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RIATE GE DISTRIBUTION

ndom variable X ~ GE(«, A) If it hasthe

(1 — e_m’)a If >0

FGE(“"A)_{ 0 if x <0

rresponding PDF becomes;

’

anen (1 — e‘m’)a—l if >0

co )\) —
(50, A) = < 0 if 2 <0

\

.—p.3/2!



of GE distribution for different o

10

.—p.4/2!



ERTIES

.= p.

5/2!



ERTIES

IS ageneralization of exponential distribution

. —p.5/2!



ERTIES

IS ageneralization of exponential distribution
Fsare very similar to Weibull and gamma PDFs

. —p.5/2!



ERTIES

IS ageneralization of exponential distribution
Fsare very similar to Weibull and gamma PDFs

ard function can be increasing, decreasing or
nstant

. —p.5/2!



ERTIES

IS ageneralization of exponential distribution
Fsare very similar to Weibull and gamma PDFs

ard function can be increasing, decreasing or
nstant

enjoys several ordering properties

. —p.5/2!



ERTIES

IS ageneralization of exponential distribution
Fsare very similar to Weibull and gamma PDFs

ard function can be increasing, decreasing or
nstant

enjoys several ordering properties

IS amember of the proportional reversed hazard
odel

. —p.5/2!



ERTIES

IS ageneralization of exponential distribution
Fsare very similar to Weibull and gamma PDFs

ard function can be increasing, decreasing or
nstant

enjoys several ordering properties

IS amember of the proportional reversed hazard
odel

IS closer to gamma distribution than Weibul|
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can be used for analyzing skewed data

can be used for analyzing censored data

can be used for generating gamma random deviate
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ccer datafrom the UK Champion’s League for
005 & 2005-2006.

er matches where (i) at least one goal scored by
eteam (i) at least one goal scored directly from
(penalty or any other direct free-kick)

me of the 1-st kick goal scored by any team
me of the 1-st goal scored by the home team.
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this case all possibilities are there

Xl < X27 Xl > XQ) Xl — X2
arshall-Olkin bivariate exponential model has
used

pirical hazard functions are not constant

pirical hazard function of X, Isan increasing
nction.

can be used quite effectively for fitting the
arginals
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m: We want a bivariate distribution whose
arginals are univariate GE distribution.

e Came from the formulation of the
arshall-Olkin bivariate exponential model

rmul ation:

1 ~ GE(aq, A), Uy ~ GE(as, ), Us ~ GE(as, \)
X1 =max{U;,Us}, X5 =max{U,, Us}
(X17 XQ) ™~ BVGE(C“, g, 3, )\)
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CDF

min{x, x5},

FX17X2(:I:17:E2) —
P(X, <1, Xy <x9) =
Fop(T1; 1) Fop(Te; ) For(z; as) =
Fap(xi; o1 + a3) Fap(xe; o) if r1 < T2
Fop(x1; 01 + as) Fop(xo; ag) if x> o9
FGE($§CV1‘|‘CV2—|—CV3) | f T1 =29 =2X
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PDF

fX1,X2 (3717 $2) —

fop(x1; 010 + a3) fep(xe;an) I 1 < a9
fee(r1;00) Fap(xo; o +ag) If 21 > a9
a1+gg—|—a3fGE(x; a1 + Qo + 043) If v1=29=2x

hat the 1-st two terms are densities with respect
dimensional L ebesgue measure and the 3-rd term
density function with respect to one dimensional
ue measure.
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MPOSITION OF CDF

Int CDF can be written as

1,X2(£E17 ZEQ) — P Fa(ajl) i172) + (]- — p)FS(zla £E‘Z)

Q1 + 0
Q1 + Q9 + Q3

Z = min{zl,a:g}

p:

Fy(wr,as) = (1 — e ?)ntortas

r2) can be obtained by subtraction.
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LREXX

oRrNwWwhUIOON

Figure 1(d)

Figure 1(c)

IR
AN
/ll"."\\\\\
TR
QRN
"'.% ~:“§‘\\\\\

NN
N

N\
NN
NN

OFRPNWAUIO

2R

%
LZ LIRS

.- p.14/2



MUM LIKELIHOOD ESTIMATES:




MUM LIKELIHOOD ESTIMATES:

Ithout a proper estimation technique any model
ay not be useful in practice




MUM LIKELIHOOD ESTIMATES:

Ithout a proper estimation technique any model
ay not be useful in practice

oblems associated with the MLES?

.—p.15/2!



MUM LIKELIHOOD ESTIMATES:

Ithout a proper estimation technique any model
ay not be useful in practice

oblems associated with the MLES?
L Es may not always exist.

.—p.15/2!



MUM LIKELIHOOD ESTIMATES:

Ithout a proper estimation technique any model
ay not be useful in practice

oblems associated with the MLES?
L Es may not always exist.

en if they exist they have to be obtained by
lving afour dimensional optimization problem.
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LGORITHM (CONT.)

's go back to our original formulation of bivariate

e have the following;
~ GE(CVl, )\), UQ i GE(OZQ, )\)7 U3 i GE(O&g, )\)
X1 == maX{Ul, Ug}, X2 — max{Ug, Ug}
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| possible ordering of U, Us, Us

Ordering | (X3, X3) | Group
U < U; < Us (Ug, Ug) I
Ui < Uz < Uy (Ug, UQ) 14
U, <U; < Us (Ug, Ug) I
Uy, < Uz < Uy (Ul, Ug) I
Us < Uy < Uy (Ul, UQ) I
Us; < U; < Uy (Ul, UQ) 14
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| possible ordering of U, Us, Us

Ordering | (X3, X3) | Group
U < U; < Us (Ug, Ug) I
Ui < Uz < Uy (Ug, UQ) 14
Uy < U; < Us (Ug, Ug) I
Uy, < Uz < Uy (Ul, Ug) I
Us < Uy < Uy (Ul, UQ) I
Ug < Uy < U, (Ul, UQ) 14

ppose we know U, Us, Us along with X, X5
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LGORITHM (CONT.)

elihood contribution of any observation from I

fae(x; as, \) Fop(r; o + ag, )

elihood contribution of any observation from /;

&

(715 a3, A) fap(T2; a0, N) Far(w1; aq, A) OF

fGE(ZEl; a, )\)fGE(iU% ag, )\)FGE(ZUl; a3, )\).
elihood contribution of any observation from I,

(725 a3, A) fap(21; a1, \) Fap(xa; az, A) OF

&

fGE(xB a, )\)fGE(x% g, )\)FGE(OCQ; a3, )\).
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LGORITHM (CONT.); E-STEP

ore in this case the compl ete observation is of the
Ing type
(X17 X27 A17 AQ)

1 and A, are asfollows;

A Ui Xi=0
T3 if X = Uy

Ao — 2 1f X9 = Us
2 3 If X9 = Us
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LGORITHM (CONT.); E-STEP

ore for the Group I, both A; and A, are known.
A=Ay =3
oup I; Ay Isknown and A; 1S unknown.
Ai=1lor3, Ay=2
oup 1> A 1Isknown and A5 1S unknown.
AN =1 Ay =2o0r3.

\/er
a1

a1 + Qs

%)

Y
Qo + Qg
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LGORITHM (CONT.); M-STEP

e above information the pseudo log-likelihood

n can be written. For M-step we need to maximize
do log-likelihood function with respect to the

n parameters. The pseudo log-likelihood

n can be written as a profile log-likelihood

n of \ only and the maximization can be carried
aone dimensional optimization method.
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milar to the Block-Basu bivariate exponential
odel absolute continuous bivariate GE also can be
Ined.

e proposed EM algorithm can be used for many
her bivariate mode.

e multivariate extension should be aso possible.
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