
Computational Statistics & Data Analysis 43 (2003) 179–196
www.elsevier.com/locate/csda

Discriminating between Weibull and generalized
exponential distributions

Rameshwar D. Guptaa ;1 , Debasis Kundub;∗
aDepartment of Applied Statistics and Computer Science, The University of New Brunswick, Saint John,

Canada E2L 4L5
bDepartment of Mathematics, Indian Institute of Technology Kanpur, Kanpur 208016, India

Received 1 November 2001; received in revised form 1 April 2002

Abstract

Recently the two-parameter generalized exponential (GE) distribution was introduced by the
authors. It is observed that a GE distribution can be considered for situations where a skewed
distribution for a non-negative random variable is needed. The ratio of the maximized likelihoods
(RML) is used in discriminating between Weibull and GE distributions. Asymptotic distributions
of the logarithm of the RML under null hypotheses are obtained and they are used to deter-
mine the minimum sample size required in discriminating between two overlapping families of
distributions for a user speci9ed probability of correct selection and tolerance limit.
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1. Introduction

Recently, the two-parameter generalized exponential (GE) distribution has been intro-
duced and studied quite extensively by the authors (Gupta and Kundu, 1999, 2001a,b).
The two-parameter GE distribution has the distribution function

FGE(x; �; �) = (1− e−�x)�; �; �¿ 0; (1.1)
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Fig. 1. Density functions of the GE distribution for diDerent values of � when � is constant.

density function

fGE(x; �; �) = ��(1− e−�x)�−1e−�x; �; �¿ 0; (1.2)

survival function

SGE(x; �; �) = 1− (1− e−�x)�; �; �¿ 0 (1.3)

and hazard function

hGE(x; �; �) =
��(1− e−�x)�−1e−�x

1− (1− e−�x)�
; �; �¿ 0: (1.4)

Here � and � are shape and scale parameters respectively. Naturally the shape of the
density function does not depend on �. For diDerent values of �, when � = 1, we
provide density functions of the GE distribution in Fig. 1.
It is clear that they can take diDerent shapes and they are quite similar to Weibull

density functions. When �=1, it coincides with the exponential distribution. The haz-
ard function of a GE distribution can be increasing, decreasing or constant depending
on the shape parameter similarly as a Weibull distribution. Therefore, GE and Weibull
distributions are both generalization of an exponential distribution in diDerent ways. If
it is known or apparent from the histogram that data are coming from a right tailed
distribution, then a GE distribution can be used quite eDectively. It is observed that in
many situations GE distribution provides better :t than a Weibull distribution. There-
fore to analyze a skewed lifetime data an experimenter might wish to choose one of
the two models. Although, these two models may provide similar data 9t for moderate
sample sizes but it is still desirable to select the correct or more nearly correct model,
since the inferences based on the model will often involve tail probabilities where the
aDect of the model assumptions will be more crucial. Therefore, even if large sample
sizes are not available it is still important to make the best possible decision based
on whatever data are available. Discriminating between two distributions have been
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well studied in the statistical literature, see for example the work of Dumonceaux and
Antle (1973), Dumonceaux et al. (1973), Quesenberry and Kent (1982), Balasooriya
and Abeysinghe (1994) and the references cited there.
Recently the ratio of the maximized likelihoods (RML) was used by Gupta et al.

(2001) in discriminating between two overlapping families of distributions. The idea
was originally proposed by Cox (1961, 1962) in discriminating between two separate
models and Bain and Engelhardt (1980) used it in discriminating between Weibull
and gamma distributions. In this paper we obtain asymptotic distributions of the RML
under null hypotheses. It is observed by a Monte Carlo simulation study that these
asymptotic distributions work quite well even when sample size is not too large. Using
these asymptotic distributions and the distance between two distribution functions, we
determine the minimum sample size needed to discriminate between them at a user
speci9ed protection level. Two real life data are analyzed to see how the proposed
method works in practice.
The rest of the paper is organized as follows. We brieHy describe the likelihood

ratio tests in Section 2. In Section 3, we obtain asymptotic distributions of the RML
under null hypotheses. In Section 4, these asymptotic distributions are used to deter-
mine the minimum sample size needed to discriminate between two distributions at a
user speci9ed protection level and a tolerance level. Some numerical experiments are
performed to observe how these asymptotic results behave for 9nite samples in Section
5. Two real life data sets are analyzed in Section 6 and 9nally the conclusion appears
in Section 7.

2. Likelihood ratio test

Suppose X1; : : : ; Xn are independent and identically distributed (i.i.d) random variables
from any one of the two distribution functions. The density of a Weibull random
variable with shape parameter � and scale parameter � will be denoted by

fWE(x; �; �) = �� �x�−1e−(x�)� : (2.1)

A GE distribution with shape parameter � and scale parameter � will be denoted by
GE(�; �), similarly a Weibull distribution with shape parameter � and scale parameter
� will be denoted by WE(�; �). Let us de9ne the likelihood functions assuming that
the data are coming from a GE(�; �) or from a WE(�; �) as

LGE(�; �) =
n∏

i=1

fGE(xi; �; �); LWE(�; �) =
n∏

i=1

fWE(xi; �; �);

respectively. The RML is de9ned as

L=
LGE(�̂; �̂)

LWE(�̂; �̂)
: (2.2)
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Here (�̂; �̂) and (�̂; �̂) are the maximum likelihood estimators of (�; �) and (�; �),
respectively. The logarithm of RML can be written as

T = n

[
ln

(
�̂�̂X̃

�̂

)
− �̂− 1

�̂
− �̂ KX − �̂ ln(�̂X̃ ) + 1

]
; (2.3)

where KX = (1=n)
∑n

i=1 Xi; X̃ = (
∏n

i=1 Xi)1=n. Moreover, �̂ and �̂ (Gupta and Kundu,
2001a) have the following relation:

�̂=− n∑n
i=1 ln(1− e−�̂Xi)

: (2.4)

In case of a Weibull distribution, �̂ and �̂ satisfy the following relation:

�̂=

(
n∑n

i=1 X
�̂
i

)1=�̂
: (2.5)

Gupta et al. (2001) proposed the following discrimination procedure. Choose the GE
distribution if T ¿ 0, otherwise choose the Weibull distribution as the preferred model.
It can be easily seen that if the data come from a GE distribution then the distribution
of T depends only on � and independent of � and similarly if the data come from a
Weibull distribution, then the distribution of T depends only of �.

3. Asymptotic properties of the RML under null hypotheses

In this section, we obtain asymptotic distributions of the RML statistics under null
hypotheses in two diDerent cases. From now on we denote the almost sure convergence
by a:s:
Case 1: The data are coming from a Weibull distribution and the alternative is a

GE distribution.
Let us assume that the n data points are from a Weibull distribution with shape

parameter � and scale parameter � as given in (2.1). �̂; �̂; �̂ and �̂ are same as
de9ned earlier. We use the following notations. For any Borel Measurable function
h(:); EWE(h(U )) and VWE(h(U )) denote mean and variance of h(U ) under the as-
sumption that U follows WE(:; :). Similarly we can de9ne EGE(h(U ) and VGE(h(U ))
as mean and variance of h(U ) under the assumption that U follows GE(:; :). If g(:)
and h(:) are two Borel Measurable functions, we can de9ne along the same line
covWE(g(U ); h(U ))=EWE(g(U )h(U ))−EWE(g(U ))EWE(h(U )) and covGE(g(U ); h(U ))
= EGE(g(U )h(U )) − EGE(g(U ))EGE(h(U )), where U follows WE(:; :) and GE(:; :)
respectively. Now we have the following lemma.

Lemma 1. Suppose data are from WE(�; �), then as n → ∞, we have
(i) �̂ → � a.s., �̂ → � a.s., where

EWE[ln(fWE(X ; �; �))] = max
K�; K�

EWE[ln(fWE(X ; K�; K�))]:
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(ii) �̂ → �̃ a.s., �̂ → �̃ a.s., where

EWE[ln(fGE(X ; �̃; �̃))] = max
�;�

EWE[ln(fGE(X ; �; �))]:

Note that �̃ and �̃ may depend on � and � but we do not make it explicit for brevity.
Let us denote T ∗ = ln(LGE(�̃; �̃)=LWE(�; �)).

(iii) n−1=2[T − EWE(T )] is asymptotically equivalent to n−1=2[T ∗ − EWE(T ∗)].

Proof. The proof follows using the similar argument of White (1982, Theorem 1) and
therefore it is omitted.

Theorem 1. Under the assumption that the data are from a Weibull distribution,
the distribution of T is approximately normally distributed with mean EWE(T ) and
variance VWE(T ).

Proof. Using the Central Limit Theorem, it can be easily shown that n−1=2[T ∗ −
EWE(T ∗)] is asymptotically normally distributed. Therefore the proof immediately fol-
lows from part (iii) of Lemma 1 and using the Central Limit Theorem.

Now we discuss how to obtain �̃; �̃; EWE(T ) and VWE(T ). Let us de9ne

g(�; �) = EWE[ln(fGE(X ; �; �))]

= EWE[ln(�) + ln(�)− �X + (�− 1) ln(1− e−�X )]

= ln(�) + ln(�)− �
�
�
(
1 +

1
�

)
+ (�− 1)v

(
�;

�
�

)
; (3.1)

where

v(x; y) =
∫ ∞

0
ln(1− e−yz1=x)e−z dz: (3.2)

Therefore, �̃ and �̃ can be obtained as solutions of

1
�̃
+ v

(
�;

�̃
�

)
= 0 (3.3)

and

1

�̃
− 1

�
�
(
1 +

1
�

)
+

�̃− 1
�

v2

(
�;

�̃
�

)
= 0: (3.4)

Here v2(x; y) is the derivative of v(x; y) with respect to the second argument y, i.e.

v2(x; y) =
∫ ∞

0
e−z z1=xe−yz1=x

(1− e−yz1=x)
dz: (3.5)

From (3.3), it is immediate that (�̃=�) is a function of �̃ and �. Therefore, from (3.4)
it follows that �̃ is a function of � only and in turn (�̃=�) is also a function of � only.
Now we provide the expressions for EWE(T ) and VWE(T ). Note that limn→∞ EWE(T )=n
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and limn→∞VWE(T )=n exist. Suppose we denote limn→∞ EWE(T )=n = AMWE(�) and
limn→∞ VWE(T )=n= AVWE(�), therefore for large n,

EWE(T )
n

≈ AMWE(�) = EWE[ln(fGE(X ; �̃; �̃))− ln(fWE(X ; �; �))]

= ln(�̃) + ln

(
�̃
�

)
+ (�̃− 1)EWE[ln(1− e−(�̃=�)Y )]− ln(�)

−
(

�̃
�

)
�
(
1 +

1
�

)
− (� − 1)

 (1)
�

+ 1: (3.6)

Here Y is a random variable such that Y follows WE(�; 1) and  (:) is the digamma
function. We also have

VWE(T )
n

≈ AVWE(�) = VWE[ln(fGE(X ; �̃; �̃))− ln(fWE(X ; �; �))]

= VWE

[
(�̃− 1) ln(1− e−(�̃=�)Y )−

(
�̃
�

)
Y − (� − 1) ln(Y ) + Y �

]

= (�̃− 1)2VWE[ln(1− e−(�̃=�)Y )] +

(
�̃
�

)2 [
�
(
2
�
+ 1
)
− �2

(
1
�
+ 1
)]

+1 + (� − 1)2
 ′(1)
�2 − 2(�̃− 1)

�̃
�
covWE(ln(1− e−(�̃=�)Y ); Y )

− 2(�̃− 1)(� − 1)covWE(ln(1− e−(�̃=�)Y ); ln(Y ))

+ 2(�̃− 1)covWE(ln(1− e−(�̃=�)Y ); Y �)

+ 2

(
�̃
�

)
(� − 1)

�

[
 
(
1
�
+ 1
)

�
(
1
�
+ 1
)
− �

(
1
�
+ 1
)

 (1)
]

− 2

(
�̃
�

)[
�
(
(� + 1)

�
+ 1
)
− �

(
1
�
+ 1
)]

+2
(� − 1)

�
[ (2)−  (1)]: (3.7)

Case 2: The data are coming from a GE distribution and the alternative is a Weibull
distribution.
Let us assume that a sample X1; : : : ; Xn of size n is obtained from GE(�; �) and the

alternative is WE(�; �). We denote �̂; �̂; �̂ and �̂ as the MLEs of �; �; � and �,
respectively. In this case we have the following lemma.
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Lemma 2. Under the assumption that the data are from a GE distribution and as
n → ∞, we have
(i) �̂ → � a.s., �̂ → � a.s., where

EGE[ln(fGE(X ; �; �))] = max
K�; K�

EGE[ln(fGE(X ; K�; K�))]:

(ii) �̂ → �̃ a.s., �̂ → �̃ a.s., where

EGE[ln(fWE(X ; �̃; �̃))] = max
�;�

EGE[ln(fWE(X ; �; �))]:

Note that here also �̃ and �̃ may depend on � and � but we do not make it explicit
for brevity. Let us denote T∗ = ln(LGE(�; �)=LWE(�̃; �̃)).
(iii) n−1=2[T − EGE(T )] is asymptotically equivalent to n−1=2[T∗ − EGE(T∗)].

Theorem 2. Under the assumption that the data are from a GE distribution, T is
approximately normally distributed with mean EGE(T ) and variance VGE(T ).

Now to obtain �̃ and �̃, let us de9ne

h(�; �) = EGE[ln(fWE(X ; �; �))]

= EGE[ln(�) + � ln(�) + (� − 1) ln(X )− (X�)�]

= ln(�) + �
[
ln
(
�
�

)
+ EGE(ln(Z))

]
− EGE(ln(X ))− �w

(
�;

�
�

)
; (3.8)

here

w(x; y) = yx
∫ ∞

0
ux(1− e−u)�−1e−u du; (3.9)

X follows GE(�; �) and Z follows GE(�; 1). Therefore, �̃ and �̃ can be obtained as
solutions of

1

�̃
+ ln

(
�̃
�

)
+ EGE(ln(Z))− �w1

(
�̃;

�̃
�

)
= 0 (3.10)

and

�̃

�̃
− �

�
w2

(
�̃;

�̃
�

)
= 0: (3.11)

Here w1(x; y) and w2(x; y) are the derivatives of w(x; y) with respect to x and y,
respectively, i.e.,

w1(x; y) =
∫ ∞

0
(yu)x(ln(y) + ln(u))(1− e−u)�−1e−u du

and

w2(x; y) = xyx−1
∫ ∞

0
ux(1− e−u)�−1e−u du:
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Note that as before �̃=� and �̃ both are functions of � only. Now we provide the expres-
sions for EGE(T ) and VGE(T ). Similarly as before, we observe that limn→∞ EGE(T )=n
and limn→∞ VGE(T )=n exist. Suppose we denote limn→∞ EGE(T )=n = AMGE(�) and
limn→∞VGE(T )=n= AVGE(�) then for large n,

EGE(T )
n

≈ AMGE(�) = EGE[ln(fGE(X ; �; �))− ln(fWE(X ; �̃; �̃))]

= ln(�)− (�− 1)
�

− ( (�+ 1)−  (1))− ln(�̃)− (�̃ − 1)EGE(ln(Z))

− �̃ ln

(
�̃
�

)
+

(
�̃
�

)�̃

EGE(Z�̃); (3.12)

here X and Z are same as de9ned before. Also

VGE(T )
n

≈ AVGE(�) = VGE[ln(fGE(X ; �; �))− ln(fWE(X ; �̃; �̃))]

= VGE


(�− 1) ln(1− e−Z)− Z − (�̃ − 1) ln(Z) +

(
�̃
�

)�̃

Z �̃




=
(�− 1)2

�2
+ ( ′(1)−  ′(�+ 1)) + (�̃ − 1)2VGE(ln(Z))

+

(
�̃
�

)2�̃
VGE(Z�̃)− 2(�− 1)covGE(ln(1− e−Z); Z)

+ 2(�̃ − 1)(�− 1)covGE(ln(1− e−Z); ln(Z))

+ 2(�− 1)

(
�̃
�

)�̃

covGE(ln(1− e−Z); Z�̃) + 2(�̃ − 1)covGE(Z; ln(Z))

− 2

(
�̃
�

)�̃

covGE(Z; Z�̃)− 2(�̃ − 1)

(
�̃
�

)�̃

covGE(ln(Z); Z�̃): (3.13)

Note that �̃; �̃; AMWE(�); AVWE(�); �̃; �̃; AMGE(�) and AVGE(�) are quite diO-
cult to compute numerically. We present �̃, �̃ as obtained from (3.3), (3.4) and also
AMWE(�) and AVWE(�) for diDerent values of � (note that they are independent of �) in
Table 1. We also present �̃; �̃ as obtained from (3.10) and (3.11) and also AMGE(�)
and AVGE(�) for diDerent values of � in Table 2 for convenience.
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Table 1
DiDerent values of AMWE(�); AVWE(�); �̃ and �̃ for diDerent �

� AMWE(�) AVWE(�) �̃ �̃

0.6 −0:0192 0.0950 0.474 0.410
0.8 −0:0032 0.0090 0.722 0.721
1.2 −0:0021 0.0061 1.390 1.307
1.4 −0:0072 0.0165 1.823 1.565
1.6 −0:0137 0.0296 2.334 1.802
1.8 −0:0209 0.0439 2.885 2.006
2.0 −0:0284 0.0587 3.639 2.239

Table 2
DiDerent values of AMGE(�); AVGE(�); �̃ and �̃ for diDerent �

� AMGE(�) AVGE(�) �̃ �̃

0.5 0.0117 0.0248 0.649 2.243
1.5 0.0034 0.0095 1.257 0.735
2.0 0.0093 0.0236 1.440 0.609
2.5 0.0153 0.0378 1.585 0.537
3.0 0.0209 0.0511 1.706 0.488

4. Determination of sample size

In this section, we propose a method to determine the minimum sample size needed
to discriminate between Weibull and GE distributions, for a given user speci9ed prob-
ability of correct selection (PCS). There are several ways to measure the closeness or
the distance between two distribution functions, for example, the Kolmogorov–Smirnov
(K–S) distance or Hellinger distance, etc. Intuitively, it is clear that if two distributions
are very close, one needs a very large sample size to discriminate between them for a
given probability of correct selection. On the other hand if two distribution functions
are quite diDerent, then one may not need very large sample size to discriminate be-
tween two distribution functions. It is also true that if two distribution functions are
very close to each other, then one may not need to diDerentiate the two distributions
from a practical point of view. Therefore, it is expected that the user will specify be-
fore hand the PCS and also the tolerance limit in terms of the distance between two
distribution functions. The tolerance limit simply indicates that the user does not want
to make the distinction between two distribution functions if their distance is less than
the tolerance limit. Based on the PCS and the tolerance limit, the required minimum
sample size can be determined. In this paper we use K–S distance to discriminate be-
tween two distribution functions but similar methodology can be developed using the
Hellinger distance also, which is not pursued here.
We observed in Section 3 that the RML statistics follow normal distribution approx-

imately for large n. Now it will be used with the help of K–S distance to determine
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Table 3
The minimum sample size n = z20:70AVWE(�)=(AMWE(�))2, using (4.5), for p∗ = 0:7 and when the null
distribution is Weibull is presented. The K–S distance between WE (�; 1) and GE(�̃; �̃) for diDerent values
of � is reported

� → 0.6 0.8 1.2 1.4 1.6 1.8 2.0
n → 71 242 381 88 44 28 20
K–S 0.036 0.016 0.013 0.022 0.029 0.036 0.039

Table 4
The minimum sample size n = z20:70AVGE(�)=(AMGE(�))2, using (4.6), for p∗ = 0:7 and when the null
distribution is GE is presented. The K–S distance between GE (�; 1) and WE (�̃; �̃) for diDerent values of
� is reported

� → 0.5 1.5 2.0 2.5 3.0
n → 50 431 75 45 32
K–S 0.032 0.010 0.019 0.025 0.030

the required sample size n such that the PCS achieves a certain protection level p∗

for a given tolerance level D∗. We explain the procedure assuming Case 1, Case 2
follows exactly along the same line.
Since T is asymptotically normally distributed with mean EWE(T ) and variance

VWE(T ), therefore the PCS is

PCS(�) = P[T ¡ 0|�] ≈ -

(
−EWE(T )√

VWE(T )

)
= -

(
−n× AMWE(�)√

n× AVWE(�)

)
: (4.3)

Here - is the distribution function of the standard normal random variable. AMWE(�)
and AVWE(�) are same as de9ned in (3.6) and (3.7), respectively. Now to determine
the sample size needed to achieve at least a p∗ protection level, equate

-

(
−n× AMWE(�)√

n× AVWE(�)

)
= p∗ (4.4)

and solve for n. It provides

n=
z2p∗AVWE(�)

(AMWE(�))2
: (4.5)

Here zp∗ is the 100p∗ percentile point of a standard normal distribution. For p∗ =0:7
and for diDerent �, the values of n are reported in Table 3. Similarly for Case 2, we
need

n=
z2p∗AVGE(�)

(AMGE(�))2
: (4.6)

Here AMGE(�) and AVGE(�) are as de9ned in (3.12) and (3.13), respectively. We
report n, with the help of Table 2 for diDerent values of � when p∗ =0:7 in Table 4.
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From Tables 3 and 4 it is immediate that as � and � move away from 1, for a
given PCS, the required sample size decreases as expected. From (4.5) and (4.6) it
is clear that if one knows the range of the shape parameter of the null distribution
then the minimum sample size can be obtained using (4.5) or (4.6) and using the
fact that n increases as the shape parameter moves away from 1. But unfortunately in
practice it may be completely unknown. Therefore, to have some idea of the shape
parameter of the null distribution we make the following assumptions. It is assumed
that the experimenter would like to choose the minimum sample size needed for a
given protection level when the distance between two distribution functions is greater
than a pre-speci9ed tolerance level. The distance between two distribution functions is
de9ned by the K–S distance. The K–S distance between two distribution functions, say
F(x) and G(x) is de9ned as

sup
x

|F(x)− G(x)|: (4.7)

We report K–S distance between WE(�; 1) and GE(�̃; �̃) for diDerent values of �
in Table 3. Here �̃ and �̃ are same as de9ned in (3.3) and (3.4) and they have
been reported in Table 1. Similarly, K–S distance between GE(�; 1) and WE(�̃; �̃) for
diDerent values of � is reported in Table 4. Here �̃ and �̃ are same as de9ned in (3.10)
and (3.11) and they have been reported in Table 2. From Tables 3 and 4 it is clear
that in both cases K–S distance between two distribution functions increases as the
shape parameter moves away from 1.
Now we explain how we can determine the minimum sample size required to dis-

criminate between Weibull and GE distributions for a user speci9ed protection level
and for a given tolerance level between the two distribution functions. Suppose the
protection level is p∗ = 0:7 and the tolerance level is given in terms of K–S distance
as D∗ = 0:036. Here tolerance level D∗ = 0:036 means that the practitioner wants to
discriminate between a Weibull distribution function and a GE distribution function
only when their K–S distance is more than 0:036. From Table 3, it is clear that for
case 1, K–S distance will be more than 0:036 if �6 0:6 or �¿ 1:8. Similarly from
Table 4, it is clear that for case 2, K–S distance will be more than 0:036 if �¡ 0:5
or �¿ 3:0. Therefore, if the null distribution is Weibull, then for the tolerance level
D∗ = 0:036, one needs n = max(71; 28) = 71 to meet the PCS, p∗ = 0:7. Similarly if
the null distribution is GE then one needs at most n = max(32, 50) = 50 to meet the
above protection level p∗ = 0:7 and when the tolerance level D∗ = 0:036. Therefore,
for the given tolerance level 0:036 one needs max(50; 71) = 71 to meet the protection
level p∗ = 0:7 simultaneously for both the cases.

5. Numerical experiments

In this section we perform some numerical experiments to observe how these asymp-
totic results derived in Section 3 work for 9nite sample sizes. All computations are
performed at the Indian Institute of Technology Kanpur, using Pentium-II processor.
We use the random deviate generator of Press et al. (1993) and all the programs
are written in FORTRAN. They can be obtained from the authors on request. We
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Table 5
The PCS based on Monte Carlo Simulations and also based on asymptotic results when the null distribution
is Weibull. The element in the 9rst row in each box represents the results based on Monte Carlo Simulations
(10,000 replications) and the number in bracket immediately below represents the result obtained by using
asymptotic results

� ↓ n → 20 40 60 80 100

0.6 0.58 0.66 0.70 0.73 0.75
(0.61) (0.65) (0.68) (0.71) (0.75)

0.8 0.53 0.56 0.59 0.61 0.62
(0.56) (0.58) (0.60) (0.62) (0.63)

1.2 0.56 0.58 0.59 0.60 0.61
(0.55) (0.57) (0.58) (0.59) (0.60)

1.4 0.63 0.66 0.67 0.71 0.72
(0.60) (0.64) (0.67) (0.69) (0.71)

1.6 0.66 0.71 0.74 0.77 0.82
(0.64) (0.69) (0.73) (0.76) (0.82)

1.8 0.70 0.75 0.78 0.82 0.84
(0.67) (0.74) (0.78) (0.81) (0.84)

2.0 0.71 0.79 0.82 0.86 0.88
(0.70) (0.77) (0.82) (0.85) (0.88)

compute the PCS based on simulations and we also compute it based on asymptotic
results derived in Section 3. We consider diDerent sample sizes and also diDerent shape
parameters of the null distributions. The details are explained below.
First we consider the case when the null distribution is Weibull and the alternative

is GE. In this case we consider n = 20; 40; 60; 80; 100 and � = 0:6; 0:8; 1:2; 1:4; 1:6; 1:8
and 2.0. For a 9xed � and n we generate a random sample of size n from WE(�; 1),
we 9nally compute T as de9ned in (2.3) and check whether T is positive or negative.
We replicate the process 10,000 times and obtain an estimate of the PCS. We also
compute the PCSs by using these asymptotic results as given in (4.3). The results
are reported in Table 5. Similarly, we obtain the results when the null distribution is
GE and the alternative is Weibull. In this case we consider the same set of n and
� = 0:5; 1:5; 2:0; 2:5; 3:0. The results are reported in Table 6. In each box the 9rst row
represents the results obtained by using Monte Carlo simulations and the second row
represents the results obtained by using the asymptotic theory.
It is quite clear from Tables 5 and 6 that as the sample size increases the PCS

increases as expected. It is also clear that as the shape parameter moves away from
1, the PCS increases. Even when the sample size is 20, asymptotic results work quite
well for both the cases for all possible parameter ranges. From the simulation study
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Table 6
The PCS based on Monte Carlo Simulations and also based on asymptotic results when the null distribution
is GE. The element in the 9rst row in each box represents the results based on Monte Carlo Simulations
(10,000 replications) and the number in bracket immediately below represents the result obtained by using
asymptotic results

� ↓ n → 20 40 60 80 100

0.5 0.66 0.70 0.71 0.74 0.76
(0.63) (0.68) (0.72) (0.75) (0.77)

1.5 0.53 0.57 0.60 0.62 0.64
(0.56) (0.59) (0.61) (0.62) (0.64)

2.0 0.57 0.63 0.68 0.70 0.73
(0.60) (0.65) (0.68) (0.71) (0.73)

2.5 0.62 0.68 0.72 0.77 0.79
(0.64) (0.69) (0.73) (0.76) (0.79)

3.0 0.63 0.72 0.75 0.81 0.82
(0.66) (0.72) (0.76) (0.80) (0.82)

it is recommended that asymptotic results can be used quite eDectively even when the
sample size is as small as 20 for all possible choices of the shape parameters.

6. Data analysis

In this section we analyze two data sets and use our method to discriminate between
two populations.
Data Set 1: The 9rst data set is as follows; (Lawless, 1982, p. 228). The data given

arose in tests on endurance of deep groove ball bearings. The data are the number of
million revolutions before failure for each of the 23 ball bearings in the life test and
they are 17.88, 28.92, 33.00, 41.52, 42.12, 45.60, 48.80, 51.84, 51.96, 54.12, 55.56,
67.80, 68.44, 68.64, 68.88, 84.12, 93.12, 98.64, 105.12, 105.84, 127.92, 128.04, 173.40.
When we use a GE model, the MLEs of the diDerent parameters are �̂=5:2589; �̂=

0:0314 and ln(LGE(�̂; �̂))=−112:9763. Similarly, if we use a Weibull model, the MLEs
of the diDerent parameters are �̂=2:1050; �̂=0:0122 and ln(LWE(�̂; �̂)) =−113:6887.
Therefore, T =−112:9763+ 113:6887= 0:7124¿ 0, which indicates to choose the GE
model. In Fig. 2, we provide the histogram of the data and the two 9tted densities.
From the 9tted density functions it appears that generalized exponential distribution
provides a better :t than Weibull distribution in this case.
If the distribution were GE with �=5:2589= �̂ and �=0:0314= �̂, then we compute

PCS by computer simulations (based on 10,000 replications) similarly as in Section
5 and we obtain PCS = 0:7059. It implies that PCS will be more than 70%. On the
other hand if the choice of GE were wrong and the original distribution was Weibull
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Fig. 2. The histogram of the data set 1 and the 9tted density functions.

with shape parameter � = 2:1050 = �̂ and scale parameter � = 0:0122 = �̂, then sim-
ilarly as before based on 10,000 replications we obtain PCS = 0:7121, yielding an
estimated risk less than approximately 30% to choose the wrong model. Now we
compute the PCSs based on large sample approximations. Assuming that the data are
coming from GE, we obtain AMGE(5:2589) = 0:0300 and AVGE(5:2589) = 0:0763, it
implies from (3.12) and (3.13) that EGE(T ) ≈ 0:6910 and VGE(T ) ≈ =1:7554. There-
fore, assuming that the data are from GE, T is approximately normally distributed with
mean = 0:6910; variance = 1:7554 and PCS = 1 − -(−0:5215) = -(0:5215) ≈ 0:70,
which is almost equal to the above simulation result. Moreover under the same as-
sumption that the data are from a GE, we obtain the approximate p value of the
observed T = 0:7124 is 0.49. Similarly, assuming that the data are coming from a
Weibull, we compute AMWE(2:1050) = −0:0297 and AVWE(2:1050) = 0:0646. Using,
(3.6) and (3.7) we have EWE(T ) ≈ −0:6794 and VWE(T ) ≈ =1:4860. Therefore,
assuming that the data are from a Weibull distribution the probability of miss classi9-
cation (1 − PCS) is 1 − -(0:5573) ≈ 0:28, which is also very close to the simulated
results. In this case the approximate p value of the observed T is 0.13. Comparing
the two p values also, we would like to say that the data are coming from a GE
distribution and the probability correct selection is at least min(0:70; 0:72) = 0:70 in
this case.
Data Set 2: The second data set (Linhart and Zucchini, 1986, p. 69) represents the

failure times of the air conditioning system of an airplane: 23, 261, 87, 7, 120, 14, 62,
47, 225, 71, 246, 21, 42, 20, 5, 12, 120, 11, 3, 14, 71, 11, 14, 11, 16, 90, 1, 16, 52,
95.
Under the assumption that the data are from a GE distribution, the MLEs of the

diDerent parameters are �̂ = 0:8130 and �̂ = 0:0145, also ln(LGE(�̂; �̂)) = −152:264.
Similarly under the assumption that the data are from a Weibull distribution, the
MLEs of the diDerent Weibull parameters are �̂ = 0:8554 and �̂ = 0:0183. We
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Fig. 3. The histogram of the data set 2 and the 9tted density functions.

provide the histogram of the data set 2 and the two 9tted densities in Fig. 3. From
the 9gure it appears that both the 9ts are quite close to each other. In this case
ln(LWE(�̂; �̂)) = −152:007 and that provides T = −152:264 + 152:007 = −0:257¡ 0.
Therefore, we choose the Weibull model in this case. Under the assumptions that the
data are from WE(0:8554; 0:0183), we obtain PCS=0:5224 based on simulation results.
Moreover, under the assumptions that the data are from GE(0:8130; 0:0145); PCS =
0:5380. We obtain AMWE(0:8554)=−0:0055; AVWE(0:8554)=0:0184; AMGE(0:8130)=
0:0004; AVGE(0:8130)=0:0061: From (3.12), (3.13), (3.6) and (3.7) we have EWE(T ) ≈
−0:1658; VWE(T ) ≈ =0:5515; EGE(T ) ≈ =0:0013 and VGE ≈ =0:1823. Therefore us-
ing large sample approximation, under the assumption that the data are coming from
a Weibull distribution, PCS = -(0:2025) ≈ 0:5871 and using simulations we obtain
PCS = 0:5224. The approximate p value of the observed T is 0.43. Similarly, under
the assumption that the data are coming from a GE, using the large sample approxi-
mation we obtain PCS = -(0:0030) ≈ 0:50 and using simulations PCS = 0:5345. The
corresponding approximate p value of the observed T is 0.15. Therefore, the p value
also suggests to choose a Weibull model for data set 2, but interestingly PCS is only
around 50% in this case.
From the two examples it is clear that not only the sample size but the model param-

eters also play a very important role in choosing between two overlapping distributions.
For comparison purposes we compute K–S distances in both cases and plot the two
9tted distribution functions for data set 1 and data set 2 in Figs. 4 and 5, respectively.
It is observed that for data set 1, the K–S distance between the two 9tted distributions
is 0.039 and for data set 2, the corresponding K–S distance is 0.022. For data set 2,
it is very clear that two 9tted distribution functions are very close to each other and
therefore discriminating between them is very diOcult. It also shows that the distance
between the two 9tted distributions is very important in discriminating two overlapping
families.
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Fig. 4. The two 9tted distribution functions for data set 1.
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Fig. 5. The two 9tted distribution functions for data set 2.

7. Conclusions

In this paper we consider the problem of discriminating between two overlapping
families of distribution functions, namely Weibull and GE families. We consider the
statistic based on the RML and obtain asymptotic distributions of the test statistics
under null hypotheses. Using a Monte Carlo simulation we compare the probability of
correct selection with these asymptotic results and it is observed that even when the
sample size is very small these asymptotic results work quite well for a wide range
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of the parameter space. Therefore, these asymptotic results can be used to estimate the
PCS. We use these asymptotic results to calculate the minimum sample size needed
to discriminate between two distribution functions for a user speci9ed probability of
correct selection. We use the concept of tolerance level based on the distance between
two distribution functions. For a particular D∗ tolerance level the required minimum
sample size is obtained for a given user speci9ed protection level. Two small tables are
provided for the protection level 0:70 but for the other protection level the tables can
be easily used as follows. For example if we need the protection level p∗ = 0:8, then
all the entries corresponding to the row of n, will be multiplied by z20:8=z

2
0:7, because of

(4.6). Therefore, Tables 3 and 4 can be used for any given protection level. We have
just presented two small tables for illustration purposes, extensive tables for diDerent
values of � and � can be obtained from the authors on request. It may be mentioned
that similar methodologies can be developed in discriminating between GE and gamma
distributions or between GE and log-normal distributions. More work is needed in that
direction.
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