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a b s t r a c t

This paper describes the Bayesian inference and prediction of the inverse Weibull distri-
bution for Type-II censored data. First we consider the Bayesian inference of the unknown
parameter under a squared error loss function. Although we have discussed mainly the
squared error loss function, any other loss function can easily be considered. A Gibbs sam-
pling procedure is used to drawMarkov ChainMonte Carlo (MCMC) samples, and they have
in turn, been used to compute the Bayes estimates and also to construct the corresponding
credible intervals with the help of an importance sampling technique. We have performed
a simulation study in order to compare the proposed Bayes estimators with the maximum
likelihood estimators. We further consider one-sample and two-sample Bayes prediction
problems based on the observed sample and provide appropriate predictive intervals with
a given coverage probability. A real life data set is used to illustrate the results derived.
Some open problems are indicated for further research.

© 2010 Published by Elsevier B.V.

1. Introduction

The Weibull distribution is one of the most popular distributions in analyzing the lifetime data. Much of the popularity
of the Weibull distribution is due to the wide variety of shapes it can assume by varying its parameters. Extensive work
has been done on this distribution, both from the frequentist and Bayesian points of view, see for example the excellent
review by Johnson et al. (1995) and Kundu (2008) for some recent references. Although, the Weibull distribution has two
parameters, in many practical problems, it is not unreasonable to assume one of them, the shape parameter, to be known,
and to perform the necessary analysis under the assumption that only the scale parameter is unknown, see for example
Nordman and Meeker (2002).
It is well known that the Weibull probability density function (PDF) can be decreasing or unimodal, and the hazard

function (HF) can be either decreasing or increasing depending on the shape parameter. Because of the flexibility of the PDF
and HF, the Weibull distribution has been used quite extensively when the data indicate a monotone HF. But it cannot be
used at all if the data indicate a non-monotone and unimodal HF. In many practical situations, it is often known a priori
that the hazard rate cannot be monotone. It may happen that the course of a disease is such that the mortality reaches a
peak after some finite period, and then declines slowly. For example, in a study of curability of breast cancer, Langlands
et al. (1979) found that the peak mortality occurred after about three years. Bennette (1983) analyzed the data from the
Veterans Administration lung cancer trial presented by Prentice (1973) and showed that the empirical failure rates for
both low and high-performance status groups were unimodal in nature. It is important to analyze such data sets with the
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appropriate models. If the empirical studies indicate that the hazard function might be unimodal, then the inverse Weibull
(IW) distribution may be an appropriate model. A brief description of the two-parameter IW distribution is presented in
Section 2.
In this paper first we consider the Bayesian inference of the scale parameter for Type-II censored data, under the

assumption that the shape parameter is known. This assumption is not unrealistic. See for example, Nelson (1982) for
several applications of the inverse Rayleigh distribution, in the reliability and survival analysis, which is a member of the
IW distribution when the shape parameter is 2. We assume a gamma prior on the scale parameter and a squared error loss
function. Other loss functions can also be easily handled. It is observed that the posterior density function is a mixture of
gamma density functions, where the mixture coefficients may or may not be positive. The Bayes estimate can be obtained
in explicit form, although the construction of a credible interval is not immediate from the posterior density function. We
propose to use a Gibbs sampling procedure to generate MCMC samples and compute the Bayes estimate and construct the
credible interval using an importance sampling technique.
We then consider the more important case when both the parameters are unknown. In this case, it is assumed that the

scale parameter has the same gamma prior, and the shape parameter also has the gamma prior and they are independently
distributed. As expected in this case also, the Bayes estimates cannot be obtained in closed form. We propose to use the
Gibbs sampling procedure to generate MCMC samples, and then using the importance sampling methodology, we obtain
the Bayes estimates and theHPD credible intervals of the unknownparameters.Weperform some simulation experiments to
see the behavior of the proposedBayes estimators and compare their performanceswith themaximum likelihood estimators
(MLEs).
Another important problem in life-testing experiments namely the prediction of unknown observables belonging to

a future sample, based on the current available sample, known in the literature as the informative sample. For different
application areas and for reference, readers are referred to Al-Hussaini (1999). In this paper we consider the prediction
problem in terms of the estimation of the posterior predictive density of a future observation for both one-sample and two-
sample schemes. We also construct a predictive interval for a future observation using the Gibbs sampling procedure. An
illustrative example has been provided.
The rest of the paper is organized as follows. In Section 2, we provide a brief review of the IW distribution. Prior

distribution, posterior analysis and Bayes estimates are provided in Section 3. Monte Carlo simulation results are presented
in Section 4. Bayes predictions are provided in Section 5. Data analysis is provided in Section 6, and finally we conclude the
paper in Section 7.

2. Inverse Weibull distribution; A brief review

If the random variable Y has a Weibull distribution with the PDF

fY (y;α, λ) = αλyα−1e−λy
α
, y > 0, (1)

then the random variable X = 1
Y has an IW distribution with the PDF

fX (x;α, λ) = αλe−λx
−α
x−(α+1), x > 0. (2)

The quantities α > 0 and λ > 0 are the shape and scale parameters respectively. From now on it will be denoted by
IW(α, λ). If X follows (∼) IW(α, λ), then the distribution function of X is given by

FX (x;α, λ) = e−λx
−α
, x > 0. (3)

As in the Weibull distribution, the shape parameter α governs the shape of the PDF, the hazard function and the general
properties of the IW distribution. As can be evidenced from Fig. 1 both the PDF and HF can be unimodal or decreasing
depending on the choice of the shape parameter. In this respect the behavior of the IW distribution and the log-normal
distribution is quite similar.
The k-th (k ≤ α) moment of X is

E(Xk) = λ
k
α Γ

(
1−

k
α

)
(4)

and for k > α, the moments do not exist. It is clear that it is a heavy tail distribution and as α → ∞, the tail probability
decreases. For 0 < α ≤ 1, the mean does not exist, and for 1 < α ≤ 2, the mean exists but the variance does not exist.
The IW model has been derived as a suitable model for describing the degradation phenomena of mechanical

components, such as the dynamic components of diesel engines, see for example Murthy et al. (2004). The physical failure
process given by Erto and Rapone (1984) also leads to the IW model. Erto and Rapone (1984) showed that the IW model
provides a good fit to survival data such as the times to breakdown of an insulating fluid subject to the action of constant
tension, see also Nelson (1982). Calabria and Pulcini (1994) provided an interpretation of the IW distribution in the context
of a load-strength relationship for a component.



Author's personal copy

D. Kundu, H. Howlader / Computational Statistics and Data Analysis 54 (2010) 1547–1558 1549

α = 1.0

α = 0.5
α = 2.0

 0
 4  6  8  10 2 0  0  2  4 6 8 10  12 14

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

α = 2.0

α = 1.0

α = 0.5
 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2
a b

Fig. 1. (a) Probability density functions and (b) hazard functions of the inverse Weibull distribution for different values of α, when the scale parameter
is 1.

3. Prior distribution and posterior analysis

In this section we discuss the Bayesian inference of the unknown parameters of the IW distribution, for Type-II censored
samples.
Suppose n items are put on a life-testing experiment and we observe only the first r failure times, say t(1) < · · · < t(r).

Under the assumptions that the lifetime distribution of the items are independent and identically distributed (i.i.d.) IW(α, λ)
random variable, the likelihood function of the observed data without the multiplicative constant can be written as

L(data|α, λ) = αrλre
−λ

r∑
i=1
xαi

r∏
i=1

xα+1i

(
1− e−λx

α
r
)n−r

, (5)

here xi = t−1(i) . We consider two cases separately.

3.1. Shape parameter known

In this subsection we provide the Bayes estimate and the associated HPD credible interval of the scale parameter, when
the shape parameter is known. It is assumed that the scale parameter has a gamma prior distribution with the shape and
scale parameters as c and d, respectively and it has the PDF

π(λ|c, d) ∝ λc−1e−dλ, λ > 0. (6)

It is a natural conjugate prior (NCP). A family of priors is conjugate if the choice of a prior in that family generates a
posterior distribution that belongs to the same family. In addition to the ease of mathematical manipulation of the posterior
distribution generated from an NCP, the prior parameters can be chosen to suit the prior belief of the experimenter in terms
of location and variability of the prior distribution. Moreover, Jeffrey’s prior can be obtained as a special case of (6) by
substituting c = d = 0.
Combining (5) and (6) the posterior density function of λ

π(λ|data) =
L(data|λ)π(λ|c, d)∫
∞

0 L(data|λ)π(λ|a, b)dλ
, (7)

takes the form

π(λ|data) = κ
(b+ T1)m

Γ (m)
λm−1e−λ(b+T1) ×

(
1− e−λT2

)n−r
, (8)

where κ−1 = (b+T1)m

Γ (m)

∫
∞

0 λm−1e−λ(b+T1)×(1−e−λT2)n−rdλ, and T1 =
∑r
i=1 x

α
i and T2 = x

α
r . Note that both T1 and T2 depend

on α, but we do not make it explicit for brevity. Using the binomial expansion namely(
1− e−λT2

)n−r
=

n−r∑
j=0

(−1)j
(
n− r
j

)
e−jλT2 ,
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κ−1 takes the form

κ−1 = (b+ T1)m
n−r∑
j=0

(
n− r
j

)
(−1)j

dmj
,

withm = c + r , and dj = d+ T1 + jT2. Thus the posterior PDF (8) can be written as

π(λ|data) =
n−r∑
j=0

pj gamma(λ;m, dj), (9)

here

pj = (−1)j

(
n−r
j

)/
dmj

n−r∑
i=0
(−1)i

( n−r
i

)/
dmi

. (10)

It is clear that the posterior density function is a mixture of gamma density functions, but the mixture coefficients are not
non-negative. From the expression (9) the Bayes estimate of λwith respect to the squared error loss function is

λ̂B = m
n−r∑
j=0

pj
dj
. (11)

Note that when n = r , the Bayes estimate of λ becomes

λ̂B =
c + n
b+ T1

. (12)

Although, the Bayes estimate (11) can be computed explicitly in this case, but the corresponding credible interval cannot be
obtained in explicit form from (9). We propose to use the Gibbs sampling technique to generate MCMC samples, and then
use an importance sampling technique for constructing the Bayes estimate and also the corresponding credible interval.
Now we provide an algorithm to draw MCMC samples from the posterior distribution (8). Since

π(λ|data) ≤ κ gamma (λ;m, b+ T1) , (13)

it is possible to use the acceptance rejection method to generate samples from π(λ|data), by using gamma generation, and
we use the Algorithm 1 below to generate a Gibbs sample from the posterior density function of λ.

Algorithm 1. • Step 1: Generate λ from gamma(m, b+ T1), and U from Uniform (0, 1).
• Step 2: If U ≤ (1− e−λT2)n−r then accept λ, otherwise go back to Step 1.
• Step 3: Generate λ1 · · · λM .
• Step 4: Obtain the Bayes estimate of λ under the squared error loss function as the posterior mean, i.e.

Ê(λ|data) =
1
M

M∑
i=1

λi.

• Step 5: Obtain the posterior variance of λ as

V̂ (λ|data) =
1
M

M∑
i=1

(
λi − Ê(λ|data)

)2
.

• Step 6: To compute the credible interval for λ first we order λi’s as, λ(1) < · · · < λ(M). Denoting [x] as the greatest integer
less than or equal to x, the 100(1− β)% symmetric credible interval for λ becomes[

λ[(M/100)×β/2], λ[(M/100)×(1−β/2)]
]
.

3.2. Both parameters unknown

In this subsectionwe consider the casewhen both the parameters are unknown, andwe compute the Bayes estimates and
the associated HPD credible intervals of the shape and scale parameters. It is assumed that α and λ each have independent
gamma(a, b), and gamma(c, d) priors respectively, for a > 0, b > 0, c > 0, d > 0, i.e.

π1(α|a, b) ∝ αa−1e−bα and π2(λ|c, d) ∝ λc−1e−dλ. (14)
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Based on the priors, the joint density function of the data, α and λ is

π(α, λ|data) =
L(data|α, λ)π1(α|a, b)π2(λ|c, d)∫

∞

0

∫
∞

0 L(data|α, λ)π1(α|a, b)π2(λ|c, d)dαdλ
. (15)

Therefore, the posterior density function of α and λ given the data can be written as

π(α, λ|data) ∝ g1(λ|α, data)g2(α|data)h(α, λ|data), (16)

here g1(λ|α, data) is a gamma density functionwith the shape and scale parameters as r+c and (d+
∑r
i=1 x

α
i ), respectively,

g2(α|data) is a proper density function given by

g2(α|data) ∝
1(

d+
r∑
i=1
xαi

)r+c αa+r−1e−bα r∏
i=1

xα+1i . (17)

Moreover

h(α, λ|data) =
(
1− e−λx

α
r
)n−r

. (18)

Therefore, the Bayes estimate of any function of α and λ, say g(α, λ) under the squared error loss function is

ĝB(α, λ) =

∫
∞

0

∫
∞

0 g(α, λ)g1(λ|α, data)g2(α|data)h(α, λ|data)dαdλ∫
∞

0

∫
∞

0 g1(λ|α, data)g2(α|data)h(α, λ|data)dαdλ
. (19)

It is not possible to compute (19) analytically but Lindley’s (1980) approximation may be used to compute the ratio of
integrals of the form (19). It cannot however be used to construct credible intervals. We therefore, do not use it, instead, we
propose to approximate (19) by using an importance sampling technique as suggested by Chen and Shao (1999) and also
construct the corresponding credible intervals. The details are explained below.

3.3. Importance sampling

We need the following theorem for further development.

Theorem 1. g2(α|data) as given in (17) has a log-concave density function.

Proof. See Appendix. �

Since g2(α|data) has a log-concave density, using the idea of Devroye (1984) it is possible to generate a sample from
g2(α|data). Moreover, since g1(λ|α, data) follows gamma, it is quite simple to generate from g1(λ|α, data). Now we would
like to provide the importance sampling procedure to compute the Bayes estimates and also to construct the credible interval
of g(α, β) = θ (say). Using Theorem 1, a simulation based consistent estimate of E(g(α, λ)) = E(θ) can be obtained using
Algorithm 2 as given below:

Algorithm 2. • Step 1: Generate α from g2(·|λ) using the method developed by Devroye (1984).
• Step 2: Generate λ from g1(·|α, data).
• Step 3: Repeat Step 1 and Step 2 and obtain (α1, λ1), . . . , (αM , λM).
• Step 4: An approximate Bayes estimate of θ under a squared error loss function can be obtained as

ĝB(α, λ) = θ̂ =

1
M

M∑
i=1
θih(αi, λi|data)

1
M

M∑
i=1
h(αi, λi|data)

.

• Step 5: Obtain the posterior variance of θ = g(α, λ) as

V̂ (g(α, λ|data)) =

1
M

M∑
i=1

(
θi − θ̂

)2
h(αi, λi|data)

1
M

M∑
i=1
h(αi, λi|data)

.

We now obtain the credible interval of θ using the idea of Chen and Shao (1999). Let us denote π(θ |data) andΠ(θ |data) as
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the posterior density and posterior distribution functions of θ , respectively. Also let θ (β) be the β-th quantile of θ , i.e.

θ (β) = inf{θ;Π(θ |data) ≥ β}, 0 < β < 1. (20)
Observe that for a given θ∗,

Π(θ∗|data) = E
[
1θ≤θ∗ |data

]
,

where 1θ≤θ∗ is the indicator function defined as

1θ≤θ∗ =
{
1 if θ ≤ θ∗

0 if θ > θ∗.

Therefore, a simulation consistent estimator ofΠ(θ∗|Data) can be obtained as

Π̂(θ∗|data) =

1
M

M∑
i=1
1θ≤θ∗h(αi, λi|data)

1
M

M∑
i=1
h(αi, λi|data)

.

For i = 1, . . .M , let {θ(i)} be the ordered values of θi, and

w(i) =
h(α(i), λ(i)|data)
M∑
i=1
h(αi, λi|data)

be the associated weight, then we have

Π̂(θ∗|data) =


0 if θ∗ < θ(1)
i∑
j=1

w(j) if θ(i) ≤ θ∗ < θ(i+1)

1 if θ∗ > θ(M).

As before the credible interval for θ , can easily be constructed.

4. Monte Carlo simulations

In order to compare the proposed Bayes estimators with the MLEs, we perform a Monte Carlo Simulation study using
different sample sizes (n), different effective sample sizes (r), and for different priors (non-informative and informative).
All computations were performed using an Intel dual core processor. For random number generation we have used RAN2
of Press et al. (1991). The programs were written in FORTRAN 77. In computing the estimates we generated 1000 samples
from the IW distribution with α = 2 and λ = 1, and we replicated the process 1000 times. The averages and mean squared
errors (MSE) in parentheses of estimators of α and λ are presented in Tables 1 and 2, respectively. For prior information we
have used: Non-informative prior, Prior 1 with a = b = c = d = 0, and informative prior, Prior 2 with a = 2, b = 1,
c = d = 1. For Prior 2 we have chosen the hyper-parameters in such a way that the prior mean became the expected value
of the corresponding parameter.
It is clear from Tables 1 and 2 that the proposed Bayes estimators perform very well for different n and r . As expected,

the performance in terms of average bias and the MSE of the Bayes estimators under Prior 1 and theMLE is very similar. The
Bayes estimators under Prior 2 clearly outperform the MLEs in terms of average bias and MSE.

5. Bayes prediction

The Bayes prediction of an unknown observable, such as the value of a future sample based on the current sample, known
as the informative sample is an important problem. Al-Hussaini (1999) provided a number of references on the applications
of Bayes prediction in different areas of applied statistics.
There are two main types of prediction problem as indicated by Al-Hussaini (1999), namely (a) One-Sample Prediction

and (b) Two-Sample Prediction. They can be briefly described as follows. Let T(1) < · · · < T(r) and T(r+1) < · · · <
T(n) represent the informative sample and a future sample, respectively. A one-sample prediction problem involves the
prediction and associated inference of the future order statistics T(k) for r < k ≤ n. On the other hand, let T(1) < · · · < T(r)
and Y(1) < · · · < Y(m) represent the informative sample from a random sample of size n, and a future ordered sample of
size m, respectively. It is further assumed that the two samples are independent and each of their corresponding random
samples is obtained from the same distribution function. Then a two-sample prediction problem involves the prediction
and associated inference of the order statistics Y(1) < · · · < Y(m) of a future sample from the same distribution function.
The aim of this section is to provide the Bayes prediction of the k-th observation, r < k ≤ n for a one-sample prediction

problem; and 1 ≤ k ≤ m for a two-sample prediction problem, and associated inference based on the available data, namely
t(1) < · · · < t(r). Specifically, we wish to provide an estimate of the posterior density function of T(k) given the data, and
also construct a 100(1− γ )% predictive interval of T(k). We consider these two cases separately.
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Table 1
Average estimates of α and the associated MSEs.

n r Bayes MLE
Prior 1 Prior 2

20 10 1.9311 2.0954 1.9269
(0.0217) (0.0121) (0.0219)

20 15 1.9318 2.0876 1.9287
(0.0214) (0.0118) (0.0217)

25 15 1.9200 2.1014 1.9209
(0.0229) (0.0143) (0.0232)

25 20 1.9198 2.0991 1.9196
(0.0226) (0.0137) (0.0224)

40 15 1.9341 2.0913 1.9350
(0.0179) (0.0112) (0.0181)

40 20 1.9329 2.0899 1.9322
(0.0173) (0.0098) (0.0176)

40 30 1.9322 2.0816 1.9328
(0.0159) (0.0087) (0.0163)

40 35 1.9314 2.0818 1.9322
(0.0149) (0.0079) (0.0145)

Table 2
Average estimates of λ and the associated MSEs.

n r Bayes MLE
Prior 1 Prior 2

20 10 0.9329 1.0215 0.9319
(0.0137) (0.0093) (0.0134)

20 15 0.9376 1.0210 0.9381
(0.0119) (0.0081) (0.0121)

25 15 0.9399 1.0178 0.9434
(0.0111) (0.0073) (0.0109)

25 20 0.9398 1.0156 0.9427
(0.0109) (0.0035) (0.0104)

40 15 0.9499 1.0131 0.9544
(0.0075) (0.0032) (0.0071)

40 20 0.9539 1.0126 0.9545
(0.0065) (0.0027) (0.0068)

40 30 0.9578 1.0119 0.9544
(0.0061) (0.0019) (0.0067)

40 35 0.9579 1.0101 0.9545
(0.0059) (0.0012) (0.0066)

5.1. One Sample Prediction

In this case we are interested in the posterior predictive density of T(k) given the data, which is

πT(k)(y|data) =
∫
∞

0

∫
∞

0
fT(k)|Data(y|α, λ)π(α, λ|data)dαdλ, y > t(r). (21)

Here fT(k)|Data(·|α, λ) is the conditional density of T(k) given t(1) < · · · < t(r). See for example Chen et al. (2000). Because of
the Markov property of the conditional order statistics,

fT(k)|Data(y|α, λ) = fT(k)|T(r)=t(r)(y|α, λ), y > t(r). (22)

For notational simplicity, let us call k = r + 1. Therefore,

fT(r+1)|T(r)=t(r)(y|α, λ) =
(n− r)f (y|α, λ)(1− F(y|α, λ))n−r+1

(1− F(t(r)|α, λ))n−r
, y > t(r)

=

(n− r)αλe−λy
−α
y−(α+1)

(
1− e−λy

−α
)n−r−1

(
1− e−λt

−α
(r)
)n−r , y > t(r). (23)
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The predictive density of T(r+1) is then

f ∗T(r+1)|Data(y) =
∫
∞

0

∫
∞

0
fT(r+1)|T(r)=t(r)(y|α, λ)π(α, λ|Data) dαdλ, (24)

and the predictive survival function is

S∗T(r+1)|Data(y) =
∫
∞

0

∫
∞

0
ST(r+1)|T(r)=t(r)(y|α, λ)π(α, λ|Data) dαdλ. (25)

Here

ST(r+1)|T(r)=t(r)(y|α, λ) =

(
1− e−λy

−α
)n−r

(
1− e−λt

−α
(r)
)n−r , y > t(r). (26)

A simulation based consistent estimator of f ∗T(r+1)|Data(y) and S
∗

T(r+1)|Data
(y) can be obtained by using the Gibbs sampling

procedure as described in Section 3. Suppose {(αi, λi); i = 1 · · ·M} are MCMC samples obtained from π(α, λ|Data), using
the Gibbs sampling technique, the simulation consistent estimators of f ∗T(r+1)|Data(y) and S

∗

T(r+1)|Data
(y) can be obtained as

f̂ ∗T(r+1)|Data(y) =
M∑
i=1

fT(r+1)|T(r)=t(r)(y|αi, λi)wi (27)

and

Ŝ∗T(r+1)|Data(y) =
M∑
i=1

ST(r+1)|T(r)=t(r)(y|αi, λi)wi (28)

respectively, where

wi =
h(αi, λi|data)
M∑
i=1
h(αi, λi|data)

; i = 1, . . . ,M. (29)

Another important aspect of prediction is to construct a two-sided predictive interval for T(r+1). A symmetric 100γ%
predictive interval of T(r+1) can be obtained by solving the non-linear equations (30) and (31) simultaneously for the lower
bound, L and upper bound, U:

1+ γ
2
= P(T(r+1) > L|Data)⇒ S∗T(r+1)|Data(L) =

1+ γ
2

(30)

and

1− γ
2
= P(T(r+1) > U|Data)⇒ S∗T(r+1)|Data(U) =

1− γ
2

. (31)

We need to apply a suitable numerical method as they cannot be solved analytically.

5.2. Two Sample Prediction

Let us consider a future sample {Y1, . . . , Ym} of size m, independent of the informative sample {X1, . . . , Xn} and let
Y(1) < · · · < Y(r) < · · · Y(m) be the order statistics of the future sample. Suppose we are interested in the predictive
density of the order statistic Y(k) of the future sample, given the informative data set {x1, . . . , xn}. The probability density
function of the k th order statistic of the future sample is given by

g(k)(y|α, λ) =
m!

(k− 1)!(m− k)!
[F(y|α, λ)]k−1 [1− F(y|α, λ)]m−k f (y|α, λ), (32)

here f (·|α, λ) is as given in (2) and F(·|α, λ) denotes the corresponding cumulative distribution function of f (·|α, λ), as
given in (3). If we denote the the predictive density of Y(k) as g∗(k)(·|data), then

g∗(k)(y|data) =
∫
∞

0

∫
∞

0
g(k)(y|α, λ)π(α, λ|data)dαdλ, (33)

where π(α, λ|data) is the joint posterior density of α and λ as given in (16). It is immediate that g∗(k)(y|data) cannot be
expressed in closed form and hence it cannot be evaluated analytically.
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As before, based on the MCMC samples {(αi, λi), i = 1, . . . ,M}, a simulation consistent estimator of g∗(k)(y|data), can be
obtained as

ĝ∗(k)(y|data) =
M∑
i=1

g(k)(y|αi, λi)wi (34)

and a simulation consistent estimator of the predictive distribution of Y(k), say G∗(k)(·|data) can be obtained as

Ĝ∗(k)(y|data) =
M∑
i=1

G(k)(y|αi, λi)wi (35)

wi is same as defined in (29) and G(k)(y|α, λ) denotes the distribution function corresponding to the density function
g(k)(y|α, λ), i.e.

G(k)(y|α, λ) =
m!

(k− 1)!(m− k)!

∫ y

0
[F(z|α, λ)]k−1 [1− F(z|α, λ)]m−k f (z|α, λ)dz

=
m!

(k− 1)!(m− k)!

∫ F(y|α,λ)

0
uk−1(1− u)m−kdu. (36)

It should be noted that the sameMCMC samples {(αi, λi), i = 1, . . . ,M} can be used to compute ĝ∗(k)(y|data) or Ĝ
∗

(k)(y|data)
for all y. Moreover, a symmetric 100γ% predictive interval for Y(r) can be obtained by solving the non-linear equations (37)
and (38), for the lower bound, L and upper bound, U:

1+ γ
2
= P

[
Y(k) > L|data

]
= 1− G∗(k)(L|data)⇒ G

∗

(k)(L|data) =
1
2
−
γ

2
(37)

1− γ
2
= P

[
Y(k) > U|data

]
= 1− G∗(k)(U|data),⇒ G

∗

(k)(U|data) =
1
2
+
γ

2
. (38)

In this case it is also not possible to obtain the solutions analytically, and one needs a suitable numerical technique for solving
these non-linear equations.

6. Illustrative example

In this sectionwe consider a real life data set and illustrate themethods proposed in the previous sections. The data set is
from Bjerkedal (1960), and it represents the survival times (in days) of guinea pigs injected with different doses of tubercle
bacilli. It is known that guinea pigs have a high susceptibility to human tuberculosis and that is why they were used in
this particular study. The regimen number is the common logarithm of the number of bacillary units in 0.5 ml. of challenge
solution; i.e., regimen 6.6 corresponds to 4.0 × 106 bacillary units per 0.5 ml. (log (4.0 × 106) = 6.6). Corresponding to
regimen 6.6, there were 72 observations listed below:
12, 15, 22, 24, 24, 32, 32, 33, 34, 38, 38, 43, 44, 48, 52, 53, 54, 54, 55, 56, 57, 58, 58, 59, 60, 60, 60, 60, 61, 62, 63, 65, 65, 67,
68, 70, 70, 72, 73, 75, 76, 76, 81, 83, 84, 85, 87, 91, 95, 96, 98, 99, 109, 110, 121, 127, 129, 131, 143, 146, 146, 175, 175, 211,
233, 258, 258, 263, 297, 341, 341, 376.
The mean, standard deviation and the coefficient of skewness are calculated as 99.82, 80.55 and 1.80, respectively. The

measure of skewness indicates that the data are positively skewed. For computational ease, we have divided each data point
by 1000.
Before progressing further wewish to examine the empirical hazard function of the observed data by applying the scaled

Total Time on Test (TTT) plot, see Aarset (1987). This provides a very good idea about the shape of the hazard function of a
distribution. For a familywith the survival function S(y) = 1−F(y), the scaled TTT transform,withH−1(u) =

∫ F−1(u)
0 S(y)dy

defined for 0 < u < 1 is g(u) = H−1(u)/H−1(1). The corresponding empirical version of the scaled TTT transform is given
by gn(r/n) = H−1n (r/n)/H

−1
n (1) = [

∑r
i=1 y(i) + (n − r)y(r)]/(

∑n
i=1 y(i)), where y(i) denotes the i-th order statistic of the

sample. It has been shown by Aarset (1987) that the TTT transform is convex (concave) if the hazard rate is decreasing
(increasing); and for bathtub (unimodal) hazard rates, the scaled TTT transform is first convex (concave) and then concave
(convex). The plot of the scaled TTT transform of the data, Fig. 2, indicates that the empirical hazard function is unimodal
and therefore, it is reasonable to use an IW distribution to analyze the data.
We also wanted to check by using the Kolmogorov–Smirnov (K–S) statistic whether the IW model is suitable for this

data. The maximum likelihood estimates of α and λ based on the complete sample are 1.4142 and 0.0169, respectively. The
Bayes estimates of α and λ based on a complete sample and for a non-informative prior, i.e. a = b = c = d = 0, are 1.4086
and 0.0176, respectively. As expected the Bayes estimates under the non-informative prior, and the MLE are quite close to
each other. In case of MLE, the K–S distance and the associated p-value are 0.1364 and 0.137, respectively, and for the Bayes
estimates the corresponding values are 0.1277 and 0.191. Based on the p-values, the IW is found to fit the data very well.
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Fig. 2. Scaled TTT transform of the Guinea pigs data.
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Fig. 3. Posterior density function of α.

Nowwe consider the case when the data are Type-II censored. It is assumed that we observe only the first 50 data points
and the rest are censored. It is assumed that both the parameters are unknown. Since we do not have any prior information
available, we use non-informative priors on both α and λ. The density function of g2(α|data) as given in (17) is plotted,
Fig. 3. It is clearly log-concave. It can also be approximated by the normal distribution function, but we will not attempt
the approach here. Now using Algorithm 2, we generate 10,000 MCMC samples and based on them we compute the Bayes
estimates of α and λ as 1.4623 and 0.0137, respectively. Moreover, the 95% HPD credible intervals of α and λ are (1.3246,
1.6472), and (0.0071, 0.0189), respectively.
Now we consider the one sample prediction problem. In Fig. 4 we present the predictive density function and the

predictive survival function of the 51-st order statistic based on the observed sample. The 95% predictive interval of the
51-st order statistic is (0.096, 0.107). Therefore, based on the observed sample the 51-st failure will occur between 96 and
107 days.
We now consider the two-sample prediction problem. Suppose we put 25 new guinea pigs on the same test, and we

wish to find the predictive density and the predictive interval of the median of the future sample, based on the observed
sample. The predictive density function and the distribution function of the median are plotted in Fig. 5. The two sided 95%
predictive interval of the median is (0.0452, 0.1075). Therefore, based on the observed sample the median failure will occur
between 45 and 108 days.

7. Conclusions

In this paper we have considered the Bayesian inference and prediction problems of the inverted Weibull distribution
based on Type-II censored data. Since themoments of the inverseWeibull model do not always exist, the Bayesian inference
seems to be the natural choice for the analysis and prediction of certain survival data. The prior belief of the model is
represented by the independent gamma priors on the shape and scale parameters. The squared error loss function is used
as it is appropriate when large errors of the estimation are considered to be more serious compared to other loss functions.
It is observed even when the shape parameter is known and the HPD credible intervals cannot be obtained in explicit form.
We used the Gibbs sampling technique to generate MCMC samples and then using importance sampling methodology we
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Fig. 4. (a) Predictive density function and (b) Predictive survival function of the 51-st order statistics.
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Fig. 5. (a) Predictive density function and (b) Predictive distribution function of the median of a future sample of size 25.

computed the Bayes estimates and constructed the HPD credible intervals. The same MCMC samples were used for one
sample and two sample prediction problems. The details have been explained using a real life example.
An important problemwill be to extend these results for other censoring schemes such as Type-I, hybrid and progressive

censoring schemes. The work is in progress.
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Appendix

Proof of Theorem 1. Since

g2(α|data) ∝ αa+r−1e−bα
r∏
i=1

xα+1i ×
1(

d+
r∑
i=1
xαi

)r+c . (39)

ln g2(α|data)without the additive constant is

ln g2(α|data) = (a+ r − 1) lnα − bα + (α + 1)
r∑
i=1

ln xi − (r + c) ln

(
d+

r∑
i=1

xαi

)
. (40)
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Suppose

u(α) = d+
r∑
i=1

xαi ⇒ u
′(α) =

r∑
i=1

xαi ln xi ⇒ u
′′(α) =

r∑
i=1

xαi (ln xi)
2.

Observe that(
r∑
i=1

xαi (ln xi)
2

)(
r∑
i=1

xαi

)
−

(
r∑
i=1

xαi (ln xi)

)2
=

∑
1≤i<j≤r

xαi x
α
j

(
ln xi − ln xj

)2
≥ 0.

Therefore, for all d ≥ 0,

u′′(α)u(α) ≥ (u′(α))2.

It implies

d2

dα2
ln g2(α|data) < 0,

and that proves the theorem. �
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