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Abstract

Estimating the unknown parameters of a two-dimensional (2-D) sinusoidal signal
is an important and a ditcult problem. In this paper, we proposea simple sequetial
procedurefor estimating the unknown frequenciesand amplitudes of the 2-D sinusoidal
componerts when the signal is a®ectedby noise. When there are p componerts in the
signal, the k-th step of the procedure provides strongly consistert estimators of the k
dominant sinusoidswhenk - p. When k > p, the supernumerary amplitude estimators
corvergeto zeroalmost surely. The asymptotic distribution of the proposedestimators
coincideswith the asymptotic distribution of the least-squaresestimators. Numerical
simulations are performed for various sample sizesand for various model parameters.
Somereal texture data and somesynthesizedtexture data are analyzed.
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1 Intr oduction

In this paper we considerthe problem of estimating the parametersof the following 2-D
sinusoidal signal;
ymin) = " AQcogm, § + ni )+ Bsin(m, £+ ni9) + X (min): )
k=1
Here A? and B? are unknown real numbers, usually known asamplitudes, , 2;19 2 (0;Y) are
unknown frequencies.The additive error f X (m; n)g is from a stationary random eld and
satis es Assumption 1, which will be descriked later. The number of componerts “p' may

be known or unknown. The problem s to estimate the unknown parametersgiven a sample

The rst term on the right hand sideof (1) is the signal componert and the secondterm
asthe noisecomponert. Detection of the signalcomponert in presenceof noiseis an impor-
tant problem in Statistical Signal Processing. Moreover, the 2-D sinusoidal model (1) has
received considerableattention in the signal processingliterature becauseof its widespread
applicability in the texture analysis. It is obsened by Francoset al. [3] that (1) canbe used
very e®ectiely to model 2-D texture imagesand they estimated the unknown frequencies
by selectingthe sharpest peaksof the periodogram function | (,; ), of the obsened signal
y(m;n). The two dimensionalperiodogram function | (,; 1) is de ned asfollows;

1 M X - o 2
[(:1)= = . i i(m, +nt)-= 2
(:’ ) M N =1 n=1 y(m7 n)e ( )

For someof the theoretical developmerts of the 2-D sinusoidalmodel, the readersarereferred

to Raoet al. [12, Kundu and Mitra [7], Bansalet al. [1], Zhang and Mandrekar [17], Mitra
and Stoica[9] and Kundu and Nandi [8].

The correspnding one-dimensionalproblem has received considerableattention in the

statistical signal processingand time seriesliterature. Fisher[2] and Hartley [5] rst studied
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testing for hidden periodicities obscuredby Gaussianwhite noise. Later on se\eral articles
have appeared dealing with the theoretical dewelopmers of the di®eren estimators and
deweloping se\eral excient algorithms for one-dimensionalmodel. Seefor examplethe list
of referencesoy Stoica[14], the review article by Kundu [6] or the recen article by Prasad

et al. [10] and the reference<ited there.

The 2-D frequencyestimation problemis well known to be numerically dixcult. Problems
canarisewhenp , 2. If p= 2 and if the distance between(, 1;1,) and (, ;) is small,
then most methods will have dixcult y in distinguish betweenthe two pairs of frequencies.
The most excient estimators, are the least-squaregstimators. If the number of componerts
p is known, the rate of corvergenceof the least-squaresestimators of the frequenciesare
Op(Mi ZNi z) and O,(N' M z) respectively, seefor exampleRao et al. [12], Kundu and
Mitra [7] and Kundu and Nandi [8]. But nding the least-squaresestimators may not be
easy sincethere may be se\eral local minima on the surfaceof the criterion function. Making
the initial guessess adixcult task if the number of componerts is high. Oneway of starting
is to take the maxima of the periodogramfunction (2) asthe initial guessesAsymptotically,
the periodogram haslocal maxima at the true frequencies.But, if two pairs of frequencies

are very close,then this method may not work.
Let us considerthe following synthesizedtexture data;
y(m;n) = 4:0cog1:8m+ 1:1n) + 4:0sin(1:8m + 1:1n) +

1:.0coq1:7m + 1:0n) + 1:0sin(1:7m + 1:.0n) + X (m;n); (3)

where

X(m;n) = em;n)+ 0:25(m i 1;n)+ 0:25¢(m;n i 1):

Here e(m; n)s are independert and identically distributed (i:i:d:) normal random variables

with meanzeroand variance2.0. The periodogramfunction (2) of the data generatedfrom



I(.m

Figure 1. Periodogram plot of the synthesizedsignal.

(3) is provided in Figure 1. In this case,the two pairs of frequenciesare not resohable.
Therefore, it is dixcult to know whereto start an iterative processfor nding the least-

squaresestimates.

Another practical problem occurs while nding the least-squaresestimators when the
number of componerts 'p' is very large. For sometexture data, p can be as large as 20.
In sud situations, the initial guesscan be crucial. We have two major aims in this paper.
The rst aimis to estimatethe unknown parameters,whenthe number of componerts, p, is
known. If pis known, then we can proposea sequetial procedureto estimate the unknown
parameters. The 2p-dimensionaloptimization problem canbe reducedto p, two-dimensional
optimization problems. The estimatorsobtained by the proposedmethod have the samerate

of corvergenceasthe least-squaresstimators.



The secondaim of this paper is to study the properties of the estimators if p is not
known. If p is not known and a lower order model is tted, the proposedestimators are
consisten estimators of the dominant componerts with the samerate of corvergenceas
the least-squaresestimators. If we t a model of higher order than that of the underlying
process,then the estimators up to the p-th step are consisten. To illustrate the proposed
method, we analyze somereal texture data and somesynthesizeddata. We also perform

somecomputer simulations.

The rest of the paper is organizedas follows. In section 2, we provide the necessary
assumptionson the model parametersand on the errors. Consistencyresults of the proposed
estimatorsare provided in section3. Asymptotic distributions and the convergencerates of
the proposedestimatorsare provided in section4. Simulation resultsare provided in section
5. In section6, data analysisresults have beenprovided and nally the conclusionsappear

in section7?.

2 Model Assumptions and Methodology

2.1 Assumptions

In this section, rst we provide the necessaryassumptionson the model parametersand

particularly onthe errors. It is assumedhat the obseneddata fy(m;n);m= 1;:::;M;n =

and it satis esthe following Assumption 1;

Assumption 1: Let us denote the set of positive integersby Z. It is assumedthat

fX(m;n); m;n 2 Zg canbe represered as follows;

xR . .
X(m;n) = a(j;ke(mij j;nj k); (4)

=il k=il



wherea(j ; k)s are real constaris sud that
ja(i; k)< 1; ®)

j=il k=ij1
and fe(m;n); m;n 2 Zg is a double array sequenceof i:i:d: random variables with mean

zeroand nite variance%.

Assumption 2: The frequencysetsf, 2;1%g are distinct i:e: fori 6 j, (,%;19) 6 (,%19)

b K
and (, %192 (0;%) £ (0;%) foralli=1;:::;p.
Assumption 3: The amplitudes satisfy the following restriction;

0<AY+BY < i< AY+BY <252<1: (6)
2.2 Methodology

The method that is proposedfor estimating the unknown parametersis a stepwviseregression

procedurethat beginsby minimising

Mo . 2
Qiu(A;B; ;1) = [y(m;n) i Acogm, + n')j Bsin(m, + n!)]"; (7)

m=1 n=1
with respectto (w:r:t:) A, B, , and*. This may be adchieved by concenrating the function
with respectto A and B. That is to say, these parametersare replacedby the estimating
equationsR(; 1) and B( ; 1) that arespeci ed in Appendix A. Then, the resulting function

Qu(R(; 1)iB(; 1)L )
w N

Ri(,; %)

o

hy(m;n)i R(; t)cosm, +nt)j B(;*)sin(m, +nt) " (8)

m=1 n=1

is minimised with respectto , and*.

The estimatesfrom the Tst stageare Py, by, & = R(P1;%,) and B, = B(P;b,), and

the correspnding residual sequences
y®P(m;n) = y(m;n) i RicosmP;+ nby)i Bysin(mPy+ nby): 9
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The second-stageestimates, P,, b,, R,, and B, may be obtained by minimising the
function Ro(,; 1) = Quf R(,; 1);B(,; 1);,; * g, which comesfrom replacingthe data sequence
y(m; n) in Q; by the residual sequence/¥ (m; n). Further stagesof the procedurefollow in

like manner.

Iterativ e regressiomproceduresthat employ a concerrated criterion function in the man-

ner of the presen procedurehave beeninvestigatedby Richards[13].

3 Consistency of Proposed Estima tors

In this sectionwe provide the consistencyresultsof the proposedestimatorswhenthe number
of componerts is known. We considertwo caseqa) whenthe number of componerts of the
‘tted model, q, is lessthan the actual number of componerts, p and (b) whenq > p. We

needthe following lemma;

Lemma 1: Let fX(m;n);m 2 Z;n 2 Zg be a sequenceof stationary random variables

satisfying Assumption1,thenasM ! 1 ,N! 1

M _ -
sup:i X (m;n)™®* ")z 0 as: (10)
Pr oof: This can be obtained from Kundu and Nandi [8].

Lemma 2: Considerthe setS; = fyu;u2 £; andjui ), cg, wherep= (A;B;,; 1) and
W= (A%BY;, %19, £ = S;SI£ [i S;S]£ [0;Y4£ [0;Y4. If for any c> O,

H H H 1 n . O0 P
lim inf dz”sfcm Qiu(M) i Qu(k) >0 asi (11)

then f which minimizes Q4 (1), is a strongly consistett estimator of 0.

Pr oof: The result was proved by Wu [15 when p is of dimensionone. A similar proof is

available for casesof multiple parameters.



Theorem 1: If the Assumptions1-3are satis ed, then f; is a strongly consistert estimator

of 1§.

Pr oof: Considerthe following expression

1 h

i
g Qi Q) = () + ok (12)
where
_ 1 X 0 0 10 0 i 0 10
f(W) = MN (Ajcosm, 1 + nty) + Bisin(m, ;+ ny)
m=1 n=1
i Acodm, + nt)i Bsin(m, +nt))?
2 N . _ 0
t oW Afcos, §+ nt2) + BYsin(m, Y+ nt?)j Acogm, + nt)j Bsin(m, + nt)
' #
n [0}
£ Agcogm, g+ nty)+ Bysin(m, § + nty)
k=2
and
2 XX .
oW = X (m;n)[ALcogm, ? + nt?) + BYsin(m, {+ nt?J)

MN m=1 n=1
i Acodm, + nt)j Bsin(m, +nt):

Now using Lemmall, it easilyfollows that
supjg(wj! 0 as:
M2 Sc

Using lengthy but straight forward calculations and splitting the set S, similar to Kundu

and Nandi [8], it can be shavn that
l\lﬂlr;n!llnf p|2n§‘C f(w > 0:
This provesthe result. [}

Now we will shawv that, at the secondstep, the proposedmethod producesconsisten

estimates. We needthe following results;



Lemma 3: If the Assumption 1-3 are satis ed, then

IV'(,bli 91 0 as: and N(bij 9! 0 as:

Using the

(13)

(14)

n 0]
Pr oof: Considerthe 4 £ 4 diagonal matrix D; = diag 1, 1, Mil Nil .
multiv ariate Taylor seriesexpansionwe can write
. .
1
QUR) i QR = i 1 QN
Here " 4
Q) = @1 (W) . @R1(H), @1 (W) . @R1(H
! @ @ @ @
and 26 Gul) Guw @ S
@2 @@ ae @@
@Qi() @ G@ul GSumw
0. B @@ ®? @@ @0
Ql(ill) =
@Qi(w CGuE CEur GAuE
@@A @@B @? @@
G Gl Gul SAulw
@eA  @@B @e, @2
Moreover, fiis a point betweenfl; and |2. SinceQ,(f) = 0,
o0 1 1 0 S SR
Hll W Di WDlQl((ﬁ)Dl =i WQl(p‘l)Dl :
Using Theorem 1 and trigonometric idertit y, it follows that;
im . D,QRMD, = lim L D,QOD, = 28, > 0 as:
MiNIL  MN 1! 7 wN1 MN ! 1{H)P1 ! r
where 2
1 1 1
2 0 4B1 4B1
0 3 i 3AS i 3AL
§ 1= 3 . 3 .
2 2 2 2
BY 1A 1 AY+BY LAY +BY
3 - 3 4
1B (1AL} ATBY AT+ BY



Using Lemmal, it follows that
1 07,0 | e
WQl(ul)Dl I 0 as:
Therefore,the result follows. |

Theorem 2: If the Assumption1-3aresatis ed,andp, 2, then fb obtained by minimizing

Q2(A;B;,; 1) asde ned in Section2, is a strongly consisten estimator of 1.9.
Pr oof: Using Theorem 1 and Lemma 3 we obtain;
R =A%+ 0(1) as;; B; =B+ 0(1) as; Pr= %+ o(N) as;; b;=19+ o(N) a:s:

Herethe randomvariable U = o(1) means,U! 0 a:s;, andU = o(N) meansUN ! 0 a:s.

Therefore, the result follows using the samemethod asin Theorem 1, by using

R cogPim+ bn) + By sin(P;m+ byn) = Alcog, ;im+ 1 1n)+ BYsin( Im+1%n)+ o(1) a:s:

4 Asymptotic  Distribution of the Estima tors

In this section, we obtain the asymptotic distributions of the proposedestimators at eah

step. Considerthe following 4 £ 4 diagonalmatrix D asfollows;

2 1
Py 0O 0
0 0 ki 0
O 0 O M1=21N3=2

SinceQ?(f) = 0, from (13), we obtain
0 'lh 0p 1 ! h 00 |
(ali H)D! DQlQ“)D =i Qi(w)D :
Now obsene that asf; ! 0 a:s:, and using Lemma 3,
; 0 — ; 0@, 0 P
Lim DQNHD = | lm DQXMD  as:
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We also have the following results;

QD i ! N4(0;4%c, §1) (15)

wim DQY)D = 28;; (16)
where -
2

o S | =
=il k=il

For the proof of (15) and (16), seethe Appendix B. Therefore, we can state the following

result;

Theorem 3: If the Assumption 1-3 are satis ed, then

h 1 1 1 1 3 1 1 3 I .
MENZ (R ADIMENZBi BYIMENZ(PLi  DIMENZ(byi 19) if N0 %ci8)Y):

By proceedingin the samemanner, and using Theorem 2, it can be shown that the result

holdsfor any k - p. Thus;

Theorem 4: If the Assumption 1-3 are satis ed, then

h 1 1 1 1 3 1 1 3 I .
MENZ(R i ADMENZ(By i BY;MENZ(Pi DiMENZ(By i 10) i Na(0;%a8LY);

wherecy, §x can be obtained from ¢; and §; by replacing A¢, B?, , ¢ and 12 with A?, B?,

,vand.
5 Numerical Results

In this section, we presert somenumerical results to demonstratethe performanceof the
estimation procedurein relation to the asymptotic results. The model of equation (3) has
beenadopted and various valueshave beenspeci ed for the sampledimensionsM and N.

The random number generatorRAN2 of Presset al. [11] has beenusedin generatingthe
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additive error. The programs, which are written in FORTRAN-77, can be obtained from

the correspnding author on request.

At ead step, the minimisation w:r:it: , and * has been aciieved using the downhill

simplex method descriked in Presset al. [11]. The frequencyvaluesof the model (3) are
close. Therefore, it is dizcult to nd appropriate starting values. In fact, the periodogram

of Figure 1 shaws that, at the samplesizein question,they cannot be separated.

Table 1 shavsthe resultsfrom pursuingthe rst step(k = 1) for the estimation procedure
whenthe data are generatedby the model of equation (3). The procedurehasbeenapplied
to samplesof sizesM = N = 20, 30, 40, 50. In ead case,there have been1000trials. The
table reports the averagevaluesof the estimates(AES) their meansquareerrors (MSESs) and
their asymptotic variances(ASYVs). Table 2 shavs the analogousresults from pursuing the
secondstep (k = 2) of the procedure,and Table 3 relatesto the supernumerary estimates

that ariseis whenk = 3, which is in excessof the model order.

Somepoints areevidert in the table. Asthe samplesizeincreaseshe biasesandthe MSEs
decrease.This veri es the consistencyof the estimates. The biasesof the linear parameters
A and B are greaterthan those of the non-linear parameters, and! asmight be expected.
The MSEs match quite well with the asymptotic variancesfor large samplesizes.From the
table values,it is clear that the proposedsequetial procedureis working quite well, when

the number of componert is exactly estimated, over-estimatedor under-estimated.

6 Data Anal ysis

In this section we presen two illustrativ e data analyses. One concernssomereal texture

data and the other concernssomesynthesizedtexture data.

12



Table 1: Model 1 is consideredwith k = 1°.

Ai= 4.0 B, = 4.0 1=18 1, =1.1
AE 2.4084 4.6440 1.8071 1.1072
M= 20 MSE | ( 0.257E+01)| ( 0.428E+00) | ( 0.570E-04)| ( 0.581E-04)
N= 20 ASYV | (0.267E-01)| ( 0.267E-01) | ( 0.625E-05)| ( 0.625E-05)
AE 1.9834 4.7000 1.8124 1.1123
M= 30 MSE | ( 0.408E+01) | ( 0.495E+00) | ( 0.154E-03)| ( 0.153E-03)
N= 30 ASYV | (0.119E-01)| ( 0.119E-01)| ( 0.124E-05) ( 0.124E-05)
AE 3.4178 4.3148 1.8037 1.1037
M= 40 MSE | ( 0.347E+00) | ( 0.105E+00) | ( 0.143E-04)| ( 0.145E-04)
N= 40 ASYV | ( 0.667E-02)| ( 0.667E-02)| ( 0.391E-06) ( 0.391E-06)
AE 4.3241 3.6970 1.7988 1.0988
M= 50 MSE | ( 0.109E+00)| ( 0.972E-01)| ( 0.168E-05)| ( 0.170E-05)
N= 50 ASYV | ( 0.427E-02)| ( 0.427E-02)| ( 0.160E-06) ( 0.160E-06)

? The averageestimates and the MSEs are reported for ead parameter. The rst row represerts
the true parameter values. In eac box corresponding to eac samplesize,the rst row represerts
the averageestimates,the corresppnding MSEs and the asymptotic variances(ASYV) are reported
below within brackets.
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Table 2: Model 1 is consideredwith k = 2°.

A2 =1.0 Bz =1.0 ,2 = 1.7 1 2 =1.0
AE 0.6518 -0.5174 1.6409 0.9416
M= 20 MSE | ( 0.128E+00) | ( 0.232E+01)| ( 0.382E-02)| ( 0.373E-02)
N= 20 ASYV | ( 0.285E-01)| ( 0.285E-01) | ( 0.107E-03)| ( 0.107E-03)
AE 0.6855 -0.5170 1.6545 0.9544
M= 30 MSE | (0.102E+00) | ( 0.231E+01)| ( 0.210E-02)| ( 0.211E-02)
N= 30 ASYV | (0.127E-01)| ( 0.127E-01) | ( 0.211E-04)| ( 0.211E-04)
AE 1.1287 0.6318 1.6912 0.9912
M= 40 MSE | ( 0.211E-01)| ( 0.145E+00) | ( 0.841E-04) ( 0.844E-04)
N= 40 ASYV | ( 0.713E-02) | ( 0.713E-02) | ( 0.669E-05)| ( 0.669E-05)
AE 1.0901 0.8734 1.6983 0.9983
M= 50 MSE | ( 0.112E-01)| ( 0.200E-01)| ( 0.531E-05)| ( 0.566E-05)
N= 50 ASYV | ( 0.456E-02)| ( 0.456E-02) | ( 0.274E-05)| ( 0.274E-05)

" The averageestimates and the MSEs are reported for eah parameter. The rst row represers
the true parameter values. In eac box corresponding to ead samplesize,the rst row represerts
the averageestimates,the corresppnding MSEs and the asymptotic variances(ASYV) are reported
below within brackets.

Table 3: Model 1 is consideredwith k = 3.

A3 = 0.0 B3 = 0.0
= 20 AE | 0.1229E-01| 0.115E-01
= 20 VAR | (0.216E-01)| (0.350E-01)
= 30 AE | 0.2291E-02| -0.312E-02
= 30 VAR | (0.122E-01)| (0.112E-01)
= 40 AE | 0.1151E-02| 0.110E-02
= 40 VAR | (0.191E-02)| (0.344E-02)
=50 AE | 0.110E-02)| 0.100E-02
= 50 VAR | (0.117E-02)| (0.103E-02)

" The averageestimatesand the variancesare reported for each parameter. The rst row represers
the parameter values. In eat box corresponding to eac sample size,the rst row represeits the
averageestimates, and the corresponding variances(VAR) are reported belowv within brackets.
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Texture Data: The real texture data of Figure 2 is modelled by equation (1); but, in this
case,the number of the componerts, p, is unknown. We have plotted the 2-D periodogram

in Figure 3, to give an indication of number of componerts, but the matter remainsunclear.

BayesianInformation Criterion (BI C) to estimate p.

In this casethe B C takesthe following form;
BIC(k) = (MN)In% + ;(4k+ 1)In(MN)

where %2 is the innovative variance,when the number of componerts is k. In this casethe
number of parametersto be estimatedis 4k + 1. We plot the B1 C(k) asa function of k in
Figure 4. It is obsenedthat for k = 20, BI C(k) givesthe minimum value, thereforein this
casethe estimateof p, say p = 20. We have tted the model (1) with p = 20to the texture
data. We estimate the parameterssequetially as proposedin Section2. The estimated
texture are plotted in Figure 5. It matchesreasonablywell. We have plotted the residuals

in Figure 6. It doesnot show any pattern. It looks like random patterns.

To test the randomnesf the residual noisepattern, we have usedHopkins' test (seefor

exampleZengand Dubes[16]). The Hopkins test statistic is
P

T= p lll/l:l Upd(k) .

kep Ud(k) + {L We(k)

inside the sampling frame to their nearestpatterns and d denotesthe dimension, seeZeng

and Dubes|[16] for details.

Under the null hypothesisof randomness,T has a beta distribution with parameters
(M;M). The Hopkins statistic is relatively small under regularity (when the patterns are

pictured asfalling into a mosaicin which any two patterns cannotbetoo close)and relatively
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large under aggregation(when the patterns are generatedin separateballs). Testing for

random pattern, Hopkins has suggestedo perform the following two one sidedtests:

Test1: Hy: Pattern israndom vs. H; : The patterns are generatedunder regularity.

Test2: Hq: Pattern israndom vs. H, : The patterns are aggregated.

Hopkins suggestedo perform both the tests (one sided) and if Ho cannot be rejectedin
both casesthen the patterns can be described as random. A one sidedtest of Hg vs. H;

hasform ‘rejectHq if T < t;' and oneof Hg vs. H, hasform ‘rejectHq if T > ty'.

For the noisepattern under consideration,the value of test statistic is T = 0:4999. Here
we have taken M = 20 sampling origins. The cuto® valuesare t, = 0:37 and t, = 0:63
for beta(20, 20) distribution. Hence both the tests fail to reject the null hypothesis of
randomnessof the noise pattern in Figure 6. Therefore, in this casethe error structure

satis esthe model assumptions.

Note that it was possibleto t sud a large order model, becauseit has been done
sequemally, otherwiseit would have beena ditcult task to estimate all the parameters

simultaneously

Figure 2: Original Texture.
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Figure 3: 2-D Periodogram of the Original Texture.

Synthesized Data: Now we analyzea synthesizeddata obtained from the model (3). The
noisy texture is plotted in Figure 7, whenthe original texture (without the noisy componert
X (m;n)), is plotted in Figure 8. Our problem is to extract the original texture Figure 8
from the noisy texture Figure 7. We have usedour sequetial procedureto estimate the

unknown parametersand obtained the following estimates

R, = 34155 B, = 4:3671 P, = 1:8039 b, = 1:1038

R, = 1:1538 B, = 0:6645 P,=1:688Q b, = 0:9955
Basedon the above estimates,the estimated texture is plotted in Figure 9. From Figure 8
and Figure 9 it is quite clear that they match quite well.
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Figure 4: BIC(k) valuesfor di®eren K.

7 Conclusions

In this paper we have provided a sequetial procedurefor estimating the unknown parameters
of the 2-D sinusoidal model. This is an extensionof the one dimensional (1-D) sequetial

estimation procedurerecerily proposedby the authors, seePrasadet al. [10]. It iswell known
that the 1-D or 2-D sumof sinusoidalmodelsdo not satisfy the standardregularity conditions
for the consistencyand asymptotic normality properties of the least-squaresestimators to

hold for the generalnon-linear regressionmodels, seefor example Kundu and Nandi [8].
Moreover, due to the complexity of the higher dimensional model, the extensionof 1-D
results to higher dimensional model is not trivial and hence separatespecial attention is
requiredfor eat case.Becauseof this, extensive work hasbeendone separatelyfor 1-D and
2-D sum of sinusoidal models, to provide di®eren estimation proceduresand to establish

their properties, seefor examplethe review article by Kundu [6].

Although, the least-squaresstimators are the most excient estimators, but nding the

least-squaresestimators is a challenging problem. Numerically, it is well known to be a
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Figure 5: Estimated Texture.

dixcult problem, particularly if the two setsof frequenciesare very closeor if the number
of componerts is very high. For example,if p = 20, as we have obsened in the texture
data, thento nd the least-square®stimators, we needto usea forty-dimensionaloptimiza-
tion procedure,which is quite dizcult to implemert. On the other hand in our proposed
sequemtial procedure,we needto solve twernty, 2-D optimization procedures.lIt is obsened
that our proposedsequetial procedureat eat stageproducesezcient estimatorswhich are
asymptotically equivalert to the least-squaresestimators. At ead stagewe require only a
two dimensionaloptimization procedure,therefore our method is easyto implemert and its

performanceis satisfactory.
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Figure 6: Noise.

Appendix A

Explicitly &R(,; *) and B(,; 1) canbe written as

2 3
R:Y) s o
8 £= UTu "UTY:
B(,; 1)
where
2 P . 3
olg R Maeesmoem) LT cosn e msinm, + )
UTU =
. P P ]
Pu_ PN cogm, + m)sin(m, +nt) v, PN sin(m, + )
and 2P P 3
mzl r,\ll=l y(m;n) co{m, + n?)
uTy = § o
Moy he Y(m;n)sin(m, + nt)
Appendix B

First we showv herethat

QD i ! N4(0;4%c:81); (17)
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Figure 7. Noisy SyrnthesizedTexture.

To prove (17), we needdi®eren elemernts of QI(1Y). Note that

0 XN X h !
@C;(\“l =02 cogm, 3+ ni94  APcosn, P+ ntp)+ Blsin(m, P+ nt )
m=1 n=1 j=2
+ X (m; n)] 5
0 W X h !
% = j2 sin(m, 1+ nt9) 4 Apcogm, P+ nt ) + B'sin(m, P+ nt )
m=1 n=1 j=2
+ X (m; n)]
0 X
% - 2 mfAgsin(m, $+ n*9) + BYsin(m, 9+ nt $)g
=1 n=1 3
¥ h

i
0 0 0 0 oj 0 0 .
£4_ ) Ajcosfn, ; + nt}) + Bysin(m, '+ nt) + X (m;n)>
J:

Sincefor (®; 1) 8 (®; 2);(®; 1) 2 ((0;A £ (0;4);i = 1,2,

1 Mo _ _
lim D cos +n ;)cofm®, + n = 0
MON G pﬁ e Q‘n®1 1) 5( ® 2)
l P—P—l ¥ (M®; + n ;) sin(m® + n ) 0
im —p— sin(m®, + n ;) sin(m®, + n = 0
M;Nj!'1 M N m=1 n=1 ! 2
i 1 M . . _ 0
im msin(m®, + n 1) sin(m®, + n = 0
oA I msinm® + Ty sin(me, + i)
. 1 XX _ _
lir mcosMm®, + n ;)cogfm® + n ,) = O0;
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Figure 8: Original SyrnthesizedTexture.

therefore,
2
MizNi %zmzl P r’}'zl cosf, ¢+ nt Q)X (m;n)
i 1 1 .
QO(UO) D a§q: i ZE 3 1 P MJ 2Ntz m =1 1 Sln(m 0+ nt O)X (m n) %
o iENiEPmHﬁ mX(m n)onsm(m °+n1°)+B°sm(m 9+ nt9g
MIENTET R T X (min)f Agsingm, § + nt9) + BYsin(m, § + nt 9)g

(22)
Here *2% meansasymptotically equivalert. Now using the Certral Limit Theorem (CLT)
of the stochastic processegseeFuller [4]), the right hand side of (22) tends to a 4-variate
normal distribution with meanvector 0 and dispersionmatrix 4¥%£c,8,. Therefore,the result

follows.
To prove
i 09, 0\M : | .
M”!l'ml DQRD i! 28y; (23)

we usethe following resultsin addition to (18), (19), (20) and (21),
for (®; 1) 6 (®; 2):(®:; )2 ((0;AE (0:¥)); i = L;2andfor0< ®6 ~ < Y

i M - - _ 1
v o msin’(m®+ n ) = 5 (24)
M;,LII;T!]l ViN sin(m®, + n 1) sin(m® + n ,) = 0 (25)

m=1 n=1
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Figure 9: Estimated Syrnthesized Texture.

lim 1 X msif(m®+ n~) = L (26)
MiNi i M 2N m=1 n=1 - 4,

: 1 M 2 2 -, _ 1
M;lhlml YEN m<sin“(m®+ n ) = & (27)

m=1 n=1
and similar results for cosfunction also. Now the results can be obtained by routine calcu-

lations mainly consideringeat elemen of Q{1?) matrix and usingthe above equalities.
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