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Abstract. We consider the problem of component-wise estimation of ordered
scale parameters of two gamma populations, when it is known apriori which
population corresponds to each ordered parameter. Under the scale equivar-
iant squared error loss function, smooth estimators that improve upon the best
scale equivariant estimators are derived. These smooth estimators are shown
to be generalized Bayes with respect to a non-informative prior. Finally, using
Monte Carlo simulations, these improved smooth estimators are compared
with the best scale equivariant estimators, their non-smooth improvements
obtained in Vijayasree, Misra & Singh (1995), and the restricted maximum
likelihood estimators.
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1 Introduction

The problem of estimating ordered parameters, when it is known apriori that
they are subject to certain order restrictions, is of considerable interest. Sup-
pose it is desired to estimate the average yields, say, y1 and y2, under treat-
ments t1 and t2 respectively, where the treatment t1 is using certain fertilizer
for the crop, while treatment t2 is not using any fertilizer. In this situation, it is
reasonable to assume that y1 b y2. Similarly, in estimating average incomes,
say yi, i ¼ 1; . . . ; k, of k classes of employees in an establishment, it is quite
natural to assume an ordering among the yis, according to the grade of em-
ployees. In the development of a system, engineering changes are made in
stages to correct the design deficiencies and thereby increasing reliability. Thus,
if we have k stages in which changes are made, then at each stage we expect
the reliability to increase. If yi is a measure of the reliability at the i-th stage,
then we may assume that y1 a � � � a yk.



Most of the work on estimating ordered parameters, when it is known
apriori that they are subject to order restrictions, is concerned with obtaining
their maximum likelihood estimators. For some of the early contributions in
this area, one may refer to Eeden (1957 a–d). One may also refer to Barlow
et al. (1972) and Robertson et al. (1988) for a detailed discussion of results on
maximum likelihood estimation of order restricted parameters.

For simultaneous estimation of ordered probabilities of successes (say, y1

and y2, with y ¼ ðy1; y2Þ A Y1 ¼ fy : 0 < y1 a y2 a 1g) of two independent
binomial distributions, Katz (1963) established that any estimator d ¼ ðd1; d2Þ,
which satisfies Pyðd1 > d2Þ > 0, for all y A Y1, is dominated by the corre-
sponding ‘‘mixed estimator’’ da ¼ ðd1;a; d2;aÞ, based on d ¼ ðd1; d2Þ; here d1;a ¼
minðd1; ad1 þ ð1 � aÞd2Þ and d2;a ¼ maxðd2; ð1 � aÞd2 þ ad1Þ. Katz (1963) also
obtained estimators which are minimax among the estimators in the class
fda : 0a aa 1g.

For some later contributions, the reader may refer to Blumenthal & Cohen
(1968), Cohen & Sackrowitz (1970), Sackrowitz & Strawderman (1974), Lee
(1981), Sackrowitz (1970, 1982), Kumar & Sharma (1988), Kelly (1989), Kush-
ary & Cohen (1989, 1991), Elfessi & Pal (1992), Gupta & Singh (1992), Ghosh
& Sarkar (1994), Hwang & Peddada (1994), Misra & Dhariyal (1995) and
Misra & van der Meulen (1997).

Because of the applicability of exponential probability models in many real
life situations, in the recent years, considerable amount of work has been done
for estimating order restricted parameters of exponential distributions.

Kushary & Cohen (1989) showed that the unrestricted best location equiv-
ariant estimators of location parameters m1 and m2 of two independent expo-
nential distributions, having a common known scale parameter, are inadmis-
sible when one assumes m1 a m2 and the sample sizes to be unequal. Jin &
Pal (1991) have studied the problem of simultaneous estimation of location
parameters of two independent exponential populations, when location and/
or scale parameters are ordered. For component-wise estimation of ordered
means of two exponential distributions, having known location parameters
(hence, taken to be zero, without loss of generality), Kaur & Singh (1991)
established that the ‘‘unrestricted maximum likelihood estimators’’ (i.e., the
sample means) of the two exponential means are inadmissible and are do-
minated by their respective ‘‘restricted maximum likelihood estimators’’, de-
rived under the order restriction. Following Katz (1963), for the problem of
component-wise and simultaneous estimation of ordered means of two expo-
nential distributions, having known location parameters, Vijayasree & Singh
(1991, 1993) considered mixed estimators, based on the sample means, and
obtained classes of estimators that are minimal complete for the class(es) of
the mixed estimators. Pal & Kushary (1992) dealt with component-wise esti-
mation of location parameters of two independent exponential distributions,
when these location parameters are known to be ordered. These authors es-
tablished that the usual estimators in the unrestricted case are inadmissible,
and obtained improved estimators under the squared error loss function. Singh,
Gupta & Misra (1993) dealt with estimation of location and scale parameters
of an exponential distribution, when the location parameter is known to be
bounded above by a known constant. They proposed estimators that are bet-
ter than usual estimators in the unrestricted case, under the squared error loss
function. They also compared these estimators with respect to the Pitman
measure of closeness and obtained some interesting and paradoxical results.
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The theory developed is then applied to the problem of estimating location
and scale parameters of two exponential distributions, when the location pa-
rameters are known to satisfy an order restriction. For the problem of com-
ponent-wise estimation of ordered location parameters of two exponential
distributions, having known scale parameters, Misra & Singh (1994) con-
sidered mixed estimators, based on best location equivariant estimators in the
unrestricted case, and obtained minimal complete classes for mixed estima-
tors. Vijayasree, Misra & Singh (1995) considered component-wise estimation
of ordered scale parameters of k ðb 2Þ exponential distributions and, using the
orbit by orbit improvement technique of Brewster & Zidek (1974), obtained
non-smooth estimators that improve upon the ‘‘best scale equivariant estima-
tors’’, under the squared error loss function.

In this paper, we consider the component-wise estimation of ordered scale
parameters of two gamma distributions. We use the second technique of Brew-
ster & Zidek (1974) to obtain ‘‘smooth estimators’’ that improve upon best
scale equivariant estimators. These estimators are derived in Section 2 of this
paper. In Section 3, we derive generalized Bayes estimators of ordered scale
parameters with respect to a ‘‘non-informative prior’’ and the ‘‘scale equivar-
iant squared error loss function’’. Interestingly, generalized Bayes estimators
turn out to be the improved smooth estimators derived in Section 2. Finally,
in Section 4, we compare improved estimators, obtained in Section 2, with
best scale equivariant estimators, their non-smooth improvements obtained
in Vijayasree, Misra & Singh (1995), and restricted maximum likelihood esti-
mators, using Monte Carlo simulations.

2 Smooth estimators

Let Xi, i ¼ 1; . . . ; n1, and Yj , j ¼ 1; . . . ; n2, be two mutually independent ran-
dom samples from two gamma distributions, having scale parameters y1 and
y2, and shape parameters l1 and l2, respectively. Here, we assume that l1 and
l2 are known positive real constants. Suppose that an ordering between scale
parameters, say y1 a y2, is known apriori, so that the restricted parametric
space is:

YR ¼ fy : y ¼ ðy1; y2Þ; 0 < y1 a y2 < yg: ð2:1Þ
We desire to estimate y1 and y2 in the presence of this prior information,

i.e. when it is known apriori that y A YR. Define, X ¼
Pn1

i¼1 Xi, Y ¼
Pn2

j¼1 Yj,

m ¼ l1n1 and n ¼ l2n2. It is well known that ðX ;Y Þ is a complete and su‰-
cient (and hence minimal su‰cient) statistic for y, and that random variables
X and Y follow independent gamma distributions with scale parameters y1

and y2, and shape parameters m and n, respectively. Since T ¼ ðX ;Y Þ is a
minimal su‰cient statistic for y, we may restrict ourselves to the class of esti-
mators that depend upon the observations only through T .

For an estimator di of yi, let the risk function be given by

Riðy; diÞ ¼ Ey
diðTÞ
yi

� 1

� �2

; i ¼ 1; 2; ð2:2Þ

i.e. we consider the scale equivariant squared error loss function.
In the unrestricted case, i.e. in the absence of prior information of

ordering between y1 and y2, the maximum likelihood estimator (mle) for y
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is dUM ¼ ðd1;UM ; d2;UMÞ, where d1;UM ¼ X

m
and d2;UM ¼ Y

n
, whereas the

restricted mle (i.e. the mle derived under the order restriction y1 a y2) is

given by dRM ¼ ðd1;RM ; d2;RMÞ, where d1;RM ¼ min
X

m
;
X þ Y

mþ n

� �
and d2;RM ¼

max
Y

n
;
X þ Y

mþ n

� �
(cf. Barlow et al. (1972)). Also, best scale equivariant esti-

mators for y1 and y2, under the squared error loss function, are given by

d1;BE ¼ X

mþ 1
and d2;BE ¼ Y

nþ 1
, respectively.

For l1 ¼ l2 ¼ 1; n1 ¼ n2 and under the risk function Ri, as defined in
(2.2), Kaur & Singh (1991) established that, for estimating yi, the unrestricted
mle di;UM is dominated by the restricted mle di;RM ; i ¼ 1; 2, for all y A YR;
here YR is as defined in (2.1). For estimating yi, Vijayasree, Misra & Singh
(1995) established that the best scale equivariant estimator di;BE is inadmis-
sible under the risk function Ri; i ¼ 1; 2, when it is known apriori that y A YR.
Using the orbit by orbit improvement technique of Brewster & Zidek (1974),

they showed that estimators d	1;BE ¼ min
X

mþ 1
;

X þ Y

mþ nþ 1

� �
and d	2;BE ¼

max
Y

nþ 1
;

X þ Y

mþ nþ 1

� �
uniformly dominate best scale equivariant estimators

d1;BE and d2;BE , respectively.
Since the class of generalized Bayes estimators is essentially complete (cf.

Caridi (1983), Berger & Srinivasan (1978), and Brown (1971)), which are gen-
erally smooth, it seems that restricted mles and improved estimators, obtained
in Vijayasree, Misra & Singh (1995), being non-smooth, are inadmissible. This
motivates us to derive smooth estimators that dominate best scale equivariant
estimators d1;BE and d2;BE . In order to obtain such estimators, we use the sec-
ond technique of Brewster & Zidek (1974).

Define G1;m ¼ X

y1
and G2;n ¼

Y

y2
, so that G1;m and G2;n are independently

distributed standard (having scale parameters 1) gamma random variables,

with shape parametersm and n, respectively. Again define, B1;n;m ¼ G2;n

G1;mþG2;n

and B2;n;m ¼ G2;n

G1;m
, so that B1;n;m and B2;n;m are distributed as beta random var-

iables of the first and the second kind respectively, with parameter ðn;mÞ. For

positive real numbers r and s, let bðr; sÞ ¼ GrGs

Gðrþ sÞ denote the beta function.

Now we state the following lemma, which will be useful in deriving main
results of this paper. The proof of the lemma, being straightforward, is omitted.

Lemma 2.1: (a) For any z > 0,

E½G1;m jB2;n;m ¼ z� ¼ mþ n

1 þ z
;

and

E½G2
1;m jB2;n;m ¼ z� ¼ ðmþ nÞðmþ nþ 1Þ

ð1 þ zÞ2
:
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(b) For any real valued function hð:Þ,

E½Gk
1;mhðG1;mÞ� ¼

Gðmþ kÞ
Gm

E½hðG1;mþkÞ�;

provided expectations exist. Here, the random variable G1;mþk has standard
gamma distribution with shape parameter mþ k.

(c) For B2;n;mþ2 ¼
G2;n

G1;mþ1 þ G1;1
, B1;mþ1;1 ¼

G1;mþ1

G1;mþ1 þ G1;1
, and B2;n;mþ1 ¼

G2;n

G1;mþ1
, where G1;1;G1;mþ1 and G2;n are independent standard gamma random

variables, with shape parameters 1;mþ 1 and n, respectively, we have

B2;n;mþ2 ¼ B2;n;mþ1B1;mþ1;1;

and B1;mþ1;1 and B2;n;mþ2 are independently distributed beta random variables
of the first and the second kind, with parameters ðmþ 1; 1Þ and ðn;mþ 2Þ,
respectively.

In order to improve upon the best scale equivariant estimator d1;BE , we
first consider estimators of the form

f1;1ðc; r;TÞ ¼

8>><
>>:

X

mþ 1
; if S b r

cX ; if S < r;

where r and c are fixed positive real constants, and S ¼ Y

X
.

Note that f1;1

1

mþ 1
; r;T

� �
¼ d1;BEðTÞ, Er > 0. Let s ¼ y1

y2
, so that 0 <

sa 1. Let IðAÞ denote the indicator function of the set A. Then, for given
r and y A YR, the risk function R1ðy; f1;1ðc; r; :ÞÞ, as defined in (2.2), is mini-
mized at c1 c1; rðsÞ, where

c1; rðsÞ ¼ y1

Ey½XIðS < rÞ�
Ey½X 2IðS < rÞ� : ð2:3Þ

In the following lemma, we derive properties of the function c1; rðsÞ,
0 < sa 1.

Lemma 2.2: (a) For fixed r > 0 and y A YR, R1ðy; f1;1ðc; r; :ÞÞ is minimized at
c1 c1; rðsÞ, where c1; rðsÞ is as defined in (2.3).

(b) For r > 0, sups A ð0;1� c1; rðsÞ ¼ c1; rð1Þ ¼ c1ðrÞ, say, where c1ðrÞ is given by

c1ðrÞ ¼
E½G1;mIðB2;n;m < rÞ�
E½G2

1;mIðB2;n;m < rÞ�

¼ 1

mþ 1

2
6666641 �

ð 1

0

xmþn

ð1 þ rxÞmþnþ2

( )
dx

ð 1

0

xn�1

ð1 þ rxÞmþnþ2

( )
dx

3
777775:
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(c) c1ðrÞ is increasing in r A ð0;yÞ, and, Er > 0,

c1ðrÞ <
1

mþ 1
¼ lim

r!y
c1ðrÞ:

Proof. We have already observed that the first assertion is true. For proving
the second assertion, from (2.3), we have

c1; rðsÞ ¼ y1

Ey½XIðS < rÞ�
Ey½X 2IðS < rÞ�

¼ E½G1;mIðB2;n;m < rsÞ�
E½G2

1;mIðB2;n;m < rsÞ�
:

For independent standard gamma random variables G1;1;G1;m;G2;n;G1;mþ1

and G1;mþ2, having shape parameters 1;m; n;mþ 1 and mþ 2, respectively,
on using Lemma 2.1 (b), we get

c1; rðsÞ ¼
1

mþ 1

PðB2;n;mþ1 < rsÞ
PðB2;n;mþ2 < rsÞ ;

where B2;n;mþ1 ¼
G2;n

G1;mþ1
and B2;n;mþ2 ¼

G2;n

G1;mþ2
¼ G2;n

G1;mþ1 þ G1;1
.

Now, on using Lemma 2.1 (c), we can write B2;n;mþ1 ¼
B2;n;mþ2

B1;mþ1;1
, where

B2;n;mþ2 and B1;mþ1;1 ¼
G1;mþ1

G1;mþ1 þ G1;1
are independently distributed. There-

fore,

c1; rðsÞ ¼
1

mþ 1

P
B2;n;mþ2

B1;mþ1;1
< rs

� �
PðB2;n;mþ2 < rsÞ :

Define,
B2;n;mþ2

rs
¼ W6. Then,

c1; rðsÞ ¼
1

mþ 1

Py
W6

B1;mþ1;1
< 1

� �
PyðW6 < 1Þ :

Since, the random variable B1;mþ1;1 has cumulative distribution function given
by HðxÞ ¼ 0, if x < 0, ¼ xmþ1, if 0a x < 1 and ¼ 1, if xb 1, and the random
variable W6 is non-negative, on using the independence of W6 and B1;mþ1;1,
we get

c1; rðsÞ ¼
1

mþ 1

Ey½ð1 �Wmþ1
6 ÞIðW6 < 1Þ�

PyðW6 < 1Þ

¼
1 � EyðWmþ1

7 Þ
mþ 1

;
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where W7 is a random variable, whose probability density function (pdf ) is
given by

g7ðx; sÞ ¼

xn�1

ð1 þ rsxÞmþnþ2ð1

0

zn�1

ð1 þ rszÞmþnþ2
dz

; 0a xa 1; s A ð0; 1�:

It is easy to verify that the family of pdfs fg7ðx; sÞ : 0a xa 1; 0 < sa 1g has

the monotone likelihood ratio (mlr) property in
1

s
; x

� �
. Thus, on appealing

to Lehmann (1986, Problem 14, Page 115), it follows that EyðWmþ1
7 Þ is a de-

creasing function of s. Therefore,

sup
s A ð0;1�

c1; rðsÞ ¼ c1; rð1Þ

¼ 1

mþ 1

2
666641 �

ð1

0

xmþn

ð1 þ rxÞmþnþ2
dx

ð1

0

xn�1

ð1 þ rxÞmþnþ2
dx

3
77775

¼ c1ðrÞ:

The proof of the third assertion follows on repeating the above arguments.

Remark: On using Lemma 2.1 (b) and (2.3), c1ðyÞ may be written, alterna-
tively, as:

c1ðyÞ ¼ c1;yð1Þ

¼ E½G1;mIðB2;n;m < yÞ�
E½G2

1;mIðB2;n;m < yÞ�

¼ 1

mþ 1

PðB2;n;mþ1 < yÞ
PðB2;n;mþ2 < yÞ ;

where, for independent standard gamma random variables G2;n;G1;mþ1 and
G1;mþ2, having shape parameters n;mþ 1 and mþ 2, respectively, B2;n;mþ1 ¼
G2;n

G1;mþ1
and B2;n;mþ2 ¼

G2;n

G1;mþ2
. Now, on using the relationship between B2;n;mþ1

and B2;n;mþ2 with beta random variables of first kind, we have:

c1ðyÞ ¼
1

mþ 1

In;mþ1
y

1 þ y

� �

In;mþ2
y

1 þ y

� � ; ð2:4Þ
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where, for a > 0, and g > 0, Ia; gðxÞ ¼
1

bða; gÞ
Ð x
0 ta�1ð1 � tÞg�1

dt denotes the
incomplete beta function.

Since, for each fixed y A YR and r > 0;R1ðy; f1;1ðc; r; :ÞÞ is minimized at
c ¼ c1; rðsÞ, and sups A ð0;1� c1; rðsÞ ¼ c1ðrÞ, on using the convexity of the risk

function R1ðy; f1;1ðc; r; :ÞÞ (as a function of c, for fixed y A YR and r > 0), we
conclude that, for each fixed y A YR and r > 0;R1ðy; f1;1ðc; r; :ÞÞ is a strictly

increasing function of c, for c A ½c1ðrÞ;yÞ. Since, c1ðrÞ <
1

mþ 1
, Er > 0, we

have the following theorem.

Theorem 2.1: For estimating y1, under the scale equivariant squared error loss
function, the estimator f1;1ðc1ðrÞ; r;TÞ dominates the best scale equivariant esti-

mator d1;BEðTÞ ¼ X

mþ 1
.

Further select 0 < r 0 < r. Since c1ðrÞ is an increasing function of r, we have
c1ðr 0Þ < c1ðrÞ. Now, on considering the class of estimators of the form

f1;2ðc; r 0; r;TÞ ¼

cX ; if S < r 0

c1ðrÞX ; if r 0 aS < r

X

mþ 1
; if S b r;

8>>>>><
>>>>>:

and on repeating above arguments, it can be seen that the estimator
f1;1ðc1ðrÞ; r;TÞ is further dominated by the following estimator

f1;2ðc1ðr 0Þ; r 0; r;TÞ ¼

c1ðr 0ÞX ; if S < r 0

c1ðrÞX ; if r 0 aS < r

X

mþ 1
; if S b r:

8>>>>><
>>>>>:

Now, on using the idea of Brewster & Zidek (1974), we select a finite par-
tition of ½0;yÞ, represented by 0 ¼ ri;0 < ri;1 < � � � < ri;ni ¼ y, for each i ¼
1; 2; . . . ; and a corresponding estimator defined by

f1; i ¼

c1ðri;1ÞX ; if S < ri;1

c1ðri;2ÞX ; if ri;1 aS < ri;2

..

.

c1ðri;ni�1ÞX ; if ri;ni�2 aS < ri;ni�1

X

mþ 1
; if S b ri;ni�1:

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:
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Then, providing maxjjri; j � ri; j�1j ! 0 and ri;ni�1 ! y, as i ! y, the se-
quence of estimators f1; i will converge point wise to d		1;BEðTÞ, where

d		1;BEðTÞ ¼ c1ðSÞX : ð2:5Þ

Now, we have the following theorem.

Theorem 2.2: For estimating y1, under the squared error loss function, the esti-
mator d		1;BEðTÞ, as defined by (2.4) and (2.5), dominates the best scale equiv-

ariant estimator d1;BEðTÞ ¼ X

mþ 1
.

Proof. Since f1; i has uniformly smaller risk than d1;BE ; Ei, the result follows by
an application of the Fatou’s lemma.

To find an improvement over d2;BE , the best scale equivariant estimator of
y2, we first consider estimators of the form

f2;1ðc; r;TÞ ¼

8>><
>>:

Y

nþ 1
; if S b r

cY ; if S < r;

where r and c are fixed positive real constants, and S ¼ Y

X
.

Note that f2;1

1

nþ 1
; r;T

� �
¼ d2;BEðTÞ, Er > 0. Then, for given r and

y A YR, the risk function R2ðy; f2;1ðc; r; :ÞÞ, as defined in (2.2), is minimized
at c1 c2; rðsÞ, where

c2; rðsÞ ¼ y2

Ey½YIðS < rÞ�
Ey½Y 2IðS < rÞ� : ð2:6Þ

We have the following lemma concerning the properties of the function
c2; rðsÞ, 0 < sa 1.

Lemma 2.3: (a) For fixed r > 0 and y A YR, R2ðy; f2;1ðc; r; :ÞÞ is minimized at
c1 c2; rðsÞ, where c2; rðsÞ is as defined in (2.6).

(b) For r > 0, infs A ð0;1� c2; rðsÞ ¼ c2; rð1Þ ¼ c2ðrÞ, say, where

c2ðyÞ ¼
1

nþ 1

Inþ1;m
y

1 þ y

� �

Inþ2;m
y

1 þ y

� � : ð2:7Þ

(c) c2ðrÞ is decreasing in r A ð0;yÞ, and, Er > 0,

c2ðrÞ >
1

nþ 1
¼ lim

r!y
c2ðrÞ:

Proof. We have already observed that the first assertion is true. For proving
the second and the third assertions, from (2.6), we have
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c2; rðsÞ ¼ y2

Ey½YIðS < rÞ�
Ey½Y 2IðS < rÞ�

¼ E½G2;nIðB2;n;m < rsÞ�
E½G2

2;nIðB2;n;m < rsÞ�
:

Now, on using Lemma 2.1 (a), we get on simplification

c2; rðsÞ ¼
1

mþ nþ 1

E B1;n;mI B1;n;m <
rs

1 þ rs

� �� �

E B2
1;n;mI B1;n;m <

rs

1 þ rs

� �� �

¼ 1

mþ nþ 1

Ð rs=ð1þrsÞ
0 xnð1 � xÞm�1

dxÐ rs=ð1þrsÞ
0 xnþ1ð1 � xÞm�1

dx

¼ 1

mþ nþ 1
Ey

1

W8

� �
;

where W8 is a random variable, whose pdf is given by

g8ðx; sÞ ¼
xnþ1ð1 � xÞm�1Ð rs=ð1þrsÞ

0 znþ1ð1 � zÞm�1
dz

; 0a xa
rs

1 þ rs
; s A ð0; 1�:

It is easy to verify that the family of pdfs g8ðx; sÞ : 0axa
rs

1þ rs
; 0< sa1

� �
has the mlr property in ðs; xÞ. Thus, on appealing to Lehmann (1986, Problem
14, Page 115), it follows that c2; rðsÞ is a decreasing function of s. Therefore,

inf
s A ð0;1�

c2; rðsÞ ¼ c2; rð1Þ

¼ 1

mþ nþ 1

Ð r=ð1þrÞ
0 xnð1 � xÞm�1

dxÐ r=ð1þrÞ
0 xnþ1ð1 � xÞm�1

dx

¼ c2ðrÞ:

Now, on repeating above arguments, we observe that c2ðrÞ is a decreasing
function of r. Hence,

c2ðrÞ > lim
r!y

c2ðrÞ

¼ 1

mþ nþ 1

Ð 1
0 wnð1 � wÞm�1

dwÐ 1
0 wnþ1ð1 � wÞm�1

dw

¼ 1

nþ 1
:

Now, on using the convexity of the risk function R2ðy; f2;1ðc; r; :ÞÞ and on
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repeating arguments, similar to ones preceding Theorem 2.1, we have the fol-
lowing theorem.

Theorem 2.3: For estimating y2, under the scale equivariant squared error loss
function, the estimator f2;1ðc2ðrÞ; r;TÞ dominates the best scale equivariant esti-

mator d2;BEðTÞ ¼ Y

nþ 1
.

Further select 0 < r 0 < r. Since c2ðrÞ is a decreasing function of r, it can be
seen that the estimator f2;1ðc2ðrÞ; r;TÞ is further dominated by the following
estimator

f2;2ðc2ðr 0Þ; r 0; r;TÞ ¼

c2ðr 0ÞY ; if S < r 0

c2ðrÞY ; if r 0 aS < r

Y

nþ 1
; if S b r:

8>>>>><
>>>>>:

Now, proceeding on lines of arguments preceding Theorem 2.2, we con-
clude the following theorem.

Theorem 2.4: For estimating y2, under the squared error loss function, the esti-
mator d		2;BEðTÞ ¼ c2ðSÞY , where c2ðSÞ is as defined by (2.7), dominates the

best scale equivariant estimator d2;BEðTÞ ¼ Y

nþ 1
.

Remark: It can be easily verified that, for every s > 0,

s

Ð s=ð1þsÞ
0 xnð1 � xÞm�1

dxÐ s=ð1þsÞ
0 xnþ1ð1 � xÞm�1

dx
b

Ð s=ð1þsÞ
0 yn�1ð1 � yÞm dyÐ s=ð1þsÞ

0 yn�1ð1 � yÞmþ1
dy

;

and therefore, with probability one, d		1;BEðTÞa d		2;BEðTÞ. Thus, it follows that
smooth estimators d		1;BE and d		2;BE satisfy the same inequality that parameters y1

and y2 are known to satisfy.

3 Smooth estimators as generalized Bayes estimators

In this section, we will show that smooth estimators d		1;BE and d		2;BE , obtained
in Section 2, are also generalized Bayes estimators of y1 and y2, respectively,

with respect to the non-informative prior density Pðy1; y2Þ ¼
1

y1y2
, 0 < y1 a

y2 < y.

Theorem 3.1: Under the risk function Riðy; :Þ, i ¼ 1; 2, as defined in (2.2), and

the non-informative prior density Pðy1; y2Þ ¼
1

y1y2
, 0 < y1 a y2 < y, smooth

estimators d		1;BE and d		2;BE , obtained in Theorems 2.2 and 2.4, are generalized
Bayes estimators of y1 and y2, respectively.
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Proof. For the risk function R1ðy; :Þ, the Bayes estimator for y1 is

ŷy1;BðTÞ ¼
E

1

y1
jT

� �

E
1

y2
1

jT
 ! ;

where the expectation is taken with respect to the posterior density function

g	ðyjTÞ ¼ dðTÞ 1

ymþ1
1 ynþ1

2

e�ðX=y1Þe�ðY=y2Þ; 0 < y1 a y2 < y;

and dðTÞ is the normalizing constant.
Hence,

ŷy1;BðTÞ ¼

ðð
R1

1

ymþ2
1 ynþ1

2

e�ðX=y1Þe�ðY=y2Þ dy1 dy2ðð
R1

1

ymþ3
1 ynþ1

2

e�ðX=y1Þe�ðY=y2Þ dy1 dy2

;

where R1 ¼ fðy1; y2Þ : 0 < y1 a y2 < yg.

On making the transformation
X

y1
¼ t1 and

Y

y2
¼ t2, we get

ŷy1;BðTÞ ¼
Ð Ð

R2
tm1 t

n�1
2 e�ðt1þt2Þ dt1 dt2Ð Ð

R2
tmþ1
1 tn�1

2 e�ðt1þt2Þ dt1 dt2
X ;

where R2 ¼ fðt1; t2Þ : 0 < t2 aSt1 < yg.
For independent standard gamma random variables G1;mþ1, G1;mþ2 and G2;n,
having shape parameters mþ 1, mþ 2 and n respectively, we may write

ŷy1;B ¼ 1

mþ 1

PðG2;n aSG1;mþ1Þ
PðG2;n aSG1;mþ2Þ

X :

Now, on using the relationship between random variables
G2;n

G1;mþ1
and

G2;n

G1;mþ2with beta random variables of first kind, we have

ŷy1;BðTÞ ¼ 1

mþ 1

In;mþ1
S

1 þ S

� �

In;mþ2
S

1 þ S

� �X

¼ c1ðSÞX ;

as desired.
The proof for the generalized Bayes estimator of y2 follows in the similar

fashion, and hence is omitted.
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4 Comparisons of estimators

In this section, we will compare smooth estimators, obtained in Section 2,
with other natural estimators, empirically. Estimators of y1, which are chosen
for the comparison study, are the best scale equivariant estimator d1;BEðTÞ ¼
X

mþ 1
, the restricted mle d1;RMðTÞ ¼ min

X

m
;
X þ Y

mþ n

� �
, the non-smooth esti-

mator d	1;BEðTÞ ¼ min
X

mþ 1
;

X þ Y

mþ nþ 1

� �
, obtained in Vijayasree, Misra &

Singh (1995), which is known to dominate the best scale equivariant esti-
mator d1;BEðTÞ, and the smooth estimator d		1;BE ¼ c1ðSÞX , as given in Theo-
rem 2.2. Similarly, estimators of y2, which are chosen for the comparison

study, are the best scale equivariant estimator d2;BEðTÞ ¼ Y

nþ 1
, the restricted

mle d2;RMðTÞ ¼ max
Y

n
;
X þ Y

mþ n

� �
, the non-smooth estimator d	2;BEðTÞ ¼

max
Y

nþ 1
;

X þ Y

mþ nþ 1

� �
, obtained in Vijayasree, Misra & Singh (1995), which

is known to dominate the best scale equivariant estimator d2;BEðTÞ, and the
smooth estimator d		2;BE ¼ c2ðSÞY , as given in Theorem 2.4.

Since expressions for risk functions of smooth estimators d		i;BE ; i ¼ 1; 2 can
not be expressed in a simple closed form, theoretical comparisons of smooth
estimators with other estimators, considered in the present study, seems di‰-
cult. We, therefore, use Monte Carlo simulations to compare these estimators.
Although, expressions for risk functions of some of estimators considered in
the present study are known to have a simple closed form, for uniformity, we
have evaluated risk functions of even these estimators using Monte Carlo sim-
ulations. Since risk functions of various estimators, considered in this study,

depend on y only through s ¼ y1

y2
, comparisons are made for di¤erent combi-

nations of s;m and n. For the computation of the risk function Ri of an esti-
mator di, we generated observations from suitable gamma distributions and,

for each combination of parameters,
di

yi
� 1

� �2

ði ¼ 1; 2Þ is computed. The

procedure was then repeated 50,000 times to approximate Ri by averages of
di

yi
� 1

� �2

ði ¼ 1; 2Þ. For di¤erent combinations of ðm; nÞ and s, values of the

Ris, so obtained, are tabulated in Tables 1–8. Following conclusions are evi-
dent from Tables 1–8.

Conclusions for Estimation of y1:

(i) For small values of shape parameters (say, m ¼ 1, n ¼ 1), estimators
d	1;BE and d		1;BE perform better than estimators d1;BE and d1;RM . Interest-
ingly, d1;BE performs uniformly better than d1;RM . One may justify this
observation by arguing that d1;BE was designed for the risk function used
here and that is more important than the order restriction for small sample
sizes, and especially if s < 1. Among estimators d	1;BE and d		1;BE , estima-
tor d		1;BE performs better than d	1;BE , if sa :4, and this trend is reversed
for sb :5.
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(ii) For moderate and large values of shape parameters (say, mb 5, nb 5),
the estimator d		1;BE performs better than other estimators if sa :6, while,
for sb :7, the estimator d1;RM performs better than other estimators.

(iii) For mb 10 and nb 10, the estimator d		1;BE performs better than other
estimators if sa :7, while, for sb :8, the estimator d1;RM performs better
than other estimators.

(iv) For small values of shape parameters, the estimator d	1;BE dominates other
estimators over a large portion of the parametric space. For moderate

Table 1. Values of R1ðy; d1; :Þ and R2ðy; d2; :Þ for ðm; nÞ ¼ ð1; 1Þ

s d1;BE d1;RM d	1;BE d		1;BE d2;BE d2;RM d	2;BE d		2;BE

.10 .499 .868 .495 .485 .498 1.003 .489 .454

.20 .498 .779 .489 .481 .503 .979 .473 .422

.30 .504 .725 .493 .489 .503 .973 .451 .401

.40 .503 .660 .487 .487 .500 .936 .422 .378

.50 .498 .604 .481 .488 .500 .941 .402 .375

.60 .504 .586 .485 .493 .499 .940 .384 .383

.70 .498 .543 .481 .494 .501 .934 .370 .393

.80 .503 .535 .483 .497 .499 .934 .360 .419

.90 .502 .518 .482 .498 .501 .958 .355 .457

1.00 .500 .503 .483 .501 .501 1.015 .354 .505

Table 2. Values of R1ðy; d1; :Þ and R2ðy; d2; :Þ for ðm; nÞ ¼ ð5; 5Þ

s d1;BE d1;RM d	1;BE d		1;BE d2;BE d2;RM d	2;BE d		2;BE

.10 .167 .201 .167 .165 .165 .196 .165 .162

.20 .168 .201 .167 .159 .166 .197 .166 .154

.30 .166 .189 .164 .153 .166 .197 .162 .142

.40 .166 .181 .161 .150 .167 .193 .156 .132

.50 .167 .170 .158 .149 .167 .188 .148 .124

.60 .167 .156 .154 .152 .166 .179 .136 .120

.70 .167 .146 .151 .155 .165 .171 .125 .121

.80 .167 .137 .148 .158 .166 .170 .118 .131

.90 .168 .131 .148 .163 .166 .171 .113 .146

1.00 .165 .124 .144 .165 .167 .175 .111 .167
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and large values of shape parameters, the estimator d		1;BE dominates other
estimators over a large portion of the parametric space.

(v) In view of (i)–(iv), above, we recommend the estimator d	1;BE for small
values of shape parameters, while the estimator d		1;BE is recommended for
moderate and large values of shape parameters. If one has an idea about
the size of s, one may choose between d	1;BE ; d

		
1;BE and d1;RM based on

observations reported in (i)–(iii).

Table 3. Values of R1ðy; d1; :Þ and R2ðy; d2; :Þ for ðm; nÞ ¼ ð10; 10Þ

s d1;BE d1;RM d	1;BE d		1;BE d2;BE d2;RM d	2;BE d		2;BE

.10 .091 .101 .091 .091 .091 .100 .091 .091

.20 .091 .101 .091 .090 .091 .100 .091 .090

.30 .090 .099 .090 .086 .091 .101 .091 .085

.40 .090 .096 .089 .082 .090 .098 .089 .078

.50 .091 .093 .088 .080 .090 .095 .085 .071

.60 .092 .087 .086 .080 .091 .094 .081 .068

.70 .091 .080 .082 .080 .091 .089 .074 .067

.80 .091 .074 .079 .082 .091 .085 .068 .071

.90 .090 .069 .077 .086 .092 .083 .064 .078

1.00 .091 .066 .077 .091 .090 .083 .062 .090

Table 4. Values of R1ðy; d1; :Þ and R2ðy; d2; :Þ for ðm; nÞ ¼ ð20; 20Þ

s d1;BE d1;RM d	1;BE d		1;BE d2;BE d2;RM d	2;BE d		2;BE

.10 .048 .050 .048 .048 .047 .050 .047 .047

.20 .048 .050 .048 .048 .047 .050 .047 .047

.30 .048 .050 .048 .047 .048 .050 .048 .047

.40 .048 .050 .048 .046 .048 .050 .048 .045

.50 .047 .049 .047 .043 .047 .049 .047 .041

.60 .048 .047 .046 .041 .048 .049 .046 .039

.70 .048 .044 .044 .040 .048 .047 .042 .036

.80 .048 .040 .042 .042 .048 .044 .039 .037

.90 .048 .036 .040 .044 .048 .041 .035 .040

1.00 .048 .034 .039 .047 .047 .040 .033 .048
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Conclusions for Estimation of y2:

(i) For all values of shape parameters under study, the estimator d		2;BE domi-
nates other estimators over a large portion of the parametric space.

(ii) The region of dominance of the estimator d		2;BE , over other estimators,
enlarges with the increase in values of shape parameters, and, for mod-
erate and large values of shape parameters, the region of dominance of
d		2;BE over other estimators is fy ¼ ðy1; y2Þ : sa :7g.

Table 5. Values of R1ðy; d1; :Þ and R2ðy; d2; :Þ for ðm; nÞ ¼ ð5; 10Þ

s d1;BE d1;RM d	1;BE d		1;BE d2;BE d2;RM d	2;BE d		2;BE

.10 .168 .201 .168 .167 .091 .100 .091 .090

.20 .168 .201 .168 .161 .091 .100 .091 .088

.30 .169 .198 .168 .153 .091 .100 .091 .084

.40 .167 .186 .164 .146 .090 .098 .088 .080

.50 .166 .169 .158 .143 .091 .096 .086 .077

.60 .168 .154 .153 .145 .090 .093 .082 .075

.70 .166 .135 .146 .147 .090 .091 .078 .075

.80 .166 .123 .142 .153 .090 .090 .074 .078

.90 .166 .113 .138 .159 .091 .090 .073 .084

1.00 .165 .107 .137 .166 .091 .091 .071 .090

Table 6. Values of R1ðy; d1; :Þ and R2ðy; d2; :Þ for ðm; nÞ ¼ ð5; 20Þ

s d1;BE d1;RM d	1;BE d		1;BE d2;BE d2;RM d	2;BE d		2;BE

.10 .167 .201 .167 .167 .048 .050 .048 .048

.20 .166 .198 .166 .161 .048 .051 .048 .047

.30 .166 .196 .165 .152 .048 .050 .048 .046

.40 .168 .190 .165 .144 .048 .050 .047 .045

.50 .167 .172 .160 .140 .048 .049 .046 .044

.60 .167 .150 .152 .139 .048 .048 .045 .043

.70 .167 .129 .143 .141 .047 .047 .044 .043

.80 .167 .112 .137 .148 .048 .047 .043 .044

.90 .166 .101 .132 .156 .048 .047 .042 .046

1.00 .168 .095 .130 .167 .048 .048 .042 .048
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(iii) Interestingly, for small values of shape parameters, the estimator d1;BE
uniformly dominates the estimator d1;RM .

(iv) In view of (i)–(iii), above, we recommend the estimator d		2;BE .

Acknowledgments. Authors are thankful to a referee for suggestions leading to improved presen-
tation.

Table 7. Values of R1ðy; d1; :Þ and R2ðy; d2; :Þ for ðm; nÞ ¼ ð10; 5Þ

s d1;BE d1;RM d	1;BE d		1;BE d2;BE d2;RM d	2;BE d		2;BE

.10 .091 .100 .091 .091 .167 .201 .167 .166

.20 .091 .100 .091 .089 .168 .202 .167 .158

.30 .091 .098 .090 .086 .166 .197 .162 .140

.40 .091 .095 .089 .084 .167 .192 .156 .124

.50 .091 .092 .088 .083 .164 .184 .142 .109

.60 .090 .086 .085 .083 .166 .176 .130 .102

.70 .092 .084 .085 .085 .167 .168 .116 .104

.80 .090 .080 .082 .086 .167 .159 .103 .114

.90 .091 .077 .082 .089 .167 .157 .095 .135

1.00 .091 .075 .082 .091 .166 .156 .090 .164

Table 8. Values of R1ðy; d1; :Þ and R2ðy; d2; :Þ for ðm; nÞ ¼ ð20; 5Þ

s d1;BE d1;RM d	1;BE d		1;BE d2;BE d2;RM d	2;BE d		2;BE

.10 .047 .050 .047 .047 .167 .201 .167 .166

.20 .048 .050 .048 .047 .167 .201 .167 .159

.30 .048 .050 .048 .046 .167 .198 .163 .141

.40 .048 .049 .047 .045 .166 .191 .154 .118

.50 .048 .048 .047 .045 .167 .187 .143 .101

.60 .047 .046 .045 .044 .167 .175 .125 .088

.70 .047 .045 .045 .045 .166 .164 .107 .088

.80 .047 .044 .044 .045 .167 .153 .091 .100

.90 .048 .044 .045 .047 .167 .147 .080 .127

1.00 .047 .042 .044 .047 .167 .144 .074 .166
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