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A nonlinear eigenvalue method is proposed for estimating the parameters of undamped
exponential signals when the parameters are complex-valued. Such data arise in several areas
of application, including communications radio location of objects, seismic signal processing,
and computer-assisted medical diagnosis. Osborne proposed a method to estimate the pa-
rameters of exponential models when the parameters are real-valued. The method is gen-
eralized to the complex-parameters case. It is shown to perform better than existing methods
due to Tufts and Kumaresan and Bai, Krishnaiah, and Zhao in the sense of having lower
mean-squared errors. A simulation study showed that the observed mean-squared errors are
close to the Cramer—Rao lower bound for frequency estimates.
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1. INTRODUCTION

Signal processing may be considered broadly to
involve the recovery of information from physical
observations. The received signal is usually disturbed
by thermal, electrical, atmospheric, or intentional
interferences. The received signal cannot be pre-
dicted deterministically, so statistical methods are
needed to describe the signal. The problem of de-
tecting the signal in the midst of noise arises in many
areas such as communications, radio location of ob-
jects, seismic signal processing, and computer-assisted
medical diagnosis.

For example, in electromagnetic pulse (EMP) sit-
uations (Ricketts, Bridges, and Miletta 1976; Sircar
1987), the EMP pickup can be characterized by a
sum of complex exponentials whose parameters are
to be determined. The parameters are a means of
coding the various pulse wave forms, and the signal
approximation thus obtained can be readily em-
ployed to analyze responses in various subsystems
under EMP environment. In system-identification
problems, the characterization of the impulse re-
sponse of a linear system by a sum of complex ex-
ponentials and then identifying/approximating the
complex amplitudes and natural frequencies with a
high degree of accuracy has its special importance in
a wide variety of applications. The study of the tran-
sient behavior of a system is one of them.
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In this article, I consider estimation for the fol-
lowing undamped exponential model:

M

Ye = E aePk + g,
j=1

1, .. (1.1)

., n.

Here o; are unknown complex numbers and g; are
real numbers lying between [0, 27), and the ¢, are
iid complex-valued random variables with mean 0
and finite variance for both the real and imaginary
parts. M is assumed to be known, andi = \/—1.

This is an old problem (see Kay and Marple 1981)
and it is well known to be numerically difficult (Varah
1985). The best known methods of estimation for
B’s, like the modified FBLP (forward and backward
linear prediction) of Tufts and Kumaresan (1982) and
EVLP (equivariation linear prediction) discussed by
Bai, Krishnaiah, and Zhao (1986) and Rao (1988)
have certain deficiencies (see Kundu 1989). Smyth
(1985) showed that general-purpose algorithms such
as the Gauss—~Newton or its variants take a long time
to converge to the least squares estimates even from
good starting values.

The main aim of this article is to obtain the least
squares estimates, which are known to be consistent
(Kundu 1991), by using an improved iterative method.
I use separable regression technique to separate the
linear and the nonlinear parameters. I show that solv-
ing the normal equation is equivalent to solving a
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nonlinear eigenvalue problem. The nonlinear eigen-
value problem can be solved by a simple iteration
technique. The proposed method appears to con-
verge even from poor starting values.

2. EXISTING METHODS

Let us denote
M
My = Z ajelﬁlk'
j=1

Prony (1795) in his classic article showed that there
exists a complex vector y= (yy, . . ., Ya+1) Such
that

M+1

D Y =0, k=0,...,n—-M-1. (2.1)
j=1

Then, forany0=k=n - M - 1,

M+1 M+1

2 Y¥j+k = 2 Yi€j+ ke (2.2)
j=1 =1
The coefficients v, are estimated by minimizing
n-M-1 |M+1 2
Z YiYivk (2.3)
k=0 j=

subject to the conditions y; > 0 and
M

WP = 2 f =1
=

This method is known as the EVLP method. In the
LP (linear prediction) and FBLP methods, Expres-
sion (2.3) is minimized subject to the condition
y: = 1 (Bai, Rao, and Chow 1989).

Now write
1 n—-M
Vs = n—- M t; VesrVerss
rs=01,..., M, (2.4
and construct the (M + 1) X (m + 1) matrix
[ =[] (2.5)

It is easily seen that the EVLP estimate 4 of vy is the
unit eigenvector with a nonnegative first element
providing the smallest eigenvector of . Construct
the polynomial equation

Nt ozt + 'f’M+1ZM =0, (2.6)
obtain the solutions in the form
ﬁleiﬁl) st pAM+1eiéM’ (27)

and take B, . . . , By as estimates of B,, . . . , Bs,.
It was shown by Bai et al. (1986) that B is a consistent
estimator of B with a convergence rate of O,(n~?).
Rao (1988) pointed out that the FBLP or the mod-
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ified FBLP of Tufts and Kumaresan (1982) does not
give consistent estimates, although simulation results
show that they perform well in small samples.

3. SEPARABLE REGRESSION

We can write the model (1.1) in the following ma-
trix form:

Y = A(B)a + E, 3.1)

where Y7 = (yy, ..., y.), af = (ay, . . ., ay),
ET = (¢,...,¢,),and BT = (By, . . ., Bu)- A(B)
is an n X M matrix, and its (p, g)th element is
efP p=1,...,n,q =1,..., M. The least
squares estimate of (a, B) can be obtained by min-
imizing R(a, B) with respect to (a, B), where

R, B) = ¥ =A@l ()

Here the linear parameters a are separable from the
nonlinear parameters 3. For a fixed value of g, the
minimization of R with respect to a is a simple linear
regression problem. The solution of &(B) is

aB) = [A*(BAPB]'A*(B)Y,  (3.3)

where * denotes the conjugate transpose of a matrix
or of a vector.

Substituting &(B) in (2.2) and denoting Q(B) =
nR(&, B), we obtain

Q(B) = Y*(I - PL)Y, 3.4

where P, = A(B)[A*(B)A(B)]'A*(B) is the pro-
jection operator on the range space spanned by the
columns of the matrix A(B).

Therefore, the least squares estimator, B, of B can
be obtained by minimizing Q(B) with respect to S,
so the least squares estimator of a becomes

@ = [A*(B)A(B)]'A*(B)Y.

4. NORMAL EQUATION

From (2.1) we can conclude that there exists an n
X n — M matrix X such that X*u = 0, where

Y2 Yu«r 0 0... 0
X = 0 vy... Ymwr 0.0 0 (4 1)
0 0... 0 7 Ym+1

Since X*u = 0, this implies that X*A(B8) = 0; that
is, the columns of A are orthogonal to the rows of
X*. Therefore, we can write Q(B) of (3.4) as

0B) = Y*PY, (4.2)

where P, = X(X*X) 'X* is the projection matrix
on the space spanned by the columns of X.
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The elements of X* depend onlyon yy, . . . , Yay+1-
Since €', . . ., €™ are the roots of the polynomial
equation

Y1 ZM + M+ o+ =0, (43)
it follows that

min Y*PY< min Y*'PY. (4.4)

Yoo YM+1 0=p1,....BM<2m
For brevity, let us denote
QO(y) = Y*P.Y, 4.5)

where yT = (v, . -« Yms1)-

To minimize Q(y) with respect to y, we differ-
entiate Q(vy) with respect to the real and imaginary
parts of y and equate them to 0. This leads to solving
a matrix equation of the following form:

B(y)y = 0, (4.6)

where Bisan M + 1 x M + 1 matrix whose (p,
q)th element is

Y*X,(X*X)" ' XTY
— Y*X(X*X) ' XIX,(X*X)"1X*Y.

This is a nonlinear eigenvalue problem. I discuss in
detail the solution procedure of such a problem in
Section 5.

5. THE MODIFIED PRONY ALGORITHM

Observe that Q(y) is invariant under scalar mul-
tiplication; that is,

Q(y) = Q(Cy) 6.1
for any complex constant C. Therefore,
min Q(y) = min Q(y). (5.2)
y:v=1 Y

It is also clear that vy satisfying (4.6) should be an
eigenvector corresponding to the zero eigenvalue of
the matrix B(v).

I suggest the following iterative technique similar
to that of Osborne (1975) to solve (4.6):

[B(Y) — AUyt =0, =1, (53)

where A¥*! is the eigenvalue closest to 0 and y**!
is the corresponding eigenvector after normalization.
The iterative procedure should be stopped when Ax+!
is small compared to ||B|| (see Kundu 1989 for details).

The suggested modified Prony algorithm has the
following form:

Step 1: Set an initial value y' and normalize it;
that is,

1
yl = l—, i = 1.
vl

Step 2: Calculate the matrix B(y*).

Step 3: Find the eigenvalue A**! of B(y*) closest
to 0 and normalize the corresponding eigenvector
,yk+ 1

Step 4: Test for convergence by testing if

A1) < € Bl

Step 5: If the test in Step 4 fails, set i = i + 1 and
go to Step 2.

Once 4 is obtained, the estimate of 8 can be obtained
using (2.6) and (2.7).

6. NUMERICAL EXPERIMENTS

I performed a simulation study to compare the
behavior of the modified Prony algorithm with EVLP
and modified FBLP in finite samples. All simulations
were done on the IBM 4381 computer at the Penn-
sylvania State University, using the IMSL random
deviate generator. I considered the following model:

y(t) — 62‘01.[ + e3.5il + 2e4.0it + 2e5.5it + 8(t),
= 1,...,n (6.1)

Here &(¢) are iid complex-valued random variables
with mean 0 and standard deviation o for both the
real and the imaginary part. The real and the imagi-
nary parts are independent and normally distributed.
One hundred different sets of data were generated
for n = 20, 30, 40, and 50 and o = .5, .1, and .01.

For each data set, I estimated 8 by the modified
Prony (MP) algorithm as described in Section 5, by
the modified FBLP (MF) as described by Tufts and
Kumaresan (1982), and by the modified EVLP (ME)
as described by Bai et al. (1989). For MP, I used
e = 107° and took ||B]| to be the largest eigenvalue
of the matrix B.

The eigenvector corresponding to the smallest ei-
genvalue of Y*Y, where

Y=I:.Y1 .YM+1:,’
Yn-m - Yn
was used as an initial value in each iteration. For
ME, I used 10-step refinement over ordinary EVLP.
In all cases, the iterations converged within six steps.
The mean estimate of the 8’s and their mean-squared
errors (MSE’s) over 100 replications were calculated.
The numerical results confirmed the satisfactory
performance of the proposed algorithm. The MP es-
timates had the lowest MSE in all of the cases stud-
ied. The performance of the ME estimates was better
than that of MF estimates for small samples. The
Cramer-Rao (CR) bound of the parameter B; is (6/
(2mn)?) - (1/p), where p is the spectral signal-to-noise
power ratio and p = |a|*n/202. So, for example,
when o = .5 and n = 20, the CR bound for g, is

TECHNOMETRICS, MAY 1993, VOL. 35, NO. 2
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.0194. For this case, the MSE of MP estimates was
.0207 and of MF estimates was .3390 and of ME
estimates was .0431. The ratios, MSE/CR bound,
were 1.067, 17.474, and 2.222. As n increases or o
decreases, the MSE of the estimates decreases. The
asymptotic stability of the proposed method was
proved by Kundu (1989).

ACKNOWLEDGMENTS

Part of the work was done when I was a Ph.D.
student at the Pennsylvania State University under
the supervision of C. R. Rao. I thank him for all his
guidance in the preparation of this article. I also
thank the editor Vijayan N. Nair, a referee, and
Nandini Kannan for several valuable suggestions.

[Received July 1990. Revised August 1992.]

REFERENCES

Bai, Z. D., Krishnaiah, P. R., and Zhao, L. C. (1986), “On the
Simultaneous Estimation of Number of Signals and Frequencies
Under a Model With Multiple Sinusoids,” Technical Report
86-37, University of Pittsburgh, Center for Multivariate Anal-
ysis.

Bai, Z. D., Rao, C. R., and Chow, M. (1989), “An Algorithm
of Efficient Estimation of Superimposed Exponential Signals,”
in Proceedings of the Tencon 1989, San Antonio (Fourth IEEE
Region 10, International Conference), pp. 342-347.

TECHNOMETRICS, MAY 1993, VOL. 35, NO. 2

Kay, S. M., and Marple, S. L. (1981), “Spectrum Analysis—A
Modern Perspective,” Proceedings of the IEEE, 69, 1380—1419.

Kundu, D. (1989), “Some Results in Estimating the Parameters
of Exponential Signals in Noise,” unpublished Ph.D. thesis,
The Pennsylvania State University, Dept. of Statistics.

(1991), “Asymptotic Properties of the Complex Valued
Nonlinear Regression Model,” Communications in Statistics—
Theory and Methods, 20, 3793-3803.

Osborne, M. R. (1975), “Some Special Non-Linear Least Squares
Problems,” SIAM Journal of Numerical Analysis, 12, 572-592.

Prony, R. (1795), “Essai Experimentale et Analytique,” Journal
de I’Ecole Polytechnique, 1, 24-76.

Rao, C. R. (1988), “Some Results in Signal Detection,” in Sta-
tistical Decision Theory and Related Topics, IV (Vol. 2), eds.
S. S. Gupta and J. O. Berger, New York: Springer-Verlag, pp.
319-332.

Ricketts, L. W., Bridges, J. E., and Miletta, J. (1976), EMP
Radiation and Protective Techniques, New York: John Wiley.

Sircar, P. (1987), “Accurate Parameter Estimation of Damped
Sinusoidal Signals Samples at Non-Uniforms Spacings,” un-
published Ph.D. thesis, Syracuse University, Electrical Engi-
neering Dept.

Smyth, G. K. (1985), “Coupled and Separable Iterations in Non-
Linear Estimation,” unpublished Ph.D. thesis, Australian Na-
tional University, Department of Mathematics.

Tufts, D. W., and Kumaresan, R. (1982), “Estimation of Fre-
quencies of Multiple Sinusoids: Making Linear Predictions Per-
form Like Maximum Likelihood,” Proceedings of the IEEE,
Special Issue on Spectral Estimation, 70, 975-989.

Varah, J. M. (1985), “On Fitting Exponentials by Non-Linear
Least Squares,” SIAM Journal of Scientific and Statistical Com-
putation, 6, 30-44.




