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Abstract

In this paper, we consider three different mixture models based on the Birnbaum-
Saunders (BS) distribution, viz., (1) mixture of two different BS distributions, (2)
mixture of a BS distribution and a length-biased version of another BS distribution,
and (3) mixture of the BS distribution and its length-biased version. For all these
models, we study their structural properties as well as the shape of their density
and hazard rate functions. For the maximum likelihood estimation of the model
parameters, we utilize the EM algorithm, which is described and implemented.
For the purpose of illustration, we analyze two data sets related to enzyme and
depressive condition problems. In the case of enzyme data, it is shown that Model
1 provides the best fit, while for the depressive condition data, it is shown all three
models fit well with Model 3 providing the best fit.

MSC: 65C10; 60E05
Key words: EM algorithm; Fisher information; Goodness-of-fit; Hazard rate

function; Inverse Gaussian distribution; Length-biased distributions; Maximum
likelihood methods.

Preprint submitted to Elsevier Science



1 Introduction

Birnbaum and Saunders (1969) proposed a fatigue failure model based on
a physical argument derived from the cumulative damage or Miner law. This
model is known as the Birnbaum-Saunders (BS) distribution. Desmond (1985)
strengthened the physical justification of this model and relaxed some of the
assumptions made by Birnbaum and Saunders (1969). The BS model is a
positively skewed, unimodal, two-parameter distribution with non-negative
support possessing many attractive properties. This model has found several
applications in the literature including lifetime, survival and environmental
data analysis.

Extensive work has been done on the BS distribution with regard to its prop-
erties, inference and applications. A comprehensive treatment on the BS dis-
tribution till mid 90’s can be found in Johnson, Kotz and Balakrishnan (1995,
pp. 651-662). For more recent references on this distribution and some of its
generalizations, the readers may refer to Ng, Kundu and Balakrishnan (2003,
2006), Kundu, Kannan and Balakrishnan (2008), Sanhueza, Leiva and Bal-
akrishnan (2008), and Balakrishnan, Leiva, Sanhueza and Vilca (2009).

Since a random variable (RV) following the BS distribution is defined through
a standard normal RV, then the probability density function (PDF) and the
cumulative distribution function (CDF) of the BS model can be expressed in
terms of the standard normal PDF and CDF. As mentioned, the PDF of the
BS distribution is unimodal. Kundu, Kannan and Balakrishnan (2008) showed
that the hazard rate function (HRF) of this distribution is not monotone and

is in fact unimodal for all ranges of the parameter values; see also Gupta and
Akman (1995, 1997) and Bebbington, Lai and Zitikis (2008).

Length-biased (LB) — also referred to as size-biased — versions of a distribution
have received considerable attention in the literature; see Fisher (1934), Rao
(1965), and Cox (1969). The LB distributions are a special case of the weighted
distributions, which have been derived from a LB sampling procedure; see Patil
(2002). These distributions have found applications in diverse areas such as
biometry, ecology, environmental science, and reliability analysis. LB versions
of several distributions have been considered. Patil and Rao (1978) provided
a table of some basic distributions and their LB versions, while Khattree
(1989) presented relationships among variates and their LB versions for some
specific distributions. In the context of reliability, this relationship was treated
by some other authors; see, for example, Gupta and Keating (1985), Jain
(1989), and the references therein. A review of different LB distributions
and their applications has been provided by Gupta and Kirmani (1990); one
may also refer to Olyede and George (2002) for some more recent works in
this direction. Specifically, LB versions of the IG and lognormal distributions



can be seen in Sansgiry and Akman (2001) and Gupta and Akman (1995).
Recently, Leiva, Sanhueza and Angulo (2009) considered the LB version of the
BS (LBS) distribution and illustrated its application in water quality analysis.

In reliability studies, populations often turn out to be heterogeneous simply
because there are at least two subpopulations, with one being the standard
subpopulation (sometimes called strong) and the other one being the defective
subpopulation (weak). For this reason, data arising from such heterogeneous
populations need to be modeled by a mixture of two or more life distributions.
More details about life distributions can be seen in Johnson, Kotz and Bal-
akrishnan (1995, pp. 639-681) and Marshall and Olkin (2007), and about
mixture distributions in McLachlan and Peel (2000).

In this paper, we consider three different two-component mixture models based
on the BS and LBS distributions. Model 1 is a mixture of two BS distributions
with different sets of parameters, which involves five parameters including one
mixing parameter. Model 2 is a mixture of the BS and LBS distributions
with different sets of parameters, which is once again a five-parameter model.
Finally, Model 3 is a special case of Model 2, which is a mixture of a BS dis-
tribution and its LB version, and so consequently it has only three parameters
including one mixing parameter. In this paper, we discuss different structural
and reliability aspects of these three mixture distributions. It is well-known
(see, e.g., Ng, Kundu and Balakrishnan (2003)) that the maximum likelihood
(ML) estimators of the parameters of a two-parameter BS distribution can
not be obtained in closed-form. Thus, one needs to solve a non-linear equation
for the determination of the ML estimates. This is also the case when the
parameters of the LBS distribution are estimated by the ML method. For the
direct computation of the ML estimates of the model parameters, one needs to
solve five-dimensional optimization problems for Models 1 and 2, but this op-
timization problem is reduced to one three-dimensional for the case of Model
3. To facilitate the associated numerical procedure, we use the expectation
and maximization (EM) algorithm proposed by Dempster, Laird and Rubin

(1977) for the computation of the ML estimates of all the model parame-
ters through which the required multi-dimensional optimization is solved by
a sequence of one-dimensional optimizations. Finally, using the idea of Louis

(1982), it also becomes possible to compute the Fisher information matrix,
which is useful in constructing asymptotic confidence intervals for the model
parameters.

Bhattacharyya and Fries (1982), Desmond (1986), and Jorgensen, Seshadri
and Whitmore (1991) noted a relationship between the BS and inverse Gaus-
sian (IG) distributions. They observed that the BS distribution can be ob-
tained as an equally weighted mixture of an IG distribution and its LB (LIG)
version (or complementary reciprocal). In the case of Model 1, this relation-
ship can be utilized for computing the ML estimates more efficiently. It is



observed that for each E-step of the EM algorithm, the corresponding M-step
can be obtained in an explicit form by using the fact that the ML estimators
of the parameters of the IG and LIG distributions can be explicitly obtained.
This renders the implementation of the EM algorithm to be efficient and ef-
fective. In the case of Model 2, while implementing the EM algorithm, it is
observed that in each E-step, the corresponding M-step would require two
one-dimensional optimizations, which significantly reduces the computational
burden. Model 3 is, in fact, a weighted version of the two-parameter BS dis-
tribution with a linear weight function. In this last model, the corresponding
M-step would require solving only one non-linear equation in each E-step.

The rest of the paper is organized as follows. In Section 2, we briefly describe
the BS and LBS distributions. In Section 3, we present the three mixture
models and examine some of their properties. In Section 4, we deal with the
estimation problem for the three models. In Section 5, we analyze two real
data sets for the purpose of illustrating the three mixture models discussed in
this work. Finally, in Section 6, we make some concluding comments.

2 Background

2.1 The Birnbaum-Saunders distribution

From now on, if a RV T follows the two-parameter BS distribution, the nota-
tion T' ~ BS(«, ) is used. In this case, the PDF of T" can be written as

t>0, (1)

( llt 5_2D {{f}é+{f}g}

1
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where o and [ are the shape and scale parameters of the BS distribution,
respectively. The corresponding CDF of T is given by

(5 -{

where ®(-) is the CDF of the standard normal distribution. The quantile
function of T is expressed as
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where z(q) is the gth quantile of the standard normal distribution. Since
t(0.5) = 3, [ is also the median of the BS distribution. The HRF of T can be
easily obtained from (1) and (2) as

hr(t; o, 5) = t>0. (4)

fr(t; o
o (<1 [} —{f}é])’

Some basic properties include: (i) ¢T" ~ BS(«, ¢3), with ¢ > 0, and (ii) 1/T ~
2
BS (a, 1/43). From (3), it is possible to note that T' < [3/4] | Z 4 \/{aZ}* + 4] ,

where Z ~ N(0, 1), where < means equal distribution. Thus, it can be proved
that
o
~N|[0, — D

where N(a,?) denotes the normal distribution with mean a and variance
b?, which implies T = £ {1 +2X?% +2X{1 +X2}ﬂ ~ BS(a, ). Using the
transformation given in (5), the rth moment of 7" can be shown to be

B(T"] = 5 Z( )i(')ﬂ;f{ s ©

1=

In particular, from (6), we have

E[T]=3 [1 + Oﬂ . V[T] = [afp)? [1 + 52‘21 :

(7)
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6%[93a* + 40]
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and  Bo[T] =3

where (31[T] and (2[T| denote the coefficients of skewness and kurtosis of T,
respectively. From ([T in (7), it may be observed that, as o — 0, the skew-
ness also goes to zero, so that the BS distribution tends in this case to be
symmetrical, but it degenerates at the scale parameter (3; see Kundu, Kannan
and Balakrishnan (2008). If 8 = 1, then the mode of the BS distribution can
be obtained as the solution of the non-linear equation

z[32% + z2) _ i (8)
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If *(«) is the solution of (8), then this modal value becomes fx*(«a). From
(8), it is immediate that z*(3) < 1, so that the mode of the BS distribution
is less than (3. Table 1 presents the BS modal values for different values of «.
From this table, it is readily seen that x* is a decreasing function of a.
Table 1
Values of z* for different choices of a.

e} 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0

z* 0.720 0.471 0.337 0.258 0.207 0.172 0.146 0.126 0.110 0.098

We now briefly describe how the ML estimation of the parameters of the
BS distribution can be done based on a random sample Ti,...,T,,, where
T; ~ BS(«, 3), for i = 1,...,n. The ML estimator of «, say @, is explicitly
obtained as

a:[2\+—2r, 9)

where B is the ML estimator of 3. However, it is not possible to find an explicit
form for 3. Thus, the ML estimate of 5 can be obtained as the unique positive
root of the equation

B° = Bl2s + K(B)] +r[s + K(8)] = 0, (10)
where s = [1/n] X", t; and r = [[1/n] X", [1/t;] 7" are the sample arithmetic
and harmonic means, respectively, and K (u) = [[1/n] S0 [u+ ;'] " is the

harmonic mean function, for v > 0, such that K(0) = r. Note that (10) can
be easily solved by using the fixed-point type equation given by

_ P Hrs+ KB
N 2r + K(p)

h(B) =B, where h(B) (11)

Then, a simple iterative scheme such as h(S™) = A"+ can be used to
determine the ML estimate of 3 based on an initial guess 3?), which can be
the sample median, for example. Once B is obtained as a solution of (10), then
the ML estimate of a can be obtained from (9). Engelhardt, Bain and Wright
(1981) obtained asymptotic inference for aw and 3 by using the result that

2

a . a o 0
O (VA ] az

n[0.25+a2+1(a)]

where I(a) = 2 [;°[[1 + g(azx)]™t — 0.52d®(z) and g(y) = 1 + 4*/2 + y[1 +
y?/4]'/2. An alternative way for determining the variance-covariance matrix



of @ = (@, () is from the expected information matrix, say J(8), as Var[@] =
J(0)~!. Instead of the expected information matrix, one may prefer to use the
observed information matrix since it is easier to compute. In the application
part of this work, we carried out asymptotic inference on the model parameters
based on the observed information matrix; for more details on this approach,
see Efron and Hinkley (1978).

2.2 Length-biased distributions

As mentioned earlier, the LB distributions are a special case of the weighted
distributions. Suppose Y is a non-negative RV with PDF fy (y). The weighted
version of Y, say Y, with weight function w(-), has a probabilistic model
called the weighted distribution. The PDF of Y,, is given by

y > 0. (13)

Here, it is assumed that E[w(Y)] < oco. A particular case of the weighted
distributions is obtained when we use the weight function w(y) = y in (13).
In this case, Y,, is called the LB (or size-biased) version of Y, denoted by L.
The PDF of L is given by fr.(I) =1 fy(1)/u, for I > 0, with © = E[Y] < co.
The distribution of L is the LB version of the distribution of Y. Note that the
LB distribution involves the same parameters as in the original model.

2.3 Connection between the BS and IG distributions

Consider the following mixture representation of the BS distribution. Suppose
X; ~ IG(p, A), i.e., X; has an IG distribution with parameters p > 0 and
A > 0. The PDF of X is given by

‘ 1 Az — 2\ VA
Ixy (@, N) = ﬁexp (—2 er ) e x> 0. (14)

Furthermore, let X5 be a RV such that 1/X, ~ IG(1/p, A/p?), which is inde-
pendent of X;. Then, consider a new RV given by

T {Xl, with probability 1/2,

Xo, with probability 1/2. (15)



Evidently, the PDF of T (being a mixture of X; and X3) is defined as

fT(x;H7>‘) :;fX1($;,u7>‘>+;fX2($;,ua)‘>7 l’>0, (16>

where fx, (z;pu, \) and fx,(z; pu, A) are the densities of X; and X5, respectively.
Here, the PDF of X5 can be expressed as

P ) = LD,y (17

where = E[X)], so that X, is the LB version of X;. Therefore, if o =
m and § = p in (16), then T ~ BS(«, 3). The representation given in
(16) is quite useful for developing the EM algorithm. For more details on the
IG model, one may refer to Chhikara and Folks (1989), Johnson, Kotz and
Balakrishnan (1994, Chapter 15), and Seshadri (1993), and to Balakrishnan,
Leiva, Sanhueza and Cabrera (2009) for more recent results about the BS
and IG distributions and its mixture.

2.4 The length-biased Birnbaum-Saunders distribution

Let T ~ BS(«, 3). Then, the LB version of T, say L, i.e., with LBS distribu-
tion, denoted it by L ~ LBS(«, 3), has PDF expressed as

L {2+ {8)
exp(wg])[ | o

202 |51 ala? 4252 7

foll o, B) = ¢127r

The CDF of L is given by

Fr(l;a,8)=®(ay) + o X [exp <(32> {—@ (_M)} (19)

2 + a?] o

2,2
—¢(az){az+”4+aal H, >0,

«

where a; = (o, 8) = [1/a][\/l/B — +/B/l]. The HRF of L can be easily
obtained from (18) and (19) as

fL(l;Oéaﬁ)
1— FL(Z;CY?ﬁ)’

hp(l;a,0) = [ >0. (20)



Using the fact that the BS distribution in (1) is unimodal, it can be shown
that the LBS distribution in (18) is also unimodal. The mode of the LBS
distribution can be obtained as the solution of the cubic equation

e

It can be further shown that the HRF of the LBS distribution obtained from
(20) is also unimodal for all values of o and (3. A basic property of the dis-
tribution is ¢ L ~ LBS(a, ¢f3), with ¢ > 0. The rth moment of L is given
by

E[TrJrl] 1 2r+1F(T + 3/2)a2r+2ﬁr

Bl = BT = [a2+2]l NG (22)
_g[_l]k<zrk—2>E[7;";“] _gz[—u’“(zr;z) %] >

where T' ~ BS(«, ) and its moments are as given in (6). In particular, from
(22), we obtain

2 4+ 40® + 3a’] 5[4+ 17a% + 240 + 6a9]
E|L|= VIT| =
[ ] 6 2+&2 ’ [ ] [aﬁ] [2+&2]2 )
3a[8 + 4802 + 95a* + 480’ + 8a®

Bl = a8 + 48a” + 95a* + 48a° + 8a®| and (23)

V12 + 902 + 18 + 15052

3a?[80 + 602a2 + 15080 + 114905 + 384a® + 4817
Bo[L] =3+ .

[4+ 1702 + 24a* + 6a5)?

For more details about the LBS distribution, one may refer to Leiva, Sanhueza
and Angulo (2009).

We now briefly describe how the ML estimation of the parameters of the

LBS distribution can be done based on a random sample L, ..., L,, where
L; ~ LBS(«, ), for i = 1,...,n. The log-likelihood function is given by

lus(@; §) = —nlog(a) — 2nlog(5) + ébg (m K m )

_%izé [lﬁl + f - 21 + Zzn:llog(li) —nlog(a? +2). (24)



For a given (3, the ML estimator of «, say a((3), can be obtained as

1

a(f) = 7 {A(B) — 2} + \/{A(B) — 22+ 244(3)| ", (25)

where A(B) = [1/n] >0 [li/B + 6/l; — 2]. Thus, the ML estimate of 3, say
A, can be obtained by first maximizing the profile log-likelihood function of
B, viz., ligs(@(B), 3). Once 7 is numerically computed, the ML estimate of
a, say @, can be obtained from (25) as @(f3). Note that the maximization
of the profile log-likelihood function ¢, zs(a(3), 3) can be done by solving the
non-linear equation

N

S _ 1
praz(B)  ra*(p)

LX”: 2[8/1]

3
) 1 3 +
6 nﬂ =1 B/lzg—F[ﬁ/ll]E

=0, (26)

where s and r are defined in (10) and @(() in (25). Once again, observe that
(26) can be solved by using a fixed-point type equation h(3) = (3, where now

]

e ENN
S E e @0 b o

A simple iterative scheme, as detailed in Subsection 2.1, can be used to solve
(27).

3 Three new mixture models and their properties

3.1 Model 1

A RV Y has a mixture distribution of two different BS models (MTBS) if its
PDF is given by

fY(y) = pr1 (y, al;ﬁl) + [1 _p]fT2(y;C‘42,ﬁ2>, y > 07 (28>

where T; ~ BS(«;, i), with a; > 0,5, > 0, and 0 < p < 1, for i = 1,2. The
RV Y with PDF in (28) is said to have a MTBS distribution, which is denoted
by Y ~ MTBS(ay, 81, g, 52, p). The CDF of Y is simply

Fy(y) = pFr,(y; cn, 1) + [1 = pl P, (y; a2, B2),  y >0, (29)

10



where Fr.(+; a4, 3;), for i = 1,2, is as given in (2). It appears that the PDF
in (28) is either unimodal or bimodal and its shape for some choices of
(a1, By, i, B2, p) are presented in Figure 1.

3

Fig. 1. PDF of the MTBS distribution given in (28) for the choices of
(a1, 1,2, B2,p) as  (a) (1.0, 1.0, 0.5, 1.0, 0.75), (b) (2.5, 1.0, 0.5, 1.0, 0.25),
(¢) (1.0, 0.5, 1.0, 1.0, 0.5), and (d) (1.0, 0.5, 0.5, 5.0, 0.25).

The HRF of Y in this case is of the form
prl (ya aq, ﬁl) + [1 - p]fTQ (ya a9, ﬁ?)

h = , >0, 30
v(9) 1 — [pFr(y; o, 1) + [1 — plFr,(y; a2, Ba)] Y (30)

from which it is clear that it can be expressed as
hy (y) = wi(y)hr, (y) + w2 (Y)hs, (y),  y >0, (31)

where hz,(-) and hr,(-) are HRFs of 77 and T5, respectively, and w;(-) and
wy(+) are non-linear weight functions depending on y. As mentioned, the HRF
of the BS distribution is unimodal for all values of o and 3. However, due to
the complicated form of the HRF of the MTBS distribution, it is difficult to
examine theoretically its shape characteristics. Graphically, we have observed
that the HRF in (30) is either unimodal or bimodal depending on the values

11



of aq, (1, aa, B2 and p. For some choices of the parameters, a plot of the HRF
is presented in Figure 2.

5

45r

4

35r

Fig. 2. HRF of the MTBS distribution given in (30) for the choices of
(a1, B, a2, 02,p) as (a) (1.0, 1.0, 0.5, 1.0, 0.75), (b) (2.5, 1.0, 0.5, 1.0, 0.25),
(c) (1.0, 0.5, 1.0, 1.0, 0.5), and (d) (1.0, 0.5, 0.25, 4.0, 0.75).

For Y having the PDF in (28), the first two raw moments are given by

E[Y] = pf [1 n ;o@] + 1= plfs [1 4 ;ag] and (32)
2 :§ 2| 4 2 2] 3, el s 2
BlY?| = 5p8 [of +20% + 2| + 511 - pl6F |aj + 203+ 2. (33)

Moreover, it is evident that if Y has PDF as in (28), then 1/Y has its PDF as

fuy () = pfiyn (y; a0, Bi) + [1 = plfym(y; e, B2),  y >0, (34)

where 1/T; ~ BS(w;,1/8;), for i = 1,2. Therefore, 1/Y also has a MTBS
distribution.

12



3.2 Model 2

A RV Y has a mixture distribution of BS and LBS models (MBSLBS) if its
PDF is given by

fy() = pfr(y; o, B1) + 1 = plfr(y; az, B2), y >0, (35)

where T' ~ BS(aq, £1) and L ~ LBS(ay, 3s), with 0 < p < 1 being the mixing
parameter. The RV Y with PDF in (35) is said to have a MBSLBS distribution,
which is denoted by Y ~ MBSLBS(ay, 81, as, B2, p). The CDF of Y is then

Fy(y) = pFr(y; o1, B1) + [1 — plFL(y; 2, B2), y >0, (36)

where Fr(-) and Fp(-) are respectively the CDF's of the BS and LBS distri-
butions as given in (2) and (19), respectively. By graphical plots, it has been
observed that the PDF of the MBSLBS distribution in (35) is either unimodal
or bimodal and its shapes for some choices of the parameters (aq, 51, as, B2, p)
are presented in Figure 3.

As in the case of Model 1, the HRF of the MBSLBS distribution can also be
expressed as a weighted mixture of the HRFs of the BS and LBS distribu-
tions, with the weight functions depending on y. The HRF of the MBSLBS
distribution can take on different shapes and its plot for some choices of the
parameters are presented in Figure 4.

Since the rth moment of the LBS distribution can be expressed in terms of the
moments of the BS distribution, the moments of the MBSLBS distribution can
be expressed purely in terms of the moments of the BS distribution. Though
Model 2 has five parameters and thus provides great flexibility in modeling,
we now consider Model 3 which is a special case of Model 2 when o = as
and 3 = [, as this simpler form provides adequate fit in some cases (as in
the case of depressive condition data in Section 5).

3.8 Model 3

Here, we concentrate on the special case of the MBSLBS distribution when

the two distributions share the same parameter values. Such a three-parameter
MBSLBS distribution has its PDF as

fy(yio,B) =[1—p] friy;ea,8) +p fuly; e, B), y >0, (37)

13



Fig. 3. PDF of the MBSLBS distribution in given (35) for the choices of
(a1, B1, a2, o, p) as  (a) (1.0, 1.0, 0.5, 1.0. 0.75), (b) (2.5, 1.0, 0.5, 1.0, 0.25),
(¢) (1.0, 0.5, 1.0, 1.0, 0.5), and (d) (1.0, 0.5, 0.5, 5.0, 0.25).

where the variates T" and L are as defined in Model 2. The RV Y with PDF
in (37) is said to have a reduced MBSLBS (RMBSLBS) distribution, which is
denoted by Y ~ RMBSLBS(«, (3, p). Noting that (37) is a weighted version of
the BS model with a linear weight function, it can be shown that the PDF of Y
is unimodal for all values of the parameters a > 0 and 3 > 0. The parameter
(£ only modifies the scale, while the parameter « affects the asymmetry and
kurtosis of the distribution. The mixing parameter p modifies both scale and
kurtosis. The CDF, PDF and HRF of this model can all be easily obtained
from those of Model 2. Using the fact that the HRF of the BS distribution is
unimodal, it can be shown that the HRF of the RMBSLBS distribution with
PDF given in (37) is always unimodal.

If Y ~ RMBSLBS(«, 3, p), the following properties can be shown to hold:

(P1) ¢Y ~ LBS(a, ¢f,p), with ¢ > 0;
(P2) The RV
1Y 8
Y

is a mixture of two gamma distributions with mixing parameter w, i.e., the

14



1 12

Fig. 4. HF of the MBSLBS distribution obained from (35) and (36) for the choices
of (a1, Br, s, B2, p) as (a) (1.0, 1.0, 0.5, 1.0. 0.75), (b) (2.5, 1.0, 0.5, 1.0, 0.25), (c)
(1.0, 0.5, 1.0, 1.0, 0.5), and (d) (1.0, 0.5, 0.5, 5.0, 0.25).

PDF of U can be expressed as
fU<u):[1_w]fU1<u>+wa2(u)7 u>07

where w = pa?/[a® + 2], Uy ~ Gamma(1/2,2) with E[U;] = 1, and Uy ~
Gamma(3/2,2) with E[Us] = 3. Hence, E[U] = 1 + 2w.

4 Estimation via EM algorithm

4.1 Model 1

In this subsection, we discuss the ML estimation of the parameters of Model 1
with PDF in (28), assuming that all the parameters are different. For ease in

notation, we denote p; = p and ps = 1 — p. Now, we assume a random sample
of size n from the PDF in (28), denoted by {Y1,...,Y,}. For facilitating the

15



EM algorithm, we first use (16) and rewrite the PDF in (28) as

1 2
_§ijfX1(y;N]a + = ZpJfXQyu],X) t>0, (38)
j=1

] 1

where fx,(-) and fx,(-) are as defined in (14) and (17), respectively, with
p; = B; and \j = B;/a3, for j =1,2.

It is well known that a mixture model can be treated as a missing value
problem and so the EM algorithm can be used to efficiently compute the ML
estimates of the model parameters; see McLachlan and Peel (2000, pp. 47-50).
For this purpose, we now assume that the complete observations are as follows.
For Y being the RV with PDF as in (38), we then define an associated random
vector W = (Uy, V1, Us, V) as follows. Here, each U; and V; can take on values
0 or 1, with 33_,[U; 4+ V] = 1, where P(U; = 1) = P(V; = 1) = p;/2, for j =
1,2. Moreover, Y| (U; = 1) and Y| (V; = 1) have densities fx,(-; u;,A;) and
fXQ( [, Aj), respectively, for j =1, 2 These facts yield the joint distribution
of (Y,W). Now, if we have the complete observations (y;, w;), where w; =
(Uﬂ, Vi1, uig,’l]ig), for 1 = 1, Lo, then with 8 = (,ul, /\1,]?1, M2, /\2,]92) being
the parameter vector, the complete data log-likelihood function is given by

2

2
(OOly, w)=c+ Y [u; + v,]log(p;) +Zzuulog (fx1 (i gy Aj))
]:1

=1 7=1

+ZZ%‘ log ( fxz (Y3 145, Aj)) 5 (39)

i=1j=1

where u.; = > w5, v.; = >i_, v, and ¢ is a constant independent of the
parameter vector 8. Therefore, for the complete data case, the ML estimators
of the unknown parameters can be obtained as follows. For p;, we have

- U.; + V.5

py =t (10)

and for p; and \;, we must maximize

zn: uij log(fx, (yis 11, A)) + Zn: vijlog(fx, (yi; 11, A)) (41)

i=1 i=1

with respect to p and A, respectively. The function in (41) can be shown to be

n

1 yi — pi)?
[t + ;)5 log(A) = A | [uij + w]# — v, log(p), (42)
2 i 2145

] I
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and so the ML estimators of p; and A; can be obtained by maximizing (42)
with respect to u and A, respectively. After some algebraic calculations, it can
be seen that these ML estimators are given by

- B[4 - B+ VIBi{A; = B})? + A;C;D;[2B; — Aj]
Hj = D]A]

and  (43)

—~ [U,.j + U]]ﬁz
= J 7 44
T i fuyg + vigllye — ) i 44

where A; = = U B; = [1/2|[u; + vy], C; = [1/2] X5 yilui; + vij], and
D; [1/2] 1w + vij]/yi. Thus, in the case of complete data, the ML
estimators of the parameters can all be obtained explicitly. Now, we are ready
to implement the EM algorithm. The existence of explicit expressions of the
ML estimators simplifies the implementation of the EM algorithm as well as
make it computationally efficient.

Suppose, at the mth stage of the EM algorlthm the estimate of the unknown
parameter 0 is 8™ = (u! (m) )\(m ,p1 ,MQ )\(m ,p2 ) We now describe how
the next iterate 8™ can be obtained.

At the E-step of the EM algorithm, the pseudo log-likelihood function is
formed by replacing the missing values with their expectation. Since in this
case u;;’s and v;;’s are missing, the pseudo log-likelihood function at the mth
stage is obtained from (39) by replacing u;; and v;; with a( ™ and b\
tively, where

i , respec-

o™ = E[Uy;|y,6™] and " = E[Vy;]y, 0™). (45)

ij

Note that, here, a ) and b are the usual posterior probabilities associated
with the ith observatlon Wthh are given by

(m) (m) (m)
agn) Pin) fX:ngyz,MJ ) J ) - and (46)
Zz 1pz fxl(yuﬂz >\ )+Zl 1pz sz(?/u )\ )
(m) L, m) ()
bl(;n) _ pj fXQ(yZHuj » Vg ) (47>

S o™ Faey (s ™A™ S8 D™ F (s ™ ™)

respectively; see McLachlan and Peel (2000, pp. 48-49). Consequently, the
pseudo log-likelihood function at the mth stage can be expressed as
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n 2
bs m pj
o)y (D
by log (;fxg(yi;ﬂj»)\j)> : (48)

The M-step of the EM algorithm involves the maximization of (48) with re-
spect to the unknown parameters. Let us now denote a(jm ) = " Z;n), B =

b, A =050, B = [allag” £ 657, 6 = (/2] i il )y
bl(»j |, and Dj(m =[1/2] Z~:1[ Z-j bl(;n ]/yi. Then, the elements of the vector

0"t can be obtained as

ety _ 5" + 05"

{ _ - q (49)
o _ (B~ A B
J = m m m (50)
D( )[ A( ]
M{Bj A AP A
(m)1 p(m) (m) ’
(m (m+1
: ?1[ b“"m =R

4.2 Model 2

In this subsection, we develop the ML estimation of the parameters of Model
2 with PDF in (35). Let us assume a random sample of size n from the PDF
n (35), denoted by {Yi,...,Y,}. Based on this random sample, we wish to
estimate the five model parameters, viz., ay, 51, as, B2, p. It is evident that if
we want to maximize the log-likelihood function directly with respect to the
unknown parameters, we would need to solve a five-dimensional optimization
problem, which would be computationally quite involved. On the other hand,
it has already been mentioned that the computation of the ML estimates for
both BS and LBS distributions involves solving only one non-linear equation
each. We now treat this problem as a standard missing value problem. The
complete observations are of the form (Y, A), where A is a binary random
variable taking on the values 0 or 1. If A = 1, it means that the corresponding
Y arises from the BS distribution and if A = 0 it means that Y arises from
the LBS distribution. Moreover, P(A = 1) = p and P(A =0) =1 —p. If
the complete observations, say {(y1,01),- .., (Yn,d,)}, are available, then the
complete data log-likelihood function is given by
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n

£9(6y.6)=1o5(p) 3", + [log(1 - p)] (1 — ) (53

i=1

+zn:5i log (fr(ys; a1, B1)) Z ;) log (fr.(ys; a2, Ba)

=1 =1

@
I
—_

where now 0 = («ay, 41, a2, £, p) and (y, ) denotes the complete data vector.
The ML estimator of @ can be obtained by maximizing (53) with respect to
its elements. First, we obtain the ML estimator of p based on the complete
sample as

36 = 8. (54)

The ML estimators of oy and f5; based on the complete sample, say al” and
i), can be obtained by maximizing 31", d; log (fr(yi; a1, B1)) with respect to
aq and (3, respectively. It may be easily seen that ﬁ(c) can be obtained as the

solution of A (3) = 3, where

Nl

PB) = |55+ 23

S

o {5} b | [ B &
NERIFE l25*'n{A“% Py,

)
=3
—~
K
~—

I
L — |
|-
(1=
Sg
——
e
_l’_
|
|
\V]
——
_
|
—~
ot
ot
~—

We can use an iterative scheme similar to the one as suggested in Subsection
2.1 for computing 35 from (55). Once 3{” is obtained, we can readily compute

ay’ (51).

Similarly, | the ML estimates of as and (3 based on the complete sample, say
ay) and B, can be obtained by maximizing >, [1 — 8] log (f1(yi; o2, 32))
with respect to ap and (35, respectively. In this case, Béc) can be computed as
the solution of h® () = 3, where

o |28 a0 e
h(B) = n z:zl {ﬁ}% _|_{ﬁ}% + n{&(Qd(ﬁ)}z ;{1 0i }yi
g

X [3{1 — 0} + eSO z": 1 —. 521 - | (56)

IR 1 B ST ——13
a;)(ﬁ)_w[{A ) — 2} +\/{A(9) 2}+245A(5)}, (57)
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=1 2";[1 s [yﬁ +Oo 1] (58)

By employing an iterative scheme similar to the one as suggested earlier for
Model 1, we can compute ﬁ(c) from (56). Once 5(°) is obtained, we can readily
compute ay’ = ay’ (35).

Now, we are ready to implement the EM algorithm for the computation of the
ML estimators of the parameters of the MBSLBS model. Suppose, at the mth
stage of the EM algorlthm the estimate of the parameter vector 0 is 8™

(a (m) glm) Q{m) glm) | pm) ). Then, at this stage of the EM algorithm, the E—
step can be formed by replacing the missing values with their expectation in
the complete log-likelihood function, thus forming the pseudo log-likelihood
function. Since ¢; is missing, we replace it by 5§m), where

5om) _ P fr(ys o™, 5™)

i P - (59)
P fr(yi; af™, 7)) + [1— pm) fr(yi; 8™, 5)

which is the conditional posterior expectation of A; given the observation
and 8); see McLachlan and Peel (2000). Once the pseudo log-likelihood
function is formed, at the M-step, we maximize it to obtain e(m+1) . Therefore,

1 1 1 1 , . .
agm—i_ )7 ﬁ{m—’— )7 aém—’— )7 ém+ )a p(m+1) are obtained as a(f)v iC)a Q/(QC)a (C)v ]/?\(C)
by replacing §; with (5i(m , where @, B9, @\, 3%, p© are as defined earlier

in this subsection.

4.3 Model 3

In this subsection, we develop the ML estimation of the parameters of Model
3 with PDF in (37). Based on a random sample of size n from the PDF in
(37), denoted by {Y3,...,Y,}, we wish to estimate the parameter vector 6
now composed by @ = («, 3,p). In this case as well, we define A exactly in
the same way as in Model 2. Thus, the complete data log-likelihood becomes

£9(8ly, §) = —nlog(a) — nlog(a® + 2) — 21 z": ly + 8 2]

SRS
—_ 1
[v]
| ——
Ll
| I
Nl
v

om0 st 30 ([y,

n

3 6 log(p) + 31— 6] log(1 - p). (60)

i=1 i=1
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The ML estimator of p for the complete data sample, say p'“, is the same
as before, i.e., p9 = % ? 1 6;. For fixed [, the ML estimator of a for the
complete data set, say a' (ﬁ), is the same as in (25). The estimator of [ for
the complete sample, say 3, can then be obtained by maximizing the profile
complete log-likelihood function ¢ (a'“ (), 3, p) with respect to 3. Note that
the maximization of the profile log-likelihood function ¢ ys(a(/3), 3) can be

obtained by solving the non-linear equation

Njw

3-p9 1 2] s _
e, gt e e O

where s and r are as defined earlier in (10). It is of interest to observe that
(61) can also be solved by solving a fixed-point type equation 3 = ¢(/3), where

-1

} i S l Aﬁﬁ 2+{3_p\(c)}

Simple iterative scheme, such as the one outlined for Models 1 and 2, can be
used to solve the fixed-point type equation in (62). Once B© is obtained, the
ML estimate of a for complete data set can be obtained as &© = a©(3©),
where a'“(/3) is the same as defined in (25). Now, we are ready to implement
the EM algorithm for the computation of the ML estimates of the parameters
of the RMBSLBS model. Suppose, at the mth stage of the EM algorithm,
the estimates of the parameter vector 6 is ™ = (™, 3m) p(m)) At the
mth stage of the EM algorithm, the E-step is formed by replacing the missing
value of §; with its expectation in the complete data log-likelihood function,
thus forming the pseudo log-likelihood function. In this case, the missing J; is
replaced by its conditional expectation 5§m) given by

50 _ P fr(yss o™, B)

(m) _ . 63
C (s atm, B 4 L= ptm] fi(ys; alm), B) (95)

Once the pseudo log-likelihood function is formed at the M-step, we maximize
it to obtain 8D, Hence, o™+ gm+l) pm+D) are obtained as a©, 3@,
p'?, by replacing §; with 52-(7”), where a©, 3©, p© are as defined earlier in this
subsection.
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5 Analysis of two data sets

In this section, for the purpose of illustration, we analyze two data sets by
using the three mixture models proposed in the preceding sections.

5.1 Enzyme data

These data are available at http://www.stats.bris.ac.uk/~peter/mixdata
and correspond to enzymatic activity in the blood. The data set represents
the metabolism of carcinogenic substances among 245 unrelated individuals.
These data have been analyzed earlier by Bechtel et al. (1993). They observed
that a mixture of two skewed distributions is suitable for analyzing enzyme
data. We first present the histogram of the data in Figure 5, from which it is
possible to observe that the underlying distribution can be a mixture of two
distributions. We fit here the three proposed mixture models.

0 | | | | I
0 05 1 15 2 25 3

Fig. 5. Histogram of the enzyme data set.

Model 1 In order to fit the MTBS distribution to enzyme data, we need an
initial guess of the parameters to start the EM algorithm. For this purpose,
we use the method of Finch, Mendell and Thode (1989), which is as follows.
Choose p; uniformly on (0, 1), say p(10). Order the observations as y(1), . - ., Y(n)-
Now, based on the subsets {ya),...,¥m)} and {Ymmt1)s--->Ym) ), estimate
(v, B1) and (g, fBa), respectively, where m is the integer part of npgo). For the
initial guess of the parameters a;; and (;, for j = 1,2, we utilize the modified
moment estimates of o and [ proposed by Ng, Kundu and Balakrishnan

(2003), which are given explicitly as

NI

1
. 2 -
54]' = lQ{ 57] — 1}] and /6] = [Sj’f’j] s ] = 1,2,

"
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where

. -1
1 &1 1 L 1

T = l > ] . and 7y = > :
m =1 YG) =M i1 Y0)

For different choices of p;, we perform the EM algorithm and, if the relative
absolute difference of the log-likelihood values between two consecutive EM
steps is less than 10™*, we stop the EM algorithm. Through this approach,
we determine the ML estimates of the model parameters as a; = 0.5325,
ﬁl = 0.1747, a, = 0.3187, 32 = 1.2736, p = 0.6289, and the maximized
log-likelihood (MLL) value to be —59.1681. The corresponding approximate
95% confidence intervals are found to be (0.3011,0.7639), (0.0906,0.2588),
(0.1762,0.4612), (0.7047,1.8425), and (0.3978,0.8600), respectively.

Model 2 In order to fit the MBSLBS distribution to enzyme data, we employ
the following method to obtain initial guess values for the unknown parame-
ters. We choose some guess value of p, say 0 < p{®) < 1, and then for each data
point we assign group 1 (BS) with probability p®) and group 2 (LBS) with
probability 1 — p®. Next, based on the group 1 observations, we estimate the
parameters a; and [3; and those are the guess values of a; and ;. Similarly,
based on the group 2 observations, we obtain the guess values of the param-
eters ap and (5. Using these initial guess values and for different choices of
p, we perform the EM algorithm and adopted the same stopping criterion as
1n Model 1. The ML estimates so determined for this model are a7 = 0.3652,
51 = 0.1705, ay = 1.2738, 32 = 0.2125, p = 0.4496, and the MLL value is
—171.0908. The corresponding approximate 95% confidence intervals are found
to be (0.1974,0.5331), (0.0894, 0.2516), (0.6824,1.8652), (0.1124,0.3126), and
(0.2599, 0.6393), respectively.

Model 3 In order to fit the RMBSLBS distribution to enzyme data, the
initial estimates for the parameters were determined in the same way as in
Model 2. First, we obtain the initial estimates of oy and as and then took the
initial estimate of a as the average of these two estimates. Similarly, we also
obtain the initial estimate of 3 and adopted the same stopping criterion as
stated above. The ML estimates so determined for this model are & = 1.0375,
3= 0.2163, p = 0.4166, and the MLL value is —115.899. The correspond-
ing approximate 95% confidence intervals are found to be (0.5767;1.4923),
(0.1252;0.3074), and (0.2255;0.6077), respectively.

23



Model checking The natural question that arises now is how good are the
fits of these models to the enzyme data set. For this purpose, we calculate
the Kolmogorov-Smirnov (KS) distance between the empirical CDF and the
estimated theoretical CDF for the three models. The KS distances for Models
1, 2 and 3 turn out to be 0.053, 0.111 and 0.151, with the associated p-values as
0.507, 0.005, and < 0.0001, respectively. The empirical survival function (ESF)
and the fitted survival function (FSF) for the three models are presented in
Figure 6. Based on the KS distances and the associated p-values, we conclude
that Model 1 provides the best fit to the enzyme data.

04t \"\: ESE

wA Modd 1

MOE3 N a2
| = b

0 1 2 3 4 5 6

Fig. 6. ESF and FSF of the three mixture models for the enzyme data.

5.2 Depressive condition data

The scale “general rating of affective symptoms for pre-schoolers” (GRASP)
measures behavioral and emotional problems of children, who can be classified
with depressive condition or not according to this scale. A study conducted by
Dr. Nelson Araneda from the University of La Frontera, Temuco, Chile, and
the authors, in a city located at the southern part of Chile resulted in real
data corresponding to the scores of the GRASP scale of children, which are
as follows (frequency in parentheses and none when it is one): 19(16), 20(15),
21(14), 22(9), 23(12), 24(10), 25(6), 26(9), 27(8), 28(5), 29(6), 30(4), 31(3),
32(4), 33, 34, 35(4), 36(2), 37(2), 39, 42, 44. After subtracting the value 16
from each observation, we fit the three mixture models for these data. The
histogram of depressive condition data is presented in Figure 7.

By fitting the three mixture models to depressive condition data and using
the same methods as applied to enzyme data, the ML estimates of the model
parameters, MLL values and KS distances with their associated p-values for
all three models are determined. These results are presented in Table 2. We
have also plotted the ESF and the FSF for all three models in Figure 8. From
the p-values, we conclude that all three models provide good fit to depressive
condition data. However, it is of interest to observe that Model 3 yields the
shortest KS distance and the largest p-value. Therefore, based on the KS
distance, we conclude that Model 3 provides the best fit to these data.

24



014

0121

01

008 -

Fig. 7. Histogram of the depressive condition data.

Table 2
ML estimates, MLL and KS distances with their associated p-values for the three
mixture models fitted to depressive condition data.

Estimates Goodness-of-fit

Model aq 61 Q9 Bo P MLL KS  p-value

1 0.5792 7.3003 0.1349 20.2561 0.9631 —-387.522 0.091 0.218
2 0.6031 7.5789 61.4061 0.0010 0.9966 —388.094 0.092  0.206
3 0.5976 5.6647 0.5976  5.6647 0.1756 —388.726 0.085  0.283

Fig. 8. ESF and FSF of the three mixture models for the depressive condition data.
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6 Concluding comments

In this paper, we have considered three different mixture models based on the
Birnbaum-Saunders and length-biased Birnbaum-Saunders distributions, and
discussed some of their structural aspects. Since the ML estimation by direct
maximization of the log-likelihood function is numerically quite involved, we
have proposed the EM algorithm for this purpose in order to simplify this
estimation procedure. We have analyzed two data sets for the purpose of
illustration and it has been demonstrated that the proposed mixture models
as well as the suggested EM algorithm work very well. The shapes of the
densities and hazard rate functions are important indicators for data analysis
as well as for model selection. For the three mixture models, we have used
graphical tools to examine their shapes. An analytical examination of the
form and features of these functions, for the proposed mixture models, is of
interest and remains open. For Model 3, however, it can be shown that the
densities and hazard rate functions are both unimodal.
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