in (3.1) is too restrictive. In this case, using Equation (7) of Navarro
et al. (2009), f(x) is pdf if and only if a1 ≤ 1/(1 − g(x0)) where g(x0) =
inf f1(x)/f2(x) is the in�mum of the ratio between the density functions of
both Weibull components. Here, we have

g(x) =
b1c1

b2c2xc2−c1
exp(b2x

c2 − b1xc1)

which is a decreasing function for x ∈ (0, x0) and an increasing function for
x ∈ (x0,∞) where x0 > 0 is the unique positive solution of (4.3).

Therefore, f(x) is pdf if and only if

a1 ≤
b2c2x

c2−c1
0

b2c2x
c2−c1
0 − b1c1 exp(b2x

c2
0 − b1x

c1
0 )

which is equivalent to (4.2). Hence, the theorem.

Remark 4.1 Part (i) of Theorem 4.1, when c1 = c2 = c = 1, establishes the
necessary and su�cient conditions for a generalized mixture of two exponential
components to be a valid pdf as discussed by Bartholomew (1969) and Baggs
and Nagaraja (1996). Likewise, when c = 2, a generalized mixture of two
Rayleigh components is a true probability model if and only if (4.1) holds.

Remark 4.2 An unresolved case of generalized mixture of two Weibull compo-
nents with di�erent shape parameters is c1 = 1 < c2 = 2, i.e., a generalized
mixture of exponential and Rayleigh models, with scale parameters b1 > 0
and b2 > 0, respectively, and mixing weights a1 > 0 and a2 ∈ R, such that
a1 + a2 = 1. From Part (ii) of Theorem 4.1, the generalized mixture of their
pdf's

f(x) = a1b1 exp(−b1x) + 2a2b2x exp(−b2x2)
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is a valid pdf if and only if

a1 ≤
b1x0 + 1

b1x0 (1− exp((1− b1x0)/2)) + 1
,

where x0 > 0 is the unique positive solution of the equation 2b2x
2 − b1x = 1,

i.e.,

a1 ≤
b1 +

√
b21 + 8b2

b1 +
√
b21 + 8b2 − 2b1 exp

[
0.5−

(
b1 +

√
b21 + 8b2

)
b1
8b2

] .
Furthermore, we note here that the necessary and su�cient conditions for a

generalized mixture of two Weibull components with common shape parameter
do not ensure a valid probability model when di�erent shape parameters are
considered. Some graphs of generalized mixtures of two Weibull distributions
for di�erent mixing weights and speci�c values of their parameters can be used
to check that a1b1 + a2b2 ≥ 0 is neither a necessary nor a su�cient condition.

For example, Figure 1a depicts f(x) for two Weibull components with
b1 = 1, b2 = 2 and c1 = 0.5 < c2 = 2 and for varying values of the mixing
weights, with the dark solid line for a1 = 1.25, the dark dotted line for a1 =
1.5, and the dashed line for a1 = 2.5, respectively. In the three cases, x0 =
0.692091042972595 is the required point in (4.2), but this inequality holds only
for the �rst, because a1 = 1.25 ≤ 1.326735827671239, and so f(x) is a valid
pdf, with (4.1) also holding, i.e., a1 ≤ 2. However, f(x) is not a pdf in the
other two cases, i.e., (4.2) is not satis�ed, since a1 = 1.5 and a1 = 2.5 are
greater than 1.326735827671239, but a1 ≤ 2 and a1 > 2, respectively, and
consequently (4.1) is not a su�cient condition.

1 2 3 4 5

-1.0

-0.5

0.5

1.0

a1=2.5

a1=1.5

a1=1.25

Mixing weights

(a) Plots for shape parameters c1 = 0.5 <
c2 = 2.

1 2 3 4 5

-0.4

-0.2

0.2

0.4

0.6

0.8

a1=3.5

a1=2.5

a1=1.5

Mixing weights

(b) Plots for shape parameters c1 = 1.5 <
c2 = 2.

Fig. 1: Graphs of f(x) of generalized mixture of two Weibull components with
b1 = 1, b2 = 2 and for di�erent mixing weights.

Similarly, Figure 1b displays f(x) for two Weibull components with b1 = 1,
b2 = 2 and c1 = 1.5 < c2 = 2 and for varying values of the mixing weights,
with the dark solid line for a1 = 1.5, the dark dotted line for a1 = 2.5, and the
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dashed line for a1 = 3.5, respectively. Now, x0 = 0.5123859916786938 is the
required point in (4.2) for these three cases. Nevertheless, the inequality (4.2)
is not veri�ed for the last case since a1 = 3.5 > 2.588930674148028, and so
f(x) is not a valid pdf, with (4.1) also not holding, i.e., a1 > 2. Moreover, f(x)
is a valid pdf in the two �rst cases, since a1 = 1.5 and a1 = 2.5 are lower than
2.588930674148028; but a1 ≤ 2 and a1 > 2, respectively, and consequently
(4.1) is not a necessary condition.

5 Reliability properties of a generalized mixture of two Weibull
components

In this section, we present some reliability results for a generalized mixture
of two Weibull distributions. For this purpose, we consider di�erent cases de-
pending on the shape parameters of the two components.

Assuming a common shape parameter, the log-concavity of the survival
function of a generalized mixture of two Weibull components has been estab-
lished in Theorem 3.1 of Franco et al. (2011), i.e., the classi�cation in the IFR
and DFR classes when c1 = c2, which of course includes the special cases of
exponential and Rayleigh components.

In order to investigate the reliability properties of a generalized mixture of
two Weibull distributions with di�erent shape parameters, we �rst start with
generalized mixtures with one component being exponential component.

Theorem 5.1 Let X be a generalized mixture of an exponential and a Weibull
component with shape parameter 0 < c < 1, and scale parameters b2 > 0
and b1 > 0, respectively. Then, X cannot be IFR, and X is DFR i� either
0 < a1 < 1 or

1 < a1 ≤
1

1− w
, (5.1)

where

w = min
τ∈{τ1,τ2}

{
cb1(1− c)e−b1τc+b2τ

cb1(1− c) + (cb1τ c−1 − b2)2τ2−c

}
, (5.2)

with τ1 and τ2 being the two unique solutions of

cb1 − b2(2− c)x1−c + xc(cb1 − b2x1−c)2 = 0 (5.3)

such that τ1 ∈
((

cb1
b2(2−c)

)1/(1−c)
,
(
cb1
b2

)1/(1−c))
and τ2 >

(
cb1
b2

)1/(1−c)
.

Proof It is well known that a Weibull distribution with shape parameter c > 0
is DFR (IFR) i� c ≤ 1 (c ≥ 1). Here, 0 < c < 1, and so X is an ordinary
mixture of two DFR components for a1 < 1, i.e., a2 = 1 − a1 > 0, and
consequentlyX isDFR since theDFR class is preserved by ordinary mixtures;
see Barlow and Proschan (1981).
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Otherwise, for a1 > 1, the classi�cation of X depends on the sign of g(x) =
S′′(x)S(x) − S′(x)2, e.g., see Lemma 2.1 of Franco et al. (2011). Thus, g(x)
can be expressed as

g(x) = a1x
c−2e−b1x

c−b2xh(x),

where

h(x) = a2
(
(b1cx

c−1 − b2)2x2−c − b1c(c− 1)
)
− a1b1c(c− 1)e−b1x

c+b2x,

and so both functions g(x) and h(x) have the same sign. Note that h(0) =
b1c(1 − c) > 0, and so it cannot be negative for all x > 0, and consequently,
X cannot be IFR.

Now, let us see under what conditions the sign of h(x) is non-negative, and
from Lemma 2.1 of Franco et al. (2011), X is DFR. For this purpose, h(x)
can be rewritten as

h(x) = (1− a1)h2(x) + a1h1(x) = h2(x) + a1(h1(x)− h2(x)),

where

h1(x) = b1c(1− c)e−b1x
c+b2x and h2(x) = b1c(1− c) + (b1cx

c−1 − b2)2x2−c,

both functions being positive. Obviously, h(x) ≥ 0 for all x such that h1(x) ≥
h2(x). So, X is DFR if and only if h(x) ≥ 0 for all x such that h1(x) < h2(x),
which is equivalent to

a1 ≤
h2(x)

h2(x)− h1(x)
⇔ a1 − 1

a1
≤ h1(x)

h2(x)
< 1. (5.4)

However, if (5.4) does not hold, i.e., there exist a point x such that h1(x)
h2(x)

<
a1−1
a1

, then X cannot be DFR.
In order to analyze the ratio h1(x)/h2(x) for x such that h1(x) < h2(x),

from the �rst derivatives of h1(x) and h2(x), we have that h1(x) changes its
monotonicity from being decreasing to increasing for all x > 0, attaining its

minimum at x1 =
(
b1c
b2

)1/(1−c)
. Analogously, h2(x) changes its monotonicity

only twice, it increases for x < x2 =
(

b1c
2

b2(2−c)

)1/(1−c)
, then decreases for

x ∈ (x2, x1), and ultimately increases for x > x1. Thus, it is straightforward
to check that the sign of the �rst derivative of h1(x)/h2(x) is determined by
the sign of

h′1(x)h2(x)− h1(x)h′2(x) = −b1c(1− c)xc−1e−b1x
c+b2x(b1c− b2x1−c)k(x),

where
k(x) = b1c− b2(2− c)x1−c + xc(b1c− b2x1−c)2.

Note that k(0) = b1c > 0 and limx→∞ k(x) = ∞. Furthermore, b1c − b2(2 −

c)x1−c > 0 for all x < x3, where x3 =
(

b1c
b2(2−c)

)1/(1−c)
∈ (x2, x1), and so the
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�rst term of k(x) is negative for all x > x3. Likewise, the other term of k(x)
is equal to h2(x) − b1c(1 − c) ≥ 0 for all x, and so it increases for x < x2,
then decreases for x ∈ (x2, x1), and ultimately increases for x > x1, being null
at x1. Therefore, k(x) changes its sign only twice from being positive when
x < τ1, then is negative for x ∈ (τ1, τ2), and ultimately is positive for x > τ2,
where τ1 ∈ (x3, x1) and τ2 > x1 are the two unique solutions of (5.3).

Finally, taking into account the sign of −(b1c − b2x
1−c) and k(x), the

quotient h1(x)/h2(x) decreases in (0, τ1), then increases in (τ1, x1), again de-
creases in (x1, τ2), and ultimately increases in (τ2,∞). Thus, h1(x)/h2(x)
attains its two local minimums at the two unique solutions τ1 and τ2 of
(5.3), being w1 = h1(τ1)/h2(τ1) < 1 and w2 = h1(τ2)/h2(τ2) < 1 since
w3 = h1(x1)/h2(x1) = e−b1(1−c)x

c
1 < 1. Therefore, (5.4) holds if and only

if

a1 − 1

a1
≤ w = min{w1, w2},

and consequently, X is DFR if and only if (5.1) holds.

Remark 5.1 From Theorem 5.1, an exponential and Weibull generalized mix-
ture X with shape parameter 0 < c < 1 is not always DFR, it can have
neither bathtub shaped failure rate nor upside-down bathtub shaped failure
rate function, denoted in short by ∪-shaped and ∩-shaped, respectively. In
detail, from the proof of Theorem 5.1 and assuming (4.2), if a1 > 1/(1 − w)
then the failure rate of X decreases at the beginning and at the end, and has
one or two piecewise increasing in the middle, i.e., X has a single or double
∨∧-shaped failure rate. Here, X has a ∨∧-shaped failure rate function i� either
a1 > 1/(1 − wi) holds for only one of i = 1, 2, or a1 ≥ 1/(1 − w3). Moreover,
X has a double ∨∧-shaped failure rate i� a1 > 1/(1 − wi) for i = 1, 2, and
a1 < 1/(1− w3).

For example, if c = 0.5, b1 = 1 and b2 = 2, X is DFR when its mix-
ing weight a1 ≤ 1.369955901927713, and X has a ∨∧-shaped failure rate
when 1.369955901927713 < a1 ≤ 1.877189829645477, since 1/(1 − w1) =
8.234894564961930. Figure 2a displays regions for (4.2) and (5.1) according
to di�erent (b1, b2) when c = 0.5. Here, a1 must be always below the gray
surface. Moreover, X is DFR when a1 is below of the white surface, and it
has a ∨∧-shaped failure rate when a1 is between the white and gray surfaces.

Theorem 5.2 Let X be a generalized mixture of an exponential and a Weibull
component with shape parameter c > 1, and scale parameters b1 > 0 and
b2 > 0, respectively. Then, X can be neither DFR nor IFR. Moreover, the
following items hold:

(i) If 1 < c < 2, then X has a ∪-shaped (∩-shaped) failure rate for a1 > 1
(a1 < 1), or it has a double ∪-shaped (∩-shaped) failure rate i� a1 > 1
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(a) Boundary surfaces for a1 from (4.2)
and (5.1) with c = 0.5.

(b) Boundary surfaces for a1 from (4.2)
and Part (ii) of Theorem 5.2.

Fig. 2: Regions for a1 according to (b1, b2) ∈ (0, 3.5)× (0, 3).

(a1 < 1) and

1− a1
a1

∈ (v1, v2)

=

(
− exp

(
−b1 c−1c

(
b1
b2c

) 1
c−1

)
,
(

(b1−b2cxc−1
2 )2

b2c(c−1)xc−2
2

− 1
)
eb2x

c
2−b1x2

)
(5.5)

where x2 < x1 =
(
b1
b2c

)1/(c−1)
is the unique positive solution of

(b1 − b2cxc−1)2x+ b2cx
c−1 = (2− c)b1. (5.6)

(ii) If c = 2, then X has a ∪-shaped (∩-shaped) failure rate for a1 ∈
(
1, 2b2/b

2
1

]
(a1 < min{1, 2b2/b21}), or it has a ∧∨-shaped (∨∧-shaped) failure rate for
a1 > max{1, 2b2/b21} (a1 ∈

(
2b2/b

2
1, 1
)
).

(iii) If c > 2, then X has a ∨∧-shaped failure rate for a1 < 1, and X has a
∧∨-shaped failure rate 1 < a1 < 1/(1 + v1) where v1 is given in (5.5).

Proof From the survival and density functions of X, its failure rate function
can be expressed as

r(x) = b1w(x) + b2cx
c−1(1− w(x)) = b2cx

c−1 +
(
b1 − b2cxc−1

)
w(x)

where w(x) = a1e
−b1x/(a1e

−b1x + (1 − a1)e−b2x
c

), e.g., see Equation (3) in
Navarro et al. (2009). Note that w(x) is always positive, since it is the ratio of
two survival functions and a1 > 0. Also, it is easy to check that limx→∞ w(x) =
1. Moreover, the term b1 − b2cx

c−1 with c > 1 changes its sign at x1 =(
b1
b2c

)1/(c−1)
and converges to −∞ as x→∞. Thus, we have that

r(x1) = b1 and lim
x→∞

r(x) = b1,

i.e., the failure rate function of X crosses at x1 or is equal to its horizontal
asymptote y = b1, and consequently, it must change its monotonicity at least
once in (x1,∞). So, X can be neither DFR nor IFR for all c > 1.
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Now, let us see the monotonicity intervals of r(x). For this purpose, we
have to study intervals in which the sign of its �rst derivative holds according
to the shape parameter c > 1, and it is equivalent to discuss the sign of
g(x) = S′′(x)S(x) − S′(x)2 de�ned in the proof of Theorem 5.1. In this case,
g(x) can be rewritten as g(x) = (1− a1)xc−2e−2b2x

c

h(x), where

h(x) = a1
(
(b1 − b2cxc−1)2x2−c − b2c(c− 1)

)
eb2x

c−b1x + (a1 − 1)b2c(c− 1),

and so g(x) and h(x) have the same sign when a1 < 1 and opposite signs when
a1 > 1.

First, when 1 < c < 2, it is easy to check that h(0) = −b2c(c− 1) < 0 and
limx→∞ h(x) =∞, and its �rst derivative

h′(x) = −a1(b1 − b2cxc−1)x1−ceb2x
c−b1xk(x),

where k(x) = (b1 − b2cxc−1)2x+ b2cx
c−1 − (2− c)b1 is an increasing function

with k(0) = −(2−c)b1 < 0, k(x1) = (c−1)b1 > 0 and limx→∞ k(x) =∞. Thus,
we have that h(x) changes its monotonicity only twice from being increasing
in (0, x2), then decreasing in (x2, x1), and ultimately increasing in (x1,∞),
where x2 ∈ (0, x1) is the unique solution of (5.6).

Therefore, h(x) changes its sign only once from being negative to positive
when either h(x2) ≤ 0 or h(x1) ≥ 0. Otherwise, h(x) changes its sign three
times whenever h(x2) > 0 and h(x1) < 0, which is equivalent to (5.5). Conse-
quently, the failure rate of X is decreasing (increasing) at the beginning, and
then increasing (decreasing) for a1 > 1 (a1 < 1) when either h(x2) ≤ 0 or
h(x1) ≥ 0. Moreover, if (5.5) holds, then the failure rate changes its mono-
tonicity three times from being decreasing (increasing), then increasing (de-
creasing), again decreasing (increasing), and ultimately increasing (decreasing)
for a1 > 1 (a1 < 1).

Next, when c = 2, limx→∞ h(x) =∞, but h(0) = a1b
2
1−2b2 can be positive

or negative depending on a1. In addition, it is immediate to prove that h(x)
changes its monotonicity from being decreasing to increasing at x1 = b1

2b2
, at-

taining its minimum at this point, with h(x1) = −2b2

(
1− a1

(
1− e−

b21
4b2

))
<

0. Note that h(x1) ≥ 0 is equivalent to a1 ≥
(

1− e−b21/(4b2)
)−1

, but from (4.2)

it is not satis�ed for a valid pdf. Thus, h(x) changes its sign only once from
being negative to positive when a1 ≤ 2b2/b

2
1, and it changes its sign only

twice from being positive at the beginning and at the end, and negative in
the middle when a1 > 2b2/b

2
1. Therefore, X has a ∪-shaped (∩-shaped) fail-

ure rate whenever a1 ∈
(
1, 2b2/b

2
1

]
(a1 < min{1, 2b2/b21}), i.e., it is decreasing

(increasing) at the beginning, and then increasing (decreasing). Otherwise,
its failure rate function is ∧∨-shaped (∨∧-shaped) when a1 > max{1, 2b2/b21}
(a1 ∈

(
2b2/b

2
1, 1
)
), i.e., it increases (decreases), then decreases (increases), and

ultimately increases (decreases).
Finally, when c > 2, the function g(x) can be expressed as

g(x) = (1− a1)b2c(c− 1)xc−2e−2b2x
c

h(x),
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where h(x) = a1

(
h1(x)
h2(x)

+ 1
)
− 1 has the same sign as g(x) for a1 < 1 and the

opposite sign for a1 > 1, with

h1(x) = (b1 − b2cxc−1)2−b2c(c−1)xc−2 and h2(x) = b2c(c−1)xc−2eb1x−b2x
c

.

Note that limx→0 h(x) = ∞ and limx→∞ h(x) = ∞. So, taking into account

that h2(x) > 0 for all x > 0, we have h(x) > 0 (<) if and only if h1(x)
h2(x)

>
1−a1
a1

(<). Thus, we have to analyze the ratio h1(x)/h2(x) for all x > 0. For
this purpose, it is straightforward to check that h1(x)/h2(x) decreases and

then increases, attaining its minimum at x1 =
(
b1
b2c

)1/(c−1)
, with h1(x1)

h2(x1)
=

v1 ∈ (−1, 0) as given in (5.5).
Clearly, when a1 < 1, (1− a1)/a1 > 0, and hence, there exist x2 and x3,

0 < x2 < x1 < x3 such that h1(x)/h2(x) > (1− a1)/a1 for x < x2 or x > x3,
and h1(x)/h2(x) < (1− a1)/a1 when x ∈ (x2, x3), i.e., h(x) changes its sign
only twice from being positive at the beginning, negative in the middle, and
positive at the end. Therefore, X has a ∨∧-shaped failure rate when a1 < 1,
i.e., it decreases, then increases, and ultimately decreases.

In addition, when a1 > 1, (1 − a1)/a1 < 0, and so, it might be lower or
upper than v1. Note that, (1 − a1)/a1 ≤ v1 is equivalent to a1 ≥ 1/(1 + v1),
which is not satis�ed for a1 bounded by (4.2) to be a valid pdf. Furthermore,
for (1 − a1)/a1 > v1, h(x) changes its sign only twice, as in the case a1 < 1;
however now g(x) has opposite sign to h(x), and consequently, X has a ∧∨-
shaped failure rate when 1 < a1 < 1/(1 + v1), i.e., it increases in x < x2, then
decreases in x ∈ (x2, x3), and ultimately decreases in x > x3.

Remark 5.2 From Theorem 5.2, an ordinary mixture of an exponential and a
Weibull component with shape parameter c > 1 can be neither DFR nor IFR;
and the shape of its failure rate function was studied by Wondmagegnehu et
al. (2005).

Further, the particular case of the generalized mixture of exponential and
Rayleigh components can be neither DFR nor IFR. Figure 2b shows regions
for (4.2) and Part (ii) of Theorem 5.2 according to (b1, b2). Here, a1 must be
always below the gray surface, and the failure rate of X has a ∩-shaped when
a1 is below the white surface and a1 < 1, ∨∧-shaped when a1 is between the
white and gray surfaces and a1 < 1, ∪-shaped when a1 is below the white
surface and a1 > 1, and ∧∨-shaped when a1 is between the white and gray
surfaces and a1 > 1.

In this context, from Theorems 5.1 and 5.2, we show some di�erent shapes
of the failure rates of generalized mixtures of an exponential and a Weibull
component with shape parameter c = 0.75 (Figure 3a) and c = 1.4 (Figure
3b).

Finally, we obtain some reliability results for generalized mixtures of two
Weibull components with di�erent shape parameters, neither of them being
exponential. For this purpose, we will use the following auxiliary lemma, which
proof is straightforward.
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(a) Plots of DFR (solid lines), ∨∧-shaped
(dotted lines) and double ∨∧-shaped
(dashed lines) for a1 = 1.2, 1.25, ..., 1.55,
with b1 = 4, b2 = 3, c = 0.75.
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(b) Plots of ∩-shaped (solid lines), dou-
ble ∩-shaped (dashed lines) and double
∪-shaped (dotted and dashed lines) for
a1 = 0.65, 0.7, ..., 1.2, with b1 = 2.1,
b2 = 1, c = 1.4.

Fig. 3: Failure rates of generalized mixtures of an exponential and a Weibull
component.

Lemma 5.1 The following items hold:

(i) Let g1(t) and g2(t) be two arbitrary real functions such that its composite
function is well de�ned, g1 ◦ g2(t). If g1(t) is concave (convex) and ei-
ther {g1(t) is non-decreasing and g2(t) is concave (convex)} or {g1(t) is
non-increasing and g2(t) is convex (concave)}, then g1 ◦ g2(t) is concave
(convex).

(ii) If S(t) is a log-concave (log-convex) survival function and c ≥ 1 (0 < c ≤
1), then S(tc) is a log-concave (log-convex) survival function.

Theorem 5.3 Let X be a generalized mixture of two Weibull components with
di�erent shape parameters, c1 < c2, and scale parameters b1 > 0 and b2 > 0,
respectively.

(i) For 0 < c1 < c2 < 1, X is DFR when a1 < 1 or (5.1) holds with c = c1/c2
in (5.2). Otherwise, X has a single or multiple ∨∧-shaped failure rate.

(ii) For 1 < c1 < c2, X cannot be DFR. Moreover, X is either IFR or single
or multiple ∧∨-shaped failure rate.

(iii) For 0 < c1 < 1 < c2, X cannot be IFR. Moreover, X is either DFR or
single or multiple ∨∧-shaped failure rate.

Proof For a1 < 1, X is an ordinary mixture of two Weibull components with
di�erent shape parameters, c1 < c2. Thus, if c2 < 1, it is a mixture of two
DFR components, and consequently, X is DFR; see Barlow and Proschan
(1981).

In the remaining cases, the monotonicity of the failure rate function of X
with c1 6= 1 is established by the sign of g(x) = S′′(x)S(x)−S′(x)2 as de�ned in
the proof of Theorem 5.1, which has the same sign as h(x) = x2−c1e2b1x

c1
g(x)
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given by

h(x) =− a21b1c1(c1 − 1)− (1− a1)2b2c2(c2 − 1)xc2−c1e2b1x
c1−2b2xc2

+ a1(1− a1)
(
(b1c1 + b2c2x

c2−c1)2xc1 − b1c1(c1 − 1)

−b2c2(c2 − 1)xc2−c1
)
eb1x

c1−b2xc2
.

Hence, limx→0 h(x) = −a1b1c1(c1 − 1) and limx→∞ h(x) = −a21b1c1(c1 − 1),
and so they are negative for c1 > 1 and positive for c1 < 1. Therefore, g(x) is
negative (positive) at the beginning and at the end when c1 > 1 (c1 < 1), and
consequently, the failure rate of X is increasing (decreasing) at the beginning
and at the end when c1 > 1 (c1 < 1).

Note that the survival function of X can be expressed as

S(x) = ST (xc2), where ST (t) = a1e
−b1tc + a2e

−b2t (5.7)

where ST (t) is the survival function of a generalized mixture of an exponential
and a Weibull component with shape parameter c = c1/c2 < 1. Analogously,
S(x) can be rewritten as

S(x) = SY (xc1), where SY (t) = a1e
−b1t + a2e

−b2tc (5.8)

where SY (t) is the survival function of a generalized mixture of an exponential
and a Weibull component with c = c2/c1 > 1.

Now, let us see the monotonicity of the failure rate r(x) in the middle
according to the di�erent shape parameters c1 < c2.

First, when c1 < c2 < 1, r(x) decreases at the beginning and at the end.
From (5.7) and Part (ii) of Lemma 5.1, the log-convex intervals of ST (t) are
preserved to S(x), since c2 < 1, i.e., the decreasing intervals of rT (x) are
preserved to r(x). Thus, from Theorem 5.1, X is DFR when (5.1) holds,
where w is as de�ned in (5.2) with c = c1/c2 < 1. Otherwise, the increasing
intervals of rT (x) might not be preserved, and so r(x) might have a single or
multiple piecewise increasing in the middle. Therefore, X is DFR or it has a
single or multiple ∨∧-shaped failure rate.

Secondly, when 1 < c1 < c2, r(x) increases at the beginning and at the
end. From (5.7) and Part (ii) of Lemma 5.1, the log-concave intervals of SY (t)
are preserved to S(x), since c1 > 1, i.e., the increasing intervals of rY (x) are
preserved to r(x). Thus, from Theorem 5.2, SY (t) has at least one log-concave
interval for all c = c2/c1 > 1, and so r(x) has at least one increasing interval for
all c = c2/c1 > 1. However, r(x) also might have a single or multiple piecewise
decreasing in the middle, since the log-convex intervals of SY (x) might not be
preserved. Therefore, the failure rate of X is either IFR or single or multiple
∧∨-shaped when 1 < c1 < c2.

Finally, when c1 < 1 < c2, r(x) decreases at the beginning and at the end.
From (5.7) and Part (ii) of Lemma 5.1, the increasing intervals of rT (x) are
preserved to r(x), since c2 > 1. Analogously, the decreasing intervals of rY (x)
are preserved to r(x), since c1 < 1. From Theorem 5.2, SY (t) always has at
least one log-convex interval for all c = c2/c1 > 1, and consequently, r(x) has
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at least one increasing interval. Moreover, from Theorem 5.1, if (5.1) does not
hold, where w is as de�ned in (5.2) with c = c1/c2 < 1, then r(x) has at least
one increasing interval. However, when c2 > 1 and (5.1) holds, the log-convex
intervals of ST (x) might not be preserved to S(x). Consequently, r(x) also
might be decreasing or have a single or multiple piecewise increasing in the
middle, i.e., X is either DFR or single of multiple ∨∧-shaped failure rate.

6 Illustrative example

In this section, we present a data analysis of the strength of carbon �bers
reported by Badar and Priest (1982). The data represent the strength mea-
sured in GPa, for single carbon �bers and impregnated 1000-carbon �ber tows,
which were tested under tension. For illustrative purpose, we will be consid-
ering together the single �bers and impregnated �bers at gauge lengths of
20mm. These data are presented in Table 1.

Table 1: Strength data of carbon �bers at gauge lengths of 20 mm.

1.312 1.314 1.479 1.552 1.700 1.803 1.861 1.865 1.944 1.958 1.966 1.997 2.006 2.021
2.027 2.055 2.063 2.098 2.140 2.179 2.224 2.240 2.253 2.270 2.272 2.274 2.301 2.301
2.359 2.382 2.382 2.426 2.434 2.435 2.478 2.490 2.511 2.514 2.535 2.554 2.566 2.570
2.586 2.629 2.633 2.642 2.648 2.684 2.697 2.726 2.770 2.773 2.800 2.809 2.818 2.821
2.848 2.880 2.954 3.012 3.067 3.084 3.090 3.096 3.128 3.233 3.433 3.585 3.585 2.526
2.546 2.628 2.628 2.669 2.669 2.710 2.731 2.731 2.731 2.752 2.752 2.793 2.834 2.834
2.854 2.875 2.875 2.895 2.916 2.916 2.957 2.977 2.998 3.060 3.060 3.060 3.080

Before going on to analyze the data using generalized two-Weibull mixture
models, we have subtracted 1.250 from each data points. Clearly, it is a mix-
ture two groups, and we have tried to �t four mixture models of two Weibull
components, with negative and positive mixing weights, and equal and unequal
shape parameters.

Assuming a generalized two-Weibull mixture distribution with pdf as in
Theorem 4.1, the maximum likelihood estimators (MLEs) cannot be expressed
in explicit forms. However, based on the random sample x = (x1, ..., xn), the
maximization problem of the log-likelihood function

LL(x;θ) =

n∑
i=1

ln f(xi;θ) (6.1)

can be numerically resolved with respect to the unknown parameters θ =
(a1, b1, b2, c) or θ = (a1, b1, b2, c1, c2), according to equal or unequal shape pa-
rameters. In addition, we provide the log-likelihood values (LL), Kolmogorov-
Smirnov (KS) distances with their associated p-values, Akaike information
criterion (AIC) and Bayesian information criterion (BIC) values for each
�tted generalized mixture model, where AIC(k) = 2k − 2 ln(L), BIC(k) =
−2 ln(L) + k ln(n), and k denotes the number of parameters in each model.
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Model 1. Generalized mixture of two Weibull components with unequal shape
parameters.

We have the following underlying model

f(xi;θ) = a1b1c1x
c1−1
i e−b1x

c1
i + (1− a1)b2c2x

c2−1
i e−b2x

c2
i

where θ = (a1, b1, b2, c1, c2). The estimated scale and shape parameters of both

components are b̂1 = 0.3161, b̂2 = 0.3877, ĉ1 = 3.6841 and ĉ2 = 5.6094, and the
estimated mixing weight is â1 = 1.6251. The standard errors of estimates based
on Bootstrapping become: 0.0581, 0.0820, 0.3412, 0.6599, 0.2534, respectively.
Therefore, the �tted model is a proper generalized mixture, since â2 = 1−â1 =
−0.6251. For this Model 1, we have LL = −65.5767, AIC = 141.1534 and
BIC = 154.0269. The KS distance between the empirical survival function
and the �tted survival function and the associated p-value are 0.0365 and
0.9995, respectively.

Model 2. Generalized mixture of two Weibull components with equal shape
parameters.

We consider the following underlying model

f(xi;θ) = a1b1cx
c−1
i e−b1x

c
i + (1− a1)b2cx

c−1
i e−b2x

c
i

where now θ = (a1, b1, b2, c). The estimated parameters for this general-

ized two-Weibull mixture are â1 = 1.9682, b̂1 = 0.3477, b̂2 = 0.4963 and
ĉ = 3.3490. The standard errors of estimates based on Bootstrapping become:
0.2059, 0.0327, 0.0901, 0.3239, respectively. Hence, â2 = 1 − â1 = −0.9682,
and then this �tted model is also a proper generalized mixture. In this case,
LL = −66.2712, AIC = 140.5424 and BIC = 150.8412. The KS statistic and
its associated p-value are 0.0738 and 0.6660, respectively.

Model 3. Mixture of two Weibull components with unequal shape parameters.

Now, we assume the following underlying model

f(xi;θ) = a1b1c1x
c1−1
i e−b1x

c1
i + (1− a1)b2c2x

c2−1
i e−b2x

c2
i

where θ = (a1, b1, b2, c1, c2). The estimated parameters of both Weibull com-

ponents are b̂1 = 0.0715, b̂2 = 3.8617, ĉ1 = 5.6294 and ĉ2 = 7.6858, and the
estimated mixing weight is â1 = 0.7927. The standard errors of estimates based
on Bootstrapping become: 0.0101, 0.3847, 0.6972, 0.5883, 0.1077, respectively.
Thus, this �tted model is a ordinary mixture since â2 = 1 − â1 = 0.2073.
Moreover, LL = −84.2229, AIC = 178.4458 and BIC = 191.3194. The KS
statistics and its associated p-value are 0.0556 and 0.9250, respectively.
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Model 4. Mixture of two Weibull components with equal shape parameters.
In this case, we have the following underlying model

f(xi;θ) = a1b1cx
c−1
i e−b1x

c
i + (1− a1)b2cx

c−1
i e−b2x

c
i

where θ = (a1, b1, b2, c). The obtained estimates of the four parameters are

â1 = 0.7490, b̂1 = 0.0442, b̂2 = 3.0602 and ĉ = 6.4622, and then this �tted
model is a ordinary mixture since â2 = 1 − â1 = 0.2510. The standard errors
of estimates based on Bootstrapping become: 0.0963, 0.0061, 0.2765, 0.4340,
respectively. Furthermore, LL = −86.3763, AIC = 180.7526 and BIC =
191.0514, and theKS statistic and its associated p-value are 0.0750 and 0.6462,
respectively.

Table 2 summarizes the MLEs of the unknown parameters for the above
four mixture models, and their log-likelihood values (LL), Kolmogorov-Smirnov
(KS) distances with their associated p-values, Akaike information criterion
(AIC) and Bayesian information criterion (BIC) values.

Table 2: Estimated parameters and the corresponding goodness-of-�t measures
for the four �tted models.

Model Estimates (standard errors) LL AIC BIC KS p-value
Model 1 â1 =1.6251 (0.2534) -65.5767 141.1534 154.0269 0.0365 0.9995

b̂1 =0.3161 (0.0581)

b̂2 =0.3877 (0.0820)
ĉ1 =3.6841 (0.3412)
ĉ2 =5.6094 (0.6599)

Model 2 â1 =1.9682 (0.2059) -66.2712 140.5424 150.8412 0.0738 0.6660

b̂1 =0.3477 (0.0327)

b̂2 =0.4963 (0.0901)
ĉ =3.3490 (0.3239)

Model 3 â1 =0.7927 (0.1077) -84.2229 178.4458 191.3194 0.0556 0.9250

b̂1 =0.0715 (0.0101)

b̂2 =3.8617 (0.3847)
ĉ1 =5.6294 (0.6972)
ĉ2 =7.6858 (0.5883)

Model 4 â1 =0.7490 (0.0963) -86.3763 180.7526 191.0514 0.0750 0.6462

b̂1 =0.0442 (0.0061)

b̂2 =3.0602 (0.2765)
ĉ =6.4622 (0.4340)

From the AIC and BIC values the generalized mixture of twoWeibull com-
ponents with equal shape parameters (Model 2) provides the best �t among
these four models. Model 1 also provides a very good �t to the above data
set based on the Kolmogorov-Smirnov statistics and the associated p-values.
Moreover, the probability density function based on Model 1 provides a very
good match with the histogram (Figure 4). In order to test the hypothesis

H0 : Model 2 vs. H1 : Model 1,
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based on the likelihood ratio test, we cannot reject the null hypothesis as the
value of the test statistic is 1.3890 and its associated p-value is 0.2386. Based
on all these, we propose to choose Model 1 for this data set.

Model 2
Model 1

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 0  0.5  1  1.5  2  2.5  3  3.5  4

(a) Histogram and the �tted pdf's.

Model 2

Model 1

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  1  2  3  4  5

(b) Empirical and �tted survival func-
tions.

Fig. 4: Graphs of �tted Model 1 and �tted Model 2 for the strength data.

7 Conclusions

In this paper, we have considered generalized mixtures of Weibull components.
The generalized mixture is a very versatile model as allowing negative mix-
ing weights, providing di�erent probability density functions and failure rate
functions for di�erent parameter values.

We have discussed necessary and su�cient conditions for a generalized
mixture of Weibull components, establishing its characterization in the case
of two components. We have also studied the monotonicity of the failure rate
function for this generalized two-Weibull mixture model. In addition to devel-
oping general results for the generalized two-Weibull mixture model, we have
provided results when only one component is exponential, and for the special
case of one exponential and the other Rayleigh.

In addition, one real data example has been analyzed for the purpose of
illustration, and it has been shown that two-Weibull mixture models allowing
negative mixing weights work very well. Of course, the development of di�erent
inferential issues for these mixture models and their applications are topics for
further study.
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