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Summary

The theory of competing risks has been developed to asses a specific risk in presence of other risk
factors. In this paper we consider the parametric estimation of different failure modes under partially
complete time and type of failure data using latent failure times and cause specific hazard functions
models. Uniformly minimum variance unbiased estimators and maximum likelihood estimators are
obtained when latent failure times and cause specific hazard functions are exponentially distributed. We
also consider the case when they follow Weibull distributions. One data set is used to illustrate the
proposed techniques.

Key words: Competing risks; Incomplete data; Failure distribution; Exponential distribution;
Maximum likelihood estimators; Minimum variance unbiased estimator.

1. Introduction

In medical studies an investigator is often concerned with the assessment of a specific risk in presence
of other risk factors. In statistical literature it is well known as the competing risks model. In analyz-
ing the competing risks model, ideally data consist of a failure time and an indicator denoting the
failure type. But in many situations data may be incomplete, both in failure time and failure type.
Moreover, under some circumstances, the failure type can be determined even when the failure time is
censored. For example, consider an analysis of prostatic cancer in older man. Since, prostatic cancer
is not rapidly lethal and can be diagnosed long before death, a man known to have the prostatic
cancer who is alive at the time of analysis contributes complete information on the failure type, but
incomplete in failure time. On the other hand, without an autopsy, the time of death provides a com-
plete information on the failure time but no information on the failure type.

Note that in presence of complete information, several studies have been carried out for the last
two decades both under the parametric and non-parametric set up. Dinse [3] considered the non-
parametric estimation of the survival function of a particular cause for incomplete time and type of
failure data. Because of the non-parametric formulation, it was difficult to consider estimations and
construction of confidence intervals of several other parameters of interests. Here we adopt the
parametric formulation of the problem and consider statistical inference of several important param-
eters.

We approach the problem in two different ways. First we use the latent failure times model, as
suggested by Cox [1]. In the latent failure times model, it is assumed that the competing risks are
independent. Secondly, we use the cause specific hazard functions model as suggested by Prentice
et al. [9], where the distributions of the competing causes may not be independent. It is assumed that
the latent failure time distributions can be either exponential or Weibull. Similarly, under the cause
specific hazard functions model, it is assumed that the cause specific hazard functions also can be
either exponential or Weibull. Interestingly, in both the formulations, likelihood functions of the ob-
served data are same in each case. Therefore, the estimation procedures of the different unknown
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parameters and their statistical properties remain unchanged, although the interpretations of the differ-
ent parameters might be different.

In this paper, we make similar assumptions as of Dinse [3]. It is assumed that every member of
a certain target population either dies of a particular disease, say cancer or by other causes. A
proportion p of the population die of cancer and the proportion (1� p) die due to other causes.
Suppose that a subject can experience one of J failure types and let us define X be the time of
failure and let d be the failure type. At the end of the study, we have the following types of
observations:

1: fX ¼ t; d ¼ jg 2: fX > tg 3: fX > t; d ¼ jg 4: fX ¼ tg :

It may be mentioned that Miyakawa [8] and recently Kundu and Basu [5] considered a similar
problem in presence of only type 1 and type 4 observations.

The rest of the paper is organized as follows. In Section 2, we provide the formulation in terms of
the latent failure times model and describe different notation, which we are going to use throughout
this paper. In Section 3, we consider the estimation of different parameters when the latent failure
time distributions are exponential. The corresponding confidence intervals are considered in Section 4.
The Weibull latent failure distributions are considered in Section 5. One data set is analyzed in Sec-
tion 6 for illustration purposes. In Section 7, we formulate the problem using the cause specific hazard
functions model and finally we draw conclusions from out work in Section 8.

2. Model Description and Notation

Without loss of generality, we assume that there are only two failures types. We use the following
notation;

Xi: lifetime of system i
Xji: lifetime of mode j (¼ 1 or 2) of system i
Fð:Þ: cumulative distribution function of Xi

f ð:Þ: density function of Xi

Fjð:Þ: distribution function of Xji

fjð:Þ: density function of Xji
�FFjð:Þ: ¼ 1� Fjð:Þ
di: indicator variable denoting cause of failure of system i
I½:�: indicator function of event ½:�
Exp ðlÞ: denotes exponential random variable with density function l e�lx

Gamma ða; lÞ: denotes gamma random variable with density function
la

GðaÞ x
a�1 e�lx

Weibull ða; lÞ: denotes Weibull random variable with density function al xa�1 e�lxa

bin ðn; pÞ: denotes binomial random variable with parameters n and p.
In this Section we formulate the problem using the latent failure times model of Cox [1]. It is

assumed that ðX1i;X2iÞ; i ¼ 1; 2 . . .N are N independent and identically distributed (i.i.d.) random
variables. It is also assumed that X1i and X2i are independent for all i ¼ 1; 2; . . .N and
Xi ¼ min fX1i;X2ig. Without loss of generality we assume that there are only two failure types,
namely 1 and 2. We assume that we have following observations. The first r1 observations have com-
plete failure times and corresponding cause of failure is 1 for all of them. We denote this set as I1,
i.e., the observations are of the type ðxi; diÞ; di ¼ 1 for all i 2 I1 and the number of elements in
I1, j I1j, is r1. Similarly the next r2 observations have complete failure times and the corresponding
cause of failure is 2 for all of them. We denote this set as I2. The next r3 observations have complete
failure times but corresponding causes of failure are unknown and we denote this set as I3. For the
next r4 observations we know that the failure type will be 1 but failure times have been right cen-
sored. We denote this set as I4. Similarly for the next r5 observations we have failure type 2, but
corresponding failure times are right censored. Finally we have last r6 right censored observations,
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where exact failure time and failure type both are unknown and we denote this set as I6. Therefore, in
summary we have following types of observations:

a: ðxi; 1Þ; i 2 I1; jI1j ¼ r1;

b: ðxi; 2Þ; i 2 I2; jI2j ¼ r2;

c: ðxi; �Þ; i 2 I3; jI3j ¼ r3;

d: ðxi�; 1Þ; i 2 I4; jI4j ¼ r4;

e: ðxi�; 2Þ; i 2 I5; jI5j ¼ r5;

f : ðxi�; �Þ; i 2 I6; jI6j ¼ r6 :

ð1Þ

We denote r1 þ r2 þ r3 ¼ n, r4 þ r5 þ r6 ¼ m and therefore, mþ n ¼ N. In order to analyze incom-
plete data it is assumed that failure times are from the same population as the complete data. We also
assume throughout that r1 þ r2 ¼ n1, r3, r4 þ r5 ¼ m1, r6 are fixed and not random and n > 0. If they
are assumed to be random, then all the results are valid conditionally, see Kundu and Basu [5] for
details. The likelihood contributions from the observations a; b; c; d; e and f are

f1ðxÞ �FF2ðxÞ ; f2ðxÞ �FF1ðxÞ ; f ðxÞ ;
Ð1
x
f1ðyÞ �FF2ðyÞ dy ;

Ð1
x

f2ðyÞ �FF1ðyÞ dy ; �FFðxÞ;

respectively.

3. Exponential Latent Failure Time Distributions: Point Estimation

In this Section, we assume that Xji’s are exponential random variables with parameters lj for j ¼ 1
and 2 and for i ¼ 1; . . . ;N. The distribution function, FjðtÞ, of Xji has the following form:

FjðtÞ ¼ ð1� e�lj tÞ ; j ¼ 1; 2 :

In this case the likelihood function of the observed data (1) is

L ¼ lr11 exp �ðl1 þ l2Þ
P
i2 I1

xi
� �

� lr22 exp �ðl1 þ l2Þ
P
i2 I2

xi
� �

� ðl1 þ l2Þr3 exp �ðl1 þ l2Þ
P
i2 I3

xi
� �

� l1
l1 þ l2

� �r4

exp �ðl1 þ l2Þ
P
i2 I4

xi
� �

� l2
l1 þ l2

� �r5

exp �ðl1 þ l2Þ
P
i2 I5

xi
� �

� exp �ðl1 þ l2Þ
P
i2 I6

xi
� �

¼ lr1þr4
1 � lr2þr5

2 � ðl1 þ l2Þr3�r4�r5 � exp �ðl1 þ l2Þ
P
i2 I

xi
� �

: ð2Þ

Here I ¼ I1 [ I2 [ . . . [ I6. From the likelihood function (2), we obtain MLEs of l1 and l2 as

l̂l1 ¼
nðr1 þ r4Þ

ðn1 þ m1Þ
P
i2 I

xi
� � and l̂l2 ¼

nðr2 þ r4Þ
ðn1 þ m1Þ

P
i2 I

xi
� � :

Now to compute mean and variances of l̂l1 and l̂l2, we observe the following

r1 � bin n1;
l1

l1 þ l2

� �
; r2 � bin n1;

l2
l1 þ l2

� �
; ð3Þ

r4 � bin m1;
l1

l1 þ l2

� �
; r5 � bin m1;

l2
l1 þ l2

� �
; ð4Þ

Pnþm

i¼ 1
Xi � Gðnþ m; l1 þ l2Þ : ð5Þ
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Note that using (3)–(5), the exact distributions of l̂l1 and l̂l2 can be easily calculated. Using (3)–(5),
we obtain

Eðl̂l1Þ ¼
n

nþ m� 1
l1 ; Vðl̂l1Þ ¼

n2l1
ðnþ m� 1Þ ðnþ m� 2Þ

l1
nþ m� 1

þ l2
n1 þ m1

� �
;

Eðl̂l2Þ ¼
n

nþ m� 1
l2 ; Vðl̂l2Þ ¼

n2l2
ðnþ m� 1Þ ðnþ m� 2Þ

l2
nþ m� 1

þ l1
n1 þ m1

� �
:

ð6Þ

From (6), it is immediate that

~ll1 ¼
ðr1 þ r4Þ ðnþ m� 1Þ
ðn1 þ m1Þ

P
i2 I

xi
� � and ~ll2 ¼

ðr2 þ r5Þ ðnþ m� 1Þ
ðn1 þ m1Þ

P
i2 I

xi
� �

are uniformly minimum variance unbiased estimators (UMVUEs) of l1 and l2 respectively. Note that
these results match with those of Miyakawa [8], when r4 ¼ r5 ¼ r6 ¼ 0.

The relative risk rate, p, due to cause 1 is

P½X1i < X2i� ¼
ð1
0

l1 exp �ðl1 þ l2Þ xð Þ dx ¼ l1
l1 þ l2

:

Observe that
r1
n1

and
r4
m1

are unbiased estimators of p, but the MLE of p, p̂p, is

p̂p ¼ l̂l1

l̂l1 þ l̂l2
¼ r1 þ r4

n1 þ m1
:

Note that the distribution p̂p is a scaled version of a Binomial distribution and p̂p is an unbiased estima-

tor of p. Now, we consider the problem of estimating the mean lifetimes q1 ¼
1
l1

and q2 ¼
1
l2

due to

cause 1 and cause 2 respectively. Note that although MLEs and UMVUEs of l1 and l2 always exist
but the same is not true for q1 and q2. UMVUEs of q1 and q2 do not exist and MLEs of q1 and q2
exist when r1 þ r4 > 0 and r2 þ r5 > 0 respectively. First we give the results for q1. The conditional
MLE (conditioning that r1 þ r4 > 0) of q1, say q̂q1, is as follows:

q̂q1 ¼
P
i2 I

xi �
n1 þ m1

nðr1 þ r4Þ
:

Now, we obtain the conditional distribution of q̂q1, conditioning on r1 þ r4 > 0, which in turn helps us
in constructing confidence interval q1. We need the following lemma for further development.

Lemma 1: The conditional moment generating function (mgf) of q̂q1, say fq̂q1
ðtÞ, is of the following

form:

fq̂q1
ðtÞ ¼ E½exp ðtq̂q1Þ j r1 þ r4 > 0�

¼ 1� qn1 þm1
� ��1 Pn1 þm1

i¼ 1

ðn1 þ m1Þ!
i!ðn1 þ m1 � iÞ!

q2
q1 þ q2

� �i
q1

q1 þ q2

� �n1þm1�i
"

� 1� tðn1 þ m1Þ
ni

q1q2
q1 þ q2

� ��ðnþmÞ#
¼

Pn1þm1

i¼ 1
pi 1� tðn1 þ m1Þ

ni
q1q2

q1 þ q2

� ��ðnþmÞ
:

Here q ¼ q1
q1 þ q2

and

pi ¼ 1� qn1þm1ð Þ�1 ðn1 þ m1Þ!
i!ðn1 þ m1 � iÞ!

q2
q1 þ q2

� �i
q1

q1 þ q2

� �n1þm1�i

:
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Proof of lemma 1: Note that
Pnþm

i¼ 1
Xi is Gamma nþ m;

q1 þ q2
q1q2

� �
and r1 þ r4 is bin n1 þ m1;

l1
l1 þ l2

� �
random variables. Therefore,

fq̂q1
ðtÞ ¼ E½ exp ðtq̂q1Þ j r1 þ r4 > 0 �

¼
Pn1 þm1

i¼ 1
E½ exp ðtq̂q1Þ j r1 þ r4 ¼ i � � P r1 þ r4 ¼ i j r1 þ r4 > 0½ � :

Note that, pi ¼ P r1 þ r4 ¼ i j r1 þ r4 > 0½ � for i ¼ 1; . . . ; n1 þ m1. Since the moment generating function

of Gamma ða; lÞ is 1� t
l

� ��a

, the result immediately follows. Therefore, we have the following theorem.

Theorem 1: The conditional probability density function (pdf) of q̂q1, fq̂q1ðxÞ, and the conditional
probability distribution function, Fq̂q1

ðxÞ, becomes

fq̂q1ðxÞ ¼
Pn1 þm1

i¼ 1
pigiðxÞ ; Fq̂q1

ðxÞ ¼
Pn1 þm1

i¼ 1
piGiðxÞ :

Here giðxÞ and GiðxÞ denote the density function and the distribution function respectively of a gamma

random variable with shape parameter ðnþ mÞ and scale parameter
niðq1 þ q2Þ

ðn1 þ m1Þ ðq1q2Þ
for

i ¼ 1; . . . ; n1 þ m1.

Proof of theorem 1: The proof follows immediately from lemma 1.

From theorem 1, it is clear that the conditional distribution of q̂q1 is a mixture of gamma random
variables. It is easy to compute different conditional moments of q̂q1. We provide the first and the
second conditional moments, others can be computed along the same line. We denote two conditional
moments as Eðq̂q1Þ and Eðq̂q21Þ respectively. We have

Eðq̂q1Þ ¼
Pn1 þm1

i¼ 1

pi
i

� �
1
n

ðnþ mÞ ðn1 þ m1Þ
q1q2

q1 þ q2

� �
ð7Þ

and

Eðq̂q21Þ ¼
Pn1 þm1

i¼ 1

pi
i2

� �
1
n2

ðnþ mÞ ðnþ mþ 1Þ ðn1 þ m1Þ2
ðq1q2Þ2

ðq1 þ q2Þ2

 !
:

Note that q̂q1 is not an unbiased estimator of q1 and since the summation sign denotes inverse
moments of positive binomial random variables, it is not possible to give exact expressions. However,
it is known (Mendenhall and Lehmann [7]) that if Z is a binomial random variable with parameters N

and p, then for large N, E
1
Z

j Z > 0

� �
� 1

EðZÞ ¼
1
Np

and E
1
Z2

j Z > 0

� �
� 1

ðEðZÞÞ2
¼ 1

ðNpÞ2
. Using

these approximations, we have Eðq̂q1Þ �
nþ m
n

q1 and Eðq̂q21Þ �
ðnþ mÞ ðnþ mþ 1Þ

n2
q21. Therefore,

when
m
n
tends to zero, then q̂q1 is an asymptotically unbiased and consistent estimator of q1. For fixed

m and n (large), the expression (7) of Eðq̂q1Þ can be used for biased correction. Same results are true
for q̂q2 also and they can be obtained simply by interchanging the roles of q1 and q2.

4. Exponential Latent Failure Time Distributions: Confidence Intervals

In this Section we obtain confidence bounds of l1 and l2 using the asymptotic distributions of l̂l1 and
l̂l2. The 2� 2 Fisher Information of l1 and l2 is Iðl1; l2Þ ¼ ðIijðl1; l2ÞÞ for i; j ¼ 1 and 2. Here

Iijðl1; l2Þ ¼ �E
@2 ln ðl1; l2Þ

@li @lj

� �
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and

I11ðl1; l2Þ ¼
nl1 þ ðn1 þ m1Þ l2

l1ðl1 þ l2Þ2
;

I12ðl1; l2Þ ¼ I21ðl1; l2Þ ¼
ðn� m1Þ � n1
ðl1 þ l2Þ2

and

I22ðl1; l2Þ ¼
nl2 þ ðn1 þ m1Þ l1

l2ðl1 þ l2Þ2
:

Therefore, if l ¼ ðl1; l2Þ and l̂l ¼ ðl̂l1; l̂l2Þ, then we have,

ðl̂l� lÞ ! N2 0; I�1ðl1; l2Þ
� �

;

where I�1ðl1; l2Þ ¼ ðI�1
ij ðl1; l2ÞÞ and

I�1
11 ðl1; l2Þ ¼

l1ðnl2 þ ðn1 þ m1Þ l1Þ
nðn1 þ m1Þ

;

I�1
12 ðl1; l2Þ ¼ I�1

21 ðl1; l2Þ ¼
l1l2ð�ðn� m1Þ þ n1Þ

nðn1 þ m1Þ
;

I�1
22 ðl1; l2Þ ¼

l2ðnl1 þ ðn1 þ m1Þ l2Þ
nðn1 þ m1Þ

:

Similarly, we can have the Fisher Information matrix, Iðq1; q2Þ, for q1 and q2 by using simply
Jacobian transformation.

Some other important parameters are, say

½1� p ¼ l1
l1 þ l2

¼ q2
q1 þ q2

: Probability of death due to cause 1.

½2� t1 ¼ pq1 þ ð1� pÞ q2 ¼ pl�1
1 þ ð1� pÞ l�1

2 : The expected lifetime of all individuals.

½3� t2 ¼ pt�1
1 : The cause (1) specific mortality index.

½4� t3 ¼ exp ð�l1xÞ : The survival function due to cause 1.
The MLEs of p, t1, t2 and t3 can be obtained very easily by using the in-variance property of the

MLEs and their asymptotic distributions can be obtained using the d-method.

5. Weibull Latent Failure Time Distributions

5.1 Estimation of parameters

In this Section we assume that Xjis are Weibull random variables with parameters ða; ljÞ for j ¼ 1; 2
and for i ¼ 1; . . . ; n. The distribution function Fjð:Þ of Xji has the following form:

FjðtÞ ¼ 1� exp ð�ljt
aÞ :

We assume that the lifetime distributions of the different causes follow Weibull distributions with
different scale parameters but they have the same shape parameter. The hazard rates due to cause 1
and cause 2 are given by

@F1ðtÞ
�FF1ðtÞ

¼ al1t
a�1 and

@F2ðtÞ
�FF2ðtÞ

¼ al2t
a�1

respectively. The mean lifetimes due to cause 1 and cause 2 are

EðX1iÞ ¼
1

l
1
a
1

G 1þ 1
a

� �
and EðX2iÞ ¼

1

l
1
a
2

G 1þ 1
a

� �
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respectively. The relative risk rate, p, due to cause 1 is

p ¼ P X1i < X2i½ � ¼
ð1
0

al1x
a�1 exp ð�ðxaðl1 þ l2ÞÞ dx ¼

l1
l1 þ l2

and it is independent of the shape parameter. The log-likelihood of the observed data is

ln ðLÞ ¼ ðr1 þ r4Þ ln ðl1Þ þ ðr2 þ r5Þ ln ðl2Þ þ ðr3 � r4 � r5Þ ln ðl1 þ l2Þ
� ðl1 þ l2Þ

P
i2 I

xai þ ða� 1Þ
P

i2 I1 [ I2 [ I3

ln ðxiÞ þ ðr1 þ r2 þ r3Þ ln ðaÞ :

Taking derivatives of ln ðLÞ with respect to l1, l2 and a and making them equal to zero, give

l̂l1ðaÞ ¼
nðr1 þ r4ÞP

i2 I
xai ðn1 þ m1Þ

and l̂l2ðaÞ ¼
nðr2 þ r5ÞP

i2 I
xai ðn1 þ m1Þ

:

Putting values of l̂l1ðaÞ and l̂l2ðaÞ in ln (L), we obtain

ln ðLðaÞÞ ¼ K þ ðr1 þ r2 þ r3Þ ln ðaÞ � ln
P
i2 I

xai
� �� �

þ ða� 1Þ
P

i2 I1 [ I2 [ I3

ln ðxiÞ ; ð8Þ

here K is a constant independent of a. Now differentiating (8) with respect to a and equating it to
zero, we obtain

d
da

ln ðLðaÞÞ ¼ �ðr1 þ r2 þ r3Þ

P
i2 I

xai ln ðxiÞP
i2 I

xai
þ

P
i2 I1 [ I2 [ I3

ln ðxiÞ þ
r1 þ r2 þ r3

a
¼ 0 : ð9Þ

The equation (9) can be written equivalently as

a ¼

P
i2 I

xai ln ðxiÞP
i2 I

xai
�

P
i2 I1 [ I2 [ I3

ln ðxiÞ

r1 þ r2 þ r3

2
64

3
75
�1

¼ hðaÞ (say) : ð10Þ

Therefore, a simple iterative scheme may be used to solve (10). From the ith iterate aðiÞ, aðiþ1Þ can be
obtained as hðaðiþ1ÞÞ. Once we obtain âa, l̂l1ðâaÞ and l̂l2ðâaÞ can be obtained as MLEs of l1 and l2
respectively.

Alternatively, we can use EM algorithm of Dempster, Laird and Rubin [2] to compute MLEs of
unknown parameters. The EM algorithm consists of two steps. The first one is the estimation (E) step,
where complete observations are left intact and ‘pseudo observations’ are framed. In this case we
consider the E-step as follows. All data belong to category a, b, d, e, and f are left intact, only if the
observation x belongs to category c, we form ‘pseudo observation’ by fractioning x to two partially
complete ‘pseudo observation’ of the form ðx; w1ðx; gÞÞ, ðx; w2ðx; gÞÞ, where g ¼ ðl1; l2; aÞ. Speci-
fically, the fractional mass, ðwjðx; gÞÞ, assigned to this ‘pseudo observation’ x, is the conditional prob-
ability that the individual died from risk j given that the individual had died at time point point x.
Therefore,

w1ðx; gÞ ¼
l1

l1 þ l2
and w2ðx; gÞ ¼

l2
l1 þ l2

:

From now on we denote w1ðx; gÞ, w2ðx; gÞ as w1 and w2 respectively. The log-likelihood function of
the ‘pseudo data’ can be written as ln ðLSðl1; l2; aÞÞ, where

ln ðLSðl1; l2; aÞÞ ¼ ðr1 þ r2 þ r3Þ ln ðaÞ þ ðr1 þ w1r3Þ ln ðl1Þ þ ðr2 þ w2r3Þ ln ðl2Þ
þ ða� 1Þ

P
i2 I1 [ I2 [ I3

ln ðxiÞ � ðl1 þ l2Þ
P
i2 I

xai : ð11Þ
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The maximization step (M) involves the maximization of the log-likelihood function of the ‘pseudo
data’ (11) with respect to l1, l2 and a. Assuming wjs to be known, we need to maximize
LSðl1; l2; aÞ. It has to be performed iteratively. If ðlðiÞ1 ; l

ðiÞ
2 ; aðiÞÞ is the ith iterate, then ðiþ 1Þth

iterate, ðlðiþ1Þ
1 ; l

ðiþ1Þ
2 ; aðiþ1ÞÞ can be obtained as

l
ðiþ1Þ
1 ¼ r1 þ r3w1P

i2 I
xa

ðiÞ
i

and l
ðiþ1Þ
2 ¼ r2 þ r3w2P

i2 I
xa

ðiÞ
i

:

Finally aðiþ1Þ can be obtained as follows;

aðiþ1Þ ¼ arg max gðaÞ ;
where

gðaÞ ¼ ðr1 þ r2 þ r3Þ ln ðaÞ þ ðr1 þ w1r3Þ ln ðlðiÞ1 Þ þ ðr2 þ w2r3Þ ln ðlðiÞ2 Þ
þ ða� 1Þ

P
i2 I1 [ I2 [ I3

ln ðxiÞ � ðlðiÞ1 þ l
ðiÞ
2 Þ
P
i2 I

xai :

Equating g0ðaÞ ¼ 0, we obtain

a ¼ r1 þ r2 þ r3

ðlðiÞ1 þ l
ðiÞ
2 Þ
P
i2 I

xai ln ðxiÞ �
P

i2 I1 [ I2 [ I3

ln ðxiÞ
¼ vðaÞ ðsayÞ : ð12Þ

Note that (12) also can be solved similarly as (10).

5.2 Confidence intervals

In this Section we provide confidence intervals of different parameters. Since it is not possible to
obtain the exact distribution of MLEs, we use the asymptotic method. The asymptotic results can be
stated as follows:

ðl̂l1 � l1; l̂l2 � l2; âa� aÞ ! N3ð0; I�1ðl1; l2; aÞÞ : ð13Þ
Here Iðl1; l2; aÞ is the Fisher Information matrix for the unknown parameters ðl1; l2; aÞ. The
elements of the 3� 3 matrix I ¼ ððIijÞÞ are as follows:

I11ðl1; l2; aÞ ¼
nl1 þ ðn1 þ m1Þ l2

l1 ðl1 þ l2Þ2
;

I22ðl1; l2; aÞ ¼
nl2 þ ðn1 þ m1Þ l1

l2 ðl1 þ l2Þ2
;

I12ðl1; l2; aÞ ¼
n� ðn1 þ m1Þ
ðl1 þ l2Þ2

¼ I21ða; l1; l2Þ ;

I33ðl1; l2; aÞ ¼
n
a2

þ Vðnþ mÞ ðl1 þ l2Þ ;

I13ðl1; l2; aÞ ¼ ðnþ mÞ U ¼ I31ðl1; l2; aÞ ¼ I23ða; l1; l2Þ ¼ I32ðl1; l2; aÞ :
Here U ¼ EðXa ln ðXÞÞ and V ¼ EðXa ðln ðXÞÞ2Þ, where X is distributed as Weibull ða; l1 þ l2Þ. Note
that U and V can be written as

U ¼ 1

aðl1 þ l2Þ2
wð2Þ � ln l1 þ l2ð Þ
	 


V ¼ 1

a2ðl1 þ l2Þ2
½w0ð2Þ þ wð2Þ ln l1 þ l2ð Þð Þ2�2wð2Þ ln l1 þ l2ð Þ� :
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Here wð:Þ and w0ð:Þ are the digamma and polygamma functions respectively. We can use (13) to
compute asymptotic confidence intervals of all unknown parameters.

Since it is observed that in many cases (see Efron and Hinkley [4]), it is more appropriate to use
the observed information matrix than the expected information matrix, we provide the observed informa-
tion matrix also. It is possible to obtain the observed information matrix when the EM algorithm is used
(Louis [6]). Using the same notation of Louis [6], the observed information matrix, ÎI, takes the form

ÎI ¼ B� SS0:

Here B is the 3� 3 negative of the second derivative matrix and S is the 3� 1 gradient vector. They
are as follows:

Sð1Þ ¼ r1 þ w1r3
l1

�
P
i2 I

xaI ; Sð2Þ ¼ r2 þ w2r3
l2

�
P
i2 I

xaI ;

Sð3Þ ¼ r1 þ r2 þ r3
a

þ
P

i2 I1 [ I2 [ I3

ln ðxiÞ � ðl1 þ l2Þ
P
i2 I

xai ln ðxiÞ :

and

Bð1; 1Þ ¼ � r1 þ w1r3
l21

; Bð2; 2Þ ¼ � r2 þ w2r3
l22

; Bð1; 2Þ ¼ Bð2; 1Þ ¼ 0 ;

Bð1; 3Þ ¼ Bð3; 1Þ ¼ Bð2; 3Þ ¼ Bð3; 2Þ ¼ �
P
I 2 I

xai ln ðxiÞ ;

Bð3; 3Þ ¼ � r1 þ r2 þ r3
a2

� ðl1 þ l2Þ
P
i2 I

xai ðln ðxiÞÞ
2 :

6. Data Analysis

We illustrate the proposed parametric estimation technique using one cancer clinical trials. The data
was originally analyzed by Dinse [3] using the non-parametric approach.

Data Set: This example is concerned with the relationship between time until progression and an
indicator function of patient status at the time of progression for patients with glioblastoma, a cancer
of the brain. Define X as the time until disease progression, as measured in month from the date of
randomization. Suppose, d indicates whether a patient is non ambulatory (d ¼ 1) or ambulatory
(d ¼ 2) at the time of their most recent examination within the month before progression.

If a patient does not experience a progression by the time of analysis, the patient belongs to cate-
gory f . For a patient with a known progression time, if there is no record of his/her ambulatory status
within the month of preceding progression falls into category c. For detailed discussions on the data
set the readers are referred to Dinse [3]. The data set presents times and indicators for 172 patients
from a clinical trial. The summary of the data set is as follows: r1 ¼ 41, r2 ¼ 17, r3 ¼ 31,
r4 ¼ r5 ¼ 0, r6 ¼ 83, n1 ¼ 58, n ¼ 89, m1 ¼ 0 and m ¼ 83. Also

P
i2 I1

xi ¼ 312,
P
i2 I2

xi ¼ 150,P
i2 I3

¼ 276,
P
i2 I6

xi ¼ 885 and
P
i2 I

xi ¼ 1639.

Before fitting our model to the complete data set we would like to test the validity of the proposed
parametric models. Since the closeness between the empirical survival function and the estimated
survival function is a good measure for model validity for uncensored data, we consider a subset of
the data which has only a, b or c types of failure. Assuming that the latent failure time distributions
are exponential we obtain the MLEs of the parameters of the restricted data as l̂l1r ¼ 0:085249 and
l̂l2r ¼ 0:035347. The corresponding UMVUEs are ~ll1r ¼ 0:084291 and ~ll2r ¼ 0:034950 respectively.
In this case MLEs and UMVUEs are quite close to each other and we consider MLEs only. The
Kolmogorov-Smirnov (K-S) distance between the empirical distribution function of the restricted data
and the estimated distribution function using the exponential model is 0.1912 and the corresponding p
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value is 0.00298. Similarly assuming that the latent failure time distributions are Weibull, we obtain
the MLEs of the parameters of the restricted data as l̂l1r ¼ 0:030678; l̂l2r ¼ 0:012719 and
âar ¼ 1:415506. In this case the K-S distance between the empirical distribution function and the
estimated distribution function using the Weibull model is 0.1173 and the corresponding p value is
0.17254. Since the p value corresponding to the Weibull model is quite high, therefore the preliminary
data analysis suggests that the proposed Weibull model can be used to analyze this data set. We plot
the empirical survival function and the estimated survival functions using exponential model and
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Fig. 1 Empirical survival function and the estimated survival functions using expo-
nential and Weibull models.
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Fig. 2 Empirical survival function and estimated survival functions using MLE’s and
UMVUE’s. Here lifetime distributions are exponential.
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Weibull model in Figure 1. Since it is assumed that the incomplete data are the coming from the same
population as the complete data, therefore it is not unreasonable to use the proposed models to
analyze this data set.

Now we consider the full data set. Under the assumption that the latent failure times are exponen-
tially distributed, MLEs of l1 and l2 are l̂l1 ¼ 0:0384 and l̂l2 ¼ 0:0159 respectively, the log-likelihood
value is �383:3599. Also Vðl̂l1Þ ¼ 5:22� 10�6 and Vðl̂l1Þ ¼ 3:27� 10�6. Moreover, UMVUEs of l1
and l2 are ~ll1 ¼ 0:0738 and ~ll2 ¼ 0:0305 respectively, with Vð~ll1Þ ¼ 1:93� 10�5 and
Vð~ll2Þ ¼ 1:21� 10�5. Clearly MLEs and UMVUEs are quite different and it is mainly due to heavy
censoring. Estimated survival function obtained using the MLEs is e�ð0:0384þ 0:0159Þ x and the corre-
sponding 95% confidence bounds are e�ð0:0384þ 0:0159Þ x � 0:0113� e�ð0:0384þ 0:0159Þ x. The Kolmogorov-
Smirnov (K-S) distance between the empirical distribution function and the estimated distribution
function is 0.296 and the corresponding p value is almost zero. Similarly the estimated survival func-
tion using the UMVUEs is e�ð0:0738þ 0:0305Þ x and the corresponding 95% confidence bands are
e�ð0:0738þ 0:0305Þx � 0:0416� e�ð0:0738þ 0:0305Þ x. In this case the K-S distance is 0.152 and the corre-
sponding p value is 0.007. We provide the empirical survival function and the estimated survival
functions using MLEs and UMVUEs in the Figure 2. Clearly, UMVUEs provide a much better fit to
the empirical survival function but still its p value is quite small. Instead of MLEs we prefer to use
the bias corrected UMVUEs in this case.

Conditional estimates of mean times until progression of patients with non ambulatory status and
ambulatory status are ~qq1 ¼ 13:4801 and ~qq2 ¼ 32:5113 respectively. The corresponding 95% confi-
dence intervals are (4.8404, 22.1199) and (26.4388, 38.5834) respectively. Clearly the mean progres-
sion time of the patients with ambulatory status is significantly more than the patients with non ambu-
latory status. The biased corrected estimate of the mean progression time of all patients, say
~tt1 ¼ 19:0586 and the corresponding 95% asymptotic confidence interval is (15.0924, 23.0249). The
estimate of the relative risk rate of the non ambulatory status is 0.7072 and the corresponding 95%
asymptotic confidence interval is (0.6076, 0.8076). Clearly it is siginificantly greater than 0.5.

The estimates of the survival functions of the time until progression of the patients with non-ambu-
latory and ambulatory status at the time point x are e�0:0738x and e�0:0305x respectively. The correspond-
ing 95% confidence intervals are e�0:0738x � 0:0196x e�0:0738x and e�0:0305x � 0:0138x e�0:0305x respec-
tively.
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Fig. 3 Empirical survival function and the estimated survival functions using MLE’s
and modified MLE’s. Here the lifetime distributions are Weibull.
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Now we analyze the data under the assumptions that the latent failure time distributions are
Weibull. In this case, we obtain the MLEs of the unknown parameters using the methods proposed in
the Section 5. Both the methods converge to the same solutions and they are as follows,
âa ¼ 1:2145; l̂l1 ¼ 0:0222 and l̂l2 ¼ 0:0092, the corresponding log-likelihood value is �378:1220. We
obtain the empirical survival function and the estimated survival function using the MLEs as
e�ð0:0222þ 0:0092Þx1:2145 . We provide it in the Figure 3. Unfortunately it does not match very well. The
K-S distance between the empirical distribution function and the estimated distribution function is
0.313 and the corresponding p value is almost zero. Similar things happen even in the exponential
case also. We feel that the scale parameters are highly biased. We make the bias correction as follows.
Assuming that the shape parameter is known to be 1.2145, we transform the date as Xa and then
estimate the scale parameters by UMVUEs. It gives the improved estimates of l1 and l2, say
~ll1 ¼ 0:0429 and ~ll2 ¼ 0:0178 respectively. We obtain the empirical survival function and the
estimated survival function using the improved estimates as e�ð0:0429þ 0:0178Þx1:2145 . It is also plotted in
Figure 3. The K-S distance between the empirical survival function and the estimated survival func-
tion in this case is 0.089 and the corresponding p value is 0.127. We will be using these new
estimates from now on.

The asymptotic variance covariance matrix of ðl̂l1; l̂l2; âaÞ obtained from the observed information
matrix using the EM algorithm is

2:7261� 10�6 �2:1173� 10�6 �1:1 � 10�5

�2:1173� 10�6 2:3672� 10�6 �0:4943� 10�5

�1:1 � 10�5 �0:4943� 10�5 16:469 � 10�4

2
664

3
775 :

Therefore, by proper multiplication we obtain the variance covariance matrix of ð~ll1; ~ll2; ~aaÞ as

1:0180� 10�5 �4:0915� 10�6 �2:1257� 10�5

�4:0915� 10�6 8:8398� 10�6 �0:9552� 10�5

�2:1257� 10�5 �0:9552� 10�5 16:469 � 10�4

2
64

3
75 :

The asymptotic 95% confidence bounds for l1, l2 and a are (0.0366, 0.0492), (0.0119, 0.0236) and
(1.1350, 1.2940) respectively. Since the 95% confidence interval of a does not include 1, therefore it
is reasonable to use the Weibull model rather than the exponential model for this data set. Even the
log-likelihood values also suggest (performing c2 testing) that the Weibull model is a preferred model
than the exponential model in this case. The estimates of the mean lifetime of the patients with non-
ambulatory and ambulatory status are 12.5349 and 25.8634 and the corresponding 95% confidence
bounds are (5.0299, 20.0399) and (14.5047, 37.2221) respectively. The estimate of the relative risk
rate of the patients with non-ambulatory status is 0.7068 and the corresponding asymptotic 95%
confidence band is (0.5885, 0.8251). The estimates of the survival functions of the time until progres-
sion of the patients with non-ambulatory and ambulatory status at the time point x are e�0:0429x1:2145 and
e�0:0178x1:2145 respectively. The corresponding 95% asymptotic confidence bounds are e�0:0429x1:2145�
e�0:0429x1:2145x1:2145 ð19:9528� 3:5527 ln ðxÞ þ 5:9570 ðln ðxÞÞ2Þ

1
2 � 10�3 and e�0:0178x1:2145� e�0:0178x1:2145x1:2145

ð17:3260� 0:6665 ln ðxÞ þ 1:0227 ðln ðxÞÞ2Þ
1
2 � 10�3. They are plotted in Figure 4 and it is clear from

the figure that the two survival functions are significantly different.
For illustrations purposes we assume that 10% of the category f data have known status of the

patients. We randomly choose 10% of the data from the category f and assign status 1 and status 2
with probability 0:7 (� p) and 0:3 respectively. Now the summary of the new data set is as follows:
r1 ¼ 41, r2 ¼ 17, r3 ¼ 31, r4 ¼ 7, r5 ¼ 5, r6 ¼ 71, n1 ¼ 58, n ¼ 89, m1 ¼ 12 and m ¼ 83. AlsoP
i2 I1

xi ¼ 312,
P
i2 I2

xi ¼ 150,
P
i2 I3

¼ 276,
P
i2 I4

¼ 109,
P
i2 I5

¼ 76,
P
i2 I6

xi ¼ 700 and
P
i2 I

xi ¼ 1639. Assum-

ing that the lifetime distributions are exponential, the estimates of the scale parameters are as follows:
l̂l1 ¼ 0:0372; l̂l2 ¼ 0:0171; ~ll1 ¼ 0:0714 and ~ll2 ¼ 0:0329. Similarly assuming that the lifetime distri-
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butions are Weibull the estimates are âa ¼ 1:2145; l̂l1 ¼ 0:0214; l̂l2 ¼ 0:0099; ~ll1 ¼ 0:0413 and
~ll2 ¼ 0:0189. Therefore the estimates of the other parameters can be obtained similarly as before,
using these estimates.

Now we compare ours with Dinse’s [3] findings. First of all the non-parametric estimate of �FFð:Þ as
obtained by Dinse [3] is quite close to the parametric estimate of the survival function, particularly when
the latent failure time distributions are assumed to be Weibull (see Figure 3). This indicates that both
analysis should provide comparable results. Dinse [3] also mentioned that the non-parametric estimates
of djðtÞ ¼ P½d ¼ j j X ¼ t� are very erratic and therefore, he has provided the smoothed estimates of
djðtÞ. In our formulation, djðtÞ is constant for all t. Therefore, the parametric estimate of djðtÞ can be
considered as the smoothed version of the non-parametric estimates. In our case using Weibull distribu-
tions, we obtain d̂d1ðtÞ � 0:70 and d̂d2ðtÞ � 0:30. From Figure 1 of Dinse [3], it is clear that the non-
parametric smoothed estimate of d2ðtÞ is close to 0.30. Therefore, both methods provide similar results.

7. Cause Specific Hazard Functions Model

In this Section, we formulate the problem, using the cause specific hazard functions, as originally
proposed by Prentice et al. [9]. We assume cause specific hazard functions to be exponential or
Weibull. We use lðtÞ as the overall hazard function and ljðtÞ as the cause specific hazard function for
j ¼ 1 and 2. It is known that lðtÞ ¼ l1ðtÞ þ l2ðtÞ.

Suppose X, d and �FFð:Þ are same as defined in Sections 1 and 2, the likelihood contributions of the
observations a, b, c, d, e and f are

l1ðtÞ �FFðtÞ; l2ðtÞ �FFðtÞ; lðtÞ �FFðtÞ;
Ð1
t
l1ðuÞ �FFðuÞ du;

Ð1
t
l2ðuÞ �FFðuÞ du;

Ð1
t
lðuÞ �FFðuÞ du ;

respectively.
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for the non-ambulatory and the ambulatory status patients. The lifetime distributions
are assumed to be Weibull.
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7.1 Exponential cause specific hazard functions

In this subSection, it is assumed

l1ðtÞ ¼ l1 and l2ðtÞ ¼ l2 :

In this case the likelihood contributions from the observations a, b, c, d, e and f are

l1 e
�ðl1þl2Þ t; l2 e

�ðl1þl2Þ t; ðl1 þ l2Þ e�ðl1þl2Þ t;
l1

l1 þ l2
e�ðl1þl2Þ t;

l2
l1 þ l2

e�ðl1þl2Þ t; e�ðl1þl2Þ t

respectively. Therefore, under this formulation, the likelihood function of the observed data (1) is
same as (2).

7.2 Weibull cause specific hazard functions

In this subSection, it is assumed,

l1ðtÞ ¼ al1t
a�1 and l2ðtÞ ¼ al2t

a�1 :

Therefore,

�FFðtÞ ¼ e�ðl1þl2Þ ta :

In this case the likelihood contributions from the observations a, b, c, d, e and f are

al1t
a�1 e�ðl1þl2Þ ta ; al2t

a�1 e�ðl1þl2Þ ta ; aðl1 þ l2Þ ta�1 e�ðl1þl2Þ ta ;
l1

l1 þ l2
e�ðl1þl2Þ ta ;

l2
l1 þ l2

e�ðl1þl2Þ ta ; e�ðl1þl2Þ ta ;

respectively. In this case also the likelihood function of the data is same as the likelihood function
obtained using independent Weibull latent failure times distributions in Section 5. Since the likelihood
functions are equal in both cases, the estimation procedures of the different unknown parameters,
namely ðl1; l2Þ or ðl1; l2; aÞ, and the statistical properties of these estimates are same in both the
formulation.

8. Conclusions

In this paper we consider the analysis of the partially complete time and type of failure data in
presence of competing risks. We formulate the problem in two different ways and it is observed that
both of them lead to the same likelihood function. It raises the important question of the identifiability
problem of competing risks. Our analysis shows, as expected, that in the above situation it is not
possible to identify from the given data whether the competing causes are independent or not without
the presence of covariates.
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