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Abstract

In this paper we consider the Marshall-Olkin bivariate Weibull distribution. The
Marshall-Olkin bivariate Weibull distribution is a singular distribution, whose both
the marginals are univariate Weibull distributions. This is a generalization of the
Marshall-Olkin bivariate exponential distribution. The cumulative joint distribution of
the Marshall-Olkin bivariate Weibull distribution is a mixture of an absolute continuous
distribution function and a singular distribution function. This distribution has four
unknown parameters and it is observed that the maximum likelihood estimators of
the unknown parameters can not be obtained in explicit forms. In this paper we
discuss about the computation of the maximum likelihood estimators of the unknown
parameters using EM algorithm. We perform some simulations to see the performances
of the EM algorithm and re-analyze one data set for illustrative purpose.
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1 INTRODUCTION

The Marshall-Olkin bivariate exponential distribution, see [14], is a singular distribution. In
this case, both the marginals have exponential distributions, but they can be equal with a
positive probability. Because of that reason, if in a bivariate data set, for some cases two
components take equal values, the Marshal-Olkin bivariate exponential (MOBE) distribution
can be used quite effectively to analyze such data set. Since, the MOBE distribution has
exponential marginals, if the bivariate data indicate unimodal marginal probability density
function or non-constant hazard function, then MOBE distribution may not be appropri-
ate. Because of this restriction, Marshall and Olkin [14] suggested a more flexible bivariate
Weibull (MOBW) distribution, where the marginals are Weibull distributions and it can be
obtained along the same line as the MOBE model. This model can be observed as a shock
model when the shocks are arriving as a non-homogeneous Poisson process. In fact most of
the other interpretations which are valid for MOBE distribution can be easily generalized for
MOBW distribution also. Clearly, MOBW model is more flexible than the MOBE model,
because of the presence of the shape parameter. Moreover, this model can be used quite
effectively if the bivariate data indicate unimodal marginal probability density function or

non-constant hazard function.

Lu [13] considered the MOBW model and proposed the Bayes estimates of the unknown
parameters. For some of the related work in this connection the readers are referred to Patra
and Dey [16], Lu [12], Hanagal [6, 7] and the references cited there. It may be mentioned
that although extensive work has been done on MOBE model but not that much of work
has been done for the MOBW model. One of the reason might be due to the computational

complexity involved in finding the estimates of the MOBW model parameters.

The main aim of this paper is to consider the efficient computation of the maximum



likelihood estimators (MLEs) of the MOBW parameters. This model has four unknown
parameters, and the MLEs of the unknown parameters do not always exist, see for example
Bemis et al. [2], and even if they exist they can not be obtained in explicit forms as expected.
It is observed that the problems can be treated as a missing value problem and the EM
algorithm can be used quite effectively to compute the MLEs by solving a one dimensional
optimization problem at each iteration. We have provided a simple iterative procedure to
solve the one dimensional optimization procedure also. Moreover, using the idea of Louis [11],
from the EM algorithm the observed Fisher information matrix can be easily obtained and
they can be used for constructing asymptotic confidence intervals of the unknown parameters
and for testing purposes also. Since MOBE is a special case of the MOBW distribution, our
method can be applied for the MOBE model also. It may be mentioned at this point that
Karlis [8] also developed an EM algorithm for the computation of the MLEs of the MOBE
distribution, but the two ideas are quite different. Moreover, it is not immediate how Karlis’s

method can be extended for the MOBW model.

We have performed some simulations to see the performances of the EM algorithm and
the performances are quite satisfactory. Recently, Meintanis [15] analyzed one data set using
MOBE distribution. We have re-analyzed the same data set using MOBW distribution. It
is observed that the proposed EM algorithm is working very well in this case and MOBW
provides a better fit than the MOBE distribution. We have a provided a justification for

that also. Finally we have provided the multivariate generalization of our proposed method.

The rest of the paper is organized as follows. In section 2, we describe the models and
provide some basic properties. The EM algorithm for MOBW is discussed in section 3.
Simulation results and data analysis are presented in section 4 and section 5 respectively.
We discuss the multivariate generalization in section 6 and finally conclude the paper in

section 7.



2 MARSHALL-OLKIN BIVARIATE WEIBULL DISTRIBUTION

It is assumed that the univariate Weibull distribution with the shape parameter o > 0 and
the scale parameter 6 > 0 has the following probability density function (PDF), cumulative

distribution function (CDF) and survival function (SE) for z > 0;
fwe(z;a,0) = afz®'e™™ ) Fyp(r;a,0) =1—e"", Syg(z;a,0) =" (1)

respectively. From now on a Weibull distribution with the PDF (1) will be denoted by
WE(«, 0). Suppose Uy follows (~) WE(a, A\g), Uy ~ WE(a, A1), Uy ~ WE(a, \y) and they
are independent. Define X; = min{Uy, U; }, and X5 = min{Uy, Us}, then the bivariate vector
(X1, X3) has the MOBW distribution with the parameters «, Ag, A1, A2 and it will be denoted
from now on as MOBW (a, Ag, A1, A2). When o = 1, it coincides with the MOBE model with
parameters Ag, A1, A2, which will be denoted by MOBE(Ag, A1, A2).

If (X1, Xs) ~ MOBW(a, A\g, A1, A2) then their joint survival function takes the following
form for z = max{z, z2};
Sx, 5, (11, 13) = P(X1> 21, Xy > 1) = P(Up > 2, Uy > 1, Us > 1)

= SWE(xﬁay)\l)SWE(iEQ;Oéa)\Q)SWE(Z;OGAO)

Swe(x1; o, A\)Swe(r; a, Ao + A2) if 1 < To
= S Swe(r;a, A0 + M) Swe(r; a, Ag) if Ty > To (2)
Swe(r;a, Ao+ A1+ A2) if 1 =xy=ux.
Therefore, the joint PDF of X; and X5 can be written as
fi(xy,zo) if 0<2) <29 <00
fxix (21, 22) = falzy,z0) if 0< a9 <1 <00 (3)
fo(z) if 0<x=x0=1u< 0,
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where

filzr,22) = fwe(z o, M) fwe(ze; Ao + A2)

fa(xr,20) = fwe(zsa, Ao+ M) fwe(z2; A2)

Ao
= — X . 4
Jo(z) I W fwe(z;a, Ao + A+ o) (4)

Note that the function fx, x,(-,-) may be considered to be a density function for MOBW
distribution if it is understood that the first two terms are the densities with respect to the
two dimensional Lebesgue measure and the third term is a density function with respect to
one dimensional Lebesgue measure, see for example Bemis et al. [2]. Tt is clear that the
joint cumulative distribution function (CDF) of X; and X, can be written as a mixture of

an absolute continuous part and a singular part as follows;

AL+ A
Fx, x,(z1,22) = mﬂ(l‘h@)

Ao

% R .
LW W o1, 2) (5)

Here for z = max{z, z2},
Fo(ail,xg) = FWE(Z; a, )\0 + )\1 -+ )\2)

Fy(+,-) is the singular part and Fi(-,-) is the absolute continuous part and it can be obtained

by subtraction.

3 EM ALGORITHM FOR MOBW DISTRIBUTION

In this section we address the problem of computing the MLEs of the unknown parameters
of MOBW (v, \g, A1, A2), based on a random bivariate sample {(x11,221), ..., (T1n, To,)}. We

use the following notation;

Iy = {i;mu = To; = xz’}, I = {i;$1i < 1721‘}7 I, = {i;$1i > xzi}, I'=1ULUI



|Io| = No, |I1| =Ny, |Iz| = Na,

here |[;| for j = 0,1,2 denotes the number of elements in the set I;.

The log-likelihood function can be written as

l(%>\0;>\1,>\2) = ZlanE(xli;a7>\1)+ZlanE(x2i;aa>\O+)\2>

el 1€l
+ Z In fip(z; 0, Ao + A1) + Z In fiv (225 o, A2)
1€l i€l
+n0(ln )\0 — ll’l()\o + >\1 + )\2)) + Z In fWE(xu a, )\0 + )\1 + )\2)

i€ly

= (no + 2711 + 2712) In o + Ny 111)\1 + Nno 11’1/\2 + ng 111)\0 + Ny 111()\0 + )\2)

icl1Ulo icl1Ulo i€lp

—I—ngln(/\o—i—)\l)—i—(a—l)[ > Inzy+ > Inzy+ ) Ing

B> xmzx?]—AQ[ )3 x;+zxf]

_iEIlufz i€lp icl1Ulo i€lp

— Ao Zx‘f‘ﬁzxgﬁzxf‘] (6)

Licls iel il

It is known, see Bemis et al. [2], that even when o = 1, the MLEs do not exist if one of the
n; = 0. If ng > 0,n; > 0,ny > 0, the MLEs of \g, A1, A9, exist, but no explicit expressions
are available. They have to be obtained by solving three non-linear equations. Since this is a
non-trivial problem, several suggestions, approximations, alternative estimators, have been
suggested in the literature, see for example Bhattacharyya and Johnson [3], Proschan and
Sullo [17], Arnold [1]. In case of MOBW distribution, the MLEs exist when ng > 0,n; >
0,n9 > 0 and they can be obtained by maximizing (6) with respect to a, Ao, A\; and Ag. It
becomes a non-linear optimization problem and clearly it is a non-trivial issue. No where
in the literature the computational issues of the MLEs of MOBW distribution have been

discussed.

We suggest to use EM algorithm to compute the MLEs of the unknown parameters of the

MOBW model. It is easy to show that estimation of MOBW can be seen as a missing data



problem. It is assumed that for the bivariate random vector (X7, X3), there is an associated

random vector (Aq, Ag), where (A, Ay) is defined as follows.

O lf Xl - Ug O lf X2 - UO
A = and Ay = (7)
1 if Xo=0, 2 if Xo="0s.

Here U;’s are same as defined at the beginning of section 2. It is clear that in this case
even if we know (X7, X5), but the corresponding (A, Ay) may not be known always. For
example, if X; = X,, then Ay = Ay = 0, is known. But, if X; # X, then (A, Ag)
is not known. If (z1,29) € I, then the possible values of (Ay, Ay) are (1,0) or (1,2) and
similarly, if (zq1,x2) € I, then the possible values of (A1, Ay) are (0,2) or (1,2), with non-zero

probabilities.

Note that if (X7, Xs) and the associated (A, Ag) are known for all the observations,
then the MLEs of the unknown parameters can be obtained very easily, by solving a one
dimensional optimization problem. But unfortunately (A, As) are not known for all the
observations. To implement the EM algorithm, first we obtain the ‘E’ step similarly as
in Dinse [5]. In this case the ‘pseudo log-likelihood’ function (‘E’ step) is formed from
the log-likelihood function (6) by replacing the log-likelihood contribution of (X, X3) by
its expected value, if the corresponding (A, Ay) is missing. The ‘M’ step is obtained by
maximizing the ‘pseudo log-likelihood’ function with respect to the unknown parameters. It

has been implemented as follows.

In the ‘E’ step we keep the log-likelihood contribution of all the observations belonging
to Iy intact, as in this case the corresponding (A, Ay)’s are known completely. If the obser-
vations belong to either I; or I, we treat them as missing observations. If (z1,z5) € I, we
form ‘pseudo observation’; similarly as in Dinse [5] or Kundu [9], by fractioning (x1,z2) to
two partially complete ‘pseudo observations’ of the form (zy,zo,ui(7)) and (21, x2, us(7)).
Here v = (a, Ao, A1, A2) and the fractional mass wu;(y) and uy(7y) assigned to the ‘pseudo

observation’ are the conditional probabilities that (A, As) takes values (1,0) or (1,2) re-
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spectively, given that X; < X,. Similarly, if (z1,22) € I3, then the ‘pseudo observation’s
are formed as (x1,z2,v1(y)) and (21,22, v2(7y)), where vy(y) and wve(7y) are the conditional

probabilities that (A, As) takes values (0,2) or (1,2) respectively, given that X; > X,. Since

)\())\1 )\1>\2
and P(U, < Uy < Uy) = ,
(Mo + A2) (Ao + AL + Ao) (U < Ua < Uh) (Mo + A2) (Ao + A1+ Ao)

P<U1<U0<U2):

therefore
/\0 )\2
1(7) N, ™ uz(y) NN
Similarly,
A A
a0l i -

From now on for brevity, we write wuy, us, vy, ve, instead of uy(7y),ua(7y),v1(7),v2(y). The
log-likelihood function of the ‘pseudo data’ can be written as

lpseudo (@0, Aos A1, A2) = molna+nglndg — Ao Z i+ (a—1) Z Inz; — A\ Z 7 — As Z T

i€lp i€lp i€l i€l

+uy (m Ina+nInA =X\ Y 2l +(@—1)> Inzy+nna
i€l i€l

+nq ll’l>\0 — )\0 ZZ‘%"‘ (Oé— 1) ZIHJIQZ' — )\2 ZI‘%)

i€l ISt i€l

+uy (nllnoz+n11n)\1 —A ) 2l +(e—1)> Inzy+nna

i€l i€l

+nq lIl>\2 - >\2 ZLL’%"‘ (Oé— 1) Zhl.fQi — >\0 ZLE‘%)

i€l el i€l

+uq (nglna—i-ngln)\g —)\Qngi—l— (a—1) Zlnxgﬁ—nglna

i€la i€ls

+n21DAO - )\0 ZZL’%"‘ (Oé— ].) Zlnxli — )\1 ZZE‘%)

icls i€ly i€l

+s9 (ngané+n21H>\2 —)\Qngi—l— (a—1) Zlnxganglna

i€l i€l

+noIn i — A D a4+ (a—1) > Inay, —/\ozxﬁ') :

icls icls i€l



It can be simplified as

lpseudo(Qt; Moy A1, A2) = (g +2ny +2n2) Ina + (o — 1) (Z Inz;+ Y [Inzy+In xQZ])

i€lp iel1Ulo

o [ Doaf+ D+ xgz) + (ng + uing + ving) In Ag

icly icls i€l

i€lp iel1Uly

—)\1 Z I? + Z ZE?Z) + (m + Ugng) In /\1

i€lp iel1Uly

—)\2 Z IL‘? + Z ZESZ) + (ng + UQ’fZl) In /\2.

Therefore, ‘M’ step involves maximizing (8) with respect to (w.r.t.) a, Ag, Ay and Ay

that for fixed «, the maximization of (8) w.r.t Ao, A; and Ay can be obtained at

X (Oé) B ng +uing + ving
0 - « « o’
Yicl, T+ Xien T T 2ien T
~ Ny + VaNg ~ No + UMy

)\1(0&) = )\2(0_/) =

«@ o’ @ o’
Yicty T§ + 2ienun, L1 dicl, Tf + Dienun, 19

(10)

Substituting A;(a)’s for A;’s in (8), it can be easily observed by taking the second derivative

that the profile pseudo log-likelihood function Ipseudo(cr, Ao(), A1 (@), Adz(a)) is a unimodal

function of a. Therefore, it has a unique maximum. The maximization of the profile pseudo

log-likelihood function w.r.t. «, can be performed by the standard Newton-Raphson algo-

rithm, bisection method or similar to Kundu and Gupta [10] by solving a fixed point type

equation
g(a) = a,
where if
ha) = 5\0(04) Z i Inx; + Z xf Inay; + Z x5, In xo;
i€y icls St

(11)

A1 () (Z wfng + Y af lnxli) + o) (Z i nx; > hll'gz')

i€lp iel1Ulo i€lp iel1Ulo

_ (Z Inz; + Z (Inzy; + lnxgi))]

i€lp iel1Uly



then
_ (no + 201 + 2ny)
g(Ck) - h(C()

Note that solving (11) is very simple. We can start the initial guess as a© then oW
can be obtained as g(a®) and the process continues until it converges, see Kundu and
Gupta [10]. Now we describe how to obtain the (i + 1)-th step from the i-th step of the
EM algorithm. Suppose at the i-th step the estimates of a, Ao, A1, Ay are (), )\(()i), )\gi), )\g)

respectively.

e Step 1: Compute uq, us, vy, v using o'?, )\((]i), )\gi), )\g).
e Step 2: Find o™V by solving (11) similarly as in Kundu and Gupta [10].

e Step 3: Once Y is obtained compute AS ™, AV AS™ from (9) and (10).

The process should be continued until the convergence criterion is met. It should be
mentioned that this version of EM algorithm is popularly known as ECM (expectation-

conditional maximization) algorithm.

COMMENT 1: As one referee has correctly mentioned that if a is very close to zero, then
it may happen at a particular stage that the updated a obtained by using (11) may be
negative, which will stop the process. In our extensive simulations, we have not faced that
problem. This problem may occur even for Newton-Raphson algorithm also. In this case we
suggest to use the bisection method, although in general it takes more number of iterations

to converge than the proposed algorithm or the Newton-Raphson method.

COMMENT 2: Since MOBE model can be obtained from the MOBW model by putting a =
1, in MOBW model, therefore the proposed EM algorithm can be used for the MOBE model
also. In this case we do not need to solve the fixed point equation (11) and in each EM step

the estimates of X, A; and Ay can be obtained as Ag(1), A;(1) and Ay(1) from (9) and (10).
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COMMENTS 3: Although the computation of the MLEs of the MOBW parameters is a
non-trivial problem, but the standard asymptotic properties of the MLEs hold here. The
asymptotic dispersion matrix can be easily obtained from the expected Fisher information

matrix.

4 DATA ANALYSIS

For illustrative purpose, in this section we have analyzed one data set from Meintanis [15]
and it is presented in Table 1. It represents the football (soccer) data where at least one
goal scored by the home team and at least one goal scored directly from a penalty kick, foul
kick or any other direct kick (all of them together will be called as kick goal) by any team
have been considered. Here X represents the time in minutes of the first kick goal scored
by any team and X5 represents the first goal of any type scored by the home team. In this
case all possibilities are open, for example X; < X,, or X7 > X5 or X; = Xy = X (say).
Meintanis [15] analyzed this data by using MOBE distribution. We would like to analyze
the data using MOBW model also. All the data points have been divided by 100 so that the
shape and scale parameters are of the same order. This is not going to make any difference

in any statistical inference.

Before going to analyze the data using MOBW model, we fit Weibull distributions to
X, X5 and min{ X7, X5} separately. Apart from model checking, it will help us to guess
the initial values also. The MLEs of the shape and scale parameters of the respective
Weibull distribution for X, X5 and min{X;, Xy} are (2.121, 5.207), (1.421, 4.263) and (1.478,
5.340) respectively. The corresponding Kolmogorov-Smirnov distances between the fitted
distribution and the empirical distribution function and the associated p values (in brackets)
for X1, Xy and min{ Xy, X5} are 0.083 (0.961), 0.105(0.805) and 0.069 (0.995)respectively.

Based on the p values Weibull distribution can not be rejected for the marginals and for the

11



2005-2006 X; | Xy | 2004-2005 X1 | X2
Lyon-Real Madrid 26 | 20 | Internazionale-Bremen 34 | 34
Milan-Fenerbahce 63 | 18 | Real Madrid-Roma 53 | 39
Chelsea-Anderlecht 19 | 19 | Man. United-Fenerbahce 54 | 7
Club Brugge-Juventus | 66 | 85 | Bayern-Ajax 51 | 28
Fenerbahce-PSV 40 | 40 | Moscow-PSG 76 | 64
Internazionale-Rangers | 49 | 49 | Barcelona-Shakhtar 64 | 15
Panathinaikos-Bremen 8 8 | Leverkusen-Roma 26 | 48
Ajax-Arsenal 69 | 71 | Arsenal-Panathinaikos 16 | 16
Man. United-Benfica 39 | 39 | Dynamo Kyiv-Real Madrid | 44 | 13
Real Madrid-Rosenborg | 82 | 48 | Man. United-Sparta 25 | 14
Villarreal-Benfica 72 | 72 | Bayern-M. TelAviv 55 | 11
Juventus-Bayern 66 | 62 | Bremen-Internazionale 49 | 49
Club Brugge-Rapid 25 | 9 | Anderlecht-Valencia 24 | 24
Olympiacos-Lyon 41 | 3 | Panathinaikos-PSV 44 | 30
Internazionale-Porto 16 | 75 | Arsenal-Rosenborg 42 1 3
Schalke-PSV 18 | 18 | Liverpool-Olympiacos 27 | 47
Barcelona-Bremen 22 | 14 | M. Tel-Aviv-Juventus 28 | 28
Milan-Schalke 42 | 42 | Bremen-Panathinaikos 2 2
Rapid-Juventus 36 | 52

Table 1: UEFA Champion’s League data
minimum also.

Now we will fit the MOBW model. To start the EM algorithm we need some initial
guesses of the unknown parameters. For a, we suggest to take the average values of 2.121,
1.421 and 1.478, i.e. 1.67. Assuming the initial guess of a as 1.67, solving three linear
equations in three unknowns for \’s, we get the initial guess values of Ay, A\; and \; as 2.7,
1.2 and 2.4 respectively. Using these initial guesses we have started the EM algorithm and
the iteration stops when the ratio [(I(k) —I(k —1))/l(k — 1)| < 107®, where I(k) denotes the
value of the log-likelihood function at the k — th iterate. In each iteration we need to solve
g(a) = a, and we use the stopping criterion as |a?) — aU+Y| < 1076, The iteration stops
after 18 steps and we obtain the following estimates of o, Ao, A1, Ao as 1.6954, 2.6927, 1.2192,

2.8052 respectively. The corresponding log-likelihood value is -13.118047. It is interesting to

12



-13.1 T T T T T T T T

-13.15

-132 7

I
-
w
N
(&3]
T
I

-133 7

-13.35

-134 n

Log-likelihood value

-13.45 I I I I I I I I
0 2 4 6 8 10 12 14 16 18

Iteration number ——=

Figure 1: Log-likelihood value at different iteration.

see that at each step the log-likelihood function is gradually increasing and it is presented
in Figure 1. From the Figure 1 it is clear that the log-likelihood value almost stabilizes after
4-th iteration. We have tried some other initial guesses also, for example with the initial
guess of 1.0, 1.0, 1.0, 1.0 for a, Ao, A1, Ag respectively, the EM algorithm converges to the

same point after 20 steps when we use the same stopping criterion.

We have also computed 95% confidence intervals of a, A\g, A1, A2 using the observed Fisher
information matrix obtained from the EM algorithm (presented in the appendix) as sug-
gested by Louis [11] and they are as follows; (1.3284, 2.0623), (1.5001, 3.8852), 0.2708,
1.1415), (1.2023, 2.4488) respectively. Now the natural question is whether MOBW model
fits the data well or not. The Kolmogorov-Smirnov distances and the corresponding p val-
ues (reported within brackets) between X;, Xy and min{X;, X»} with WE(1.6954,3.9119),
WE(1.6954,5.4979) and WE(1.6954,6.7171) are 0.1149 (0.713), 0.1307 (0.552) and 0.1043
(0.815) respectively. It indicates that the Weibull distribution can be used for analyzing

Xi, Xy and min{ Xy, X5}. As one referee correctly pointed out that although it does not
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guarantee that (X7, X3) will have MOBW distribution, but at least it gives an indication
that the MOBW model may be used to analyze this bivariate data set. Currently there are
no tests available to test this hypothesis. One may work on extending the idea presented
on Meintanis [15] or create some bootstrap based goodness of fit tests, it has not attempted

here.

We have fitted the MOBE model also to the data set as suggested by Meintanis [15]. Using
the EM algorithm and the same initial guesses for Ay, A1, Ay, we obtain the MLEs as 1.7676,
0.7226 and 1.6352 respectively and the corresponding log-likelihood value is -22.756946.
Note that Meintanis [15] did not use the MLEs, he used the corresponding estimates as 1.73,
0.73 and 1.66 respectively, which are quite close to the MLEs. We also obtained the 95%
confidence intervals of A\g, A1, As and they are (1.0378, 2.4975), (0.1844, 1.2608) and (0.8877,
2.3826) respectively. The Kolmogorov-Smirnov distances and the corresponding p values
(reported within brackets) between X7, X5 and min{ X, X} with Exp(2.4902), Exp(3.4028)
and Exp(4.1254) are 0.2736 (0.008), 0.1683 (0.245) and 0.2259 (0.046) respectively.

Now from the confidence interval of «, from the log-likelihood values and also from the

Kolmogorov-Smirnov distances, it is clear that although Meintanis [15] suggested to use

MOBE, MOBW is preferable in this case.

5 SIMULATION RESULTS

In this section we present some simulation results to verify how the proposed EM algorithm
performs for different sample sizes and for different parameter values for MOBW model. We
have kept \y = 1.0, Ay = 1.0 and Ay = 1.0 fixed and used different o and n, namely o =
0.25, 0.50, 1.0, 2.0, 5.0 and n = 25, 50, 100, 500. In each case we have started the EM

algorithm with the initial guesses of a, Ag, A1, Ao as 0.5, 0.5, 0.5 and 0.5 respectively. We
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have tried other initial guesses also, but the average estimates and the corresponding MSEs
are same. We have used the same stopping criterion as in the previous section. The average
estimates (AE), mean squared error (MSE), average number of iterations (Al) required and
also the coverage percentages (CP) based on 95% confidence intervals obtained from the EM
alogorithm are obtained based on 1000 replications. It may be observed that the estimates
of A\g, A1 and Ay do not depend on a. Therefore, we report the results of o in Table 2 and

the results of Ay, Ay and A for all the cases in Table 3.

For comparison purposes we have also performed the experiment for the MOBE model
using our method and the method proposed by Karlis [8] for the same A\, A; and Ay, the same
stopping criterion and the same initial guesses. Since both of them compute the MLEs, their
average estimates and the mean squared errors are same. The only difference is the number
of iterations required in each case. We report the average estimates, the corresponding mean

squared errors and the average number of iterations required for the two cases in Table 4.

Some of the points are quite clear from the experimental results. In all the cases the
estimates are slightly positively biased, mainly for small sizes, but the average biases and
the average MSEs decrease as the sample size increases. If the sample size is not very
small the asymptotic normality results can be used for constructing confidence intervals and
hence for testing purposes also. Comparing the results of Tables 3 and 4, it is clear that
if v is known the estimates of A\g, A\; and Ay are better in terms of biases and MSEs. The
number of (EM) iterations required for MOBW and MOBE are more or less same. From
the experimental results it is clear that the proposed EM algorithm is working quite well for

both MOBW and MOBE models.

Now comparing the results between the two methods in Table 4 for MOBE model, it is
clear that when we use the same stopping criterion, the average number of iterations required

by the method of Karlis [8] is significantly more than the proposed method, although both
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Table 2: The average estimates (AE), the mean squared errors (MSE), average number of

iterations (AlI) and the coverage percentages (CI) of a for MOBW model.

n a—] 025 0.50 1.0 2.0 5.0
25 AE | 02637 | 0.5274 | 1.0547 | 2.1095 | 5.2737
MSE | (0.0014) | (0.0054) | (0.0216) | (0.0865) | (0.5407)
CP 0.93 0.93 0.93 0.94 0.95
Al 16.10 1722 | 1614 | 1681 | 18.06
50 AE | 02565 | 05131 | 1.0261 | 2.0522 | 5.1305
MSE | (0.0006) | (0.0023) | (0.0091) | (0.0365) | (0.2283)
CP 0.93 0.93 0.94 0.94 0.94
Al 16.37 15.98 | 14.90 | 1530 | 16.42
100 AE | 02527 | 05055 | 1.0110 | 2.0221 | 5.0552
MSE | (0.0003) | (0.0011) | (0.0042) | (0.0168) | (0.1054)
CP 0.95 0.95 0.94 0.95 0.95
Al 13.96 15.02 | 1397 | 1412 | 1548
500 AE | 0.2505 | 0.5010 | 1.0020 | 2.0039 | 5.0098
MSE | (0.00005) | (0.0002) | (0.0008) | (0.0031) | (0.0191)
CP 0.95 0.95 0.95 0.95 0.95
Al 11.15 11.84 | 1099 | 1095 | 12.93

Table 3: The average estimates (AE), the mean squared errors (MSE), and the coverage

percentages (CI) of A\g, A\; and Ay for MOBW model.

n )\0 )\1 )\2
25 AE 1.0385 1.0837 1.0732
MSE | (0.1130) | (0.1363) | (0.1379)
CP 0.95 0.93 0.95
50 AE 1.0194 1.0409 1.0469
MSE | (0.0505) | (0.0580) | (0.0616)
CP 0.95 0.93 0.95
100 AE 1.0116 1.0225 1.0190
MSE | (0.0234) | (0.0251) | (0.0287)
CPp 0.95 0.95 0.95
500 AE 1.0036 1.0045 1.0057
MSE | (0.0044) | (0.0048) | (0.0053)
CPp 0.95 0.95 0.96
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Table 4: The average estimates (AE), the mean squared errors (MSE) and average number
of iterations (AI) required for two methods, namely the proposed method (PM) and the
method proposed by Karlis [8] (KM) are presented. Model MOBE(1.0,1.0,1.0) is used in

this case.

n o M X2 | AL (PM) [ AT (KM)

25 AE | 1.0335 | 1.0393 | 1.0570 | 20.79 52.67
MSE | (0.1115) | (0.1251) | (0.1055)

50 AE | 1.0291 | 1.0254 | 1.0304 | 19.36 43.00
MSE | (0.0524) | (0.0567) | (0.0475)

100 | AE | 1.0120 | 1.0169 | 1.0098 | 18.36 38.53
MSE | (0.0248) | (0.0245) | (0.0224)

500 | AE | 1.0046 | 1.0016 | 1.0051 | 17.02 34.08
MSE | (0.0052) | (0.0051) | (0.0045)

the methods provide the same solutions. An interesting point is that as the sample size
increases the difference becomes smaller and smaller, but it is observed (not reported here)
that even with sample size n = 5000, the difference in the average number of iterations does

not vanish.

6 MULTIVARIATE MARSHALL-OLKIN WEIBULL DISTRIBU-
TION

In this section we mainly indicate how the EM algorithm described in section 3 can be ex-
tended for the multivariate Marshall-Olkin Weibull model. For notational simplicity we re-
strict ourselves to the trivariate model only but the idea can be easily used for any dimensions.
Marshall-Olkin trivariate Weibull (MOTW) model can be described as follows. Suppose U; ~
WE(a, \;); for i = 0,1,2,3 and they are independently distributed. If X; = min{U;, Uy} for
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i =1,2,3, then (X7, X5, X3) ~ MOTW model with parameters (c, A, A1, A2, A3) and it will
be denoted as MOTW (a, Ag, A1, Ao, A3).

We are interested in estimating the unknown parameters a, Ag, A\1, A2, A3 from a sample
{(21;,x2i,x3;),7 = 1,...,n}. Note that here for each random vector (X1, X5, X3), there is an
associated random vector (Aq, Ay, Ag), such that A; takes the value 0 or i, as follows;

O lf X1 - UO O lf X2 - UO O lf X3 - UO
Ay = Ay = Ag = (12)
1 if X3=0U; 2 if Xo=0, 3 it X3="Us.

We use the following notation: Iy = {i;21; = x9; = x3; = 23}, 1o = {521 < Toy = 3 =
T10i}, Too = {8529 < @1 = @3 = Tooi}, L0 = {1173 < Ty = Toy = Taoi}, Loz = {6501 >
Ty > w3}, Liso = {i5 21 > 3 > o}, Torz = {609 > w13 > 23}, Loz = {6529 > 3 > 14},
I310 = {23 > x1; > o1}, Iso1 = {i523 > x9; > x1;}. We further use Iy = I193 U 139,
Iy = Is31 U I913, I3 = I319 U I391, and the number of elements in each set will be denoted as

fOHOWS; |]0| = Ny, |110| = N0 etc.

Note that for Iy, I10, I20, I30, (A1, A, Az) are known and they are (0,0,0), (1,0,0), (0,2,0),

(0,0,3) respectively. For other cases one of the A; is not known.

o If (X1,X5,X3) €, Ay =2, Az =3, but Ay can be 0 or 1 and

)\0 >\1
P(AL=0|(X1, X0, X3) € 1) =———, PA1=1|(X1,X5,X3) € 1) = :
(A= 0(X0, o, Xe) € 1) = 0, P& = (X0, X X) € ) = 7
o If (X4, X5, X3) €, Ay =1, Ay =3, but Ay can be 0 or 2 and
P(A —0|(XXX)eJ)—L P(Ay = 2|(Xy, X0, X3) € L) = A2
2 — 1y 22,3 2 _)\0+)\27 2 — 1, A2, A3 2) — )\0"‘)\2.
o If (X, X5, X3) €13, Ay =1, Ay =2, but Az can be 0 or 3 and
P(A —0|(XXX)eJ)—L P(As = 3|(Xy, Xo, X3) € I3) = As
3 — 1y 422,23 3) — )\0+)\37 3 — 1, <22, A3 3) — )\0+>\3'
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Then proceeding exactly as before, for a given uy, ug, v, vg, wy, wy, where

)\0 )\1 )\0 )\2 )\0 )\3
Uy = ,u = ,U = ,’U = ,’lU = 7,11} =
L VTS UL VNI W D VD Vb VS Ve VRIS Vi S VAN W
we have
/A\O(oz) _ ng + uing + vine + wing

«@ «@ «@ « «@ «@ a’
Dicty L5+ Dicno T0i T 2icho T90i T 2oicls T80i T 2oier, T + 2icl, T8 + Dicr, T8
~ N10 + UoM + ) —+ ns

)\1(0&) = s
Zielo xia + ZiEI1OU11U12UI3 .’17%-
X (a> Moo + ny + vang + ns
2 = )
Eielo .CC? + Z’iGIQOUIlUIQUIS x%i
~ N30 + ny + Mo + wans3
As(a) = (13)

« a ’
Zielo Z; + ZielgoUhUIzUI?, T3

We define g(-) and h(-) as in section 3.

o~ o~ o~

h(e) = [Po(@)go(@) + M(@)gi (@) + Aa(@)gh(a) + As()gh(a)]

and
Un) + 2(7110 + DN + 7130) + 3(711 + N9 + n3)

here g/(c) is the derivative of g;(v) with respect to o and g;(a) is the denominator of A;(c)

for i =0,1,2,3.

Now we can define the EM algorithm similar to section 3 how to obtain the (i + 1)-
th step from the i-th step. Suppose at the i-th step the estimates of «a, Ag, A1, Ag, A3 are
a®, )\((f), Aﬁi), AS’, )\g) respectively.

e Step 1: C t : (3) )\(i) )\(i) )\(i) )\(i)

p 1: Compute uy, ug, v1, Vg, Wy, we using '™, Ay, A7, Ay7, Az

e Step 2: Find o™ by solving g(a) = a similarly as in Kundu and Gupta [10].

e Step 3: Once a1V is obtained compute A{TY, AT AGTD NG from (13).
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7 (CONCLUSIONS

In this paper we have considered the MOBW distribution and discuss the EM algorithm
for computing the maximum likelihood estimators of the four unknown parameters. It is
observed that the implementation of the EM algorithm is not very difficult and it involves
only a one dimensional optimization problem. We have provided a simple iteration technique
to perform the one dimensional optimization procedure. The simulation results indicate that
the performance of the EM algorithm is quite satisfactory. We have also constructed the
asymptotic confidence intervals using the idea of Louis [11] and it is observed that even
for moderate sample sizes the asymptotic results can be used for constructing confidence
intervals and hence for testing purposes also. We have re-analyzed one data set, which was
originally analyzed by Meintanis [15] using MOBE distribution, and we observed that for

that data set MOBW model provides a better fit than the bivariate exponential model.

Although we have provided the EM algorithm for MOBW distribution, but it can be
extended for the Marshall-Olkin multivariate Weibull model also. We have indicated briefly
how it can be done for the trivariate model. It should be mentioned that the above procedure
can be extended for other models also. For example in case of mixtures of MOBW or MOMW,
the EM algorithm can be used. Moreover, in case of Block and Basu [4] type bivariate Weibull
distribution the proposed EM algorithm can be easily extended. The work is in progress and

it will reported later.
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APPENDIX

In the Appendix we provide the observed Fisher information matrix for the MOBW model.

It has been used to compute the asymptotic confidence intervals of the unknown parameters.

OBSERVED FISHER INFORMATION MATRIX

To compute the observed information matrix, we use the same notation as of Louis [11]. If
the matrix S = ((S;;)) denotes the Hessian matrix and the vector U = (U;) denotes the
gradient vector of the pseudo log-likelihood function, then the observed Fisher information
matrix can be obtained as S — UU?T. Below we provide the elements of the matrix S and

the vector U.

ng + 2n1 + 2n ~ ~ ~ ~
S, = 2 A; 21 N [Z af(Inzy)” + > af(Inwy)® + > af(In x2)2]
(0% : : :
P i€l i€lp
+\ > x%(ln )’ + > xla(ln z)?| + X > xi(lnin)Q +) x?(lnxi)Ql
1€l1Ul2 i€lp i€l1Ulo i€lp
512 = 521 = Z l’% lnxli + Z ZE%IH(L’QZ' + Z xlalnxi
i€ls el i€lp
Si3 = S31 = Z 3 Inxy; + Z xf Inx;
e Ulo 1€l
514 = 541 = Z l’gi lnl'gi -+ Z .1'? lnxi
€1 Ul i€y
o ny 12 T2
S22 - =g = = + —= = 5 5'23:532:#
)\(2) ()\0 + )\2)2 ()\0 + )\1)2 ()\0 + )\1)2
nq N9 no n

SS4 = S43 = O, S44 =

—~ + ﬁ’ —_—_ —"_ _— =<
A (Ao + Ar)? A3 (Ao + Ag)?

iel1Ul> iel1Ul> i€lp

2 2
U, = ng + nAl+ n2+[ Z Inzy; + Z ]nin—{—ZanEi]
(6%

M| Y ahnay 4+ ) afng | — A | Y. afiInze + Y aflnw,
_i€I1U12 i€lp iel1Ul> i€ly

—Xo | Yo afiInay + Y ayinwg + Yz In
_iG]Q el i€ly
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